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systems, we prove the HK conjecture, even when the resulting groupoid is not ample.
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1. Introduction

In this paper, we prove two structural results for the homology groups of topological
dynamical systems, continuing our work [PY22a, PY23]. One is a Kiinneth type formula
for the product of two systems, while the other reduces the homological computation to
the (compactly supported) cohomology of the underlying space under certain conditions.

Previously, we have focused on totally disconnected systems, which are represented
by ample groupoids, that is, étale groupoids whose unit space is totally disconnected.
In this paper, we do not work under this restriction, but we deal with (more general)
dynamical systems of finite topological dimension. A motivating class of examples is that
of Smale spaces [Rue04], which capture hyperbolicity on compact metric spaces, such as
the dynamics of Anosov diffeomorphisms and more generally those on the basic sets of
Axiom A diffeomorphisms. This has led to interesting intersection between the theory of
dynamical systems and operator algebras.

We mainly work within the homology theory introduced by Crainic and Moerdijk
[CMO00]. It defines homology groups with coefficient in equivariant sheaves to any étale
groupoid, based on sheaves, derived formalism and simplicial methods.

In another direction, given a locally compact étale groupoid (and more generally a
locally compact groupoid with a continuous Haar system), there is a convolution product
on the space of compactly supported continuous functions on the groupoid, which can
be completed to a C*-algebra [Ren80]. The K-groups of this C*-algebra can be regarded
as homological invariants of the original groupoid, which has better connection to index
theory, classification of C*-algebras and other topics involving operator K-theory.

Comparison between these two theories has been a major driving force behind our
previous works, and it plays an important role in this note too.

Let us summarize the main conceptual results in this note.

THEOREM A. (Theorem 3.1) Let G and H be étale groupoids, and S and T be G- and
H-equivariant sheaves. Then there is a split short exact sequence

0— @ H,(G,S)® Hy(H, T) — Hy(G x H,SXT)
a+b=k

- @ Tor(H, (G, S), Hy(H, T)) — 0.
a+b=k—1

THEOREM B. (Theorem 4.2) Let G be a locally compact principal groupoid such that G*
is homeomorphic to R" for some fixed n. Suppose there exists a generalized transversal T
in GO, so that G = G| is an étale groupoid. We then have an isomorphism

H (G, Z) = H!' NGO, Z 707 0),

where, on the right-hand side, cohomology is computed with coefficients in the orbit-wise
orientation sheaf over the unit space of G.

In operator K-theory, Theorem A has a direct analogue which is the Kiinneth formula
of K-groups of tensor product C*-algebras due to Schochet [Scho82]. Theorem B can
also be interpreted as an analogue of Connes’s Thom isomorphism for K-groups [Con81]
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(for a groupoid of the form R” x X, this result reduces operator K-groups of the associated
C*-crossed product to the topological K-groups of X, up to a degree shift determined by n).

However, the proofs are completely different from the K-theoretic ones. While the proof
of Theorem A is a standard Eilenberg—Zilber type manipulation of multicomplexes, for
Theorem B, we make an essential use of the sheaf theoretic idea and the formalism of
derived functors.

Theorem B is particularly useful in computing the homology of groupoids coming from
dynamical systems on manifolds and related structures. Moreover, the idea behind this
theorem is also useful to study systems of number theoretic origin.

We look at a class of Smale system (Y, ¢) that appears in the theory of algebraic
actions due to Schmidt [Schm95]. Given an algebraic number c, the space Y © js given as
the Pontryagin dual of the additive group of a certain subring of K = Q(c), and ¢ is the
natural map induced by the multiplication by ¢ (see §6 for details on this construction).

THEOREM C. (Theorem 6.3) Denote by G the (un)stable étale groupoid associated to
(Y©, ¢). Then the groupoid homology of G can be presented as the inductive limit of
exterior power of a certain subgroup I of the additive group of K,

1 k+d
Hi(G, Z) = lim AT,

with respect to the connecting map 6y : /\k r— /\k I'. The shift is given by a natural
number d which depends on the infinite places of K. The map 06y, is the unique extension of

N /\k m1, with a natural number N and m -1 denoting multiplication by ¢~ ".

An similar computation can be carried out for the K-groups of the groupoid C*-algebra
CiG.

THEOREM D. (Theorem 6.8) Denote by G the (un)stable étale groupoid associated to
Y ©, ¢). With notation as in Theorem C, there is an isomorphism
~ 1; i +d+2k
K;(CG) :h_n)lEB/\' r.
keZ

Consequently, the K-group is isomorphic to the direct sum of groupoid homology with
the same degree parity.

COROLLARY. (Corollary 6.9) In the setting of Theorems C and D, we have

Ki(CrG) = P Hiyax(G, D).
keZ

This confirms, for the class of groupoids from Theorem C, the ‘HK conjecture’
formulated by Matui [Matl6, Matl7] in the setting of ample groupoids, which asks if
there is an isomorphism between the K-groups and periodicized homology as above.

Theorem C is interesting for a few reasons. First, the computations given here generalize
previous work by Burke and Putnam [BP17]. Second, the groupoids appearing in this
context are not necessarily ample, providing us with examples where the HK conjecture
holds beyond its original assumptions (the groupoid associated to an irrational flow on the
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torus provides another example, see Example 4.5 for details). Third, a key intermediate
result in this setting (Proposition 6.2) showcases a ‘variant’ of Theorem B above, more
akin to the Thom isomorphism in cohomology than to a proper duality.

The paper is organized as follows. In §2, we recall a few basic notions and briefly
summarize our previous work to set the conventions and background for this note.

In §3, we prove the Kiinneth formula (Theorem A) for the homology of the product
of étale groupoids. In §4, we show the Poincaré duality-type result (Theorem B), and in
the last two sections, we present some concrete computations for notable examples of
topological dynamical systems arising from expanding maps on compact manifolds and
analogues of solenoids in algebraic number fields.

2. Preliminaries
We fix conventions in use throughout the paper. We only briefly recall definitions and
generally follow the treatment in [PY22a, PY23].

2.1. Topological groupoids and homology groups. ~We mainly work with second count-
able, locally compact, Hausdorff groupoids. Given such a groupoid G, we denote its base
space by GO with structure maps s,r: G — G and the nth nerve space (for n > 1)
given by

G™ ={(g1,...,80) € G": s(gi) = r(git1)}-

We say that G is étale if s and r are local homeomorphisms, and ample if it is étale and its
base space is totally disconnected.

We consider the homology of étale groupoids as defined by Crainic and Moerdijk
[CMO00]. A G-sheaf is a sheaf F on G endowed with a continuous action of G,
modelled by a map of sheaves s*F — r*F on G. A G-sheaf F is said to be (c-)soft when
the underlying sheaf on G© has that property, that is, for any (compact) closed subset
Sc GY and any section x € I'(S, F), there is an extension x € I'(X, F).

Our standing assumption is that the cohomological dimension of any open set of G®
is bounded by some fixed integer N: to be precise, HC]‘(U , F) = 0 for any open subset
UcGYandany k > N.

This is guaranteed when G© is a subspace of a metrizable space of (Lebesgue)
topological dimension N, which covers all the concrete examples we consider. To see this,
observe that the topological dimension of any compact subset A € G© is bounded by N
[Eng78, §3.1], then the Cech cohomology H*(A; F) will vanish in degree above N. By
paracompactness, H *(A; F) agrees with the sheaf cohomology H®(A; F) = R°T'4(F)
for the right derived functor of the functor I'y(F) = I'(A, F), then we can combine
[God73, Remarque 11.4.14.1 and Théoréme I1.4.15.1] to get the claim.

Let F be a G-sheaf. Then there is a resolution of F' as above by c-soft G-sheaves, and the
homology with coefficient F, denotg:d H,(G, F), is defined as the homology of the total
complex of the double complex (C ll )o<i,j With terms

¢/ =T(GY, s*F),
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which has homological degree i — j. More generally, when F, is a homological complex
of G-sheaves bounded from below, take a resolution of each F; by c-soft G-sheaves F Jk
as above. Then the hyperhomology with coefficient F,, denoted by H,(G, F,), is the
homology of triple complex with terms

Cl; =T(GY,s*F}),

which has homological degree i + j — k.

When two étale groupoids G and H are Morita equivalent, there are natural corre-
spondences between the G-sheaves and H-sheaves inducing an isomorphism of groupoid
homology. In particular, if f: H — G is a Morita equivalence homomorphism, we have

He(G, Fo) = He(H, f*F,)

for any complex F, of G-sheaves as above. Note that the existence of f is equivalent to
G and H being equivalent in the sense studied in [Muh87] (see [FKPS19, Proposition
3.10]). For this reason, we will often say that G and H are ‘equivalent’ without any other
specification.

2.2. Derived functor formalism. We briefly recall the derived functor formalism of
groupoid homology from [CMO00, §4]. Let G and G’ be étale groupoids, and ¢: G — G’
be a continuous groupoid homomorphism. Then, for each x € G'©), the comma groupoid
x/¢ is defined as the groupoid whose objects are the pairs (v, g’), where y € G©
and g’ € G?Y, and an arrow from (y1. 8}) to (y2, g5) is given by g € G3; such that
¢(g)g} = g- This is an étale groupoid that comes with a homomorphism 7, : x /¢ — G.

When F is a G-sheaf, we consider a simplicial system of G’-sheaves, denoted by

B (¢, F), which at the level of stalks is given by
B, (¢, F)x = FC((-X/¢)(H), S*JT;:F).

Assume that the groupoids have good homological properties to define groupoid homol-
ogy. Then the above construction leads to the left derived functor L¢, from a category
of homological complexes of G-sheaves bounded from below to a similar category of
complexes of G’-sheaves.

To be more concrete, let F, be such a complex of G-sheaves. Then L¢ F, is represented
by the total complex of the triple complex of G’-sheaves with terms B;(¢, F /’.‘) with
homological degree i + j — k, where F j° is a bounded resolution of F; by c-soft
G-sheaves. This is well defined up to quasi-isomorphism of G’-sheaves. The nth derived
functor, denoted by L,¢F,, is the G’-sheaf given as the nth homology of L¢ F,. By
construction, the fibre of this sheaf is given by [CMO00, Proposition 4.3]

(Ln¢!Fo)x = Hn(x/¢a ﬂ:Fo)' (1)

When G’ is the trivial groupoid and ¢ is the unique homomorphism G — G/, this recovers
the definition of H, (G, F,).

In addition to the pullback functor (the inverse image functor) for sheaves, we will also
make use of the direct image functor, simply defined as g, F(U) = F (g_1 U)) [God73].
In the setting of equivariant sheaves, g, can also be defined, and it is still right adjoint to
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the pullback functor, see [CMO00, §2.3] for details. It is worth noting that if g is proper,
then g, coincides with the functor g;, sometimes called direct image functor with compact
supports.

2.3. Smale spaces. Many examples of groupoids in this note appear as (reduction of) the
stable and unstable groupoid of a Smale space. A Smale space is a certain kind of hyper-
bolic dynamics modelled on a compact metric space X with a self-homeomorphism ¢.
See [Putl4] for precise definition and conventions. In particular, there are two distin-
guished equivalence relations on X, defined as follows:

e two points x and y are stably equivalent (denoted x ~ y) if

lim d(¢"(x), ¢"(y)) =0;
n—oo
e similarly, x and y are unstably equivalent (denoted x ~, y) if
lim d(¢™"(x), ¢ "(y)) = 0.
n—oo

The equivalence classes of the stable (respectively unstable) equivalence relation are called
the stable sets (respectively unstable sets).

The graph of the stable (respectively unstable) equivalence relation has a structure
of locally compact groupoid with a Haar system [Put96] that we denote by R*(X, ¢)
(respectively R* (X, ¢)). Following the construction detailed in [PS99], we obtain an étale
groupoid by restricting R (X, ¢) to an appropriate subspace contained in a finite union of
stable sets.

3. Kiinneth formula

Suppose G and H are étale groupoids such that groupoid homology is definable, and S and
T are equivariant sheaves of abelian groups over G© and H©, respectively. Furthermore,
denote by p and g the canonical projections from G x H to G and H, respectively. We
define the sheaf SX 7T as p*S ® ¢*7T. Note this is a G x K-equivariant sheaf over
GO « g©)

THEOREM 3.1. Under the above setting, there is a split short exact sequence

0~ @D Hu(G.S)® Hy(H.T) > Hi(G x H,SKT)
a+b=k
- P Tor(H.(G.S). Hy(H.T)) — 0.
a+b=k—1

Proof. Let us take bicomplexes A = A,; and B = Bj,; computing H,(G,S) and

H,(H, T), respectively. These are obtained from c-soft cohomological complex of sheaves

S* and T, each quasi-isomorphic to S and 7 concentrated at degree 0. To obtain a

homological complex, we invert the degree, so that A,; = [ (G@, 871 for example.
Up to the identifications

Aki ® B =To(GP, ST (H®, T =T.(G x H)P, ST KT,
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the total complex of the triple complex (Ax; ® By, ;) computes Hy (G x H, SX T). The
claim follows by a standard argument if we can show that this is quasi-isomorphic to the
total complex of the quadruple complex A @ B = (Aq,i ® Bp,j)ap,i,;-

Now, observe that A ® B can be regarded as a bisimplicial object in the category
of complexes, by totalizing in the i- and j-directions. By an Eilenberg—Zilber type
theorem [GJ09, Theorem IV.2.4], for fixed g, the total complex of the bisimplicial
group Cy(a, b) = P,_;; Aai ® Bp,j is chain homotopic to the Moore complex of the
simplicial group Cp, (k) = @,_;; Aki ® Bx,;.

Now, take double complexes Ciy = @Py_,,, Cq(a, b) and C//cq = C(/] (k). Since the
degree k is concentrated in k > 0 while the degree g is in ¢ < 0, the spectral sequences E
and E’ associated with filtration by g-degree on Tot C and Tot C’ are regular, in the sense
that for any n, there is s(n) such that we have E;’q =0for p+q =n, p <s(). Then
the spectral sequences converge to the total homologies, while we have the isomorphisms
E ; q =F ;,’ q for r > 1 by the above remark. We thus obtain the assertion. O]

As usual, the morphisms in the short exact sequence above are natural in any
conceivable sense; however, the splitting is not.

Remark 3.2. Matui’s result [Mat16, Theorem 2.4] is a special case of the above result in
the situation where the groupoids are totally disconnected and the coefficients are locally
constant sheaves Z. (Note that his convention of homology H, (G) differs from H, (G, Z)
unless G is totally disconnected.)

Remark 3.3. In [PY23, Theorem 5.1], we have identified Putnam’s homology groups
for Smale spaces [Putl4, Pro20] with the étale groupoid homology groups considered
in this paper, where the groupoid is the unstable equivalence relation associated to
a non-wandering Smale space with totally disconnected stable sets (this implies the
associated groupoid is ample). In a companion paper [PY22b] to the present one, we
remove the hypothesis on the stable sets and prove the identification of homology groups
for a general non-wandering Smale space. Combining this result with Theorem 3.1 above,
we obtain a general Kiinneth formula for the product of two Smale spaces and their
homology groups as defined by Putnam, generalizing [PY23, Theorem 5.2] and [DKW16,
Theorem 6.5].

4. Poincaré duality

Suppose we have a locally compact principal groupoid G such that the map r: G — G©
is a fibre bundle whose fibres are (homeomorphic to) R”. We assume that there is a
generalized transversal 7 in G, so that G = G/|7 is an étale groupoid. In keeping with
our previous instalment [PY23, Definition 2.3], the notion of generalized transversal we
use here is that introduced in [PS99]. We also assume that groupoid homology for G is
definable.

Example 4.1. A motivating example is the unstable groupoid of a Smale space whose
unstable classes are homeomorphic to R”. In this case, we get the fibre bundle structure
and (generalized) transversal from the bracket maps, cf. [Put00].
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Under our assumption, the structure map s: G — G© is a model of the universal
principal G-bundle EG — BG. Then the Baum—Connes conjecture suggests a close
relation between Ho(G, Z) and the compactly supported cohomology of the space GO,
Let us make this precise in the framework of groupoid homology.

Let us consider the orbit-wise orientation sheaf o on GO, Formally, its stalk at x is
given by

0, = (\" TG\ {0)/Ry =R /Ry = {1, —1}.

The étale space structure on the total space J, .50 0, is given by the local choice of
orientations on the fibres G*. Namely, whenever U C G(O) is an open set such that GV
is homeomorphic to R" x U as a space over U, this homeomorphism, together with
the standard orientation on R”, defines points o, € o,. We take the subsets of the form
{ox : x € U} for such U as a base of the topology on the total space. Note that 0 admits a
global section (equivalently, it is trivializable) if and only if there is a global orientation on
the orbits of G.

By construction, this sheaf has a natural action of Z/27Z. Moreover, when F is a sheaf
of commutative groups on G, we obtain another sheaf F x 7,2z 0 of commutative
groups, whose fibres are Fy x7z,27 0, , endowed with the group structure (a, o) + (b, 0) =
(a+b,0).

THEOREM 4.2. Under the above setting, we have an isomorphism

Hi(G,2) = H' (G, Z x 707 0).

Proof. Consider the G-space E = G”. Then we have a morphism of groupoid
¢:GXE—G

induced by the range map G7 — T. We want to apply the constructions in [CM00, §4]
to this setting. We have an equivalence between G X E and G©, induced by the source
maps: E — GO Let us consider the (G % E)-sheaf F = s*(Z x7,27 0). This relates to
the compactly supported cohomology in the claim by the Morita invariance of groupoid
homology [CM00, Corollary 4.6] and the fact that groupoid homology of a space as a
trivial groupoid is just the compactly supported sheaf cohomology up degree inversion,
which gives

Hpn(Gx E, F) = H "(G©,Z x7)1 0. )

We will compute the left-hand side through its left derived functors Li¢) and get
H; (G, Z). Recall that the stalks of Ly¢ F can be computed as groupoid homology of the
groupoid x /¢ using equation (1). By our assumption on G, the object space of x /¢ can
be identified with the disjoint union of G” for y € G . Given objects g € G” and g € G?
in x /¢, there is an arrow from g to g’ if and only if g = g”g’ for the unique g” € G2. In
particular, x /¢ is Morita equivalent to the space G* = R”.
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If we restrict the pullback sheaf 7}F to G*, we get s*(Z x7,27 0). Choosing a

homeomorphism between G* and R”, this is isomorphic to Z. We then have
* ~ 77—k pn ~|Z (k=—n),

Hix /9, 7 ) = H (R D) = {O (otherwise), ©)
where we used the standard orientation on R" to get the second isomorphism. Thus,
the G-sheaf Ly¢ F on GO = T has the stalks isomorphic to Z when k = —n, and we
have Ly¢ F = 0 otherwise. The next step is to check that Li¢ F is isomorphic to Z as a
G-sheaf.

Since we already know the fibres to be isomorphic to Z, it is enough to check that
these isomorphisms can be chosen in a consistent way. The isomorphism in equation (3)
was defined on a choice of orientation on Gx, or equivalently, a choice of element in the
two-point set 0., but we claim that the overall isomorphism is independent of the choice.

Suppose we choose the other element of o,. On one hand, the isomorphism
i F ~ 7 is replaced by the negative of the original one. On the other, the isomorphism
H!(R", Z) >~ Z is also affected in the same way if we use an orientation on R" different
from the first one. Overall, these two changes cancel with each other and give what we
wanted.

The G-invariance is also straightforward from this presentation. When g € (N})yc, the
induced map G — G* gives an isomorphism Hy(y/®, n;Z) — Hy(x/¢, m}Z) that is
identified with the identity map on Z up to equation (3).

Now, the Leray-type spectral sequence from [CM00, Theorem 4.4]

E}, = Hy(G,Ly$F) = Hy1y(G X E, F)

is degenerate at the E2-sheet for degree reasons. Thus, we get that H »(G, Z) is isomorphic
to H, ,(G x E, F). Combined with equation (2), we obtain the assertion. L]

Remark 4.3. (Cf. [GMO03, §II1.5]) We used the Leray-type spectral sequence in the above
proof, but more conceptually, L¢ F is quasi-isomorphic to the degree shift of Z. To be
more precise, there is a zig-zag of quasi-isomorphisms of chain complexes of G-sheaves
between Lo F and Z[n], where Z[n] is the chain complex that has a copy of Z at degree
—n, and 0 elsewhere.

In general, suppose that A is an abelian category and consider the category D~ (A) of
homological complexes with terms in .4 that are bounded from below. We are interested in
the case where A is the category of G-sheaves, and hence D~ (A) is where the left derived
functors L4¢; are defined. When an object X, in D~ (A) has homology concentrated in
degree k, we can take the truncation 7(X), defined by

Xm (m > k),
T(X)m = Zr(Xe) (m=k),
0 (m < k).

Then the inclusion t7(X), — X, and the projection 7(X), — Hy(X,)[—k] are quasi-
isomorphisms of complexes.
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Remark 4.4. Let (X, ¢) be a non-wandering Smale space whose unstable sets are
contractible. In [Putl4, Question 8.3.2], Putnam conjectured that the stable homology
H; (X, ¢) isisomorphic to H*(X) up to a degree shift. In view of Remark 3.3, Theorem 4.2
answers this conjecture in the affirmative if the unstable sets are homeomorphic to R and
there is a consistent choice of orientation on these spaces. As pointed out in [APSG17],
the original conjecture is false without such orientability, and Theorem 4.2 provides a
necessary modification for non-orientable cases.

4.1. Examples

4.1.1. Substitution tilings. In the case of groupoids for substitution tilings, the isomor-
phism of Theorem 4.2 appears in [PY22a, §5.2].

4.1.2. Anosov diffeomorphisms. Let ¢ be an Anosov diffeomorphism ¢ of a compact
manifold X, with dimension of stable sets n. By the stable manifold theorem [HP70] (see
also [BS02, §5.6)), the stable set of any point x € X is an immersed copy of R”. Then the
monodromy groupoid of stable foliation on X satisfies the assumption for G.

When X agrees with the set of the non-wandering points of ¢, we have a non-wandering
Smale space (X, ¢), and the above monodromy groupoid is just R® (X, ¢).

Example 4.5. As a concrete example, let us consider the Smale spaces associated to
hyperbolic toral automorphisms (X, ¢) = (R?/Z?, A), where A is a 2-by-2 matrix with
integer entries and determinant equal to 1 (see [Putl4, §7.4]). This implies the R-linear
endomorphism associated to A descends to a map of the 2-torus. Note that A is called
‘hyperbolic’ when its eigenvalues A, Ao satisfy A1 < 1, Ap > 1.

The stable and unstable orbits of A coincide with the lines spanned by the eigenvectors
associated to A1 and A;. Denote by R* (X, ¢) the stable equivalence relation associated to
(X, ¢), suitably reduced to a transversal so that R* (X, ¢) is étale (in this case, a transversal
is given for example by the A;-eigenline). Applying Theorem 4.2, we obtain

H_((R*(X,$) =Z, Ho(R*(X,$) =Z°, Hi(R*(X,$)) =L “)

Even though the HK conjecture is only formulated for ample groupoids, it is worth pointing
out that this homology calculation corresponds (after periodicization) to the K-groups of
the stable C*-algebra associated to (X, ¢). Indeed, this algebra is the foliation C*-algebra
of the Kronecker flow along the Aj-eigenline, and hence it is Morita equivalent to the
rotation algebra with angle the slope of the eigenline. The K-groups of this algebra are
well known to be Z? in both even and odd degree.

The Morita equivalence arises from an equivalence of groupoids as explained in detail
in [PS99, Ch. 3]. Since the homology groups are Morita invariant [CM00, §4], the
calculation in equation (4) is valid for the topological groupoid Z x S' underlying the
irrational rotation algebra with angle the slope of the A1-eigenline.

Example 4.6. Let M = L/T" be an infra-nilmanifold, that is, a quotient of a nilpotent,
connected and simply connected Lie group L by a torsion-free group I' of affine
automorphisms of L such that A = L N T is a finite index subgroup of I". Moreover, let
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Y be a hyperbolic affine automorphism of M [Dek11]. Then R*(M, ¥) and R*(M, )
satisfy the assumption of Theorem 4.2. Indeed, an unstable set of (M, 1) can be identified
with the subspace of the Lie algebra [ of L spanned by eigenvectors of the ‘linear part’ of
Y corresponding to its eigenvalues bigger than 1, while a stable set can be identified with
the span of the other eigenvectors.

Remark 4.7. 1f we denote by S the C*-algebra of the stable equivalence relation, Takai
[Tak86] has conjectured that K;(S) is isomorphic to K i+n(X), which can be understood
as an instance of the Baum—Connes conjecture for foliations (for general formulations of
the Baum—Connes conjecture for groupoids, see for example [BP24, Tu99]). Theorem 4.2
gives an affirmative answer to the homological version of the Takai conjecture.

4.1.3. Self-similar action. Another class of examples comes from the theory of
self-similar actions, which is also closely related to Example 4.6.

Let I" be a finitely generated group, and ¢ be an injective and surjective contracting
virtual endomorphism of I'. Then I' is virtually nilpotent and admits a self-similar action
(I", X) where the alphabet set X is a system of representatives of I'/ dom ¢. Its limit
I'-space Xt x can be identified with a nilpotent connected and simply connected Lie group
L on which T" acts by affine transformations in a proper and cocompact way [Nek05, §6.1].

In general, when (I", X) is a contracting, recurrent and regular self-similar action, we
have the associated Smale space Sr x (the limit solenoid of (I, X)), and its unstable sets
can be identified with AT x, see [Nek(09]. Thus, under the above assumption on (I', ¢), the
unstable groupoid G = R“(Sr x) satisfies the assumption of Theorem 4.2.

In the next section, we look at examples from compact Riemannian manifolds that fall
in this setting.

5. Expanding maps on compact manifolds
Let us combine the Poincaré duality and transfer maps in homology to obtain a more
elaborate computation of groupoid homology.

Suppose that M is an n-dimensional connected compact Riemannian manifold and
g: M — M is an expanding map. Then g admits a fixed point x, ' = m1(M, x) is a
torsion-free group of polynomial growth (hence virtually nilpotent) and R” is a universal
cover for M, see [Nek05, §6.1].

With the virtual endomorphism ¢ represented by g~ , we are in the setting of
§4.1.3. Then the Smale space Sr x is given by Y = 1<iLng M and the associated

1
self-homeomorphism ¢ of Y. Again the groupoid G = R*(Y, ¢) is equivalent to the
étale groupoid G = I' x Q, where Q = 1(121 F/gi(F), and we have

Hi(G.2) = H" MY, Z xz,27,0).

Let us write this as a group cohomology with coefficient.
Since G is a transformation groupoid, we also have

Hi (G, Z) = Hi (', C(RQ, Z))
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with respect to the induced action of I' on C(2,7Z). As M is a model of the
Eilenberg—MacLane space K(I', 1), I' is a Poincaré duality group [Bro94, §VIIL.10],
and we have

H (T, C(R, 7)) = H'" 8T, C(Q,Z) ® D),

where D is an infinite cyclic group with the ‘sign’ representation of I.

Again the equivalence between I' x (I'/g'(I")) and g’ (") leads to a presentation of
these (co)homology groups as inductive limits of the groups Hy(g' ("), Z) = H;(T', Z)
with connecting maps given by the transfer maps. This corresponds to the isomorphism

Ko & C()) = lim Ko(C*g"(I)

that follows from the Baum—Connes conjecture for coefficients for I', see also
[CCWD*23, Dee23] for the case of flat manifolds.

5.1. Klein bottle. Let us describe a concrete example in the class of §4.1.3 that arises
from a non-orientable surface. Consider the group

F=(ab|blab=a"")

and its action on R? given by a(x,y) = (x + 1, y), b(x, y) = (—x, y + 1). Let K be the
orbit space of this action, which is a model of the Klein bottle space. Since R is the
universal cover of K, we have I' = (K, [0]), and R? is a model of ET.

Let g be the uniform scaling on R? given by g(x, y) = (3x, 3y). This induces to
an expanding endomorphism of K that fixes [0], which we denote again by g. The
associated endomorphism of I" can be written as g.(a) = a3, g:(b) = b3 up to the above
identification, and the virtual endomorphism ¢ represented by g~': g(I') — T satisfies
the assumptions of §4.1.3.

Then, K can be identified with the limit space Jr x of the associated self-similar
action. Thus, the associated limit solenoid Srx is Y = 1(i£1g K, with the induced
self-homeomorphism again denoted by ¢. Moreover, the action of I" on the nilpotent Lie
group L, which appears as the limit I"-space as above, is conjugate to the above action of
I" on R? by the universality of R? as the total space of the classifying space for principal
I"-bundles.

Let us write the coset spaces for the image of powers of g as Q2; =T'/ gi(F). We have
natural projection maps 2;41 — €2; and their projective limit Q2 = l(ir_nl, ;. Then Y can
be identified with the homotopy quotient Q x x R2. Thus, the groupoid G = R*(Y, ¢) can
be identified with the transformation groupoid of R? acting on Y by translation. Taking the
image T of 2 x {(0, 0)} as the transversal, the associated étale groupoid G = G|r is the
transformation groupoid of the canonical action of I" on .

Turning to the groupoid homology, at degree k = 0, we have

Ho(G,Z) = Z[1/9] = Z[1/3]

by [PY23, Theorem 4.1 and Proposition 6.3]. More generally, as remarked in [PY23, §6.2],
Hi (G, Z) is the direct limit of group homology groups Hy(I", Z), where the connecting
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map is induced by the equivalence between I' x Q; and g/ (I") = I". Concretely, these maps
are the transfer maps of group homology,

Hy (T, Z) — Hi(g' (D), Z),

see [Bro94, $I111.9].
At degree k = 1, let us write

H\(I',Z) =T® 278 7Z/27Z, H|(g(I'), Z) = g(I)*® = 3Z & Z/27,

where the images of @ and g(a) become the generator of the summand Z /27, and those of
b and g(b) become generators of Z and 3Z, respectively. The transfer map is given by

H\(I',Z) — Hi(g(I'), Z), [a]l+ [g(a)], [b]— 3[g(b)],

see for example [Bro94, Exercise I11.9.2].
Thus, the inductive system (H; (g ("), Z)); can be identified with the constant system
Z @ 7./27 whose connecting map is given by (x, y) — (3x, y). In particular, we obtain

H\(G,Z)=Z[1/3]® Z/27Z.
For k > 2, we have Hy (G, Z) = 0. One way to see this is to use the isomorphism
H(G.Z) = H* MY, Z xz,22 0)

given by Theorem 4.2. This forces Hy (G, Z) = 0 for k > 2 by degree reasons, and at
k = 2, we have

H(Y,Z xz020) = T(Y,Z X722 0) = 0

because there is no global orientation on the orbits of G. (Alternatively, one can also
use the duality between group homology and cohomology for I' to directly check
Hy (', Z) = 0, see [Bro94, §VIIL.10].)

6. Number theoretic generalization of solenoid

We have seen an example in the previous section where our duality theorem has a
fairly straightforward application. Here we consider a slightly more complicated system,
obtained by generalizing the notion of a solenoid. Although Theorem 4.2 cannot be applied
directly, the argument in our proof of Poincaré duality will be useful in this setting too,
leading us to a statement which is somewhat analogous to the Thom isomorphism.

Let us consider the following class of Smale spaces from [Schm95, §7]. Let ¢ € @ cC
be an algebraic number such that |gc| % 1 for any element g in the absolute Galois group
Gal(Q /Q). Consider the algebraic number field K = Q(c) generated by c. For each place
v of K, let us fix an absolute value function |a|, representing v. We denote the set of finite
and infinite places of K by P;{ and ng, respectively.

Now, set

P(c)=PEU{vePf el # 1}.
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(By our assumption, each v € ng satisfies |c|, 7# 1.) Then the ring
Re={a K |forallve Pf\ P(c): lal, < 1}

is a cocompact subring of the direct product of local fields [ | ) Kv. and the quotient

veP(c
Y@ = ( I1 Kv)/Rc )

veP(c)
with respect to the translation action can be identified with the Pontryagin dual of the

additive group of R,.

Remark 6.1. To the best of our knowledge, there are some gaps in the proof of this duality
presented in [Schm95]. An alternative argument is sketched in [EJLO22, Proposition 6.8]
and we also provide a shorter proof in Appendix A.

The periodic points of the self-homeomorphism
¢: YO = YO ayler = leavly

form a dense subset of Y ©) [Schm95, §5], and the K ,-direction is contracting (respectively
expanding) for ¢ if and only if |c|, < 1 (respectively |c|, > 1). Thus, the system (¥ ©, ¢)
is a non-wandering Smale space.

Consider the subsets

PP@={veP@llcly <1}, PY)={veP©)]|lch>1}

of P(c). Then the stable equivalence class of each point of Y is identified with
[Toe ps(c) Kv. Thus, the unstable groupoid of (¥ ©), ¢) is equivalent to the transfor-
mation groupoid R¢ X [],c ps(c) Kv. Similarly, the stable groupoid is equivalent to

Rc X HUEP“(C) KU~

6.1. Groupoid homology. Let us compute the homology of the above groupoids. In the
following, when omitted, the coefficient sheaf for homology is Z.

PROPOSITION 6.2. Let P(c) = P*(c) N Pf and d = 3¢ ps(oynpx dimp Ky. We then
have

Hp(Rclx I1 Kv>sz+d<RC>< I1 KU>.

vePS(c) veP‘}(c)

Proof. As in the proof of Theorem 4.2, consider the groupoid homomorphism

i Re X ]—[ K, — R, x ]_[ K,
vePs(c) veP}‘.(c)

induced by the projection of base space to the factors labelled by P} (c). The fibres of this
homomorphism can be identified with R4, and the action of R, preserves orientation.
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We thus have L_ymZ =7 and LymZ =0 for ¢ # —d on ]_[Uep.;(c) K,. Then the
Leray-type spectral sequence (see [CMO00, Theorem 4.4]) '

Eﬁqu,,(ch ]_[ KU,Lqu>:>Hp+q<Rcl>< ]_[ KU,Z>

veP}(c) vePs(c)
is degenerate at the E 2_sheet for degree reasons, and we obtain the claim. O

For each v € Pji(c), let O, C K, denote the corresponding local ring and , € O, be
a generator of its maximal ideal. Moreover, take m, € N such that ||, = |m,|}" and set

X(n) = 1_[ KU/T[SmUOU.
vEPj-(c)

We have a projective system of the discrete R.-spaces X with proper connecting maps

and
R. X ]—[ K, = lim R, x X, (6)
vEP}(c) n

Now, X™ is a transitive R.-set with stabilizer
Iy ={ae R |forallve P;»(c): laly, < el

We thus have Hq (R, X X™) = H,(T,) and

H; (RC X ]_[ K,,) = lim H(R. x XM
veP}(c) n

can be identified with the inductive limit of the homology groups Hy(T",) with respect
to the transfer maps 6: Hy(I',) — Hy(I',41) associated with the finite index inclusion
g1 < Ty (see [Bro94, Ch. 111, §9]).

The transfer map can be made more explicit as follows. Let us denote by m -1 the
isomorphism I',; | — I, given by multiplication by ¢~
THEOREM 6.3. Let N = [T'g: I'1] and 0’ be the endomorphism of/\k [y uniquely extend-
ing N /\k M1t /\k r — /\k . The groupoid homology Hi(R. X Hvep}(c) K,) is

isomorphic to the inductive limit h_I)n /\k Co for the connecting maps 6.

Proof. First, since ', is a torsion-free commutative group, its integral homology
Ho(T,, Z) is naturally isomorphic to the exterior algebra A°® [, generated by T, see
[Bro94, Theorem V.6.4]. Second, the restriction of 6 to Hi(I',41) is the multiplication
map by N (this is easy to see by comparison with singular homology, see for example
[Hat02, §3G]). Moreover, /\k I',, is torsion-free and /\k [y 4+1 is its finite index subgroup.
Thus, the transfer /\k r, — /\k I+ is the unique extension of Nid on /\k [41. Then
the composition of transfer A\¥ o — A* I'; and the induced isomorphism A m i
gives @', and hence we obtain the claim. O
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Next let us consider the automorphism of groupoid homology induced by the homeo-
morphism ¢. As the basepoint, we can take (0), € Y9, which is fixed by ¢. This choice of
point is convenient because the action of ¢ preserves its stable equivalence class, which can
be identified with the multiplication by con [ [, . ps(c) Kv, and the groupoid automorphism
of Re X [],e ps(c) Kv again given by multiplication by ¢ on all factors.

Note that the isomorphism of Proposition 6.2 is compatible with the automorphism
induced by ¢ and the analogous one on R X [, Pi() Ky, up to multiplying by —id
certain factors of K, when K, = R. This is because multiplication by ¢ on K,, for
Archimedean v, is properly homotopic to the identity map id or possibly to —id when
K, =R.

Remark 6.4. In the above argument, we used the invariance of groupoid homology
under proper homotopy, which can be obtained by considering the following chain of
isomorphisms:

Hk<Rc X ]—[ K,,,z> = Hk<RC, C( ]_[ K., Z)) ~ Hk<BRC, c( ]—[ Ky, Z)),

where we have group homology in the middle and the last group is the homology of the
classifying space with coefficient of the local system induced by [] K. See also [KS94,
Proposition 2.7.5] for a proof of homotopy invariance in the setting of sheaves.

In [Putl4, Theorem 6.1.1], Putnam gave a remarkable analogue of the Lefschetz formula
for non-wandering Smale spaces (X, ¢), which gives the number of periodic points as

lfx € X [¢"(x) =x} =Y (=D Trap x.)00((@ "))
k

using the transformation on his stable homology H; (X, ¢) induced by ¢™".
For the Smale spaces (Y ©, ¢), we can make both sides more explicit.

PROPOSITION 6.5. For n > 1, the fixed points for ¢" on Y© are bijectively
parametrized by

(" =)0k /(Ox N (" = D)7 Ok).

Proof. Since Y is defined as the quotient space [ K,/R,, the points with period n
have coordinates x (for all places v) such that (¢” — 1)x belongs to R.. These points
are parametrized by (¢ — 1)"'R.)/(R. N (¢" — 1)"'R,). We can further simplify this
quotient and arrive at the claim by writing R, as an increasing union of copies of Ok and
noticing the compatibility of the quotient with the inductive structure. U

PROPOSITION 6.6. The automorphism of Hy(R. X ]_[vep}(c) K,) ® Q induced by ¢~ !
has trace equal to that of N /\k m, -1 acting on /\k I ®Q.

Proof. Givena € /\k I, let us write a; for the element of h_r)n /\k I'g represented by a in
the jth copy of /\k I'g. Unpacking the correspondence in Theorem 6.3, the automorphism
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on lim AF T induced by ¢ is the map flaj) =ajqi fora e AF To. Thus, ¢! induces
the transform

flap =aj_y = N(AF me-1)(a);,

and hence we obtain the claim. O]

6.2. Comparison with K-groups. The discussion above has a straightforward counter-
part in K-theory for the corresponding groupoid C*-algebras. As we are working with the
transformation groupoid R X [, ps(c) Kv. the algebra of interest is the crossed product
C*-algebra Co(]_[v ePs (o) Ky) x R.. (Of course, the stable case is analogous.)

Let us first see the analogue of Proposition 6.2 in K-theory.

Let C4 denote the (complex) Clifford algebra of the Euclidean space R?, which is a
Zy-graded C*-algebra. Then there is a Dirac morphism, given by a (strictly) equivariant
unbounded Fredholm module D between Co(R?) ® C4 and C for the translation action of
R? on Co(R?), and hence a class

[D] € KK®' (Co(RY) ® Cq, C) = KKE' (Co(RY), ©).

This class [ D] is invertible by Connes’s Thom isomorphism theorem in KK-theory [FS81].
This can be also interpreted as the strong Baum—Connes conjecture for RY [HKO01] (see
also [NP20, Corollary 2.3]).

Now, with d as in Proposition 6.2, take the group embedding of R, into R? corre-
sponding to the completion at infinite places. Since D is given by a strictly R?-equivariant
Fredholm module, we obtain a class

[D.] € KK (Co(RY), C).

PROPOSITION 6.7. The class [ D.] induces an isomorphism

K.<c0( I K) x RC) ~ K.+d(Co< [1 KU> x RC>.

vePS(c) VEP}(C)

Proof. Let us set A = Co(]_[vep.g(c) K,) and B = Co(]_[vep..;(c) K,), so that we have

A= B® Co(Rd). Then f = idp ® [D.] defines an invertible class in KKZ (A ® Cy4, B).

Taking Kasparov’s descent (see [Kas88, pp. 172]), we see that the crossed product
algebras (A® Cy) x Re = A X R, ® C; and B x R, are KK-equivalent. Taking into
account the degree-shift induced by the Clifford algebra, we obtain the claim. [

Next let us present an analogue of Theorem 6.3. From the inverse limit presentation of
equation (6), we obtain an inductive limit structure

C0< ]_[ K,,) X Re = lim Co(X™) x R,. (7
veP}(c) n

For a Z-module A, let us define /\[i] A as the direct sum of all exterior powers of A
whose degree is congruent to i modulo 2. Analogously, we define H;1(G, Z) as the direct
sum of homology groups with corresponding degree parity.
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THEOREM 6.8. There is an isomorphism
K; <C0< I1 KU> x RC> = 1im A1/ T,
veP}(c)

with connecting maps given by the unique extension of
[i] [i] [i]
N/\mc—l: /\F1 —>/\I‘0
as in Theorem 6.3.
Proof. On one hand, taking K-groups is compatible with taking inductive limits of

C*-algebras. On the other, X ™ is a transitive R.-set with stabilizer equal to I',,. Combining
these and equation (7), we have

Ki <Co< I1 Kv) >« Rc> = lim K; (C*(T')).
n
Next, let us identify K; (C*(T",)) with /\[i] I',. Consider the subgroup
Ty ={a e, |forallve P): laly < lclj} < Ty

We then have | J, Fﬁ = I',. Each group Fﬁ is finitely generated, because it is generated
by a finite union of groups that are isomorphic to the ring of integers Ok, which is free
abelian of rank equal to the degree of K. Thus Fﬁ , being a torsion free and finitely generated
commutative group, is also free abelian. From this, we obtain

Ki(C*rp) = ATy
As both sides are compatible with colimit, we obtain
Ki(c* @) = A",
It remains to identify the connecting map
Ki(C*(T'n)) = Ki(C*(Tnt1))- ®)

Generally, suppose one has a finite index inclusion of discrete groups H < G. Consider
the G-equivariant map C — C(G/H) and the induced map C;(G) — C(G/H) %, G.
Then the map of the reduced group C*-algebras

Ko (C7(G)) = Ko(C(G/H) x, G) = Ko(C(H))

can be computed as follows. We fix a system of representatives (g; ,N= { of G/H. Then we
get an isomorphism

C(G/H) x, G = Mn(C) ® C/(H)

that sends 8, € C(G/H) to e;; € My and Ag € C(G) to > o, (i), @ dn(i,g)» Where
og(i) and h(i, g) are characterized by the relation ggi = go, (1A (I, g)-

If we use G =T, and H =Ty, by commutativity, the image of A, € C;(I'p11)
under the map is a diagonal matrix embedding of g. Thus, equation (8) is an extension
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of the multiplication by N on Ko(C*(I';4+1)). Taking into account the isomorphisms
/\[’] r, = /\[’] Iy given by composition of m -1, we obtain the claim. O

COROLLARY 6.9. The HK conjecture holds for the groupoid R, HUGP} «© Kv-

Remark 6.10. While the original HK-conjecture [Mat16, Conjecture 2.6] was formulated
for ample groupoids, it has an obvious generalization to the setting of étale groupoids.
Unstable and stable groupoids of Smale spaces, reduced to transversal subspaces, give
rich example of such groupoids. While there are counterexamples to the conjecture (in the
ample case) [Dee23, Sca20], Corollary 6.9 holds for the stable and unstable groupoids
of the Smale space (Y9, ¢). In this case, Propositions 6.2 and 6.7 can be viewed as a
reduction step to the ample case.

Remark 6.11. We note that there exist maps u;: H;(G) — K;(C}G) for i =0, 1 in the
case of ample groupoids, and they have been studied in [BDGW23, Mat12]. For higher
degrees, one can still construct analogous maps by looking at kernels of higher differentials
from the associated spectral sequence from [PY22a].

Before looking at some examples, let us identify the positive cone of the Ky-group
appearing in Theorem 6.8. We are going to need the following cancellation theorem.

LEMMA 6.12. [Hus94, Theorem 9.1.2] Let X be a CW-complex of dimension n and set
s = [n/2]. Every complex vector bundle E over X of rank r > s splitsas E = E' @ &" %,
where E' is a vector bundle over X and €¥ is the trivial bundle of rank k.

Let us write Z[1/N] for the subset of positive numbers in Z[1/N] (as a subset of R).

PROPOSITION 6.13. Suppose that N > 1. Under the identification in Theorem 6.5, we
have

+
KO(CO< I1 KU) x Rc) =7*[1/N1e P h_r)n/\zj To.

verf-(c) i>1

Proof. Letus write A;, = Co(X ™Y % R, and ¢;}+1 be the connecting map of the inductive
system in equation (7). We further write

Aw=c0< ]—[ KU>><1RC.

verS,(c)

Let x € Ko(Ax) be a positive element. By the density of | J, A, in A, we find
a positive element x, € Ko(A,). Using the Morita equivalence between R, X X ™) and
'y, we can further replace x, with x,, € Ko(C*I",), which is still positive as the Morita
equivalence preserves positivity. Again by density of |, C *l",’g in C*T',, for the subgroups
1",]1‘ from the proof of Theorem 6.8, we get a projection p € Md(C*Fﬁ) whose class
maps to x.

Now, under the isomorphism Ko(C*I'¥) = A T'% the canonical tracial state 7, of
the group algebra C*T'¥ picks up the constant term in /\0 % = 7, which must be a
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positive integer for x. When we increase n, the action of ¢ﬁ+1 on the constant term is
a multiplication by N. We thus obtain the degree 0 part of x to be in Z[1/N] as claimed.

For the converse implication, let us take an element x € K¢(Ax) whose degree 0 term
belongs to Z*[1/N]. By reasoning as above, we find its representative x,’j € KO(C*Ff),
whose degree 0 part is positive in /\0 F,’; = 7.

Recall that F,’§ is free abelian. Moreover, its rank d is independent of n and (big enough)
k, as we have d = dimg I',, ® Q. We thus have C*l",’j = C(T?) for all k and n. The degree
0 part 7, (x,lf ) of x,’f agrees with the rank of the corresponding vector bundle on T in the
latter picture.

Now, take m > 0 big enough such that r = 1,4, (¢" 1™ (x,’f)) = N1, (x) is larger than

n,*

s = [d/2]. Then the corresponding element in Ko(C*T'¢ ) = K9(T9) is represented by

n—+m
[E] — [¢'], where E is a vector bundle of rank r + 7. By Lemma 6.12, we have

[E]— [N =[EN+ [~ '] = [E' @],

which represents a positive element. This completes the proof. O

6.3. Degree 1 case. The case of K(c) = Q, that is, ¢ € Q, is considered by Burke and
Putnam [BP17], where they computed the stable and unstable Putnam homology groups.
To simplify the presentation, let us consider the case of two prime factors as follows.

Let p < g be two prime numbers and put M = pq,c = q/p, R, = Z[1/M]. Our Smale
space is given by the compact space

XZY(C)Z(RXQpXQq)/Rc

and the self-homeomorphism ¢ ([x, y, z]) = [cx, ¢y, cz]. Consequently, the étale groupoid
G = R"(X, ¢)|xs(x,) is the transformation groupoid R, x Qg , while G' = R*(X, ¢)|xu(xy)
is the transformation groupoid R. x (R x Q).

Now the subgroup I';, < R, is given by

aq”
r, =
! { p

and hence we have N = g. The exterior algebra /\* [y is

an,keN},

N To =2, /\lFo=Z[H, ATo=0 (k>1.

The map N /\k m -1 is a multiplication by ¢ for k = 0 and a multiplication by p for k = 1.
We thus obtain

1 1
Ho(R: x Q) = Z[;:|a Hi(R: x Q) = Z|:51|’ Hi(Re x Qg) =0 (k#0,1).
)

This gives a description of the groupoid homology Hy (G, Z).
As for the stable equivalence relation, Proposition 6.2 gives

Hi(Re x (R x Qp)) = Hiy1(Re X Qp).
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This, together with equation (9) (switching the role of p and g) gives

H ((G,Z)= Z[ﬁ] Hy(G',Z) = Z[é} H(G',Z) =0 (k#0,-1).
Remark 6.14. In view of Remark 3.3, the computation of Putnam’s stable homology
for (Y9, ¢) with ¢ € Q carried out in [BP17] already gives equation (9). The method
presented here is arguably more direct and does not require a deep understanding of the
dynamics of the system; however, the method in [BP17] is intimately tied to Markov
partitions and allows to understand the system in terms of symbolic coding.

6.4. Degree 2, imaginary case. Next consider the case of quadratic extensions. To
illustrate the situation associated with prime ideals that are not singly generated, we look
at the case K = Q(+/=5), so that Ox = Z[+/—5] is not a principal ideal domain.

To achieve this, let us take

14455
==

The relevant finite places of K correspond to the prime ideals

pr =2, 14++=5), pr=@3,1+V=5).

c

For i =1, 2, we write v; for the corresponding place, |a|; for the absolute value, K; for
the completed local field, O; < K; for the local ring and 7; € O; for the uniformizer.
Thus, x € Ok has absolute value |x|; = |7;[!" if and only if the principal ideal (x) < Og
decomposes as

(x) =p'a
for some ideal a < Ok such that p; f a. Then,
@ =pl, A+vV=5=ppm
imply that we have
el = Il el = Imala.
Writing v, for the unique infinite place, we have
Pi(c) = {va},  P"(c) = {voo, v1}-

From this, we get

R,

X
_— € O,k e Nt.
{2k(1+¢—5)k reK }

(We cannot have 3 in the denominator as the prime ideal p3 = (3, 1 — +/—5) satisfies

(3) = p2p3, and hence % would have absolute value bigger than 1 for the corresponding
absolute value.) Thus, the Smale space Y©, ¢) is given by

Y© = (C x K; x K2)/Re.
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and the diagonal action of ¢ gives
RY(X, P)xs(xg) = Re X K2,  R*(X, d)|xu(xy) = Re x (C x K1)

for xg = (0, 0, 0).
To compute its groupoid homology for unstable groupoid, the general constructions
from above give

x

Iy = >

Thus, I'g/ "1 = Ok /p> and we have N = [["g : ['1] = 3. As for the exterior algebra, we
have

X
2k

XEO[(,kEN}, Flz{

prz,kGN}.

1 -5
/\zroz{Az— jk‘jeN,kez}, ATo=0 (k> 2).

Similarly, we have

A°T) = {Mk

T ‘]GN,kGZ}

as p» is free of rank 2 as a Z-module, with basis 3 and 1 4+ «/—5.
Next let us identify the extensions of

N A m_i: NFTp—> AF T

to /\k I'o and the inductive limit with respect to this map. When k = 0, by N = 3, itis the
multiplication by 3 on Z, and hence the limit is Z[%]. When k = 1, it is the multiplication
by 6/(1 + +/—5) = 1 — /=5, and hence the limit is
1 1

limTyg=2Z({~-5, -, ——|.

=0 [ 21— J—s}
When k = 2, this map is
3AA++-5) (1—=+/=5n2 1 AA=5

- k—3 - k

=6 —k.

2 2
/\ I — /\ I, Y Y Y

However, in /\2 Iy, we have

RN¢! +\/—5)k . 31 /\\/—Sk
2J B 2J '

Hence, the above map extends to multiplication by 2 on /\2 I'g. Thus, the limit is given by
. 2 ~ 1
Summarizing, the étale groupoid G = R"(X, ¢)|xs(x,) has the integral homology groups
1 1 1 1
Ho(G)=Z|-|, HI(G)=Z|V-S5, -, —=—|, H2G)=Z|=|,
=] mo=avsl ] mo=d!]
H(G) =0 (k#0,1,2),

on which the induced action of ¢! is respectively by multiplication by 3, 1 — /=5 and 2.
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The homology of G’ = R*(X, ¢)|xu(x,) can be computed in a similar way as above,
combined with Proposition 6.2, and we get

1 1 1
G =Z|VE s Nzl -
}, H_1(G") |: ,2,14_\/__5} Hy(G") [6}

on which the induced action of ¢ is respectively by multiplication by 2, 1 4+ +/—5 and 3,
and Hp(G') =0fork #0, —1, —2.

1
H_»(G) = Z[E

6.5. Degree 2, real case. Let us next consider a case with non-trivial unit. We look at a
unit in a real quadratic field.
Concretely, let us take

and hence K = Q(+/5). In this case, we find that ¢ is invertible in Og = Z[c], with
—c~! being the Galois conjugate of ¢ (the non-trivial automorphism of K is given by
a+byv/5 a—b5).

Then the relevant places are the Archimedean places vy, and vgo, for which the
corresponding absolute values are the usual one and its twist by the automorphism of K that
sends ¢ to —c~!. Thus, we have R. = Ok, which is isomorphic to 72 as a commutative
group. Then Y (©, being its Pontryagin dual, can be identified with T?.

As a Smale space, the corresponding homeomorphism ¢ is induced by the matrix
presentation of multiplication by ¢ on Og = 7?2, that is,

0 1
1 1]
This way, we obtain the hyperbolic toral automorphism as in Example 4.5.
In this case, Theorem 4.2 for G = R*(X, ¢) and G = R"(X, ¢)|xs(xy) gives

Z k=-1,1),
H(G) = {0k =70 (k=0),
0 (otherwise),

with ¢! acting by +1 for k = +1 and by —c~!' on Ok for k = 0. We also have an
analogous presentation of homology for G = R*(X, ¢)|xu(x,)-

Remark 6.15. In general, the conjugacy classes of hyperbolic matrices in SL, (Z) with
distinct eigenvalues bijectively correspond to the ideal classes in the integer rings of certain
totally real fields, see [LM33, Taud9, Wal84].
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A. Appendix. Duality for S-integers

Let K be a number field. We denote a place of K by v, and the associated absolute value by
lal, for a € K. The associated completed local field is denoted by K, while (for a finite
place v) its maximal compact subring is denoted by O,. Then the adele ring of K is given

by the restricted product
A =[] & x [ Kv, 00)

vePK veP;<

of the K, relative to O,,.
Let S be a finite set of places of K which contains all the infinite places. We denote by
Rs the ring of S-integers, that is,
Rs={ae K |forallv ¢S: |al, <1},
and by Ak ¢ the ring of S-adeles, that is,
AK,S = 1_[ Kv X 1_[ Ov.
veS vegS

In the setting of §6, we take S = P(c) so that R, = Rg.
When G is a locally compact commutative group, we denote its Pontryagin dual by G.
Our goal is to establish the following.

THEOREM A.l. The dual Ry of the additive group of Rs is isomorphic to
Gs = ([T k) /ks.
ves
Let us recall some standard facts (see for example [Wei74, §11.5]).

PROPOSITION A.2. For any place v, there exists a self-duality pairing on K, such that the
complement of O, is identified with O, itself.

COROLLARY A.3. The Pontryagin dual of O, is isomorphic to K,/ O,.

It is worth emphasizing that the isomorphism above is not canonical: it depends on
a specific choice of pairing for K,. We will consider this choice fixed for the rest of the
appendix. Having Proposition A.2, it is easy to prove the standard self-duality Ax = Ak of
the adele ring. Then, considering the extension K — Ax — Ag /K yields the following
well-known result:

PROPOSITION A.4. The dual group K is isomorphic to Ag /K.
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PROPOSITION A.5. (Strong approximation, cf. [Cas86, Theorem 10.4.1]) Let V be a set
of places, and suppose that there is some place vy such that vo & V. Then the diagonal
inclusion of K into the restricted product [ [,y (Ky, Oy) is dense.

The next proposition is the key to our proof.

PROPOSITION A.6. There is an isomorphism

K/Rs — @ Ky/ Oy, lalk/rs = (lalk,/0,)ves-
Y

Proof. Let us first check that this is well-defined. For any given a € K, we have |a|, < 1,
hence [a]k,/0, = 0, except for finitely many places. This means that ([a]k,,0,)vgs indeed
defines an element of B, 45 Kv/Oy.

We then claim that this is a surjective homomorphism. Take an element ([xy1k,/0,)v €
@U ¢s K,/ 0Oy, sothat x, € O, except for finitely many v. In particular, (x,), is an element
in the restricted product HU¢S(KU, 0,). By Proposition A.5, the open neighborhood
K +1], Oy of K in ]_[U¢S(KU, 0,) contains (xy),. This implies that ([xy]x,/0,)v iS in
the image of K.

Finally, we check that the above homomorphism is injective. Take an element a € K
that goes to 0 € Engzs K,/ O,. This means that |a|, < 1 for v ¢ S, which is the defining
condition for Rg, hence [a]x /gy = 0. O]

PROPOSITION  A.7. The inclusion Ags— Agx induces an  isomorphism
AK,S/RS = Ak /K.

Proof. Since Rg = K N Ak g, the induced map Ak s/Rs — Ak /K is injective. Let us
check that it is also surjective, or equivalently, Ax = K + Ak s. Observe that Ax /Ak s
is isomorphic to P, ¢s Kv / Oy. Then Proposition A.6 implies the claim. O

COROLLARY A.8. There is an exact sequence

0—>1_[0,,—>I€—>G5—>O. (A1)
vegS

Proof of Theorem A.1. Taking the dual groups of the terms in the exact sequence (A.1), it
is enough to check that the dual of [, ¢s Oy is isomorphic to K /Rg. By Corollary A.3,
this dual is isomorphic to ), ¢s Kv / Oy. Again Proposition A.6 implies the claim. O
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