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We study sufficient conditions under which a nowhere scattered C*-algebra A has a
nowhere scattered multiplier algebra M(A), that is, we study when M(A) has no
nonzero, elementary ideal-quotients. In particular, we prove that a o-unital
C*-algebra A of

(i) finite nuclear dimension, or
(ii) real rank zero, or

(iii) stable rank one with k-comparison,

is nowhere scattered if and only if M(A) is.
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1. Introduction

The study of regularity properties of multiplier algebras appears throughout the
literature; see, for example, [16, 22, 29, 36, 42]. One notable instance of this is the
study of pure infiniteness and, more concretely, of when a C*-algebra has a purely
infinite multiplier algebra; see [23, 27, 28, 30, 32]. When this condition is relaxed
to weak pure infiniteness (in the sense of [25]) it was shown in [25, Proposition
4.11] that a C*-algebra is weakly purely infinite if and only if its multiplier algebra
is. In general, given a certain property P, one can ask: If a C*-algebra A satisfies
P, when does M (A) satisfy P? For example, Brown and Pedersen conjecture in [8]
that the multiplier algebra of a real rank zero C*-algebra with trivial Kj-group is
again of real rank zero; see also [31] and [56].

In this paper, we study the question above for the property of being nowhere scat-
tered (see paragraph 2.1). This notion ensures sufficient noncommutativity of the
algebra, and can be characterized in a number of ways. As shown in [49, Theorem
3.1], a C*-algebra A is nowhere scattered if and only if it has no nonzero elemen-
tary ideal-quotients. This is in turn equivalent to no hereditary sub-C*-algebra of
A admitting a one-dimensional representation. Every weakly purely infinite C*-
algebra is nowhere scattered ([49, Example 3.3]) but, in contrast to the weakly
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purely infinite case, the multiplier algebra of a nowhere scattered C*-algebra need
not be nowhere scattered; see examples 5.2 and 5.3.

QUESTION 1.1. Let A be nowhere scattered. When is M(A) nowhere scattered?

One of the motivations behind question 1.1 is the study of when a multiplier alge-
bra has no characters, since such a property leads to important structure results. For
instance, it follows from [39, Theorem 3.2] that every element in a nowhere scattered
multiplier algebra can be written as the finite sum of commutators and products of
two commutators. Moreover, nowhere scatteredness for unital C*-algebras is related
to the existence of full, square-zero elements [51, Theorem 3.6(3)]. Thus, knowing
that M(A) is nowhere scattered would have implications on its unitary group; see
[11, Section 3].

Nowhere scatteredness of a C*-algebra A can also be characterized in terms of its
Cuntz semigroup Cu(A), a powerful invariant for C*-algebras introduced in [15] and
further developed in [14]; see also [2, 3, 21, 25, 43, 50, 53]. Explicitly, it was shown
in [49, Theorem 8.9] that a C*-algebra is nowhere scattered if and only if its Cuntz
semigroup is weakly (2, w)-divisible, a notion defined by Robert and Rgrdam in [40]
to study when certain C*-algebras have characters; see paragraph 2.3. Consequently,
the study of question 1.1 leads naturally to the study of divisibility properties of
Cu(M(A)). The main divisibility properties at play in this case are weak (2, w)-
divisibility and its bounded counterpart, known as weak (m, n)-divisibility; see
paragraph 2.3 for the definitions.

The nowhere scattered C*-algebras from examples 5.2 and 5.3, which fail to
have a nowhere scattered multiplier algebra, have a weakly (2, w)-divisible Cuntz
semigroup. However, they both have unbounded divisibility, that is, for every pair
m, n € N there exists a Cuntz class that is not weakly (m, n)-divisible for any
n’ < n. Thus, we ask:

QUESTION 1.2. Let A be a nowhere scattered C*-algebra. When does there exist
n € N such that [a] is weakly (2, n)-divisible for every a € A, 7

More generally, when can one find m, n € N such that [a ® 1,,] is weakly (2m, n)-
divisible for every a € A47

This question is studied in detail in § 4, where we provide a number of examples
where one can answer question 1.2 affirmatively. Further, we also show that having
bounded divisibility is characterized by the soft part of the monoid; see theorem
4.11.

We prove in § 5 that question 1.1 has a positive answer whenever question 1.2
does.

THEOREM 1.3 5.11. Let A be a o-unital C*-algebra. Assume that for every orthogo-
nal sequence (a;); of positive elements in A there exist m, n € N such that [a; ® 1,,]
is weakly (2m, n)-divisible for every i. Then M(A) is nowhere scattered.

Using the study of bounded divisibility from § 4, and that nowhere scatteredness
passes to ideals ([49, Proposition 4.2]), one obtains:
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THEOREM 1.4 5.12. Let A be a o-unital C*-algebra. Assume that A is of

(i) real rank zero, or
(ii) finite nuclear dimension, or

(iii) stable rank one with k-comparison.

Then A is nowhere scattered if and only if M(A) is nowhere scattered.

Further, one can generalize (iii) above by changing stable rank one for the
condition of having a surjective rank map; see proposition 4.3 and remark 4.4.
We also prove a weak converse of theorem 1.3 for stable C*-algebras:

THEOREM 1.5 5.18. Let A be a o-unital, stable C*-algebra. Assume that M(A) is
nowhere scattered. Then, for every a € Ay and m € N there exists n such that [a
is weakly (m, n)-divisible.

Most of the results in § 3 and 4 can be translated to the more general setting
of abstract Cuntz semigroups, or Cu-semigroups for short; see for example [3] and
[21]. However, since in this paper we focus on multiplier algebras (which have no
known Cu-counterpart), we state all the results in the language of C*-algebras.

2. Preliminaries

2.1. Nowhere scatteredness and the Global Glimm Property

As defined in [49, Definition A], a C*-algebra is nowhere scattered if none of its
quotients contains a minimal open projection, where recall that an open projection
in a C*-algebra B is a projection p € B** that can be written as the strong limit
of an increasing sequence of positive elements in B. As noted in [49, Paragraph
2.1], an open projection p € B** is minimal with respect to the order if and only if
p € B and pBp = Cp. By [49, Theorem 3.1], a C*-algebra A is nowhere scattered
if and only if no nonzero ideal-quotient of A is elementary.

One also says that a C*-algebra A has the Global Glimm Property ([25,
Definition 4.12]) if for every a € Ay and € > 0 there exists a *-homomorphism
©: My(Cy(0, 1]) — aAa such that the image of ¢ contains (a —¢).

A C*-algebra is nowhere scattered whenever it has the Global Glimm Property.
The converse remains open, and is known as the Global Glimm Problem; see [2],
[18] and [51].

Examples of C*-algebras with the Global Glimm Property include simple, non-
elementary C*-algebras, Z-stable C*-algebras and traceless C*-algebras (which
include purely infinite C*-algebras).

2.2. The Cuntz semigroup

For any pair of positive elements a, b in a C*-algebra A one writes a X b if a =
lim,, r,br} for some sequence (r,), in A. One also says that a is Cuntz equivalent
to b, in symbols a ~ b, whenever a 2 b and b = a.
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The Cuntz semigroup Cu(A) is defined as the quotient (A ® K1)/~ equipped
with the order induced by = and the addition induced by diagonal addition; see
[15] and [14] for details.

Given elements z, y € Cu(A4), we write © < y whenever there exists a € (A ®
K)4+ and € > 0 such that < [(a — )] and y = [a]. As shown in [14], every increas-
ing sequence in Cu(A) has a supremum, and every element can be written as the
supremum of a <-increasing sequence.

In recent years, the Cuntz semigroup has benefited from the study of abstract
Cuntz semigroups, or Cu-semigroups for short. Good references for this include [5],
[3] and [21]. In this paper, we will not use the language of Cu-semigroups (except
in corollary 4.13), but we will still make use of some of the abstract properties that
the Cuntz semigroup of a C*-algebra always satisfies. These are:

(05) Given 2/, x, v, y, z € Cu(A) such that  +y < z with 2/ < z and ¥y < y,
there exists ¢ € Cu(A) such that ¢ < cand 2’ +c<y <z +ec.

(06) Given 2’ < & < y + z, there exist v < z, y and w < z, z such that 2’ < v+
w.

The reader is referred to [3, Proposition 4.6] (also [44]) and [38] for the respective
proofs.

2.3. Divisibility in the Cuntz semigroup

Let A be a C*-algebra, let © € Cu(A) and take n > 1 and m > 2. Following [40],
we will say that 2 is weakly (m, n)-divisible if, whenever 2’ < x, there exist elements
Y1, - .-, Yp such that @’ <y +... +y, and my,; < z for each j < n. Similarly, =
is weakly (m, w)-divisible if the previous condition holds without any bound on n,
that is, allowing n to depend on 2.

The element x is said to be (m, n)-divisible (resp. (m, w)-divisible) if one can
always set y1 = ... = yn.

A C*-algebra is nowhere scattered if and only if every element in its Cuntz
semigroup is weakly (m, w)-divisible for each m, whilst a C*-algebra has the Global
Glimm Property if and only if every element is (m, w)-divisible for each m; see [49,
Theorem 8.9] and [51, Theorem 3.6] respectively.

3. Finite divisibility

In this section, we recall the notions of finite divisibility introduced in [40];
see definition 3.1. We prove their main properties (lemma 3.3), and study some
situations where Cu(A) contains a sup-dense subset of elements with finite divis-
ibility. We also find sufficient conditions for finite weak divisibility to imply finite
divisibility; see theorem 3.15.

DEFINITION 3.1 [40]. Let a be a positive element of a C*-algebra A, and let m > 2.
We let divy,([a]) and Div,,([a]) be the least positive integers n, n' such that [a] €
Cu(A) is weakly (m, n)-divisible and (m, n')-divisible respectively.

If no such n orn' exist, we set div,,([a]) = co or Div,,([a]) = oo.
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REMARK 3.2. The class of a positive element a € A4 in Cu(A) is said to be compact
if [a] < [a]. Every projection gives rise to a compact Cuntz class and, in some cases,
these are the only compact classes; see [10].

Given a compact element [a] € Cu(A), then [a] is weakly (m, w)-divisible if and
only if div,,([a]) < cc.

However, for a non-compact element [a], div,,([a]) < oo is not equivalent to [a]
being weakly (m, w)-divisible; see example 3.6 and remark 5.10.

Let us first summarize the main properties of div,,(). Part (iii) of the follow-
ing lemma is in analogy to [25, Lemma 4.9], while (iv) is a Cu-analogue of [40,
Proposition 3.6].

Recall that, given xz, y € Cu(A), the infimum x Aocoy always exists; see
[1, Remark 2.6]. Here, coy denotes the element sup,, ny.

LEMMA 3.3. Let A be a C*-algebra, and let x = [a] € Cu(A) and m € N. Then,

(i) divy,(z) < divyy (z) whenever m < m’.

(i1) divp([a]) < N(dive,([b1]) + ... 4+ dive ([br])) whenever
b1], ...y [br] < fa] < N([b1] + ...+ [br]).
(iii) divy, ([a + b)) < divy,([a]) 4 dive, ([0]

).
(iv) Given z,y € Cu(A) such that y <z and xAooy =1y, then div,(y) <
div,, ().

(v) divy, () < supy, divy, (xg) for every increasing sequence (k) in Cu(A) with
supremum .

Proof. (i) follows directly from the definition of div,,([a]).

To see (ii), let n; = div,, ([b;]) for j = 1, ..., r. We may assume that all quantities
are finite, since otherwise we are done.

Take = < [a]. Since [a] < N[b1] + ...+ N[b,], we can find elements z; such that
z; < [b;] and @ < Nzy + ...+ Nz,. The element [b;] is weakly (m, n;)-divisible,
so we can find elements 41 j, ..., Yo, ; such that

mysi.; < [bj], and T < Y15+ --- +ynj,j

for each 7 and j.

Using that [b;] < [a], one has my; ; < [a]. Further, since we also have z <
N>, x;, we deduce that @ < N 37, - y; ;. It follows that Dive,([a]) < N(ni+ ...+
n,), as desired.

Note that, given a, b € (A ® K)4, we have [a + b] < [a] + [b] and [a], [b] < [a + b].
Thus, (iii) follows directly from (ii).

For (iv), let «, y € Cu(A) be as stated. As before, we may assume that div,,(z) =
n for some n € N. Take ¢y’ < y, and apply the weak (m, n)-divisibility of = to obtain
elements y1, ..., y, satisfying the properties from paragraph 2.3 for 3" and x.

Since my; < « for every j, and o A ooy = y, one obtains m(y; A coy) < x A ooy =
y. To see that ¢y < (y1 A ooy) + ...+ (yn A 00y), note that ' is bounded by y (and
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thus ooy) and by y1 + ... + y,. Using that the map ¢ — ¢ A ooy preserves addition
[1, Theorem 2.5(i)], one has

v <(y1+ ...+ yn) Aooy = (y1 Aooy) + ... + (yn A 00y),

which shows that the elements y; A ooy satisfy the conditions from paragraph 2.3
for 3/ and y, as required.

To prove (v), assume that the supremum supy, div,,(zx) is finite, since otherwise
there is nothing to prove. Let n € N be such that supy div,,(z;) < n, and take
a2’ € Cu(A) such that 2’ < x. Since @ = supy, zy, it follows that o’ < xy for some
k € N. Thus, using that div,,(zx) < n, we obtain elements y1, ..., y, with 2’ <
y1 + ...+ yn and my; < xp < x for each j. We get that div,, () < n, as desired. O

Recall that a C*-algebra A is said to have strict comparison if [a] < [b] in Cu(A)
whenever there exists § > 0 such that lim,, 7(a'/™) < (1 — §) lim,, 7(b/™) for every
2-quasitrace 7; see [17] for more details.

LEMMA 3.4. Let A be a C*-algebra, let [a] € Cu(A) and m € N. Then,
divg, (k[a]) < div,,([a])

for every k € N.
If A has strict comparison, one has divp,([a]) < divy(m41)(kla]).

Proof. Let n = div,,([a]), which we may assume to be finite, and take = < k[a].
Then, there exists € > 0 such that x < k[(a — ¢)4]. Since [(a — &)4] < [a], there
exist y1, ..., Yyn € Cu(A) such that

[(a—e)+] <y1+...+yn, and my; < [a]

for each j.
In particular, one gets

r < kl(a—e¢)y] <kyi + ...+ kyn, and m(ky;) < klal,

which implies divg,, (k[a]) < n, as desired.

Now assume that A has strict comparison of positive elements, and let n =
divy(m41)(kla]). As before, we may assume n to be finite. Let z < [a], which
implies kx < k[a]. Then, there exist z1, ..., z, such that @ < ke <z +...+ 2,
and k(m + 1)z; < kla]. Thus, one has (km + 1)mz; < km(m + 1)z; < (km)[al.

Using [17, Proposition 6.2], we get mz; < [a]. This implies div,,([a]) <
divy(m1)(k[a]). O

REMARK 3.5. Let A be a C*-algebra and let m € N. Assume that div,,([a]) < oo for
every a € Ay. Lemma 3.3 (ii) implies, in particular, that div,,([b]) < co for every
be M,(A)+ and n € N.
Indeed, given b € M,,(A)4 there exist elements by, ..., b, € A4 and N € N such
that [b;] < [b] < N([b1] + ...+ [bn]) for each i < n; see [4, 4.2] and [51, Lemma 3.3].
By lemma 3.3 (ii), we have that div,,(b) < oo, as desired.
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EXAMPLE 3.6. Let (A)r be a family of unital C*-algebras such that
k< diva([la,]) < 7k

for each k.

By [40, Theorem 7.9], such C*-algebras can be taken to be simple, unital, infinite
dimensional AH-algebras. Using [49, Proposition 4.13], one sees that A := @Ay, is
nowhere scattered. Thus, every element in Cu(A) is weakly (2, w)-divisible.

Consider the element x =sup, > r_;[14,] € Cu(PrAy), and denote by ¢j, the
induced inclusion Cu(Ay) — Cu(®xAg). Then,

w([Lay]) <z, and @ A ooug([1a,]) = ek ([La,])-

Thus, lemma 3.3 (iv) implies that
kE < diva(ek([1a,])) < diva(z).

This shows that z is weakly (2, w)-divisible, but dive(z) = oo; see also corollary
5.16.

We now move our attention to C*-algebras whose Cuntz semigroup Cu(A) satis-
fies that every element (or, at least, a finite multiple of it) has finite weak divisibility.
Particularly, there will be some situations where we do not know if an element
a € Ay satisfies diva([a]) < oo, but where we do know that dive,,([a ® 1,,]) < o0
for some m € N. This is the case, for example, when a is a positive element in
a nowhere scattered C*-algebra of finite nuclear dimension (see proposition 4.1).
Keeping track of such elements will be important in our investigations, and so we
provide a precise definition for them:

DEFINITION 3.7. Let A be a C*-algebra, and let [a] € Cu(A). We will say that
(i) [a] is of finite weak divisibility if diva,,([a]) < oo for some m € N.

(i) [a] has a multiple of finite weak divisibility if dive,,(mla]) < oo for some
m € N.

(iii) [a] has a multiple of finite divisibility if Diva,,(mla]) < oo for some m € N.

We will denote by Cu(A)giv (resp. Cu(A)maiv and Cu(A)mpiv) the subset of
Cu(A) consisting of the elements [a] of finite weak divisibility (resp. with a multiple
of finite weak divisibility, and with a multiple of finite divisibility).

REMARK 3.8. Note that one always has Cu(A)giv € Cu(A)maiv. Further, Cu(A)qiy
and Cu(A)mdiv agree whenever Cu(A) is unperforated. Indeed, let [a] € Cu(A) and
m € N be such that diva,,(mfa]) =n < co. For any € > 0, we have m[(a — ¢)4] <
mJa]. Thus, there exist y1, ..., yn € Cu(A) such that

[(a—¢e)s] <mlla—e)1] <y1+...+ yn, and 2my; < mla.

Since Cu(A) is unperforated, we get 2y, < [a]. This shows that diva([a]) < n < oo,
as desired.

https://doi.org/10.1017/prm.2023.123 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2023.123

8 FE. Vilalta

EXAMPLE 3.9. If A = C, its Cuntz semigroup is isomorphic to N := NU {co}. It is
readily checked that div,,(z) < oo if and only if z > m. Thus, one has Cu(A)giy =
Cu(A)maiv =10, 2,3, ..., co}.

EXAMPLE 3.10. Every Z-stable C*-algebra A satisfies Cu(A) = Cu(A)qiv by [54,
Proposition 3.7]. More generally, recall that a C*-algebra is said to be N-almost
divisible (see [54]) if for each pair 2/, € Cu(A) satisfying 2’ < z, and k € N, there
exists y € Cu(A) such that

ky <z, and 2’ < (k+1)(N + 1)y.

Thus, if A is N-almost divisible for some N € N, one also has Cu(A) = Cu(A)giy-

By [41, Theorem 3.1], every nowhere scattered C*-algebra of nuclear dimension
N that has no nonzero, simple, purely infinite ideal-quotients is N-almost divisi-
ble. This includes residually stably finite, nowhere scattered C*-algebras of finite
nuclear dimension, and nowhere scattered C*-algebras of finite decomposition rank.
Consequently, one has Cu(A)qg;y = Cu(A).

As we will see in proposition 4.1, Cu(A)mgiv = Cu(A) for any nowhere scattered
C*-algebra of finite nuclear dimension. In fact, one has more: Cu(®2; A)mpiv =
Cu(®2,4).

EXAMPLE 3.11. As shown in [49, Theorem 9.1], every element z in the Cuntz
semigroup of a nowhere scattered, real rank zero C*-algebra is weakly divisible,
that is, there exist y, z such that « = 2y + 3z. In particular, one gets

2y +2) <z <3(y+2)

Thus, it follows that divy(z) < 3 for every x and, consequently, that Cu(A)giy =
Cu(A4).

As noted in example 3.11 above, every element in the Cuntz semigroup of a
nowhere scattered, real rank zero C*-algebra has finite divisibility. Lemmas 3.12 and
3.14 below show that the same is true for a sup-dense subset of (non-elementary)
simple C*-algebras and nowhere scattered C*-algebras of topological dimension
zero. However, this may not imply that every element in such a C*-algebra has
finite weak divisibility.

Recall that an element x € Cu(A) is idempotent if x = 2x. In the Cuntz semigroup
of a simple C*-algebra there is only one nonzero idempotent element, which we
denote by oc.

LEMMA 3.12. Let A be a simple, non-elementary C*-algebra. Then, Cu(A)qiy is
sup-dense in Cu(A).
If A is not stably finite, then Cu(A)qiy = Cu(A).

Proof. Let m € N. If A is simple and non-elementary, it follows from [38,
Proposition 5.2.1] that Cu(A) is (m, w)-divisible.

Let « € Cu(A) be such that < oo. Then, using that x is (m, w)-divisible, there
exists a nonzero element y € Cu(A) such that my < z. Using that < co = ooy,
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we find n € N such that x < ny. This implies that div,,(z) < n. Since the subset
of elements compactly contained in oo is sup-dense in Cu(A), the result follows.
Now assume that A is not stably finite. Then, the element co in Cu(A) is compact;
see, for example, [46, Lemma 6.21] or the proof of [7, Theorem 2.6].
It follows that every element in Cu(A) is compactly contained in co. Using the
argument above, we see that Cu(A4)4iy = Cu(A). O

REMARK 3.13. An inspection of the proof shows that lemma 3.12 is slightly more
general: For a C*-algebra A, one has Cu(A)q4iv = Cu(A) whenever every idempotent
element in Cu(A) is compact.

As defined in [9, Remark 2.5 (vi)], a C*-algebra has topological dimension zero
whenever its primitive ideal space has a basis of compact-open subsets. Examples
include all C*-algebras with the ideal property.

LEMMA 3.14. Let A be a separable nowhere scattered C*-algebra of topological
dimension zero. Then Cu(A)qiy s dense in Cu(A).

Proof. Take y € Cu(A), and assume that there exists y’ € Cu(A) such that ' <
y < ooy’. Let M € N be such that y < My’. Using that y is weakly (m, w)-divisible,
one finds y1, ..., yn such that my; <y and vy <y1 +...y,. Thus, one has y <
Myy + ...+ My, and we get div,,(y) < Mn.

Since A is separable and of topological dimension zero, it follows from [51,
Proposition 4.18] that the Cu-semigroup Cu(A) ® {0, oo} is algebraic. Thus, we
know from [51, Lemma 4.16] that for every pair 2/, x € Cu(A) such that 2’ < x
there exist 3/, y € Cu(A) satisfying 2’ < y < z and 3y’ < y < ooy’. The first part
of the proof shows that div,,(y) < co and, consequently, that Cu(A)g;y is dense in
Cu(4). O

3.1. The Global Glimm Problem

We finish this section by studying when Cu(A4)g4iv = Cu(A) implies Cu(A)piv =
Cu(A). More concretely, we study when an element of finite weak divisibility
has finite divisibility. Given its similarities with the Global Glimm Problem (see
Paragraph 2.1), one could call this the discrete Global Glimm Problem.

Following the ideas from [51, Section 6], we obtain:

THEOREM 3.15. Let A be a C*-algebra satisfying Cu(A)aiy = Cu(A). Assume that
there exist k € N and maps N, M : N — N such that

(i) whenever ' < x < ny, nz, there exists t € Cu(A) such that ' < N(n)t and
t K Y, Z;

(ii) whenever @’ < = and 2x < y + 2nz, there exists g € Cu(A) such that 29 < y
and ¥’ < g+ M(n)z;

(i) whenever x1+ f, x2+ f <y and x, K x; < f for i =1, 2, one can find
21, 22 € Cu(A) such that z1 + 20 € y and x| + 2 < kz1, kzs.

Then, Cu(A)piy = Cu(A4).
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Proof. Assume that (i)—(iil) are satisfied, and let x € Cu(A). By assumption, we
have div,, (z) < oo, which implies dive(x) < 0. Set n := dive(z). We will show that
Divy(z) < oo by proving that

Diva(e) < (N(max{N(2Nz,0), M(n)}) + N(N(2Na,0)) )N (),

where Ny, := (No .?. oN)(2).

Let 2’ € Cu(A) be such that 2’ < x, and take ¢/, y such that 2’ <y < y < .
Then, since z is (2, n)-divisible, we obtain y, ..., y, satisfying y < > y; and
2y; < @ for each j. Take y; < y; such that y < 3 y}. By [51, Lemma 2.2], for each
J we obtain an element r; such that y; +r; <2 < 2r; and y3 <7y

Using (i), we find r € Cu(A) satisfying y < Ny, v and r < r; for every j. Take
r’ < r such that y < Ny . Using (O5) at ' < r < z, we obtain ¢ € Cu(A) such
that ¥’ +c<az<r+e.

In particular, since one has y; +r <z < 7 + ¢, we obtain

2y <21+ A2y < 2y o+ 2y) 7
S(y1+2y2+...+2y,) +r+ce<... <+ (2n)c.
Using (ii), we find elements ¢’, g € Cu(A) such that
29<r, y <g +M(n)e and ¢ < g.

Applying [51, Lemma 2.2] at 2g < r, we find d € Cu(A) such that ¢’ + d < r < 2d.
Thus, we have y < y < Na,,7’" < 2N3 ,,d. By (i), we find f € Cu(A) such that

y/ < N(2N2,n)f7 and f < T’/,d.

By (O6) applied at 2’ < 3y’ < ¢’ + M(n)c, one finds elements s, s, t', t € Cu(A)
such that
¥ <s+t, §<s<y,q, andt’ <t <y, M(n)e.

Set N1 := N(max{N(2N3,), M(n)}) and Ny := N(N(2Ns2,)). Applying (i) at
' <t< M(n)c and ' <t <y < N(2N2,)f, we obtain x1 € Cu(A) such that
x1 K ¢, fand ¢! <« Nyzp. Take o}, #f € Cu(A4) such that 2} < 2f < 1 and ¢’ <
leL‘ll.

Using (i) again, but this time at s’ < s <y’ < N(2N2,,)f, we obtain 25 € Cu(A)
such that 2o < f, s and s’ < Naxa. As before, take 2, £ € Cu(A) such that x5 <
xh < x9 and 8" < Noxh.

One has

T+ f<<etr <z, ot f<L<s+d<g +d<r<z, and 21,70 <L f.
By (iii), we find z1, zo € Cu(A) such that
21+2 <z, and o) + a8 < kzy, k.
Applying (i) one last time, we find z € Cu(A) such that

2< 21,22, and 2} + b < N(k)z.
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The element z satisfies 2z < z1 + 29 < 7, and
¥ <t + 8 < (N + No) (2 + ah) < (N1 + No)N(k)z,
as desired. O

One can check that real rank zero, or stable rank one C*-algebras satisfy (i)—(iii)
in theorem 3.15 above. In particular, this recovers the discrete part of [2, Theorem
5.5].

COROLLARY 3.16. Let A be a C*-algebra. Assume that A is either of stable rank
one, or real rank zero. Then, Cu(A)aiy = Cu(A) if and only if Cu(A)piy = Cu(A4).

Proof. If A has real rank zero, use example 3.11. For stable rank one C*-algebras,
this just amounts to an inspection of a number of proofs:

[2, Lemma 5.3] implies that (i) is satisfied with N = 2n — 1.

The proof of [51, Lemma 5.5], but using weak cancellation instead of residually
stably finiteness, gives (ii) in theorem 3.15 with k = 2.

Finally, (iii) follows from an inspection of [49, 7.6-7.8] using that, when A has
stable rank one, (O8) can be used without the assumption of an element being
idempotent; see Definition 7.2 and Proposition 7.5 in [49] for more details. O

REMARK 3.17. One can actually show that Cu(A)maiv = Cu(A) if and only if
Cu(A)mpiv = Cu(A) whenever A is of stable rank one. Indeed, given x € Cu(A) such
that dive,, (mz) < oo, it follows directly from [2, Theorem 5.5] that Divs,, (mz) <
0.

The same result holds for real rank zero C*-algebras by example 3.11.

QUESTION 3.18. Let A be a C*-algebra such that Cu(A) = Cupdiv(A). When does
A satisfy Cu(A) = Cupypiv(A)?

4. Bounded divisibility

We focus in this section on C*-algebras where there is a global bound for the
divisibility of the elements. That is, we look at those C*-algebras A such that there
exist n, m € N with div,,([a]) < n for every a € A,. More generally, we focus on
those that satisfy sup,c4, divam(mla]) < oo for some m € N. As we will see in
theorem 5.11, these algebras will have a nowhere scattered multiplier algebra.

We begin the section by providing sufficient conditions for this bounded divisibil-
ity to occur (propositions 4.1 and 4.3), and by showing that C*-algebras with this
property are closed under extensions (proposition 4.5). Note that we have already
seen some examples, such as tracially Z-stable C*-algebras, or C*-algebras of real
rank zero; see examples 3.10 and 3.11.

In theorem 4.11, we prove that the set of soft elements characterizes when a C*-
algebra has multiples of bounded divisibility, and we use this to deduce the property
for simple, weakly cancellative C*-algebras of Cuntz covering dimension zero; see
corollary 4.13.
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As mentioned in [41], it is unclear if dim,u.(A4) < oo (with A nowhere scattered)
implies div(a) < co for every a € A;. However, one still gets the following result,
which is a direct consequence of [41, Proposition 3.2].

ProPOSITION 4.1. Let A be a mowhere scattered C*-algebra of finite nuclear
dimension at most k. Then, for every [a] € Cu(A), one has

divy(11)(2(k + 1)[a]) < 8(k + 1)°.
In particular, one has Cu(A) = Cu(A)mdiv-

Proof. If A is nowhere scattered and of nuclear dimension at most k, so is A ® K.
Let [a] € Cu(A). Upon passing to the hereditary C*-algebra a(A ® K)a, we may
assume that a is full in A ® K; note that a(4A @ K)a is still nowhere scattered by
[49, Proposition 4.1], and has nuclear dimension at most k by [55, Proposition 2.5].
Recall from [49, Theorem 3.1] that A ® K is nowhere scattered if and only if
it has no finite-dimensional irreducible representations. By [41, Proposition 3.2,
there exists [b] € Cu(A) such that

[(a—¢e)1] <4(k+1)[b], and 4(k + 1)[b] < 2(k + 1)[a].

Thus, we obtain that 2(k + 1)[(a — ¢)1] < 8(k + 1)?[b]. Since 2(k + 1)[a] can be
written as the supremum of the elements 2(k 4 1)[(a — )] with e — 0, it follows
that divys1)(2(k + 1)[a]) < 8(k +1)?, as desired. 0

Let us denote by F'(A) the central sequence algebra, as defined in [24, Definition
1.1]. Given a separable, unital C*-algebra A, it is not known if A being Z-stable
is equivalent to F'(A) admitting no characters; see [26]. Although this question
remains open, one does have the following result from [12, Part II, Article B,
Proposition 2.8].

PROPOSITION 4.2 [12]. Let A be a separable C*-algebra. Assume that F(A) admits
no characters. Then, for every m € N there exists n such that div,,([a]) < n for all
a € A+.

Proof. Tt follows from [40, Corollary 5.6] that F/(A) has no characters if and only
if diva([1]) < oo in Cu(F'(A)). Let ng = dive([1]). [12, Part II, B, Proposition 2.8]
implies that diva([a]) < ng for every a € A4.

An inductive argument now shows that sup,¢ 4, divi,([a]) < oo for every m € N;
see, for example, [51, Lemma 3.4]. |

Given [a], [b] € Cu(A), recall that we write [a] <s [b] whenever there exists v < 1
such that A([a]) < YA([b]) for every A € F(Cu(A)) = QT(A); see [41, 2.1].

Let k € N. As defined in [54, Definition 2.1], a C*-algebra A is said to have k-
comparison if for every [al, [bo], ..., [bx] € Cu(A) such that [a] <y [b;] for all i, we
have [a] < >, [bi].

Also recall that A has a surjective rank map if every element in L(F(Cu(A)))
can be realized as a rank function; see [2, Section 7] for details.
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PROPOSITION 4.3. Let A be a nowhere scattered C*-algebra with k-comparison.
Assume that the family of separable sub-C*-algebras of A with a surjective rank
map is o-complete and cofinal. Then, Divoy1)((k+ 1)[a]) < 4(k+1)* for every
[a] € Cu(A).

Proof. Let x := [a]. By [48, Proposition 6.1] and [20, Proposition 3.8.1], there exists
a separable sub-C*-algebra B C A that has a surjective rank map, is nowhere scat-
tered, contains x and is such that the induced inclusion map Cu(B) — Cu(A4) is an
order-embedding.

By definition, every element in L(F(Cu(B))) can be realized as a rank function.
Thus, there exists y € Cu(B) such that y = Z. This implies, in particular,
that

1
3(k+1)

[SCI )

(4(k+1))y.

= w

2k+1)y< -z, and ZT<3k+1y=
Applying k-comparison, one obtains 2(k + 1)y < (k + 1)z and = < 4(k + 1)%y in
Cu(B). Using that the map Cu(B) — Cu(A) is an order-embedding, the same is
true in Cu(A). Thus, we have

2(k+ 1)y < (k+ Dz < 4(k+1)%y,
as desired. 0

REMARK 4.4. As shown in [2, Theorem 7.14], a separable, nowhere scattered C*-
algebra of stable rank one always has a surjective rank map. Thus, proposition 4.3
above applies to all stable rank one C*-algebras with k-comparison.

In fact, it was shown in [2, Theorem 8.12] that a separable, nowhere scattered
C*-algebra of stable rank one has k-comparison if and only if it has strict compar-
ison. Consequently, we get that dive(z) < 4 for every « € Cu(A). Further, a small
modification of the proof shows that Cu(A) is almost divisible (i.e. 0-almost divis-
ible). Indeed, following the notation of the proof, given any x € Cu(A) and any

k € N find y € Cu(B) such that y = Tz_l’x\ A direct computation shows that

~ 2k

o 2% +1
Y=ok 1o

2k 42

and T < ( )(k+1)§.

Using strict comparison, one gets ky < = < (k + 1)y, as desired.
The following is a generalization of [49, Proposition 4.2].

PRrROPOSITION 4.5. Let I be an ideal of a C*-algebra A. Assume that there exist
mo, M1, ng, N1 € N such that

divom, (mola]) < ng, and  divam,, (mq[b]) < ny
for every a € (A/I)y and every b € I.. Then,
divamem, ((moma1)e]) < mo(ming +n1)

for every c € Ay.
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Conversely, diva,(m[a]), dive,(m[b]) < n for every a € (A/I)+ and be I,

whenever sup,¢ 4, diva, (m[c]) < n for some m, n € N.

Proof. Tt follows from [13] that Cu(I) can be identified with an ideal of Cu(A), and
that Cu(A/I) is naturally isomorphic to the quotient Cu(A)/ Cu(I). We will make
these identifications without explicitly writing the isomorphisms.

Let ¢ € A4, and set z := [¢]. Denote by Cu(w): Cu(A) — Cu(A/I) the induced
quotient map. Given z’, " in Cu(A) such that ¥’ < ¥’/ < x, we can apply the
bounded divisibility of Cu(A/I) to obtain elements yj, y}, y; € Cu(A) for j =
1, ..., ng such that

(2mo) Cu(m)(y;) < Cu(m)(mox), Cu(m)(moz") < Cu(m)(yY) + ... + Cu(m)(yy,),

and y} < y; < y; for each j. Note that this is possible because Cu(7)(z) = [r(c)]
and Cu(m)(z) has a representative in (A/I)4.
Take w € Cu(I) such that w = 2w, and

(2mo)y; < (2mo)y; < mox 4w, and moz” <Yy + ... 4 yn," + w.
Using [49, Proposition 7.8], we find elements 2}, z; € Cu(A) satisfying
(2mo)z; < mox, yj <zj+w, and 2z < z

for every j =1, ..., ng.
In particular, we have

o <a <mox” <A+ 42, +w.

Applying (06), we obtain an element 7 € Cu(A) such that

<+ 4z, +7 and <z w.

Note that, since 7 < " < [c] with ¢ € A, there exists b € Ay such that r := [b]
satisfies <7 and o' < 2] +... 4 2, +1; see, for example, [49, Lemma 3.3(1)].
Further, since we also have [b] < w, one gets b € I,. Take r’ < r such that 2’ <
I R A

Now, using that diva,,, (m1[b]) < ny, one gets elements r1, ..., r,, such that

(2my)r; < myr,  and  myr’ <KL rp 4.+,

for each 7 < ng.
Thus, it follows that

(moma)z’ < (moma)z] + ...+ (moma)z,, +mor1 + ...+ mory,
and

(2moma)z; < (moma)z,  (2moema)r; < (mema)r < (momy)x

for each 7 and j.
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This proves that
divomgm, ((mom1)z) < mo(ming + nq),

as desired.
The converse follows from a standard argument; see [51, Proposition 3.9]. O

The previous result also works, mutatis-mutandis, with Div() instead of div(). In
this case, an inspection of [51, Theorem 3.10] gives the following:

THEOREM 4.6. Let I be an ideal of a C*-algebra A. Assume that there exist
mg, mi, ng, n1 € N such that

Divym, (mola]) < ng,  and  Divgy,, (mq[b]) < ny

for every a € Iy and every b € (A/I). Then, there exist M, N € N depending only
on mg, mi, ng, N1 such that

DiVQM(M[CD < N

for every c € Ay.
Conversely, Divay,(mla)), Diva, (m[b]) < n for every a € (A/I)y and b€ I,
whenever sup,¢ 5, Divam (mle]) < n for some m, n € N.

Proof. Assume first that I and A/I satisfy the stated conditions. Let ¢ € A, and
take € > 0. Set

z:=|, 2":=[c—¢e)], and 2’ :=[(c—2e)4].

As before, denote by 7 the induced quotient map Cu(A4) — Cu(A/I). Applying
Divyp, (mim(x)) < ng to w(2”) < w(x), we find y € Cu(A) such that

dmym(y) < mym(x), and mym(z”) < niw(y).

Take ', y” € Cu(4) such that ¥ < ¢y’ <y and mym(z”) < nyn(y’). Find w €
Cu(I) such that

dmyy’ < dmiy <miz +w, mix” <ny' +w, and  w = 2w.

Applying [49, Proposition 7.8] at the first inequality and the pair ¢’ < y”, we find
z € Cu(A) satistying

dmiz < miz, and Y < z+w.
Choose 2z’ € Cu(A) such that 2’ < z and y’ < 2z’ 4+ w. Note that we have
dmiz +miz < 2myx. (4.1)
Further, using that y’ < 2z’ 4+ w, we obtain

<2 <mir” <my' Fw < +w.
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Applying (06), we find 7 € S such that

¥ <z +7 and F<a,w.

Proceeding as in the previous proof, note that, since " = [(¢ —¢)4] and 7 < w €
Cu([l), we can find a € Iy such that r := [a] satisfies r < 7 and 2’ < ny2" + r. Take
' with ' < r and ©’ < ni 2’ + 1.

Applying Divy,, (mor) < ng to moer’ < mor, we get t € Cu([l) such that

dmot < mor, and  mgr’ < not. (4.2)
Recall that 7 < z. Combining (4.1) and (4.2) we obtain
dmomy (z + t) < dmomaz + memiz < 2moma .
One also gets
2momyax’ < 2momy(niz’ + 1) < 2mq(moni 2’ + not) < 2memangny (2’ +t),

which shows that Divymgm, (2momiz) < 2mominoni, as desired.
As in the proof of the previous proposition, we note that the converse follows
from similar arguments to those in [51, Proposition 3.9]. |

As noted in lemma 3.12, having a sup-dense subset of elements with finite weak
divisibility does not imply that every element has such property. However, proposi-
tion 4.8 below shows that it is enough to check finite weak divisibility for strongly
soft elements (which, in general, are not sup-dense).

4.7. Strongly soft elements and retracts

Let A be a C*-algebra. As defined in [52], we denote by Cu(A)sese the set of
strongly soft elements, that is, those elements = € Cu(A) such that for every 2’ <
x there exists t € Cu(A) satisfying 2’ + ¢ < = < oot. When A is residually stably
finite, [a] € Cu(A) is strongly soft if and only if aAa has no nonzero, unital quotients;
see [52, Proposition 4.16].

Under certain assumptions, given any = € Cu(A) one can find the largest strongly
soft element below x. When this is the case, we denote by o: Cu(A4) — Cu(A)soft
the map that sends an element z to the largest strongly soft element dominated by
x.

In [6, Theorem 5.6], it is shown that o can always be defined whenever A is
separable, has the Global Glimm Property and its Cuntz semigroup is left-soft
separative, that is, if for any triplet of elements y, t € S and x € Sy satisfying

r+t<y+t, t<Kooy, and t<K oo,

we have © < y; see [6, Definition 3.2]. As explained in [6, Section 3], C*-algebras
with strict comparison or stable rank one have a left-soft separative Cuntz
semigroup.

In this case, o is an order- and suprema-preserving superadditive map that
satisfies © < o(x) + ¢ whenever x < cot. Recall that a map ¢ is superadditive if

oz +y) < o(x) + d(y).
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PROPOSITION 4.8. Let A be a separable C*-algebra with the Global Glimm Property
such that Cu(A) is left-soft separative, and let x € Cu(A) and m € N. Then

divy, (o(z)) — 1 < divy,(2) < divy,(o(z)) + 1.

Proof. First, to see that div,,(o(z)) < divy,(z) + 1, assume that div,,(z) = n for
some n € N since otherwise there is nothing to prove.

Let s < o(x). Using that o preserves suprema of increasing sequences, we can
find 2’ < « such that s < o(a’).

Since A satisfies the Global Glimm Property, one can use [52, Proposition 7.7]
to deduce that there exists ¢ € Cu(A)sofs such that (nm)t < x < ocot. Note that
(nm)t < o(x) because t is strongly soft. Using that z is weakly (m, n)-divisible,
one finds z1, ..., z, € Cu(A4) such that

o(@)<z+...+2,, and mz <z

for every j.
Now, using that z; < oot for every ¢ and that Cu(A) is left-soft separative, we
obtain

o)< 21+ .tz <(o(z1)+t)+ 22+ ...+ 2, <0o(21) + ... +0(2,) +nt.

Further, using that o is superadditive, we also get mo(z;) < o(mz;) < o(zx). Since
n(mt) < o(x), we deduce that div,,(o(z)) < n+ 1, as desired.

To prove that div,,(z) < div,,(o(z)) + 1, take t € Cu(A) such that mt <z <
oot. Note that this can be done because A has the Global Glimm Property and,
consequently, Cu(A) is (m, w)-divisible; see paragraph 2.3. Using that 2 < oot, we
have z < o(x) +t. Let 2’ <« z. Since 2’ < o(x) +t, we can use (O6) to obtain an
element y such that 2’ < y + ¢ with y < o(x).

Let n be such that o(z) is weakly (m, n)-divisible. Then, there exist z1, ..., 2,
satisfying

y<zi+...+2z,, and mz; <o(x)

for each j.
We obtain
<+ +z,+t, mt<z, and mzj<o(z)<z
for every j, which implies that div,,(z) <n+ 1. O

LEMMA 4.9. Let A be a C*-algebra, and let s, t € Cu(A). Assume that s is strongly
soft. Then, the element s \ oot is strongly soft in Cu(A).

Proof. Let 2/, x € Cu(A) be such that 2’ < © < s A ocot. By definition, this implies
that 2’ < s and 2’ < oot.

Since s is strongly soft, we find y € Cu(4) such that 2’ +y < s < ooy. Thus,
using that taking infima with an idempotent is a monoid morphism ([1, Section
2]), we have

¥ +yAoot = (' +y) Aoot < s A oot < ooy A oot = oo(y A oot).

This shows that s A oot is strongly soft. (]
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LEMMA 4.10. Let A be a C*-algebra with the Global Glimm Property. Then, for
a', x € Cu(A) such that ' < x, there exist s1, so € Cu(A)sory such that s1, so < x
and ' < 51+ s9.

Proof. Let o', x € Cu(A) satisfy 2’ < «. It follows from [52, Proposition 7.7] that
there exists y € Cu(A)sof satisfying y < x < ooy. In particular, one has 2’ < coy.

By [52, Proposition 5.6], we can take ', y” € Cu(A)sst such that ¢y <y’ <y
and 2/ < ocoy’. Since y”’ is soft, we find t € Cu(A)gof such that ' + ¢ < y” < oot; see
[62, Proposition 4.13]. Now, by (O5) applied to 4" < y < =, there exists ¢ € Cu(A4)
satisfying

Y +e<z<y+e
Thus, we have
Y+ (ct+t)<z<y+e<y+ (c+i).

Using that ' < ooy’, we obtain
¥ <z Nooy’ < (y+ (c+t) Aooy” =y Aooy + (c+t) A occy”
and
yAooy', (c+t) Aooy” < x.

By lemma 4.9, the elements y A coy” and ¢ A ocoy” are strongly soft. Further, note
that one gets

(c+1t) Aooy' =cAooy' +t A ooy’

with ¢ A coy” < ooy” < oo(t A ooy”).
Using [52, Theorem 4.14(2)], we deduce that (¢ + ¢) A coy” is also strongly soft.
Set s1 :=y A ooy’ and sy := (¢ +t) A coy”. We have s1, s5 € Cu(A)soft,

s1, sy <z, and a2’ <sp+ 59,
as required. O
When Cu(A) is not left-soft separative, we still have the following:

THEOREM 4.11. Let A be a C*-algebra with the Global Glimm Property, and let
m € N. Then, the following are equivalent:

(i) there exists n € N such that diva,,(m[a]) < n for every [a] € Cu(A);

(ii) there exists n € N such that divy, (mla]) < n for every [a] € Cu(A)sof;-

Proof. That (i) implies (ii) is trivial.

To prove the converse, let #’, x € Cu(A) be such that 2’ < z. Using lemma 4.10,
one finds s1, s2 € Cu(A)sofr satisfying sq, so < & and 2’ < s1 + s2. In particular,
ms1, mss < mx and ma’ < msy; + mss.
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By lemma 3.3 (ii), we have
divoy, (ma) < divey, (msy) + dive, (mss2) < 2n,
as desired. O

COROLLARY 4.12. Let A be a C*-algebra with the Global Glimm Property. Assume
that Cu(A)sote is a retract of a Cu-semigroup S satisfying sup g divag(ks) < oo
for some k € N. Then, there exist n, m € N such that diva,,(m[a]) < n for every

[a] € Cu(A).
Proof. Using that Cu(A)sog is a retract of S, it follows that

divay (ky) < supdiveg(ks) < oo
sesS

for every y € Cu(A)soft.
Applying theorem 4.11, there exist n, m € N such that divg,,(mz) < n for every
x € Cu(4). O

Recall from [50, Definition 3.1] that one says that Cu(A) has covering dimension
zero if, whenever @’ < @ < y; + yo, there exist 21, 2z € Cu(A) such that 2’ < 2z +
z5 < x. Examples of dimension zero include the Cuntz semigroup of any real rank
zero C*-algebra, as well as other semigroups, such as the Cuntz semigroup of the
Jacelon-Razak algebra; see [50, Section 5.

We say that a Cuntz semigroup is weakly cancellative if © < y whenever z 4 z <
y + z for some element z. Stable rank one C*-algebras have a weakly cancellative
Cuntz semigroup by [44, Theorem 4.3].

COROLLARY 4.13. Let A be a simple, non-elementary C*-algebra of Cuntz covering
dimension zero. Assume that Cu(A) is weakly cancellative. Then there exists n € N
such that divs([a]) < n for every [a] € Cu(A).

Proof. Assume first that A is separable. [50, Theorem 7.10] shows that the sub-
monoid Cu(A)sef; is a retract of an almost divisible Cu-semigroup S; see also the
proof of [50, Proposition 7.13].

As explained in example 3.11, almost divisibility implies dive(s) < 3 for every
element s € S. Thus, the result in this case follows from corollary 4.12 above.

If A is not separable, one can use the same techniques as in the proof of
proposition 4.3 to get the desired result. U

5. Nowhere scattered corona and multiplier algebras

In this section, we study when a multiplier algebra of a o-unital, nowhere scattered
C*-algebra A is nowhere scattered. Our main result is that this happens whenever
SUPgea, divam(mla]) < oo for some m € N; see theorem 5.11. Note that the supre-
mum is not taken over all the elements of the Cuntz semigroup (i.e. over A ® K),
but only over those with a representative in A, . This set is called the scale of the
Cuntz semigroup in [4, 4.2].

https://doi.org/10.1017/prm.2023.123 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2023.123

20 FE. Vilalta

As an application, we prove in theorem 5.12 that nowhere scattered C*-algebras
of finite nuclear dimension, or real rank zero, or stable rank one and k-comparison
all have a nowhere scattered multiplier algebra. We also show in theorem 5.18 that,
for stable C*-algebras, the multiplier algebra being nowhere scattered implies that
every element in the algebra has finite weak divisibility.

Let us begin the section with some examples:

EXAMPLE 5.1. Let A be a weakly purely infinite C*-algebra. It was shown in [25,
Proposition 4.11] that M(A) is weakly purely infinite, and thus nowhere scattered
by [49, Example 3.3].

As a similar example, it follows from [32] that a simple, o-unital, non-elementary
(i.e. nowhere scattered) C*-algebra with continuous scale has a purely infinite
corona algebra. This implies that M(A) is nowhere scattered by [49, Proposition
4.2]; see also [23] and [30].

The examples below appeared in [49, Examples 4.14, 4.15]. We recall them here
for the convenience of the reader.

EXAMPLE 5.2. Let Ay be the family of separable, simple, AH-algebras from [40]
(see example 3.6). As shown in [40, Corollary 8.6, the product [], A has a one-
dimensional, irreducible representation. By [49, Theorem 3.1], this implies that
[1; Ax is not nowhere scattered. Consequently, A := @Ay, is a nowhere scattered
C*-algebra with a multiplier algebra M(A) == [], A that is not nowhere scattered.

EXAMPLE 5.3. In [45, Theorem 1], Sakai constructs a simple C*-algebra A such
that its derived algebra D(A) satisfies D(A)/A = C. Using that D(A) =2 M(A) for
simple C*-algebras (see the remarks after [35, Proposition 2.6]), one sees that M (A)
cannot be nowhere scattered.

The following lemma will play an important role in the proof of proposition 5.9.

LEMMA 5.4. Let A be a C*-algebra. The following are equivalent:
(i) A is nowhere scattered.

(ii) For every a € Ay and n € N, the class [a ® 1,,] € Cu(A) is weakly (2n, w)-
divisible.

(ili) For every a € Ay, there exists n =n(a) € N such that the class [a® 1,] €
Cu(A) is weakly (n + 1, w)-divisible.

Proof. We know from [49, Theorem 8.9] that A is nowhere scattered if and only
if every element in Cu(A) is weakly (2, w)-divisible. Using [49, Theorem 8.9], it
follows that every element is (2n, w)-divisible for every n € N. This proves that (i)
implies (ii), and it is trivial that (ii) implies (iii).

To see that (iii) implies (i), assume for the sake of contradiction that A is not
nowhere scattered. Then, we know from [49, Theorem 3.1] that there exist ideals
I CJC A such that J/I is elementary, that is, Cu(I/J) = Cu(C) 2 N; see [19,
Theorem 4.4.4].
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Note that, since we are assuming that A satisfies (iii), both I and I/J satisfy
(iii) as well. Let ¢ be an isomorphism from Cu(I/J) to N. Now, it follows from [51,
Lemma 3.3] that for every positive element b € (I/J) ® K there exists a € (I/.J)+
such that [b] < oo[a] in Cu(I/J). Thus, let a € (I/J)4+ be such that ¢([a]) # 0. We
get 1 < 1 < ¢([a]) and, using Rgrdam’s lemma (see e.g. [46, Theorem 2.30]), there
exists @’ € (I/J)4 such that 1 = ¢([a']).

Take n € N such that [’ ® 1,,] is weakly (n 4+ 1, w)-divisible. Since ¢ is an iso-
morphism, we must have that ¢([a’ ® 1,]) = n is also weakly (n + 1, w)-divisible.
However, the only element x € N such that (n + 1)z < n is zero. This contradicts
the weak (n + 1, w)-divisibility of [¢’ ® 1,,].

Thus, A has no nonzero elementary ideal-quotients, as desired. O

REMARK 5.5. In the proof of ‘(iii) = (i)’ in lemma 5.4 above, we have used that a
C*-algebra is nowhere scattered if and only if it has no elementary ideal-quotients.
As shown in [49, Proposition 8.8], a Cu-semigroup S satisfying (05)—(08) has
no elementary ideal-quotients if and only if every element in S is weakly (2, w)-
divisible.

In light of this, one might expect ‘(iii) = (i)’ to hold for every Cu-semigroup
S satisfying (O5)—(08), that is, that every element in S is weakly (2, w)-divisible
whenever for every element x € S there exists n, such that n,z is weakly (n, +
1, w)-divisible.

However, this is not true: For example, S = {0, 1, oo} is a Cu-semigroup sat-
isfying (O5)—(08). S is not weakly (2, w)-divisible, but every element in S has a
properly infinite multiple. Thus, it satisfies (iii), but not (i).

The reason for this disparity is due to the fact that, in the context of abstract
Cuntz semigroups, N is not the only elementary Cu-semigroup. In fact, {0, 1, oo}
is elementary; see [49, Section 8].

Lemma 5.6 below is [25, Lemma 4.10], which uses some of the ideas from [16]. It
was stated with the assumption of weak pure infiniteness, but an inspection of their
proof shows that this is not actually needed. This was also stated, in a different
way and with a different proof, in [22, Theorem 4.2].

Note that both of the strictly convergent sums in the right-hand side consist of
pairwise orthogonal terms.

LEMMA 5.6. Let A be a o-unital C*-algebra, let T € M(A)1 and let € > 0. Then A
has an increasing, countable, approzimate unit (ey), of positive contractions with
ent16n = €y such that

T=a+Y ol sThHIZ + Y BIETH fo=en—enn
n=1

n=1

with eg = 0 and a € A satisfying ||a]] < e.
In the proof of proposition 5.9 we will also need the following:

LEMMA 5.7. Let A be a C*-algebra, and let a, b € A, be elements such that [a], [b] €
Cu(A) have multiples of finite weak divisibility. Then, [a + b] has a multiple of finite
weak divisibility.
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In particular, there exists n € N such that (a + b) ® 1,, has a (n + 1, w)-divisible
class.

Proof. Let ng, ny, € N be such that diva,, (ne[a]), diva,, (ns[b]) < co.
Using that ngnpla +b =[a® 1, n, +b® 1,,p,], we can apply lemma 3.3 (iii)
and get

divan, n, (enpla + b)) < divan, n, (nenpla]) + divap, n, (Rans[0]).
Thus, applying lemma 3.4 to both summands, we obtain
divan, n, (Menp[a + b)) < diva,, (ne]a]) + divay, (np[b]) < oo,
as desired. ]

LEMMA 5.8. Let A be a o-unital C*-algebra, and let (a;)2, be a bounded sequence
in A of pairwise orthogonal elements such that R =) a; is strictly convergent and
a; L e;_q for every i > 1, where (e;); is an approzimate unit as in lemma 5.6.

Let m € N. Then for every g > 0, one has

divo, (m[R]) <sup sup dive,(m[(a; —€)4])
1 0<e<eg

in Cu(M(A)).

Proof. Let €9 > 0. Assume that n := sup,sup.., dive,(m[(a; —¢€)]) is finite,
since otherwise there is nothing to prove. Fix ¢ < ¢¢ positive. By assumption,
(a; — §)+ ® 1y, is weakly (2m, n)-divisible for each i. Thus, we can find elements
bij e A K for j =1, ..., nsuch that

ml(a; —e/3)+] < [bia] + ...+ [bin], and 2m[b; ;] < ml(a; —e/4)4]

for each ¢ and j.
It follows from [40, Lemma 2.3(i)] that there exist elements ¢; ; € M,,(A)4+ with
¢i,j 2 b;; such that

(ai — 25/3)+®1m = Zcm.

j=1
Set d; j == ((a; —2¢/3)+ ® 1p)ci j((a; —2¢/3)4 ® 1,,) € My, (A). Note that every
entry in d; ; is in a;Aa,;, and is thus orthogonal with e; ;. To see that the sums
R; =", d; ; are strictly convergent, we proceed as in [22, Proposition 4.4]. Using
that ¢; ; < a; ® 1,, at the third step, we have
((ai —2¢/3) 4 @1,n) (cij((ai — 26/3) 4 @1,0)2¢i 5) ((ai — 28/3) 4 ©1,)

d7; =
<lleig I (as = 2¢/3) 1 @1 *((ai = 2¢/3)+ @1im)

< (su.p o @ 1m||5) (a5 — 2¢/3) 1),

where note that the supremum over ¢ is finite because the sequence (a;); is bounded.

https://doi.org/10.1017/prm.2023.123 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2023.123

Nowhere scattered multiplier algebras

23

Now, given any t € M,,(A) and any pair n < k, and using that the d; ;’s are

pairwise orthogonal on 4 (and that so are the a;’s), one has

k
t (Z df,j> t*

< (Su_pai ® 1m||5>

k 2

£y di

i=n

k
t <Z a; — 25/3)+®1m> t*

(
k
< (supllas o 1) e o (Zm - 25/3>+®1m) H

and, similarly,

()

2
< (sup o @ 1m||5) Il
K3

i=n

k
‘ (Z(ai - 25/3)+®1m> t

Since ), a; is strictly convergent, so is >, (a; — 2¢/3)4 ® 1,,. Thus, it follows that

R; =", d; ; is a strictly convergent sum. Further, note that we have

(R—2¢/3)% ZR

and, therefore, m[(R —¢)+] < 327, [R;].

Let § > 0 be such that m[(R —¢)4] < Z?:I[(Rj —0)4]. Applying [22, Lemma

2.2] at
dij @Lopm D ¢ij @ 1loy b @ lom 3 (a; —e/4)1®1,,

we find elements r; ; such that

4
(dij = 0)+@1am = 1ij(a; @ Ly)rij,  and  sup [ril|* < —sup [dij @ am.
K3 (]

Set x;; := (a; @ 1,y )1/2 $i(dij @ 1oy — 0)4. We get

x; x5 = (dij — 6)?F ® lom, and xwac € (a; ® 1) My (A)(a; @ 1),

7

with both ((a; ® 1m)Y2r7 ;)i and (r} ;(d;; @ 1ap — 0)1); being bounded sequences

for each fixed j.

Let j be fixed. To see that ), x; ; is strictly convergent, we argue as before. First,

note that one has

wj i g <sup |[dij @ Lo |*((dij — 0)4 @1apm),  and
K3
4 3
Tij; 5 S Zsup lldi j @ Lo |]”(a; ® 1.,),

where each suprema is bounded because (d; ;); is a bounded sequence.
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For any given pair n < k and any ¢, one has

)l < [2eer)

Let z; (s, r) denote the (s, r)-th entry of z;;. Then, the sums xz;(s, r):=
> Tij(s, r) are all strictly convergent. Set x; := (z;(s, 7))s,r € My, 2m2(M(A)).
One gets

, and

2
< (sup ldijs ® 12m||2) Il

2

k
(Z(dm - 6)+®12m> t

- 5UP ||dz j® 12m||3

x;xj = (R 5) @ Loy ~ (RJ — 5)+®]—2m7

and

;15 € (R® L) My (M(A))(R® L)

It follows that, in Cu(M(A)), we have 2m[(R; —6)1] < m[R] for each j € N.
Since [R] = suppc.<.,[(R —€)4], we have that m[R] is weakly (2m, n)-divisible,
as desired. O

Let us say that a sequence (a;); of positive elements in a C*-algebra A is orthog-
onal if the elements in the sequence are pairwise orthogonal, that is, if a;a; =0
whenever i # j.

PROPOSITION 5.9. Let A be a o-unital C*-algebra. Assume that for every orthog-
onal sequence (a;); of positive elements in A there exist m, n € N such that
divam, (mfa;]) < n for each i. Then dive,(m[T]) < co for every T € M(A)/A.

In particular, M(A)/A is nowhere scattered.

Proof. Let m: M(A) — M(A)/A denote the quotient map. Using lemmas 5.6 and
5.8, we deduce that each positive element in the corona algebra can be written as
m(R1) + w(Rg) with [R1], [Rz2] having multiples of finite weak divisibility.

By lemma 5.7, every element of the form [x(T)] in Cu(M(A)/A) with T €
(M(A)/A)+ has a multiple of finite weak divisibility. Lemma 5.4 shows that the
corona algebra is nowhere scattered, as desired. O

REMARK 5.10. Let A be the simple, nowhere scattered C*-algebra from example
5.3. Tt follows from proposition 5.9 above that there must exist an element a €
(®52,A)+ whose Cuntz class does not have a multiple of finite weak divisibility.

Using proposition 5.9, we can now prove the main result of the paper.

THEOREM 5.11. Let A be a o-unital C*-algebra. Assume that for every orthogonal
sequence (a;); in Ay there exist m, n € N such that diva,,(m[a;]) < n for each i.
Then M(A) is nowhere scattered.

Proof. Using that nowhere scatteredness works well with extensions (see [49,
Proposition 4.2]), the result is a direct consequence of proposition 5.9. ]
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It follows from the results in [37] that the multiplier algebra of a simple, separable
C*-algebra of real rank zero does not admit a character. Theorem 5.12 (i) below
generalizes this result.

THEOREM 5.12. Let A be a o-unital C*-algebra. Assume that A has

(i) real rank zero, or
(i) finite nuclear dimension, or

(i) k-comparison and a surjective rank map.

Then A is nowhere scattered if and only if M(A) is nowhere scattered.

Proof. Assume that M(A) is nowhere scattered. [49, Proposition 4.2] implies that
A is nowhere scattered as well.

Conversely, assume that A is nowhere scattered. It follows from example 3.11,
proposition 4.1 and proposition 4.3 respectively that (i), (ii) and (iii) imply that
every sequence of positive elements (orthogonal or not) in A; has uniformly
bounded multiple divisibility. Thus, we can use theorem 5.11 to get the desired
result. O

QUESTION 5.13. Let A be a nowhere scattered C*-algebra such that [a] has a multi-
ple of finite weak divisibility for every a € A, . Does it follow that M(A) is nowhere
scattered?

Note that this would imply that the simple C*-algebra from example 5.3 contains
a (2, w)-divisible element of infinite weak divisibility.

REMARK 5.14. The assumption from theorem 5.11 above is not equivalent to
nowhere scatteredness, not even in the simple or o-unital case:

(1) The example from example 5.2 is o-unital. Thus, there exist o-unital, nowhere
scattered C*-algebras that do not satisfy the condition from theorem 5.11.

(2) By lemma 3.12; the set of classes with finite weak divisibility is sup-dense
in the Cuntz semigroup of a simple, non-elementary C*-algebra A. However,
and as made explicit in example 5.3, this is not enough for the multiplier
algebra M(A) to be nowhere scattered.

Further, note that if the converse of theorem 5.11 holds for some family of C*-
algebras, one must have that any unital, nowhere scattered C*-algebra A in the
family must satisfy sup,c 4, divam(mla;]) < oo for some m.

As another application of lemma 5.8, we can study when multiplier algebras have
a character:
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PROPOSITION 5.15. Let A be a o-unital C*-algebra, and let (e;); be an approzimate
unit as in lemma 5.6. Assume that

sup sup dive,(m[(e; —ei—1 —€)1]) < o
i 0<e<eg

for some gy > 0.
Then, M(A) does not admit a character.

Proof. Using lemma 5.8, we see that the unit 1 =" (e; —e;—1) in M(A) satisfies
divam, (m[1]) < co.
The result now follows from [40, Corollary 5.6]. O

In particular, proposition 5.15 recovers [40, Corollary 8.5]:

COROLLARY 5.16. The product of unital C*-algebras A; does not admit a character
whenever the supremum of diva([1;]) is finite.

5.1. Stable C*-algebras

The multiplier algebra of a o-unital, stable C*-algebra A has been studied exten-
sively. For example, [42] studies when the corona algebra of A is simple, while in
[34] it is shown, using its multiplier algebra, that a nowhere scattered C*-algebra
of finite nuclear dimension has the corona factorization property.

In what follows, we show that [a] must have a multiple of finite weak divisibility
for every a € A, if M(A) is to be nowhere scattered; see theorem 5.18. Thus, if
question 5.13 has an affirmative answer, this would imply that the multiplier algebra
of a o-unital, stable C*-algebra is nowhere scattered if and only if every element in
the algebra has a multiple of finite weak divisibility.

Lemma 5.17 below was stated for (m, w)-divisibility in [51]. We now provide the
analogous statement for weak (m, w)-divisibility, which only needs to assume the
element (and not the whole Cuntz semigroup) to be divisible.

LEMMA 5.17. Let A be a C*-algebra, and let a € (A® K)4. Then, if [a] is weakly
(m, w)-divisible, there exists a sequence (yn)n C Cu(A4) such that my; < [a] <
2?11 y; for every j € N.

Proof. Let ¢, be a strictly decreasing sequence converging to 0, and let z, :=
[(a — en)4]. For each n, apply (m, w)-divisibility to z,, < [a] to find elements y,, ;
such that

T, < Zynd, and  my,,; < [a].
J

for every j. In particular, note that one gets

n o]
SEDIPWTEED DO W7
k=1 j k=1 j

By taking supremum on n, one sees that the elements (y, j)n, ; satisfy the desired
conditions. g
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Note that, in general, one cannot adapt the previous proof to show that there
exist y1, ..., Ym with 2y; < [a] <y1 + ...+ Y whenever [a] is (2, m)-divisible.

However, this is the case for o-unital C*-algebras whose multiplier algebra is
nowhere scattered:

THEOREM 5.18. Let A be a o-unital, stable C*-algebra. Assume that M(A) is
nowhere scattered. Then, for every a € Ay and m € N there exist finitely many
elements y1, - .., Yo € Cu(A) such that

my; <la) <y1+...4+Yn

for every j < n.
In particular, [a] has a multiple of finite weak divisibility for every a € A, .

Proof. Let a € Ay and m € N. By [2, Proposition 2.8] and its proof there exists a
projection p, € M(A) such that, for every € Cu(A), one has x < [a] if and only
if x < [pa) in Cu(M(A)).

Assume that M(A) is nowhere scattered. Thus, Cu(M(A)) is weakly (m, w)-
divisible by [49, Theorem 8.9]. It follows from remark 3.2 that div,,([p]) < oo for
every projection p € M(A).

Then, since we have [a] < [p,] < [ps], there exist finitely many elements
21, « oy 2p in Cu(M(A)) such that

[a}g[a]<21+.-~+zna and mzjg[a]

for each j < n.

Since M(A) is a C*-algebra, we know from [1, Remark 2.6] that the infimum
y;j = z; A\ oo[a] exists for each j. Any representative of this element is contained in
the ideal generated by a and, therefore, must be a positive element in A. Thus, we
have [a] < y1 + ...+ yn in Cu(M(A)) with y; € Cu(A) for each j.

Further, we also get my; = m(z; A oola]) < [pa]. Thus, my; < [a] in Cu(M(A)).

Finally, note that, since A is an ideal of M(A), a pair of elements in A are Cuntz
subequivalent in M(A) if and only if they are Cuntz subequivalent in A; see, for
example, [46, Proposition 2.18].

Consequently, we have

a <yi1+...4+yn, and my; <|d]
in Cu(A), as desired. O

REMARK 5.19. Note that there exist stable, nowhere scattered C*-algebras with
a multiplier algebra that is not nowhere scattered. Indeed, simply take A as in
example 3.6. Then, A ® K is a nowhere scattered C*-algebra by [49, Proposition
4.12] that contains a (2, w)-divisible element of infinite weak divisibility.

It follows from theorem 5.18 that M(A ® K) cannot be nowhere scattered.

In this paper, we have studied conditions under which a multiplier algebra

M(A) is nowhere scattered. A problem that seems to be much more involved is
to determine when M (A) has the Global Glimm Property.
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QUESTION 5.20. Assume that A has the Global Glimm Property. When does M (A)
also have the Global Glimm Property?

Note that this has a positive solution whenever sup,¢ 4, Diva,,(m[a]) < oo and
M(A)/A satisfies a condition that ensures that the Global Glimm Problem can be
answered affirmatively. For example, Lin and Ng show in [33] that M(Z ® K)/Z ®
K has real rank zero. Thus, since Z ® K is covered by theorem 5.11, we get that
M(Z®K)/Z ® K is nowhere scattered. By [18] (see also [51, Proposition 7.4]),
M(Z ® K)/Z @ K has the Global Glimm Property. Consequently, M(Z & K) also
has the Global Glimm Property by [51, Theorem 3.10].
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