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REGULARITY FOR HAMILTON-JACOBI EQUATIONS
VIA APPROXIMATION

BuMm IL Hong

We prove new regularity results for solutions of first-order partial differential equa-
tions of Hamilton-Jacobi type posed as initial value problems on the real line.
We show that certain spaces determined by quasinorms related to the solution’s
approximation properties in C(R) by continuous, piecewise quadratic polynomial
functions are invariant under the action of the differential equation. As a result,
we show that solutions of Hamilton-Jacobi equations have enough regularity to be
approximated well in C(R) by moving-grid finite element methods. The preceding
results depend on a new stability theorem for Hamilton-Jacobi equations in any
number of spatial dimensions.

1. INTRODUCTION

Analysis by the method of characteristics shows that if f and ue are smooth and
up has compact support, then the Hamilton-Jacobi equation

us + f(Vu) =0 z e RN, t>0,
(H-J)
u(z, 0) = uo(z), =z€RY,

has a unique C! solution u on some maximal time interval 0 < ¢ < T for which
t]i_lg‘u(a:, t) exists uniformly; but this limiting function is not continuously differen-
tiable. Thus, z, becomes discontinuous at ¢ = T, and it is therefore necessary to
deal with nonsmooth solutions if we want a solution of (H-J) that is defined for all
t > 0. If the equation is understood in the “almost-everywhere” sense, one can pro-
duce Lipschitz continuous functions on RN which satisfy (H-J) for all positive time.
Though “generalised” solutions in this sense are not unique, both existence and unique-
ness of generalised solutions that satisfy a so-called “viscosity” condition were shown
by Crandall and Lions [3]. The viscosity solution of (H-J) is the limit as e tends to
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zero of the solution of (H-J) with the right-hand side replaced by eAu (hence the name
“viscosity”). Crandall, Evans, and Lions [2] provide a perhaps simpler introduction to
the subject, and the book by Lions [11] gives theory and references. Souganidis [15]
also discusses the existence of a unique viscosity solution under certain assumptions.
Crandall and Lions [4] establish the convergence of a general class of finite difference
schemes to the viscosity solution of (H-J) and give explicit error estimates. Sougani-
dis [14] establishes several results concerning the convergence of explicit and implicit
finite difference schemes (with error estimates) under certain assumptions. Jensen and
Souganidis [8] consider regularity for Hamilton-Jacobi equations in one space dimension
by studying the structure of the singularities of solutions.

In one space dimension, the equation (H-J) is closely related to hyperbolic conser-
vation laws. This relation is very simple: if v solves (H-J), then v = u, solves a scalar

conservation law

v, + f(v), =0, zeR, 1>0,
(€

v(z, 0) = vo(z) =uy(z), =z €R.

This can be proved by noting that the entropy solution of (C) is also the limit as e tends
to zero of the solution of (C) with the right hand side replaced by ev..; see Kruzhkov
[9].

2. VISCOSITY SOLUTIONS OF (H-J)

To repeat, one cannot in general find a classical solution of (H-J) on R x [0, oo),
while Lipschitz continuous “generalised solutions” in the almost-everywhere sense exist
but are not unique. If u and v are generalised solutions of (H-J), then so are min(u, v)
and max(u, v). In fact, if the problem is nonlinear, one can expect infinitely many
generalised solutions. The uniqueness problem is resolved by introducing a notion of
viscosity. Crandall and Lions [3] give the notion of viscosity and uniqueness results for
viscosity solutions.

DEFINITION 2.1: A wviscosity subsolution (respectively, supersolution) of (H-J)
with f € C(RY) is a function u € C(RN x [0, 00)) such that for every ¢ €
C'(RN x (0, 0)) and T > 0:

If (2o, to) is a local maximum point of u — ¢
(2.1.1) on RY x (0, T], then
¢t(zOJ tO) + f(v¢(301 to)) S 0.
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( respectively,

If (20, o) is a local maximum point of u — ¢
(2.1.2) on RN x (0, T}, then
$e(z0, to) + f(Vé(zo, 1)) 2 0.)

DEFINITION 2.2: A viscosity solution of (H-J) is a function u € C(RY x [0, o0))
for which both (2.1.1) and (2.1.2) hold (that is, u is both a viscosity subsolution and a

viscosity supersolution).

REMARK. If u is a classical solution of (H-J), then it is a viscosity solution, and if u is
a viscosity solution of (H-J), then u¢(zo, to) + f(Vu(zo, to)) = 0 at any point (zo, to)
where u is differentiable.

LEMMA 2.3. Suppose that u(z, t) and v(z, t) are viscosity solutions of

wi + f(Vw)=0, zeRV t>0,
w(z, 0) = wo(z), ze€RY,

with initial data uo(z) and vo(z) respectively. Then

llu(s 8) = o(; )l oo (g < llwo — voll ooy and

inf ug(z) < t£(0) + u(-, t) < supuo(z).
RN BN

PROOF: See (2] and [4]. 0

LEMMA 2.4. The function v is the viscosity solution of v¢ + g(Vv) = 0 if and
only if w = —v is the viscosity solution of u; — g(—Vu) =0.

PROOF: (=) (1) Suppose that u = —v. Let ¢ € C*(RN x (0, o)) and let v —¢
attain a local maximum at (zg, ¢). Then

(A) de(zo, to) + g(Vd(zo, t0)) <O

Since —(v—¢) = —v — (—¢) = —(~—¢) and u — (—¢) attains a local minimum at
(ZOs t0)7 bY (A)a

—¢¢(z0, to) — 9(—(=Vé(20, t0))) = —dt(20, to) — 9(Vé(2e, t)) > 0.

Therefore, w = —v is a viscosity supersolution of u; — g(—Au) =0.
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(2) Let v — ¢ attain a local minimum at (zg, tp). Then

(B) d¢(zo, to) + 9(Vé(zo, t0)) > 0.

Since —(v—¢) = —v — (—¢) = v — (—¢) and u — (—¢) attains a local maximum at
(0, t0), by (B),

—¢+(z0, to) — 9(—(—Vé(zo, t0))) = —de(0, to) — g(Vé(20, t0)) < 0.

Therefore, u = —v is a viscosity subsolution of uy — g(—Vu) = 0. By (1) and (2), the
conclusion follows.

(<=) By the same argument, the other part follows. 1]

STABILITY OF TWO VISCOSITY SOLUTIONS

We prove that viscosity solutions are stable under changes in the nonlinear flux
functions as well as changes in the initial data. The following result is similar to the
stability result of Lucier [12] for conservation Laws. His result holds only for one space
dimension, but mine holds for several space dimensions.

THEOREM 3.1. Let u and v be the viscosity solutions of

u+ f(Vu)=0, zeRY t>0,
u(z, 0) = uo(z), z € RV,

and
ve + g(Vv) =0, zeRN, t>0,
v(z, 0) = vo(z), z € RV,

respectively, where f and g are Lipschitz continuous, f(0) = g(0) = 0, and ug and v
are bounded and Lipschitz continuous. Then for any t > 0,

lu(-, t) — »(-, t)”z,oo(mN) < [luo — ”OHLw(RN) +tf - glcho(nN) .

Theorem 3.1 is the main result of this section. To prove that, we prepare with two
lemmas.

LEMMA 3.2. Let u and w be the viscosity solutions of

ue+ f(Vu)=0, =zeRM t>0,
u(z, 0) = uo(z), z € RV,

https://doi.org/10.1017/50004972700014052 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700014052

(5] Hamilton-Jacobi equations 199

and

we+g(Vw)=0, zecRM t>0
w(z, 0) = uo(z), z € RN,

respectively, where f and g are Lipschitz continuous, f(0) = g(0) = 0, and uo is
bounded and Lipschitz continuous. Then for all positive time t,

(s 8) = w(s Dl gen(any < LS = 9l pon (amy -

Theorem 3.1 follows by combining Lemma 2.3 and Lemma 3.2 and Lemma 3.2
follows from Lemma 3.3.

LEMMA 3.3. Assumethat u and w are as in Lemma 3.2. Let M = ”"0||L°°(mN)

and let 77(z) be a smooth function on R such that n(—z) = 7(z), 0 < n(z) <1, (0) =1
and n(z) = 0 if |z| > 1. Suppose that

o:= sup (u(z,t)—w(z,t))>0.
BN x(0, T)

For any A > 2 and € > 0 define

o

¢(z7 t, v, s) = "’(z’ t) - w(yr 3) - AT(t + ‘9) + (5M + %)ﬂé(z -yt 2)1

N
where B.(z, t) is defined on RY x R by Be(z, t) = n(t/e) [] n(=zi/e). I
i=1

(3.3.1) sup |u(z,t)] and sup |w(z,t)] >0 asr— oo,
z|2r z|2r
0<t<T o<I<T

then for any X > 2, there exists an € > 0 and a point (zo, to, Yo, 80) € (]RN x (0, T])z
such that 1(zo, to, Yo, 80) = ¥(z, t, y, s) on (RN x (0, T])2 .

Proor: Fix A > 2 and € > 0. If there is a sequence {(;, i, yi, 8:)}i>1 in
(RN x [0, T])2 such that

(3.3.2) Y(zi, ti, i, 8) > sup 9,
(»v x[o,T])z

then (=i, ti, ¥i, 8:) remains bounded by the following arguments.
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First,

sup ¢ > u(z, t) — w(z, t) - %(t +1)+ (5M + %)ﬂf(z —z,t—1)

(B~ x[0,77)’
= u(z, t) — w(z, t) — iiTt+5M+% for all (z, t) € RN x [0, T
Therefore
sup  $>  sup  (u(z, t) — (s, 1)~ o +5M+ 2
(BN x[o,1])? (BN x[0,17) A 2
(3.3.3) ="_270+5M+%
—5M + a(g _ ;).

If B(x —y,t—3s) =0, then

¥(z, t, y, 5) = u(=, t) — w(y, s) — %(t +s)
< u(z, t) — wly, s)
< 2M.

Hence, (3.3.2) implies that B.(z; — yi, t; — 8:) > 0 for large 7, whence |z; — y;| < € and
[t:i — si] < €. If |z;] > o0 and |y;| — oo, then

Lim sup  P(zi, ti, Y5, 8i) < M + g— by (3.3.1).
1—»00(me[0'7']):

This contradicts (3.3.2) and (3.3.3). Therefore, {(zi, i, ¥i, z:)}i>1 is a bounded se-
quence and there is a convergent subsequence of {(z:, ¢, ¥, 8:)}i>1. Let (2o, to, yo, o)
be the limit of the above subsequence. We shall show that we can pick € such that
to > 0 and 3¢ > 0.

We write

P(20, Lo, Yo, 0) = u(ze, to) — u(zo, 0) + u(z0, 0) — w(zo, 0)
+ w(zo, 0) - w(yo, 0) + w(yo, 0) — w(yo, 50)
[ (4
- ﬁ(to + .90) + (5M + E)ﬂe(ZO — Yo, to — 80).

We have |u(zo, to) — u(zo, 0)] < Lysto where Ly := sup{|f(p)| | o] < Ivuole(lN)}
(and similarly |w(yo, 0) — w(yo, s0)] < Lgso), u(zo,0) — w(zo,0) = 0, and
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lw(ze, 0) — w(yo, 0)] < w(wo, €), where w(wo, -) is the modulus of smoothness of wyp.
Therefore, if max (to, 80) = 8, then

¥(zo, to, Yo, 80) < (Lf + Lg)5+w(wo, €) + (5M + %)

From this inequality and (3.3.3) we see that

3 2 o
5M+°’(5-x> < (Ly + Ly)é + w(wo, €) + (5M+§),

or
2
a’(l — -X) <(Lg+ Ly)é 4+ w(wo, €).
Assume that ¢; satisfies

2
w(wo, €) < %(1 - X),

then, for any 0 < € < €, we have

1 o 2
> — — .
5/Lf+L_,,2(1 ,\)>0

This is independent of € for 0 < € < €y ; so choose € < §/2. Then we have max (o, s0) =
§ and |t — so| € € < §/2, so min (g, 59) > §/2 > 0.

REMARK. If u is the viscosity solution of (H-J) with ”u0”L°°(mN) £ M for some
M > 0, then, by Lemma 2.3, |u(, t)||L°°(mN) <M.

PRrRoOOF OF LEMMA 3.2: We shall prove that o, defined in Lemma 3.3, satisfies
oS TF —gllpoo(mn) -
By symmetry in u and w, we see that this implies
llu — w"z,oo(mN x[0,T7) <T|f - g”[,ea(mN) .

We first assume that

(A) sup |u(z,t)] and sup |w(z,t)] >0 asr — oo.
lz|2r zi27r
01T 0T

If 0 =0, then we are done. Otherwise, by Lemma 3.3, for any A > 2 we can find an
€ > 0 and a point (zo, to, Yo, 50) € (RN % (0, T])2 such that

u(e, 8) = (w(zo, 20) + (¢ +50) = (5M + 3 )Belz — w0, t — 50))
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attains a local maximum at (z¢, ¢9), whence

9Pe

o
(3.2.1) AT

(zo — wo, to — 80)

+f(—(5M+ ) zBe(20 — 70, 0—80))

- (sM+2) %

Similarly
o
—w(y, 8) — (—u(mo, to) + ﬁ(to +38) — (tM + %)ﬂe(zo -y, tg — s))
attains a local maximum at (o, 80). Let z(y, s8) = —w(y, s) and let
o o
#(y, 5) = u(zo, to) — ﬁ(to +8) + (5M + "2‘)/3:(130 —y, to — 3).

Then 2(y, 8) — (—¢(y, s)) attain a local maximum at (yo, o). Since Lemma 2.4
says that z(y, s) is the visocsity solution of z, — g(—Vy2z) = 0 and —¢,(yo, 50) —
9(Vy9(yo, 30)) < 0, we have

o 00.
T (5M+ 2) 6.9( To — Yo, to — S0)

o
—g((5M + E)Vyﬂs(zo — Yo, tg - 50)) S 0
Adding (3.2.1) and (3.2.2) gives
9B.

(3.2.2)

20
AT

)3,35 (zo — yo, to — 80)

(5M+ ) (o — Yo, to — 80) — (5M+
+ f(— (5M + 5) =Be(To — yo, to — So))
—g((5M + %)Vyﬂs(:co — 30,1 — 50)) <0

Since 2(zo — o, t — s0)le=to = — %=(20 — %0, to — 8)|s=so and V.fe(z — o, to — s0)
lz=2zo = —~VyBe(zo — ¥, to — 30)|y=y, , We have

i—; +(f-9)(—(5M + =) VeBelzo = 3o, to - So))
Hence
2—; < (9= N(=(6M+ ) V.Bi(z0 — 0, to — 50))
7 S 9= fllpeo(an)

AT
=0 < ”f 9||Lo°(mN)
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Letting A — 2, we obtain
¢ ST = gllmamy -

We now drop the assumption (A). For » > 0, let p(z) be a smooth function having
support in the ball B(0, r +1) = {z € R | || < r+1} such that p(z) =1 on [z| <.
Suppose that u§(z) = p(z)uo(z) and wf(z) = p(z)wo(z), then for all positive time ¢,
the corresponding viscosity solutions u”(z) and w?(z) have the following properties:

v’(z) =u(z) on |z|<r—1t|f|;, and

w?(z) =w(z) on |z| <7 —t|gl,;
see (11]. Let L = max{lfILip s lg,Lip}‘ Then

mex, [u(z, ) — (e, )] = max [z, 1)~ w(z, 1)

<tlf -sll Loo (1Y) by the previous argument.
Hence, letting » — oo, we have
lv = wllpeo () S LIS ~ gll oo (m) -

This completes the proof. 1]
We now prove Theorem 3.1.

PROOF OF THEOREM 3.1: In addition to the equation in the statement of Theorem

3.1, consider

wy + g(Vw) =0, zeRY, t>0,
w(z, 0) = uo(z), z € RV.

Then, by Lemma 3.2 and Lemma 2.3,

"u(" t) - 'U(-, t)”[,oo(mN)
< ”"‘('1 t) - w(" t)“Lao(]lN) + ”'w(" t) - v(‘v t)”Loo(]xN)
<t)f - glcho(mN) + Jjw(-, 0) — v(;, O)IILN(BN)

= ”.f _guLw(nN) + ||Uo — vO"Loo(mN) .

This completes the proof. 0
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4. APPROXIMATION SPACES, BESOV SPACES AND BESOV-TYPE SPACES

In this section we give the definitions of approximation spaces, Besov spaces, and
Besov-type spaces, and we recall the relationship between approximation spaces and
Besov-type spaces. The general references for this section are 7] and [13].

Consider the approximation of functions in C(I) where I := [0, 1]. For any f €
C(I) and any positive integer N, let E3,(f, C(I)) :=inf||f — #llc(ry where the infimum
is taken over all continuous, piecewise polynomial functions ¢ defined on I of degree less
than 3 with N —1 free interior knots. For each positive a less than 3 and ¢ € (0, o0],
define AZ(C(I)) to be the set of functions for which

[~ ] l/q
1
1 agccan = Wflloen + (ZIN“E?V(f, O(I)ﬂ“ﬁ) <o
N=1

if 0 < ¢ < 0o and
1l agcocny = 1 flleery + sgP{NaE?v(f, C(I))} < oo,

if ¢ =oc0.
REMARK. If a1 > a2, then AJ1(C(I)) C Ag?(C(I)) for any ¢1 and g2. Butif oy =
a; = a and ¢ > gz, then A§ (C(I)) D AZ, (C(I)).

We now define Besov spaces. For a € (0, o), ¢ € (0, c0] and p € (0, o], the
Besov spaces Bg(LP(I)) are defined as follows: Pick any integer r > a, let V7(f, k)(z)
be the rth forward difference of f at z with step h (that is, VO(f, h)(z) := f(z) and

V(f, b)) := V" f, h)(z + k) = V" (f, h)(z)). Let I,y ={z € I |z +rh € I}.
Define w.(f, t), = sup [|[V"(f, h)l[zp(s,,)- The Besov space BF(L?(I)) is defined to
|hl<t r

be the set of functions f for which

o dt\'/*
|f]Bg(u(1)) = (/o [t %we(f, t)P]qT) < oo,

if 0 < g < 0o and
P = su t % (f, t < 00,
|f|Bq(LP(I)) 0<KP { (£, 1)}

if ¢ =o0. Set ||fllpg(ze(ry = IfllLery + 1 flBacLeny-

The relationship between approximation spaces and Besov spaces can be shown by
means of K-functionals. The real method of interpolation using K-functionals can be
described as follows. For any two spaces Xy and X; contained in a linear metric space
X, define the following functional for all f in X, + X;.

K(fts Xo, Xo)i= | inf {lfollx, +¢lfilx,}
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where fo € Xo and fi € X;. The new space Xg,g = (Xo, X1)p,(0<8<1,0< g < )
consists of functions f for which

o dt\ /9
||f||o,q3=||f||xo+x1+(/o (t K(f,t,Xo,Xl)]qT) < 00,

where || fll x,+x, = K(f, 1, Xo, X1).

The approximation spaces AF(C(I)) cannot in general be characterised in terms of
Besov spaces. It is possible however to characterise AJ(C(I)) in terms of certain spaces
which are closely related to Besov spaces. For this type of approximation, Petrushev
[13] has given Jackson and Bernstein inequalities in terms of the space B, 3> a > 1,
consisting of all absolutely continuous functions f for which f' is in BZ~*(L9(I))
where @ = 1/q. That is, E}(uo, C(I)) < CN™%|luo||ga (the Jackson inequality) and
ll¢llga < CN* lI¢llc (the Bernstein inequality) for any continuous, piecewise polyno-
mial ¢ of degree less than 3. (Petrushev in fact proved such inequalities for polynomials
of degree less than » and 1 < @ < 7.} The first statement of the following theorem
follows directly from these estimates, while the second statement relies on a character-
isation of some of these interpolation spaces by DeVore and Popov [7].

THEOREM 4.1. When0<g<o0,1<f8<K3and1l<a<§,

and if = 1/a,
AZ(C(I)) = Bs.

5. REGULARITY FOR HAMILTON-JACOBI EQUATIONS

We prove the following theorem and corollary that are the main results of this
paper. A similar result for conservation laws was shown by DeVore and Lucier [6].

THEOREM 5.1. Suppose that ug is Lipschitz continuous, has support in [0, 1],
and that uf € BV(R). Let o € (0,3) and g € (0, 0] and let Q@ = {y | |y| <
C |uolgv(m)}, where C will be specified latter. If f(0) =0, f" >0, and f' and f"
are bounded on Q, and if ug € AJ(C([0, 1])), then for all t > 0, u(-, t) has support in
I, = [:léa f'lp)t, 1+ 21618 f'(p)t], is Lipschitz continuous, and is in AZ(C(I)).

CoROLLARY 5.1. Let a € (1, 3). Suppose that ug is Lipschitz continuous, has
support in[0, 1] and that u} € BV(R). Let f(0) = 0. Suppose that f' > 0 and that
f' and f"' are bounded on Q as given in Theorem 5.1. If ug is in B%((0, 1}), then
u(:, t) has support in I; given in Theorem 5.1 and is in BZ(I;) for all t > 0.

Suppose that v is a good continuous, piecewise quadratic approximation to
uo with N — 1 free interior knots where I := [0,1] such that [ug —wllg(sy <
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2inf |[uo — @llg(ry = 2E}(uo, C(I)) and that vy has support in I. Let {m},,
with 79 = 0 and 7w = 1, be the ordered set of knots of vg. Consider each inter-
val I; := [7i, Ti+1]. Now |I;| := 7541 — 7i, and let P; be a quadratic approximation to
ug on each I; such that |juo — Pillgs,y < [[uwo —vollg(sy- Let 20(z) be the piecewise,
discontinuous quadratic approximation to ug satisfying zo|s; = P; for i =0, ..., N -1
and having support in I. Then [juo — 20|l goo(g) < [|%0 — vollg(my -

Now construct a continuous, piecewise quadratic approximation we(z) having
support in [0, 1] from zo(z) as follows. On each interval I;, add a linear poly-
nomial I;(z) to Pi(z) so that we(r) = wuo(7) and wo(7it1) = uoe(7ig1). Then
li(2) || Loo (1) < llwo — vollg(my for all <. Hence

lluo — wollomy < llwo — 2oll poo(my + 1120 — woll oo (my
< llwo = vollgqmy + max [|li(2)l| poo

flo — ”0||c(m)

<2
< 4Ex(uo, C(I)).

Let 7o(z) be the piecewise linear interpolant to ug(z) at {r})L,. Then we have the
following lemmas.

LEMMA 5.2. If up € BV(R), then |nglgy(m) < [wolpvem -

PROOF: One can see that for each 1,

1
"N = =— [ updz.
Mol |Ii|./1; 0dT

For each i, one can find @, 0; € [7i, 7it1] such that ug(a;) < nolr, < up(di). We
now order them. Then we have at most 2N distinct knots, say {; for 1 =1,..., 2N.

Hence,
N-2
l"'/(’)lBV(ll) = Z |7h')‘1,- - |1;+1|
=0
+ |776|Io| + |17(,J|1N—1|
2N -1
< Y lug(G) — wo(Git)l
i=1
+ Jug ()l + lug(Can)l
< luolgvemy -
This completes the proci. 0
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LEMMA 5.3. Suppose that ug € BV(R) with support in [0, 1]. Then there is a
constant C such that the approximation wo satisfies |wolgym) < C luolgy(m) -

PROOF: Let L;(z) be the linear polynomial on each I; satisfying Li(7:) = uo(m:)
and Li(r;) = u(,(r,') for each i. (Here we assume that uj is taken to be right continu-

ous.) Since wyg is a constant and ug is a measure,

/Ilw Ida:_/ |20 dz
= [ s - pilas
I

< IYC—I l|zo — Li”[,oo(;.) (true for polynomials of fixed degree)
i %
C
g |T:|{”zo - 'UvO”Loo(I‘.) + ||u0 — Li”L°°(I.’)}

C
< 5 llwo — Lil[ oo .
|III “ “L (L)

c
= e |uo(2) — Li(z))|
sup [uo(7:) + ug(m:)(z — ) + / (z — 8)ug(s)ds — Li(z)
|I I z€I;
< T sup | |z — | lug| dz

£ +— |L ulllds
gVl [

= c/ [ul| ds.

We now measure the jump |'w0( .+) — wp (T,-_)l. Because wg is quadratic on I;,
1o is linear on I;, and wo(7;) = no(7:) for all 7, one can see that

wh() o) =5 [ ek @lde < S [ hite)) da.

I

Therefore,
N N N
Do () —wi(m) < X o (73t) =2 (7)) + D fwa () — i (31))|
i=0 =0 i=0

+ 3 |wo (7)) =76 ()

i=0

< (1+0C)luolgvem -
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Adding these two constants gives us the desired value of C. 0

This C is the constant of Theorem 5.1. Since C is greater than 1 and |wg|gy g, <
Cluolgvmy, lwollpeomy < lwolgvmy € Cluglgyvmy and [lugllpeomy < luolpvmy <
C |uglgy(my - So, the ranges of ug and w; are contained in 2 = {y |lyl<C luolsv(my}-

There is a C*! piecewise quadratic approximation f, to f with knots at the points
7/N, j € Z, that is defined by f'(i/N) = f.(j/N), f(0) = f(0); fe is strictly convex.
Moreover ||f — fellpeo(my < C |f"llpeo(my N~3; see [1, 5]. Consider now the perturbed
problem

we + fe(w,) =0, zeR, t>0,
(P)
w(z, 0) = we(z), z € R.

Lions [11] proved that the viscosity solution of this equation can be found using a
technique introduced by Lax [10], which we shall now describe. Let z = fl(w) and

9(2) = 2w — f(w). Then g(2) = 2(f)7(2) - £((f)7(2)) and

W@ @) @ - £ @) () @

= (7 + (D7) @ - 2((1)7) )
= ()7 (2)

=w.

But ()7 is increasing, so g(z) is strictly convex. Moreover, g' and f! are inverse
functions.
Lions [11] showed that w(z, t) = mei]il{tg((:z: —y)/t) + wo(y)} is the viscosity so-
v

lution of (P), and w(=z, t) is Lipschitz continuous if we is Lipschitz continuous and
fe is convex. The minimisation problem introduced by Lax [10] picks out a specific
value y := y(z, t) among possibly many solutions of (z —y)/t = fl(wy(y)) so that
w(z, t) = gnej];ll{tg((z —y)/t) + wo(y)} is attained. Moreover, he shows that y(z, t) is
an increasing function of z for fixed ¢t. The derivative of the solution w(z, t) with
respect to z is discontinuous wherever y(z, t) is discontinuous in .

We now count some points, which we call points of transition, at which the deriva-
tive of the viscosity solution w(z, t) with respect to z is not continuous. We fix ¢ and
introduce 2 types of points in I := [0, 1].

The first are the knots of wo(z). By construction, there are N such points.
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The second type of points are isolated points z where wy(z) = j/N for some
j € Z. If wy is discontinuous at z and there are several values of j such that
min (wh(z ™), wh(z*)) < j/N < max(wh(z*), wy(z~)), then add these points to the
second type. On each interval I; = [r;, Ti11], the number of isolated points for wy is
no more than N |wglgy(y,) + 1 by the following argument. Since wy(z) is linear on
I;, the number of isolated points for wg(z) is the same as the number of values of j
for which j/N is on the interval [min (wf (7%), wh ('ri:_l)), max (w (7'1-+), wy (T‘-:_I))]
and the number of these points is at most N times the length of the interval

[min (wh (7)), wh(r71)), max (wf (), w§(r;,))] plus 1 which is N lwolgviry +1-
N-1

So, the total number of isolated points is no more than ), (N lwolsv(r,) + 1).
=0

Similarly, when wg(z) is discontinuous at z, the number of values of j satisfying
min (wh(z™), wh(z¥)) < j/N < max (wh(z*), wy(z™)) isat most N |wh (") — w ()]

N
So, the total number of these points is at most. N 3 |wh(r") — wf (7)|- Over-
i=0

all, the total number of points of the second type is, by Lemma 5.2, no more than
N

(1 + 2C |ug |BV(]R))N because ) (N lwolgv(r,y + 1) < (1 +C |u},|Bv(m))N

=1
N
and N Y |wh(r) —wp(77)| < Cluglgy(m V- Comsider F(y(z,t)) = y(z,t) +
=0
tfl(wh(y(z, t))). Since F(y) is a linear polynomial in y between points of type one and
type two, there is no zero of F'(y) between points of type one and type two. There-
fore, F(y) is monotone on each open interval which contains no points of the two types
described above. The solution w(z, t) of (P) satisfies w(z, t) = g((z — y)/t) + wo(y)
for some solution y := y(z, t) to the equation
-y
(51) Y fi(wh(y)).

Consider now a maximal interval Iy of z values on which y takes values in an

interval J which contains no points of the two types described above. Since F(y) is
monotone on J, there is at most one solution of y to (5.1) in J. Since y increases as
z increases, each interval Iy contains at most one point at which the jump of y(z, t)
happens. (That is, the derivative of w(z, t) is discontinuous.) Since there are at most

(2 +2C |uHBv(m))N intervals Iy, there are at most (2 +2C |u:)|BV(m))N points of

transition in the solution w(z, t). Between these points of transition, we can easily see

that
we(z, t) = g'(z ;y)

Since g'(s) is linear in s and y is linear in z, wz(z, t) is linear in z. So, w(z, t) is

quadratic in = between any two points of transition. Therefore, the solution w(z, t)
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of the perturbed problem (P) is a continuous, piecewise quadratic polynomial for fixed

t > 0 with no more than (2 +2C I“:)le(m))N pieces.

THEOREM 5.4. Let uy, € BV(R) and let uo have support in I := [0,1]. Let
f(0) = 0. Suppose that f" > 0 and that f' and f" are bounded on § as defined in
Theorem 5.1. Suppose that o € (0, 3) and uwo € AJ(C(I)) where g € (0, c0]. Then
u(-, t) has support in I = [;ga tf'(p), ilelgl +tf'(p)] and for any N 2> 1

(5.4) Byl 1y I2(1)) < 4B (0, L(1)) + S8 "l ooy »

where F(N) = (2 +2C |'"':)|BV(m))N and C is given in Lemma 5.3.

ProoOF: The first conclusion is classical. We shall prove the second conclusion.
Consider two equations

g + f(uz) =0, z€eR,1>0,
u(z, 0) = uo(z), z eR,

and
we + fe(wz) =0, zeR,t>0,
w(z, 0) = wo(z), z € R.

By Theorem 3.1 and the construction of f,, -

llu(- 8) = w(:s ) poo(my < o = vollpooqmy + £ IIf = fell Loo(my

Cit
< o — wol| poo (m) N 7 17" | Loogmy -

Since |lwo — woll poo(my < 2|0 — voll poo(my < 4E3;(uo, C(I)), w(-, t) has no more than
F(N) breakpoints, and EF(N)("" C(I1)) < |lu(:, ) — w(:, t)|| Loo(my » the second conclu-

sion immediately follows. 1]
Theorem 5.4 can be now used to prove Theorem 5.1.

PROOF OF THEOREM 5.1: Inequality (5.4) shows that

EX(u(-, t)C(L)) < 4B, n(wo, C(I)) + Cs/N?,

3
where C; = 1/(2+20 |u:)|BV(]l)) and C3 = Clt||f”'||z,oo(m)/(2+20 |'”':)|BV(m)) .

https://doi.org/10.1017/50004972700014052 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700014052

(17] Hamilton-Jacobi equations

From now on, we shall use a generic C. For 0 < g < o0,
oo 1 1/q
(E [N®En(u(-, 1), C(It))lqﬁ)
N=1

- 1/q
< (Z [N®(CEcn(uo, C(I)) + C/M‘*)}q%)

N=1

oo 1/q
(5.1.1) - (Z (Ne~¥ (CEon(uo, CI)) + C/N3)]")

N=1

bad q 1/q
= (Z [CNQ_‘%ECN(%, c(I)) + C/N”""‘ﬂ‘] )

N=1

hind q 1/q
= (Z[(CN)a_%EcN(uo,C(I))+C/N3‘°‘+%] ) _

N=1

If0<g<1, then

1

[(CN)"‘%ECN(uo, o) + 0/N3-“+«‘7]" < [(CN)"‘«:‘ECN(uo, C(I))]q

+ [e/ne-eti]”.

Therefore,
(5.1.2)
b o0 . 1/q
(5.1.1) < (Z [(eW)*~3 Bon(u, o)’ + 3 [e/me=+i] )
N=1 N=1

3 > q 1/q
- (ZKCNY’ECN(% CUN g + > [o/ne-o+1] ) _

N=1

Since uo € AF(C(I)) and {1/N3_°+¢11‘}N>1 €l for 0<a<3,

=

oo 1/q
(5.1.2) <257 [(Z [((CN)*Ecn(uo, C(I)))* CjN)

N=1

+ (i [C/N-"-°+%]“>1/q] < oo

N=1
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If 1 <1< oo, then, because uy € AF(C(I)) and {1/N3—a+37}N> € 19 for
>1
0 < a < 3 and by the Minkowski inequality,

oo 1/q oo 1/q
(5.1.1) < (Z [(CN)““%ECN(uo,C(I))]") + (Z [C/Ns-a+%,-]q>

N=1 —~
= 1/q oo 1/a

) (Z [(CN)QECN(U"’C(I))]"CLN) + (Z [o/n>=e+] ) < oo,
N=1 =

If g=o0» and 0 < a < 3, then

stl:,p[N"EN(u(', t), C(1.))
< sup[NV*(CEon(uo, C(I)) + C/N)]

< sup[N®Ecn(uo, C(I))] + sup[C/N*7%] < co.
N N

This shows that u(-, t) € AP¢*(C(Iy)) for 0 < a < 3. 0

Corollary 5.1 follows immediately from Theorem 5.1 and the characterisation of
the spaces AZ(C(I:)) in terms of Besov-type spaces.

REFERENCES

[1] C. de Boor, ‘Good approximation by splines with variable knots’, in Spline Functions
and Approzimation Theory, (A. Meir and A. Sharma, Editors) (ISNM Birkhauser-Verlag,
Basel, 1973), pp. 57-72.

(2] M.G. Crandall, L.C. Evans and P.L. Lions, ‘Some properties of viscosity solutions of
Hamilton-Jacobi equations’, Trans. Amer. Math. Soc. 282 (1984), 487-502.

[3] M.G. Crandall and P.L. Lions, ‘Viscosity solutions of Hamilton-Jacobi equations’, Trans.
Amer. Math. Soc. 277 (1983), 1-42.

[4] M.G. Crandall and P.L. Lions, ‘Two approximations of solutions of Hamilton-Jacobi equa-
tions’, Math. Comp. 43 (1984), 1-19.

[5] R.A. DeVore, ‘Monotone approximation by splines’, SIAM J. Math. Anal. 8 (1977),
891-905.

[6] R.A.DeVore and B.J. Lucier, ‘High order regularity for conservation laws’, Indiana Univ.
Math. J. 39 (1990), 413-430.

{T] R.A. DeVore and V.A. Popov, ‘Interpolation spaces and non-linear approximation’, in
Function Spaces and Applications, (M. Cwikel, J. Peetre, Y. Sagher and H. Wallin, Edi-
tors), Springer Lecture Notes in Mathematics 1302 (Springer-Verlag, Berlin, Heidelberg,
New York, 1988), pp. 191-205.

https://doi.org/10.1017/50004972700014052 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700014052

(19] Hamilton-Jacobi equations 213

[8] R. Jensen and P.E. Souganidis, ‘A regularity result for viscosity solutions of Hamil-
ton-Jacobi equations in one space dimension’, Trans. Amer. Math. Soc. 301 (1987),
137-147.

[9] S.N. Kruzkhov, ‘First order quasilinear equations with several independent variables’,
Math. USSR-Sb. 10 (1970), 217-243.

[10] P.D.Lax, Hyperbolic systems of conservation laws and mathematical theory of shock waves,
Regional Conference Series in Applied Mathematics (SIAM, Philadelphia, 1973).

{11] P.L. Lions, Generalized solutions of Hamilton-Jacobi equations, Pitman Research Notes
Series (Pitman, London, 1982).

(12] B.J. Lucier, ‘A moving mesh numerical method for hyperbolic conservation laws’, Math.
Comp. 46 (1986), 59-69.

[13] P.P. Petrushev, ‘Direct and converse theorems for spline and rational approximation and
Besov spaces’, in Functions Spaces and Applications, (M. Cwikel, J. Peetre, Y. Sagher
and H. Wallin, Editors), Springer Lecture Notes in Mathematics 1302 (Springer-Verlag,
Berlin, Heidelberg, New York, 1988), pp. 363-377.

[14] P.E. Souganidis, ‘Approximation schemes for viscosity solutions of Hamilton-Jacobi equa-
tions’, J. Differential Equations 59 (1985), 1-43.

(15] P.E. Souganidis, ‘Existence of viscosity solutions of Hamilton-Jacobi equations’, J. Dif-
Jerential Equations 56 (1985), 345-390.

Department of Mathematics
Hoseo University
Choongnam 337-850

Korea

https://doi.org/10.1017/50004972700014052 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700014052

