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AUTOMORPHISMS OF NILPOTENT-BY-ABELIAN GROUPS

C.K. GUPTA AND FRANK LEVIN

Dedicated to B.H. Neumann on the occasion of his eightieth birthday

For F free of rank 4, a generating set for Aut (F/[F', F', F']) exhibiting countably many
wild automorphisms is obtained. Also included are examples of wild automorphisms in
Aut(F/Vt + l ) which are tame in Aut(F/Vt) for ft ^ 1, where Vk = [F",F,...,F] {F
repeats ft times).

0. INTRODUCTION

A classical result of Nielsen [9] implies that all automorphisms of free abelian
groups of finite ranks are tame, that is, induced by automorphisms of free groups. The
analogous result holds for free metabelian groups of rank 2 (Bachmuth [1]) and for
any finite rank different from 3 (Bachmuth and Mochizuki [3]), being false for rank
3 (Chein [7], Bachmuth and Mochizuki [2, 4]). Recently, Stohr [10] has shown that
the automorpliism group of a free centre-by-metabelian group of finite rank at least 4
is generated by the tame automorphisms and at most one additional automorphism.
In this paper we consider extensions of the above results to the free groups in the
variety of nilpotent of class 2-by-abelian groups, F/[F',F',F']. For F free of rank 4
we obtain a generating set for Aut (F/[F',F',F']) consisting of tame automorphisms
and countably many wild, that is non-tame, automorphisms. For F/Vk+l, k ^ 1,
where Vfc+i = [F",F,...,F] (k + 1 times), we give examples of wild automorphisms
of F/Vk+i which are trivial on F/Vk, fc ^ 1.

1. CLASS- 2-BY-ABELIAN VARIETY

For F free of rank 2 the results of Stohr [10] imply that Aut (F/[F', F',F']) and
A\it(F/Vk), k ^ 1, are infinitely-generated. By Bachmuth and Mochizuki [3], this is
also true for F of rank 3. Hence, in the sequel we shall restrict our attention to the
case where F has rank at least 4. Each of the varieties to be considered will contain the
variety of metabelian groups and will have relatively free groups whose derived groups
are nilpotent. For such varieties results of Bachmuth and Mochizuki [4] together with a
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result of Bryant and C.K. Gupta [6] imply that for any rank exceeding 3 the respective
automorphism groups are generated by the tame automorphisms together with those
which are trivial modulo F", so in the sequel we may restrict our attention mainly to
automorphisms of the latter type.

Let G = <34 = F/[F',F',F'] be the free class-two-by-abelian group of rank four
freely generated by x,y,u,v. Let A be the subgroup of Aut (G) consisting of all those
/yl-automorpliisms of G which are trivial modulo G" and let T denote the group of
tarne automorphisms of G. Then it is clear that A is the normal closure under T of
all automorphisms of the form x —* x[[zi,z2]

g, [z3,Zi]k], y —» 3/, « —+ it, v —> v, where
Zi G {x,y,u,v} <u\dg,heG. With g = xaybucvd(modG'), h = x a V V V ( m o d G ' ) ,
a,b,c,d,a',b',c',d' € Z, we define automorphisms a[y;/i], 0[g;h], j[g;h], 6[g; h] and
e[g; h] of G as follows:

a[g;h]: x -» x[[x,y]9, [u,v)h], y -> y, u -> u, v ->• v

0[g;h}: x -> x[[x,y]g, [y,v)h], y - . j , u - t t t , D - m

(1) -y[g; h]: x -> x[[x,y}9, [x,v]K], y -* y, u - > u , v -> v

6[g; h]: x -> x[[x, v]9, [x, v]h], y-* y, u - > u , v ^> v

e[g;h): x -> x[[u,y]g, [u,v)% y -> y, u -* u, v -> v.

Further, with Xi = x, x2 — y, £3 = u and X4 = v, we define tame automorphisms
r[xi <-> Xj], r[xi —> x ,x°] , r[xi —> x*x,], a € Z, and T[a;i —» xj"1] of G as follows:

T[XJ •-> x ; ] : «i -> x̂ -, »_,• ^ x; , xfc -» xfc for fc ̂  z , j ;

T[XJ -» x,x^]: Xi —» XjXj, xt -+ Xk for fc 7̂  i;
(2)

T[X,- —» x*Xj]: Xj -» x°a;i, x* -> x* for fc ̂  i;

r[xi -> x f 1 ] : xi -> if1, XA ^ Zj(. for k £ i.

In particular, T[XJ —> x^"aa;iX°] = r[xi -» xJoXi]r[xi —> XjZ*].

We begin with a technical lemma, the proof of which will further serve to illustrate
the techniques involved in the subsequent arguments.

LEMMA 1.

(i) For p = r\y —» yx] the conjugate a[x°; l]p — (a[xa; l ] ) p , a £ Z, is given

(3) a[*-;l]"=(a[a-+

where cr = T[X <-» 3/] ant/ f = T\U <-» t/iij/~1]r[r <-> yvy~x\.

(ii) For /o = r[y —> yx~l], the conjugate a[x°; 1]*" is given by

(4) a[xM]"=(a[x«-1 ; l ] ) (a[y°-1 ; l ] ) a ,

where cr — r[x <-» j/].
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PROOF: By definition we have

= xa[xa; l]p = [*, y ] " ' , [u,v)))p

,yf, [u^z-^p = yx[[x,yx]'',[*,»]]-* *'*

= (x[[x,y)v
a, [Uv-\v*-l]]y = {x[[x,y]'\ [u,v)

u«[x"; 1]" = u = u{a[xa+l; l])(a[y°; I])1"7

t,a[sa; 1]" = v = v(a[xa+l; l])(a[y°; 1])""

This completes the proof of.(i)
The proof for (ii) is analogous. D

The following lemma serves to reduce the generating set of Aut (G) to some extent.

LEMMA 2. A = {a[g;h] | g,h G G)T.

PROOF: It is straightforward to verify that

(i) P\g; h] = <x\gp-1; hp~l )"{a{g; yfc])"1, where p = T[U -> uy];
(ii) e[xg; h] = c^gp'1; hp~1\p(a[g; / i])"1, where p = T[X -> ua;];

(iii) 7[s;/i] = o^gp-1; V"1]'F(«['*i; S iw" 1 ] ) " " ! "^ ! 1 1 " 1 ; ffi"""1])"" > w h e r e

(9 = T[U —> uz | , cr = T[X «-f w]r[y «-> w], g\ = gcr and /ii —ha.

(iv) *[s;/i] = (Tb/o"1; V"1])"!!!"*/; M)"1 > w h e r e P = r\v -» H ;

and the proof follows. D

LEMMA 3. Let Av = (a[» m ; l ] | m > 0 ) T . Tiien we have

(i) A1 = (a[ym;l\\m^0)T;

(ii) a [ y - ° ; l ] , Q[a;-O;l] e ^ for all a ^ 0 .

PROOF: Using (4), a[a;m+1; I ] ' = a[xm; l](a[ym; l ] ) a , where p = r[y -> ya;-1] and
cr = r[x «-» y], so it follows that for any m ^ 0, a [y m ; l ] € ^4i. The remainder of the
argument is by induction on m, starting with the observation that a [y m ; l ] = a[:cm;l]
for m = 0. This proves (i).
For the proof of (ii), the fact that a[y~°,l] £ A\ follows from the observation that
a[y~°;l] = (ah/""1;!.]) ", where «r = r[y «-» y " 1 ] . Using (3) and an induction on
a > 1 finally yields a[x~a; 1] 6 Ax. D

COROLLARY. At = (rm \ m ^ 1 ) T , where r m is the automorphism given by

: x —> x[x,y;u,v;ym], y v —> v
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PROOF: Observe that r m = a[ l ; l]~1a[ym; l ] a , where a is the tame automorphism
which conjugates u and v by ym and fixes the remaining generators. D

LEMMA 4.

(i) For any a, 6 G Z, a[xayh; 1], (3[xayb; 1] € A, .

(ii) For any a, b, c, d € Z and q € gp(y, u, v), a[xaybucvd\ q] 6 A\.

PROOF: (i) By Lemma 2(i), 0[xayb; 1] is in the normal closure of <x[xayb; 1] and

a[xayb;y], and since a[xayb;y\ = (a[xayb; I])*', tp = r[u -* UV]T[V -> vv], it suffices

to show that a[xayb; 1] € A i . Set a = a[xay*;l] . The proof is by induction on the

length of \a\ + \b\. If either a or 6 is 0, the proof follows from Lemma 3. If b < 0,

then ap = (a[xay~b~1; 1]) , where p = r[y —> y " 1 ] . Hence, by induction, we may

assume that 6 > 0. If b ^ \a\, then conjugating a by a = T[X —> yx] if a < 0 or by

a = T[X —> y~lx\ if a > 0 yields aa = o[a;0y*~l°l;l]. Hence we may assume further

that b< \a\. If o > 0 , ^ = afa! 0 - 6 - 1 ^ ; l K a ^ V " * " 1 ; ! ] ) " » where p = r (y -»j /x"1) ,

o- = T [ * «-» y]. If a < 0, as in (3), a" = a[xo + 6 + 1y6 ; l ] ( a [ « V + i i I])"1"7, where

ĵ — r\y —> j /s] , <r = r[a; •*-> y] and v = T[U <-» j/uj/~1]r[v <-> j/vj/"1]. In either event,

since 6 < \a\, tliis completes the inductive step.

(ii) Let a,b,c,d be arbitrary, q = 1 and set a j = a[xaybucvd; 1]. The proof is
by induction on |a| + \b\ + \c\ + \d\. Conjugating aj by T[U —* v~1u] if cd > 0 or by
r[7i —> vu] if cd < 0, will lower \a\ + \b\ + |c| + \d\. Further, the proof for (i) carries over
to give a reduction if both a, 6 are non-zero. Hence, we may assume that one of c,d say
d is zero and one of a,b is zero. If 6 = 0, a € Z and c > 0, then with p = r[y —* yu~l\,
er = r[y <-> u], af = a[xaub-1; 1] ( / J ^ V " 1 ; I])""7 £ Aj , by the induction hypothesis
and (i). If c < 0, the analogous result is obtained with p = r[y —> yu]. Hence we may
assume that 6 ^ 0 . On the other hand, if b ^ 0 and a = 0, then with p — r[y —» yx-1],

tr = T[x<->y], ( a [x 6 + 1 u c ; l ] ) P = a[a;! 'u<:il](a[yi'itc;l])o',asin(4). Hence at e Ax. The
proof of (ii) now by noting follows that for any p £ G, q = ykumvn, we have (a[p; 1})" =

a[p;q], where a — T[U —» y~*uy*]r[v -» J/""*VJ/'!]T[W —* v~nuvn]r[v —> t i~mvwm]. D

We now complete the proof of the following theorem.

THEOREM 1. Let A be the subgroup of Aut (G) consisting of all

IA-automorphisms of G which are trivial modulo G" and let Ai = (a[xm; l j | m ^ 0 ) T ,

where a[xm; 1] is: x —> ^[[a;^]1 , [u,t;]], y—>y,u—*u,v—>v. Then A = A j .

PROOF: TO prove the theorem it suffices, by Lemma 2, to show that for any
p,q G G, a\p;q] € A2. Since a[p\xaybucvd] = (a[p'; xa])°, where <r = T[W ->
y~6uy6]r[u —> y~6vj/*]r[u —» w~dwi;rf]T[t; —» M"CVUC] , it suffices to assume that q is
a power of x. Conjugating a[ l ; 1] by p — T[X —> a:"1]^!/ —» ya;] results in (a[l; l])p =
a [ i ;x ] (a [ l , 1])", where a — T[X «-» y], and hence Q[X;Z] 6 i?. More generally,
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a[xybucvd, xybucvd] = (a[x,x])p G A\, where p = T[X —> J/6X]T[X —» UC3;]T[X —> vdx\.

On the other hand, if {a[xayb,1])" = a ' , where a = r\u —> X~CUXC)T[V —> x~cvxc],

then xa' = xa[xayb;xc), ya' = y,

ua = ((xcux-c))a[xayb;l](T

= ( I I (l[«.wl'. l«.»]'])Mil ([["

where a = xaybx~m, t = xcydx~m, m = l , . . . , c .

Hence

where <r = r[x «-» u]r[y <-• v] and, similarly,

It follows that a[xayb, xc] £ Ai , for any a, 6, c € Z . The proof for general p = xaybucvd

now is completely analogous to that for Lemma 4(ii). This completes the proof. D

To show that a[xn, 1] is not induced by an automorphism of the free group F of
rank 4 with generators x,y,u,v, it suffices to show that for any choice of elements itf; G
[F',F',F'}, i - 1 , . . . ,4 , F can not be generated by x[[x,y], [u,v]][[x,y,xn], [u,v]}wu

yu>2, uw>3, vwi. For this purpose the following general criterion due to Birman [5] is
applicable.

LEMMA 5. (Birman[5]). Let Fn be a. free group of rank n ^ 2, freely generated
by xi,...,xn. An endomorpliism 0 of Fn is surjective if and only if the nxn xnatrix
(dxi<j>/dxj) of the left Fox derivatives dxi<f>/dxj of the Xi<j> with respect to the Xj is
left-invertible over the free group ring ZFn.

(For a discussion of Fox derivatives see, for instance, Narain Gupta [8].)
Let M^ denote the ring of 4x4 matrices over IF and <j> be the endomorpliism of JF

defined by x<f> — x^x,y\[x,y, xn]\ [u, v}]v>i, y(j> = yw2, u<j> — uw3 , v<j> = t>io4 , for some
wi £ [F',F',F']. Let M denote the matrix of the left Fox derivatives corresponding to
<j> as in Lemma 5 and ip a representation of F in GZ/2(Z[z]), over the polynomial ring
Z[z] in the indeterminate z, defined by

https://doi.org/10.1017/S0004972700004317 Published online by Cambridge University Press

https://doi.org/10.1017/S0004972700004317


212 C.K. Gupta and F. Levin [6]

Then r/> also defines a homomorphism of ~LF into GI/2(Z[z}) and, hence, a homomor-
phism of Mi into the ring of 8 x 8 (partitioned) matrices over Z[z], which we may
denote by ip also. For any r € f*, the fc-lh power of the augmentation ideal f of IF,

the entries of rrj) will be in 2*Z[z]. In particular, the (Fox) derivative of any element
in [F',F',F'] will map to a matrix with entries in 25Z[z].
On the other hand,

(dx</>/dx)i> = (I. +([«,«] - l ^ j T 1 - l))V>

z2 -z3 Uz -z
z3 z2 + z*\ [z -z

1-Z3-Z* Z3+Zi

z3-zi+z5 l-z3+z*-z5

and since the derivatives of x<f> with respect to y,u,v all have (x — 1) as a factor, they
will map to the zero matrix. Thus it follows from a routine calculation modulo z5 , that
Altp has a non-unit determinant in Z[z\. Thus Mip is not invertible and, hence, M is
not left-invertible. We have thus proved the following result.

THEOREM 2. For all n ^ 1, the automorphism ot[xn; 1] given by:

x —• a;[[x,y]x , [u,v]], y —* y, u —* u, v —+ v, is not tame.

Finally, we observe that if the number of free generators of F exceeds 4 , then
afaj"; 1] can be extended by letting it act trivially on the additional generators and the
above argument remains virtually unchanged, which means that Theorem 2 remains
valid for F of any finite rank ^ 4. We close this section with the conjecture that
A u t ( F / [ F ' , F ' , F ' ] ) is not finitely generated for F of rank 4 and, in particular, that
the automorphisms a [ x n , l j , n ^ 0, are independent modulo the tame automorphisms.

2. AUTOMORPHISMS OF {F/Vk)

In this section we exhibit, for each A: Js 1, a wild automorphism of F/Vk+i

which is trivial modulo Vk, where F is free on {x,y,u,v,xi,... ,xn, n ^ 0} and

Vk = [F",F,...,F] (F repeats fc times).

THEOREM 3. Define c\ = [[x,y], [u,v],v], c-i — [[zjj/], [tt,w]i v,y] and, by induc-
tion, cm - [cm_!,v] for odd m, cm = [cm_i,t/] for even m . If <xk £ Aul(F/Vk) is
defined by: xak — xck-i, yak = y, ua^ = u, vak — v, Xiak — Xi, i ^ 1, tiien ak is
not tame.

PROOF: AS in the proof of Theorem 2, to show that ak is not tame it suffices to
show that the endomorphism <j> of F, denned by x<f> = xck-\V)i, ycj> = yw2, u<f> = uu)3,
v<f> = VW4 , Xi<f> = XiU>i+4, i > 1, is not surjective for any choice of W{ £ Vk, and
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this, in turn, is verified using the corresponding derivation matrix given by Lemma
5. For this purpose we define, as in the proof of Theorem 2, a representation ij> of
F into ££2(2(2]) defined as in (5) on x<j>,... ,v<f> and mapping the remaining X{<f> to
the identity matrix. Since the wi are in Vj,, their derivatives will be represented by
matrices over 2*+4Z[z], and modulo z*+4 a routine computation shows that for the
corresponding (n + 4) x (n + 4) matrix M, M%/> is, as in the proof of Theorem 2, again
a diagonal matrix with determinant different from ± 1 , which completes the proof. D

Concluding r e m a r k s . Let G = F/[F",F,F] be freely generated by {x,y,u,v,w}.
Then since [F",F'\ < [F",F,F], it follows by Theorem 1 and the Corollary to Lemma
3 that, together with the tame automorphisms, Aut(G) is generated by a [ l ; l ] and
the automorphisms fin , n ^ 1, defined by fj,n: x —* x[[x,y], [u, v], j / " ] , y —> y, u —> u,
v —> v, w —* w. Note that /xn = /z". Taking r to be the tame automorphism x —• x,
y —> yw, i t—•u, v —> u, w —> w aud n to be the tame automorphism conjugating u
and v by w and fixing the remaining generators gives /xj = a[ l ; l ] - 1 ( a [ l ; 1])TK. Thus,
for rank ^ 5, Aut(.F/V*2) is generated by the tame automorphisms together with a
single non-tame automorphism a [ l ; l ] . It seems that the same holds for Aul(F/Vk+i)
when the rank of F is ^ k + 4. We shall not go into details.
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