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FROBENIUS ALGEBRAS AND THEIR QUIVERS
EDWARD L. GREEN

This paper studies the construction of Frobenius algebras. We begin with a
description of when a graded k-algebra has a Frobenius algebra as a homo-
morphic image. We then turn to the question of actual constructions of
Frobenius algebras. We give a method for constructing Frobenius algebras as
factor rings of special tensor algebras. Since the representation theory of
special tensor algebras has been studied intensively ([6], see also [2; 3; 4]), our
results permit the construction of Frobenius algebras which have representa-
tions with prescribed properties. Such constructions were successfully used
in [9].

A special tensor algebra has an associated quiver (see § 3 and 4 for defini-
tions) which determines the tensor algebra. The basic result relating an
associated quiver and the given tensor algebra is that the category of represen-
tations of the quiver is isomorphic to the category of modules over the tensor
algebra [3; 4; 6]. One of the questions which is answered in this paper is: given
a quiver £, is there a Frobenius algebra T such that £ is the quiver of T;
that is, is there a special tensor algebra 7= R + M + ®§; M 4+ ... with
associated quiver £ such that there is a ring surjection ¢ : I — T with
ker v € (@M + ®3 M +...) and T being a Frobenius algebra? This
question was completely answered under the additional constraint that the
radical of T cubed is zero [§, Theorem 2.1]. The study of radical cubed zero
self-injective algebras has been used in classifying radical square zero Artin
algebras of finite representation type [11].

We hope that the explicit construction technique given in this paper will
lead to the solution of other questions involving Frobenius algebras. As shown
in Section 7, most of the algebras constructed by the general technique are of
infinite representation type. In a future paper, we show that under slightly
restricted circumstances, one may modify the constructions to get ‘“‘smaller”
Frobenius algebras, many of which are of finite representation type. We also
hope that the results on zero dimensional Gorenstein rings will provide a
powerful new tool in the study of these rings.

We summarize the contents of the paper. The basic result, characterizing
when a graded algebra has a Frobenius algebra as a factor, is given in Section 1.
This result is applied in Section 2 to give a characterization of zero dimensional
Gorenstein factors of commutative polynomial rings. In Section 3 the notation
of a quiver is introduced and the properties of quivers of selfinjective rings
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are studied. We also define special tensor algebras in this section. Section 4
provides a constructive proof of the existence of Frobenius algebras with given
quivers. Section 5 studies some properties of the algebras constructed by the
techniques of Sections 1 and 4. In Section 6 we reprove some well-known results
about generalized uniserial Frobenius algebras in the context of the earlier
results. Section 7 shows that except for the generalized uniserial algebras, the
algebras which are constructed by the technique of Section 4 are of infinite
representation type. Finally, in Section 8, we raise a number of open questions.

1. Characterization of Frobenius factor rings. Throughout this paper
k will denote a field. All rings will be k-algebras and all ring maps will be
k-algebra maps.

Recall the following classical result {1, 61.3]:

THEOREM 1.1. Let A be a finite dimensional k-algebra. The following statements
are equivalent:
1) Adsisomorphicto Hom, (A, k) as left A-modules.
ii) There exists a linear function ¢ : A — k such that the kernel of G contains
no left or right ideals.
iii) There exists a mon-degenerate bilinear form f: A X A— k such that
flab, ¢) = f(a, bc) foralla,b,c, € A.

A k-algebra A, satisfying conditions i)—iii) of 1.1 is called a Frobenius algebra.
If the bilinear form f is symmetric; i.e., f(a, b) = f(b, a), then A is called a
symmetric algebra. It should be noted that ¢ and f are related by the formula
(1.2) f(a, b) = G(ab).

We also note that Frobenius algebras are selfinjective [1, 61.2].

We now develop a criterion to determine when a graded k-algebra has a
Frobenius algebra as a factor ring.

Let Q be a k-algebra and let @ be a two-sided ideal in @ such that

(1.3) ©/a is a semi-simple finite dimensional k-algebra,
(1.4) a/a?is a finitely generated Q/a-module,

(1.5) @ is isomorphic as an algebra to the graded algebra Q/a 4+ a/a* +
ax/a® + . ...

Note that (1.4) is equivalent to dima/a* < oo. Before proceeding, we give
two examples of rings where these conditions are satisfied that will be of interest
later in the paper. Consider the tensor algebra R + M 4+ M @z M + ...
where R is a semi-simple finite dimensional k-algebra and M is a finitely gener-
ated R — R bimodule. Setting @ = R + M + M @z M + ...anda = M +
M ®r M + ... wesee that (1.3), (1.4) and (1.5) are verified. Another case of
interest is @ = k[xy, . .., x,], the polynomial ring in # commuting variables is
considered in section 2. In this case we take @ = (xy, ..., x,).
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For the remainder of this section we fix a k-algebra Q and an ideal @ satis-
fying (1.3), (1.4) and (1.5). Note that (1.3) and (1.4) imply that dim, @?/a’+!
< oo, for all 4. Let B, be a k-basis for a'/a’! for 1 > 0. Suppose B; =
W41, ..., Wy,}. For each 7, choose w,; € @ such that p;(w;) = @, 7 = 1,

., n; where p;: a’— ai/a™' is defined by (1.5). Let B; = {w;;}}i1. Let
B = U%0B:. Then by (1.5) B is a k-basis for Q.

Let #* = & — {0} and S be a subset of B. Given a set map u : .S — k* we
define a k-linear map o(u) : @ = k by

_ Ju), ifbe S
7w ®) = {0, ifbe B— S

Conversely, given a k-linear map o : @ — k, setting S = {b € B|o(b) # 0},
we get a set map p(o) : S — k* defined by

(o) (b) = a(b).

This sets up a one to one correspondence between the set of linear maps
o :Q— k and the set of set maps u : .S — k*, where S is a subset of B. We
view this correspondence as an identification and freely write linear maps
o:Q— kasset maps ¢ : S— k* where S is a subset of B.

Let o : S — E* be a set map. Let I(¢) = {w € Qo({w))} = 0 where (w)
denotes the two-sided ideal generated by w, namely QuQ.

LEMMA 1.6. Let o : S — k* be a set map where S C B.
a) Theideal I (o) is the largest two-sided 1deal contained in ker o.
b) The set S is finite if and only if @~ C I(a) for some N.

The proof of (1.6) is straightforward and left to the reader. We are now in
a position to prove the basic result of this section.

Definition. Let .S be a subset of B and let o : S — k* be a set map. We say that
(S, o) is a Frobenius system (with respect to @) if o satisfies

(1.7) S is a finite set.
(1.8) For all w, ¢(wQ) = 0 if and only if ¢(Qw) = 0.

THEOREM 1.9. Let Q be a k-algebra and @ an ideal in Q such that (1.3), (1.4) and
(1.5) hold. Let B be a k-basis for Q as above.

1) If (S, o) is a Frobenius system for Q then Q/I(c) 1s a Frobenius algebra.

i1) Suppose A is a Frobemius k-algebra and that there is a ring surjection
¢:Q— A Ifa¥ C ker ¢ for some N, then there exists a Frobenius system (S, o)
for Quwith respect to @ such that ker ¢ = I(a).

Proof. We first prove i). Suppose that (S, ¢) is a Frobenius system for ©
with respect to @. Since S is a finite set, by (1.6)0), a¥ € I(s). Thus A =
Q/I (o) is finite dimensional. Since I(s) C ker ¢, the linear map ¢ : 2 — k&
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induces a linear map ¢ : A — k. By (1.1) ii) it suffices to show that ker &
contains no left or right ideals. Let b be a left ideal in ker . Consider the
commutative diagram

LA

{7

A

where ¢ is the canonical ring surjection. Let ¢ = ¢~!(b). Then ¢ is a left ideal
in ker ¢ and ¢ 2 I(¢). We show that ¢ C I(s) and hence b = 0.

Let w € ¢. Then Quw C ¢ C ker ¢. By (1.8) wQ C ker ¢. Therefore ¢ C
I(s) by (1.6) a) and we are done. A similar proof shows that if b is a right
ideal in ker ¢ then b = 0.

We now prove ii). Consider the ring surjection ¢ : @ = A. By (1.1) ii), there
exists a linear map ¢ : A — k such that ker ¢ contains no left or right ideals.
Let ¢ : @ — k be defined by ¢ = #Q. Then ¢ is a k-linear map. Since ker ¢ con-
tains no left or right ideals, it follows that (1.8) holds. Since I (¢) is the largest
ideal in ker ¢, it follows that ker ¢ C I(s). Since @ C ker ¢, by (1.6) a) it
follows that (1.7) holds and hence (S, ¢) is a Frobenius system. It remains to

show I(s) = ker ¢. But I(s)/ker ¢ is in particular, a left ideal in ker ¢ and
hence is (0).

It is the purpose of this paper to show that the above relatively simple result
has some very striking consequences.

2. Zero dimensional Gorenstein rings. This section is devoted to apply-
ing (1.9) to commutative polynomial rings. We first recall that if A is a com-
mutative k-algebra, the following statements are equivalent:

(2.1) A isa finite dimensional k-algebra and A is an injective A-module.
(2.2) Ais a Frobenius k-algebra.
(2.3) A is a symmetric k-algebra.

A commutative k-algebra satisfying (2.1)-(2.3) is called a zero dimensional
Gorenstein ring.

We first note that if @ is a commutative k-algebra and @ is an ideal in Q
satisfying (1.3)—(1.5) then if S is a finite subset of an appropriate basis B and
o :S — k* is an arbitrary set map, then (S, ¢) is a/lways a Frobenius system
(since (1.8) is automatically satisfied). We show that (1.9) leads to a new
description of zero dimensional Gorenstein factor rings ot the commutative
polynomial ring in » variables.

Let Q@ = klxy, ..., x,). Leta = (xi,...,x,). For the basis B we choose the
set of monomials x,%t ... x,%, for ¢; =2 0. Then (1.9) becomes
THEOREM 2.4. Let @ = klxy, ..., x,].
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i) Let S be a finite subset {my, ..., m,} of B. Let o : S — k*. Then Q/I(c) is a
zero dimenstonal Gorenstein ring.

ii) Suppose that A is a zero dimensional Gorenstein ring and suppose there is
a ring surjection ¢ : @ — A with ker ¢ C a. Then there exists a finite set of mono-
mials S = {my, ..., m,} C B and a map o :S— k* such that ker ¢ = I(qs).

Thus (2.4) give a classification of zero dimensional Gorenstein factor rings of
polynomial rings in terms of very simple data; namely, a finite set of mono-
mials and an assignment of a nonzero scalar to each of these monomials.

A more detailed study of this classification appears in [7].

3. Quivers. We begin by recalling the definition of a quiver. A quiver £ is
a finite directed graph;i.e. £ consists of a finite set of vertices and a finite set
of (directed) arrows between vertices. If 7 and j are vertices and « is an arrow
from 7 to 7 we sometimes write

1
0-50.
In this case ¢ is called the domain of « and j is called the codomain of a.

Let A be a ring. If I is an ideal in 4 such that A/I is a semi-simple Artin
ring and /12 has finite length as a left 4/I-module then we define the (left)
quiver of A with respect to I, 2(A4, I), as follows:

Let ey, . . ., e, be a full set of nenisomorphic primitive idempotents for A /1.
Let n;; be the number of copies of the simple module (4/I)e; occurring in a
direct sum decomposition of (I/I?)e;. Note that (I/I?)e, is a semi-simple left
A/I-module. Then £ (4, I) has n vertices, 1, ..., n and exactly #n,;; arrows
from vertex 7 to vertex j. (We identify two quivers if they differ only by a
reordering of the vertices.)

If Ais a left Artin ring with radical r then the (left) quiver of A, 2 (A), is
defined to be Z(A, r).

We recall the notion of a special tensor k-algebra. For a fuller description of
special tensor k-algebras and their properties see [6; 9].

Let k be a fixed field and let R = & X ... X k (n copies) be the product ring
of n copies of k, viewed as a k-algebra via diagonal action of k. Let M be an
R — R bimodule with k acting centrally on M. Assume M has finite dimension
over k. Let k; denote the ¢th copy of & in R, we may view k; as both a left and
right simple R-module. Then, a full set of nonisomorphic simple R — R bi-
modules is given by k; ® . k;, 4, 7,= 1,..., n. Letting k;; = k; ®; k;, we have
that k;; = k, as left R-modules and k;; = k; as right R-modules. Since R @ R
is a semi-simple ring and since 3 can be viewed as a left R ® . R-module via
its bimodule structure, we see that M = II,; k,,®? as R — R bimodules
where the n;; are non-negative integers and k;;"/ denotes the direct sum of
n4; copies of the simple R — R bimodule %,;. We keep the above notation for R
and 31 throughout this paper.
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Let 7 be the tensor algebra R + M + ®% M + ... . Such tensor algebras
are called special tensor k-algebras. More generally, if A is a k-algebra, we say
A is a special temsor k-algebra if there exists R and M as above such that
AR+ M+ @2 M + ... ask-algebras. If A is a special tensor k-algebra,
we identify A with a fixed isomorphic tensor algebra R + M + QM + ... .
Henceforth, 7" will denote the special tensor k-algebra R + M + QM+ ...
unless otherwise stated.

Letey, ..., e, be a full set of primitive central idempotents of R, ordered so
that eky; = ky; = kye; for all 2 and j. Since R is a subring of 7', we will view
the e,'s as idempotents in 1" also.

UT =R+ M+ ®f¢ M + ...1isa special tensor k-algebra then the quiver
of T, 2(T") will mean 2(T, J), where J = M + ® » M + ... . On the other
hand, given a quiver £, with vertex set I and #,; arrows from vertex 7 to vertex
j, we see that Q = Q(T) where T'= R + M + ®, M + ... is the special
tensor k-algebra defined by

R=]]% and M = I By,

i€l i,5€1

In each of the three above cases, namely, a ring 4 together with an ideal I and
2(A4, I), a left Artin ring A and £ (A), and a special tensor algebra 7" and
2 (T), we have a correspondence between the vertices of the associated quiver
and a set of idempotents. This correspondence will be implicitly referred to in
what follows by the phrases *‘. . . idempotent corresponding to the vertex . .."”
and ‘... vertex corresponding to idempotent ...””. A much fuller account of
quivers and special tensor algebras can be found in [6, 4; 9]. In these references
one will find the explicit relationship between modules over the tensor algebras
and ‘‘representations’’ of the quivers referred to in the introduction.

The remainder of this section is devoted to the study of quivers of left
Artin rings, with special attention given to left self-injective Artin rings.

We need some definitions first. A path p in £ is an ordered sequence of
arrows p = (a1, ..., a,) such that the codomain of a, is the domain of a1,
fors =1,...,m — 1. We say the length of p is m. A cycle, ¢, is a path ¢ =
(ay, . .., ay) such that the codomain of a,, is the domain of «;. Let 7 and j be
vertices. We say there is a path from i to j if there existsa pathp = (ay,. .., an)
such that ¢« = domain of ¢; and j = codomain of a,,. In this case we say that p
is a path from 1 to j.

The next two concepts are crucial to what follows. Let £ be a quiver. We
say < is connected if given any two vertices 7 and j there is a sequence of vertices
1 = 1, %1, ...,17, = jsuch that either there is a path from 7, to 7,4, or there is
a path from 4,,; to 4y, foru = 0, ..., t — 1. We say that £ is path connected
if given any two vertices ¢ and j there is a path from ¢ to 7 and a path from
J to .

LemMma 3.1 (a) If £ is @ path connected quiver then £ is connected.
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(b) Let A be a left Artin ring. Then A is an indecomposable ring if and only if
D () is connected.

(c) Let D be a quiver. The following statements are equivalent:

1) 2 is path connected.

ii) Thereis a cyclec = (a, . . ., an) such that every arrow of 2 occurs as some
.

Proof. (a) is obvious and parts (b) and (c) are left to the reader.
Before continuing we need a technical, though interesting, result.

ProposITION 3.2. Let A be a left Artin ring with radical r and let ey, . . . , e, be
a full set of nonisomorphic primitive idempotents of A. If the simple module
(A/1)e; occurs as a composition factor of re; then there is a path in 2 (A) from
the vertex corresponding to e; to the vertex corresponding to e;.

Proof. Let S, = (A/r)e,, P, = Ae, fort =1, ..., n. Let ¢ be the vertex
in 2(A) corresponding to ¢;. Assume S, is a composition factor of #P;. Then
there is a positive integer m such that S; is a summand of P ,;/r"*1P, We
proceed by induction on m. For m = 1 then .S; is a summand of rP;/r*P, =
(r/r*)e;. In this case there is at least one arrow from 7 to j and hence a path
from 7 to j. Now suppose that .S; is a summand of P ,;/r"t'P, m > 1. Let
f:Q—>rP,; be a A-projective cover of rP, Note that P, is isomorphic to a
summand of Q if and only if .S, is a summand of rP,;/r?P,. Now f induces a
surjection r™~1Q — r™P,, which in turn induces a surjection r"~1Q/r"Q —
r™P,;/r"t1P,. Thus S, is a summand of r"=1Q/r"Q. It follows that .S, is a sum-
mand of r"~1P,/r™P, for some ¢ where S, is a summand of rP,/r*P,. By induc-
tion there is a path from ¢ to j and by the first step in the induction there is a
path from < to £. Thus there is a path from 7 to j.

The above proof in fact shows that if .S; is a summand of P ;/r"+'P,; then
there is a path of length m from ¢ to j. We now apply this result to find suffi-
cient conditions on a left Artin ring so that its quiver is path connected. In
particular, we show that the quivers of indecomposable Frobenius algebras are
always path connected.

ProrosiTiON 3.3. Let A be an indecomposable basic left Artin ring with radical
r. If the left socle of A, soc (A), is isomorphic to A/r as left A-modules then
D (A) is path connected.

Proof. Let ey, . . ., e, be a full set of nonisomorphic primitive idempotents of
A.Let1,..., ndenote the corresponding vertices in £ (A). By 3.1 (b), Z(A)
is connected. Thus it suthces to show that if there is a path from ¢ to j then there
is a path from j to <. We proceed by induction on the length of a path from 7 to j.
Suppose first there is an arrow from ¢ to j. We show there is a path from j to 1.
By the definition of Q(A) we see that e;(r/r?)e; % 0. Let S, = (A/f)e, and
P, = Ae, fort =1,...,n ThenS,is a composition factor of P,. Thus, there
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exists a nonzero map f: P; — P,. Thus Image (f) # 0. Now soc(A) = A/r
and A basic imply that the socle of each indecomposable projective summand of
A is simple. Thus soc(P;) € Image (f). We conclude that soc(P;) is a com-
position factor of P,. Let soc(P;) = .S,. Then by 3.2 there is a path from j to ¢.
We now apply 3.2 together with [8, Lemma 5.2] to see that there is a path
from { to 7. Thus there is a path from j to 7. This concludes the case when there
is a path from 7 to j of length 1. The rest of the induction argument is obvious.

As an immediate consequence we get:

COROLLARY 3.4. If A is a left self injective k-algebra then 2 (A) is path con-
nected. In particular, the quivers of Frobenius algebras are path connected.

Proof. Since the associated basic ring, A* is still left self-injective, the result
follows after noting Z(A) = Z(A*) and soc(A*) = A*/r* as left A*-
modules where r* = rad (A*).

4. Symmetric algebras with given quivers. The main result of this section
is to give a method of explicitly constructing a symmetric k-algebra with a
given quiver. In the last section, we saw that if such an algebra exists, its
quiver must be path connected (see 3.4). We now show that given a path con-
nected quiver, there is a symmetric k-algebra with that quiver.

For the remainder of this section we fix the following notation: & is a field,
R=1I_kand M = II% -y k0 asin §3. We let ' = R + M + @x M
+ ... be the special tensor algebraand J = M + ®}22 M4 ... .

We now introduce the notion of monomials in 7". For this we first choose
k-bases {x;;'}, 1 =1,...,m,,1,j=1,..., nof the summands &, of M.
Combining these k-bases we get a k-basis for M. Let E = {ey, ..., ¢,}, the set
of idempotents of R. Let B’ be the set of nonzero products of the x;;'s. Then B’
is a k-basis for J, and B = B’ \U E is a k-basis for 7. Scalar multiples of ele-
ments of B will be called monomials in {x,;'}. When no confusion can arise, we
will omit any reference to the chosen basis {x,;'} of /. Finally, let £ = 2(1")
be the quiver of 7. We let 7 be the vertex in £ corresponding to ¢;. Then there
are n;; arrows from j to . It is not hard to see that there is a one to one cor-
respondence between elements of B’ and paths in Z. Explicitly, let 8 : {x,;'} —
{arrow in £} be an isomorphism such that B(x;;) is an arrow from j to 1.
Then B induces a set isomorphism § : B/ — {pathsin £} by B(f) = (ay,..., Uy)
where f = 8~ (ay) - - - 871 (a1). We let y = 3.

The following definition will be used frequently in what follows. We say a
subset S of B is cyclic if there is a cycle ¢ = (ay, .. ., a,) such that

(1) every arrow in £ occurs as some «;, and

(2) if f € B then

fes & 3<f>={“ or

(@jy ... amay, ...,a;_1) forsomej =2 ..., m.

Note that implicit in the definition of a cyclic set S are the choices of {x,;'}
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and B and that £ is path connected. If Sis a cyclic set and ¢ is a cycle as above,
we say that ¢ is a cycle associated to S.
We now prove the main result of this section.

THEOREM 4.1. Let £ be a connected quiver with at least one arrow. Let T be a
special tensor algebra such that 2(T) = 2. The following statements are equiva-
lent:

1) There exists a self-injective k-algebra A such that 2(A) = 2.

i) 2 is path connected.

iii) Thereis a Frobenius system (S, o) for T such that S is cyclic.

iv) Thereis a symmetric k-algebra A such that 2(A) = 2.

Proof. 1) = ii) follows by (3.4).1v) = 1) is clear.

i) = iii). Since < is path connected, by (3.1)c), there is a cycle ¢ =
(a1, ..., an). Let S be a cyclic subset of B having ¢ as its associated cycle.
Define ¢ : S — k* by o(f) = 1 for f € S. We show that (S, ¢) is a Frobenius
system for 7". Clearly S is finite, so that (1.7) holds.

Since S is cyclic, it follows that f-g ¢ Seg-f € Sforall f, g € B. It
follows that

(4.2) o(f-g) =0e=0(g-f) =0forallf, g€ B.

Since ¢ is identically 1 on .S and 0 on B — S, we see that the linearity of ¢ and
(4.2) imply

4.3) o(t-t) =ca( 1) foralls,t ¢ 7.

Property (1.8) easily follows from (4.3) and we conclude that (S, o) is a
Frobenius system for 7.

ii1) = ii) is clear.

ii) = iv). Let (S, ¢) be a Frobenius system for 7" with S cyclic. As above we
choose ¢ to be identically 1 on Sand 0 on B — §, so that (4.3) holds. By (1.9),
1/I(s) is a Frobenius algebra. Let A = 7/I(s). Let ¢ : A — k be the linear
map induced from o. We see that ¢(A - X') = ¢(\ - \) forall \, N € A. By the
discussion in § 1, it follows that A is a symmetric algebra.

It remains to show that 2(A) = £. For this, by § 3, it suffices to show that
I(s) C J?since, if so, then rad(A) = J/I(¢) and hence rad(s)/rad(¢)? =
J/J2 =M. Thus 2(A) = 2(RIX M) = £, where R X M is the trivial
extension of R by M.

Lett € T'— J2. Weshow thatt ¢ I(s). Leté: 7"— {0, 1, 2, ...} be defined
by §(e;) = 0, §(f) = m, f is a monomial with f = ag, ¢ € B’ and §(g) is of
length m and 6(> i1 fi) = max (6(f1), ..., 8(f,)), where the f,'s are mono-

mials. Now suppose that S is cyclic with associated cycle ¢ = (a1, ..., an).
First note that if f € S then §(f) = m. It follows that J"*! C I(e). Suppose
that

t = Zl i€y + Zl, ;X + Z ,Bihi

r€frij

where oy, a;, 8; € kand h; € B M J2
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First assume some a; # 0. We may assume that «; # 0. There isan f € .S
such thate,f = f. (Choose a reordering of (a1, . . ., a,) so that the domain of «a;
is the vertex corresponding to e;. Then f = ~'(ay, . . ., a,) works.) Now con-
sider tf. Then, since ¢;f = 0 for j ¢ 1 and 6(f) = m it follows that t{f —
aieif € I(o). Thus, o(tf) = o(a1f) = a1 # 0. We conclude that ¢t ¢ I(0).

Thus we may assume that a; = 0 for< = 1, ..., n. Now choose x € {x;;'}
such that e, ## 0. Since the cycle ¢ contains all arrows, for some 7, «; = 8(x).
By reordering the a,'s, we may assume that a; = 8(x). Let f* = v(ay, ..., an)
and g* = y(ay, . .., ay). Consider o (g*t). We show that ¢(g*t) ## 0, and hence
t ¢ I(s). Note that §(g*¥) = m — 1. We have

got=aftt 3 gty + 2 Bigth,
uFEr
Now J™t1 C I(c) = B,¢*h,; € I(s). Thus o(g*) = a,a(f*) + X a,0(g*y). It
suffices to show that g*y ¢ Sfory € {x;;'} — {x}, since, if so ¢(g*t) = a,0(f*)

# 0. Assume g*y # 0. Now B(f*) = (a1, ..., ay). Since y # x we conclude
that 8(y) # a1. Say B(y) = a;, j # 1. Then B(g*y) = (a,, as ..., an). The
number of times «; occurs in («;, as, . . ., ay) is one less than the number of
times a; occurs in ¢. Thus (¢;, ay, .. ., a,) is not a reordering of ¢ and we con-

clude that v(a,, as, ..., an) = g*y ¢ S.
This completes the proof.

Note that the proof of the theorem explicitly gives a method for constructing
symmetric algebras with given quivers. Namely, given a path connected quiver
2 and a field k, choose a cycle ¢ passing through all the arrows of £. Let T be
the special tensor k-algebra with quiver £. Choose a basis {x,;'} of M and an
isomorphism 8 : {x;,'} — {arrows in Z}. Then (S, ¢), where S is cyclic cor-
responding to ¢, ¢ = 1 on S, is a Frobenius system that works; i.e. 7/1(s) is
the desired symmetric algebra.

In the next section we study properties of the Frobenius system (S, o). We
also investigate the uniqueness of I(s) with respect to (S, o).

5. Properties of 7/I(s). Let T be a special tensor k-algebra and let B be
a k-basis as in Section 4. In this section we investigate when two Frobenius
systems (S, ¢) and (S’, ¢’) have the property that I(¢) = [(¢"). We also give
some information on the structure of the algebra 7/I(¢). Our results though
give no insight into the question of when two Frobenius systems give rise to
isomorphic factor rings.

Let (S, o) be a Frobenius system. Let Spya be the set of f € S such that
HNS—=1{ff =0

Lemma 5.1, If f € B such that {f) M\ Spax = 0, then f € I(a).

We leave the proof to the reader. The converse is not true in general.

LEMMA 5.2. Let (S, o) and (S’, ¢’) be Frobenius systems in 1. If 1(s) = 1(d")
then Smax = Smax -
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Proof. Letf € B.Thenf ¢ I(s) @o((f)) =0 (/[)NS=0s (f) N
Smax = 0. The result follows.

We again note that the converse is not true in general.

We say a monomial has degree m if it is a product of exactly m elements of
{x;;"} and a nonzero scalar. If t € T we say that ¢ has degree m if t = 3 iy f4,
where the f;'s are nonzero monomials and m = max,{degree of f;}. Note that
if t € T then the degree of t = §(¢t), whered : T"— {0, 1, 2, .. .} is the function
defined in the proof of (4.1).

The condition that S = Sy, occurs frequently. For example, if (S, ¢) is a
Frobenius system with S cyclic then S = Sp,,. This can be easily seen from the
fact that f € S implies that the degree of f is m where m is the length of the
cycle associated to S.

ProrositioN 5.3. Let (S, o) and (S’, ¢') be Frobenius systems in T, with
S = Smax and S" = Suay’. Then I(s) = I(d’) if and only if S = S” and for each
idempotent ¢ € E there is a nonzero constant c, such that a(fe) = c.o’ (fe) for
allf € B.

Proof. First suppose that I(¢) = I(¢’). Then by (5.2) S = .5’. For each
e € E, choose g, € S such that g, - e = g,. (If no such g, exists then o(fe) =
o’ (fe) = 0 and we may take ¢, = 1.) Let h € S. If h € B — S then o(ke) =
0 = c.o’ (he), for any c,. If he = 0 we get equality for any choice of ¢,. Suppose
that he # 0. Then he = h. Let ¢ : T'— T/I(o) be the canonical surjection. Let
c. = a(g,)/d'(g.). We claim o (h) = c,o'(h). Now ¢ (h) € socle of T'/I(c) since
S = Suax. Thus ¢(k) = as(g,) since both o(k) and o(g,) are in the socle of
(T'/I(a))e which is simple since 7'/ (¢) is a Frobenius algebra. Thush — ag, €
I(o). Thuso(h — ag,) = 0 = o' (h — ag,). We get 6(h) = ao(g,) and ¢’ (k) =
ad’ (g.). But o(g.) = c.0'(g.) and thus o (k) = c,o’ (k).

Now suppose that S = S’ and for each ¢ € E there is a ¢, € k* such that
o(fe) = c.o’'(fe), for all f € B. We only show that I(¢) C I(¢’). A similar
argument gives the other containment. Let ¢t € I(¢) and suppose t ¢ I(a’).
Then ¢’ ({t)) ¢ 0. Choose f, g € B such that ¢’ (fig) ¢ 0. Since g € B there is
e € E such that ge = g. Thus o’ (ftg) = o' (ftge). Thus o(fige) = c.o’ (fige) # 0
by the linearity of . We conclude that ¢ (ftge) # 0, a contradiction.

We now turn to the structure of 7/I(¢) for a Frobenius system (S, ¢). We
say that .S is homogeneous of degree m if each element of .S has degree m. Note
that if S is homogeneous of degree m then S = Sp,,. Furthermore, if S is cyclic
then S is homogeneous of degree m where m is the length of a cycle associated

to S. We now state, without proof, a result showing that the ‘“homogeneity’’
of S is reflected in 7/1(q).

ProrosiTiON 5.4. Let T be a special tensor k-algebra with a path connected
quiver. Suppose that (S, o) is a Frobenius system in T with S homogeneous of
degree m. Let t € T witht = Y 3o t,, where t; are sums of monomial of degree i.
Then
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(1)t € I(o) &t € I(a) for alli.

(2) If j 1s the smallest integer such that t; € I(c) then the image of t in 1/1 (o)
isinrad (T/1(0))? — rad(T/I(s))*.

(3) Each indecomposable projective T/ (a)-module has Loewy length m; that 1s,
rad(7/1(a))™ annihilates T/I(s) but rad(T/I(c))"e = O for each nonzero
idempotent ein 1'/1 (o).

6. Classification of generalized uniserial quasi-Frobenius algebras.
We recall that a left and right Artin ring A is called left (respectively, right)
generalized uniserial if for each primitive idempotent e, Ae (respectively, e A)
has a unique composition series. A ring is called generalized uniserial if it is left
and right generalized uniserial. The following well-known result classifies
generalized uniserial Artin rings.

ProposITION 6.1 [10]. Let A be an Artin ring with radical r. Then the following
statements are equivalent:

(1) A s generalized uniserial.

(2) For each primitive idempotent e of A, we have (i) re/r% is « simple left
A-module and (ii) er /er® is a simple right A-module.

Our aim is to translate (6.1) in the setting of special tensor k-algebras and
quivers. Recall that a k-algebra A is called quasi- Frobenius if A is an Artin ring
and A is selfinjective as a left and as a right A-module. A quiver £ is said to be
of type Z, if it is either

n

1 0% or 1/ O\‘

0 )
\‘0———>0/
2 3

’

for n = 2. The following result is an immediate consequence of (6.1).

COROLLARY 6.2. Let A be a generalized uniserial indecomposable quasi-Fro-
benius Artin rnig. Then 2 (A) is of type Z,,.

Proof. Let ey, ..., e, be a full set of nonisomorphic primitive idempotents
of Aand let 1, ..., n be the corresponding vertices in £ (A). Since re,/r?,
and e;r/er? are simple modules, we see there is exactly one arrow entering and
leaving each vertex 7. By (3.4), £(A) is path connected and the result easily
follows.

We also have the following result.

ProposiTiON 6.3. Let T be an indecomposable special tensor k-algebra with
quiver £. Then the following stautements are equivalent:

(1) £ is of type Z,,.

(2) There 1s an ideal I in T such that J¥ C I C J*? for some N and 1'/1 1s a
generalized quasi- Frobenius algebra.
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Proof. (2) = (1) follows fom (6.2) since Z(T/I) = 2.

(1) = (2). Clearly, if £ is of type Z, then dim,(J/J?)e = dime(J/J?) =
1 for all primitive idempotents e of R. By (4.1), since £ is path connected, we
may construct 7°/I(s), where (S, o) is a Frobenius system with .S cyclic and
o =1onS. Asin (4.1), it is easy to show that I(¢) C J? and hence 7/I(s)
is generalized uniserial by (6.1). This completes the proof.

In fact, we will show that if £ is of type Z, and I is an ideal in 7" such that
T'/I is quasi-Frobenius, generalized uniserial and J~¥ C I C J?, then I = (o)
for some Frobenius system (S, o). Before proving this we need one more defi-
nition. Keeping the notation of section 4, we say that a subset S of B is complete
and homogeneous of degree m if S = (B (M J™) — J™*+1: that is, S is a k-basis of
®% M. Note that if S is cyclic it need not be complete and homogeneous of
degree m, for all m.

We now establish the result mentioned earlier.

THEOREM 6.4. Let T be an indecomposable special tensor k-algebra with quiver
D of type Z,. Let I be an ideal in T. The following statements are equivalent:

(1) T/I is quasi-Forbenius and J¥ C I C J? for some N = 2.

(2) I = J~ for some N = 2.

(3) I = I(o) for some Frobenius system (S, o) where S is complete and homo-
geneous of degree N — 1, for some N = 2and s = 1onS.

Proof. (1) = (2). Let I be such that J¥ € I C J? and 7/I is quasi-Fro-
benius. Assume J¥=1 & I. It follows that there is an indecomposable projective
T /I-module Loewy length N, since rad(7/I)Y = 0 but rad(7/I)¥-! £ 0.

Letes,. .., e, bea full set of nonisomorphic idempotents of R and let 7 be the
vertex in & corresponding to ;. The quiver £ being of type Z, allows us to re-
order the e;'s so that 2 is

10/ "0 \

\‘O——VO/

4
2 3

Let T = 7'/I and r = rad(T). Let X be a T'-module. Let //(X) denote the
Loewy length of X. Suppose that /[(Te;) = N. We claim that if 0’ — 07 in £
then l[(Te;) = N. Let S; = Te/re,. 1f 0° — 07 then S; = re;/r% ;. Thus there
is a nonzero map I'e; — re,. By the uniseriality of re;, we conclude that I'e; —
re; is a surjection. But since I' is quasi-Frobenius, soc(Te;) 2 soc(re;) and
hence soc(Te;) € ker(I'e; — re;). Thus [I(Te;) = li(re;) + 1 = N. This
proves the claim. Since < is of type Z,, and since for some 1, lI[(Te;) = N, we
conclude that /[(Te;) = N for all 1.

Now J¥ C I implies there is a canonical surjection 7'/ — 1'/1. 1t suffices
to show this is an isomorphism. Now, since & is of type Z,, we see that
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soc(1/JN)y = JN-1/JN = Q¥ 1M = T/J. Thus, by [9, Prop. 2.5] 7'/JV is quasi-
Frobenius. Furthermore, it is not hard to see that the Loewy length of each
indecomposable projective 7'/J¥-module is exactly N. It now follows that the
canonical surjection 7°/J¥ — T'/I is an isomorphism, since if not, {ker (7T"/JY —
T/1} M soc(1'/JV) # 0 implying that some indecomposable projective 71°/I-
module has Loewy length less than N.

(2) = (3). Let (S, o) where S is complete and homogeneous of degree N — 1
and ¢ = 1 on S. Noting that, since £ is of type Z,, given a vertex 1, there is
exactly one path beginning at ¢ of length m, it is not hard to show that (S, o)
is a Frobenius system. We omit the details since they are analogous to those in
the proof of (4.1). Now J¥ C I(s) since if f € B and the degree of f is greater
than or equal to N then f € I(s). Again consider 7/J¥ — 1T'/1(s). By (5.4)
every indecomposable projective 7'/ (¢)-module has Loewy length N. We now
apply the argument given at the end of (1) = (2) above to show I(¢) = JV.

(3) = (1). By (6.3) one needs only show that [(¢) € J2 This again is
similar to arguments given in (4.1) and we omit the details.

We remark that it is not hard to show that if £ is path connected but not of
type Z, and S is complete and homogeneous of degree N, in general we cannot
form a Frobenius system (S, ¢) with ¢ = 1.

7. The representation type of Frobenius systems. The purpose of this
section is to show that except for the generalized uniserial algebras, if (S, o) is
a Frobenius system with S cyclic then 7'/1 (o) is of infinite representation type.
We begin with a well-known result whose proof we include for completeness.

PROPOSITION 7.1. Let Abe an Artin ring and let e be an idempotent in A. If Ais
of finite representation type then e Ae is also of finite representation type.

Proof. Let ¢ = 1 — e. Let T be the product ring eAe X ¢ Ae’. Let ¢ : T — A
be defined by ¢(x, ¥) = x + y. Since ¢ is a ring map, we have two functors
F: mod(A) — mod(T), the forgetful functor and G: mod(I') — mod(A),
given by G(M) = A @r M, where mod (A) and mod(T') are the categories of
finitely generated left modules. Let M € mod(T). Then FG(M) = A r M,
viewed as a T-module, decomposes into (¢eA @ M) ® (¢/ A ® M). Further-
more M = eM @ ¢'M as T'-modules. Thus eM is a summand eA ® M. Simi-
larly ¢’ M is a summand of ¢/ A ®r M. We conclude that M is a summand of
FG(M). Now, if A is of finite representation type, we see there are only a finite
number of nonisomorphic finitely generated I'-modules isomorphic to #(X) for
some indecomposable X € mod (A). We conclude then that T must be of finite
representation type. Since I' is a product, one factor being eAe, we get the
desired result.

COROLLARY 7.2. Let A be an Artin ring and let e be « primitive idempotent in A.
If A s of finite representation type then e r e is a uniserial eAe-module, where
r = rad(A).
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Proof. Suppose A is of finite representation type. Then, so is eAe. Since ¢ is a
primitive idempotent, we see that eAe is a local Artin ring. A local Artin ring 4
is of finite representation type if and only if rad(4)/rad(4)? is a simple (left
and right) 4-module (see (3]). Thus, by 6.1, the result follows after noting that
rad(ede) = ere.

We now prove the main result of this section.

THEOREM 7.3. Let T be a special tensor k-algebra such that 2 (1) is path con-
nected. Let (S, o) be a Frobenius system with S cyclic. Let I () be the ideal associ-
ated to o. The following statements are equivalent:

(1) The Frobenius algebra T'/1 (o) s of finite representation type.

(2) Q1) is of type Z,.

(8) T/1(a) s a generalized uniserial quasi- Frobenius algebra.

Proof. By (6.3) and (6.4), (2) < (3). (3) = (1) isclear.

[t remains to show that (1) = (2). Assume that Z(7T') is not of type Z,.
We show that there is an idempotent e such that e(rad (7°/1(s))e is not uni-
serial. Let T = T/I(¢) and r = rad(T'). The assumption that Z(7’) is not of
type Z, implies that there is some vertex ¢ with at least two arrows entering 7
or at least two arrows leaving 7. Let ¢ = (a4, ..., a,) be a cycle such that each
arrow occurs as some «;. Let (S, ¢) be a Frobenius system with ¢ associated to S.

For simplicity assume that there are two arrows ¢ and b having vertex ¢ as
domain. Then ¢« = a;and b = a,{or some j and I. By renumbering the a;'s we
may assume that ¢ = «¢;and b = «;. Let u, v be chosen as follows:

l=sujsy

ii) codomain of a, = vertex 7 = codomain of «,, and

iii)if 1 £l <wuorj=I<vthen codomain a, # vertex 1.

Using the notation of Section 4, let f = v(a1,...,a,) and g = v(a;, ..., a,).
Then we see that efe = f and ege = g since (ay, . . ., ay) and (¢, . .., a,) are
cycles from 7 to ¢. Furthermore f # g since @, # ;. Finally, by the choice of u
and v, we see that f and g are not proper products of elements % in B’ such that
ehe = h. Let ¢:T'— T'/I(c) be the canonical surjection. Then ¢(f), ¢(g) € ere.
Thusere/(ere)?is not simple (since ¢(f) # ¢(g) = ¢(f) and ¢(g) are k-
independent using the fact that f, g € B’ and that B’ is a k-basis of J). This
completes the proof.

As mentioned in the introduction, under certain restrictions on £ (7T), one
may construct Frobenius systems so that the resulting Frobenius algebras are
of finite representation type and yet are not generalized uniserial. Such con-
siderations will be dealt with in a future paper. We should mention though at
this time there is no known necessary and sufficient conditions on the quiver of
a Frobenius k-algebra which imply that it is of finite representation type.

8. Concluding remarks. We first remark that there should be a generaliza-
tion of the notion of a Frobenius system which would allow one to classify
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quasi-Frobenius k-algebras. Clearly condition (1.8) must be weakened ap-
propriately.

As pointed out earlier, the question of isomorphic algebras has been avoided.
We mention just a few open questions whose answers would be of great interest.

1) Given a special tensor k-algebra 7" and bases B and B*, find necessary and
sufficient conditions on Frobenius systems (S, ¢) with respect to B and
(S*, o*) with respect to B* so that 7°/1 () is isomorphic to 7/1 (¢*).

2) If (S, o) is a Frobenius system in 1", is 7/ (¢) isomorphic to 7'/ (¢*) for
some Frobenius system (S*, ¢*) where either S* = S,,* or ¢* =1 on S*?

Finally, we list some other open questions.

3) Given a special tensor algebra T" with path connected quiver 2, find all
Frobenius systems in 1" with respect to some fixed basis B.

4) Are there necessary and sufficient conditions on a quiver & such that there
is a Frobenius algebra of finite representation type with that quiver?

As shown in Section 7, the algebras constructed by cycles are “‘too big"'.

5) Given a path connected quiver 9 find methods of constructing Frobenius
systems so that 17/ (e) is of finite representation type.

Acknowledgement. 1 would like to thank Professor Gerald Janusz for reading
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