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Abstract

We derive necessary and sufficient conditions for the existence of bounded or summable
solutions to systems of linear equations associated with Markov chains. This substantially
extends a famous result of G. E. H. Reuter, which provides a convenient means of checking
various uniqueness criteria for birth—death processes. Our result allows chains with much
more general transition structures to be accommodated. One application is to give a new
proof of an important result of M. F. Chen concerning upwardly skip-free processes. We
then use our generalization of Reuter’s lemma to prove new results for downwardly skip-
free chains, such as the Markov branching process and several of its many generalizations.
This permits us to establish uniqueness criteria for several models, including the general
birth, death, and catastrophe process, extended branching processes, and asymptotic
birth—death processes, the latter being neither upwardly skip-free nor downwardly skip-
free.

Keywords: Upwardly skip-free process; downwardly skip-free process; Markov branch-
ing process; birth—death process

2000 Mathematics Subject Classification: Primary 60J27
Secondary 60J35

1. Introduction

We shall be concerned with continuous-time Markov chains that take values in a countable
state space S. For convenience, we shall enumerate the states such that S = {0,1,...}.
We start with a stable, conservative g-matrix of transition rates over S, that is, a collection
0 = (gij, i, j € S) of real numbers that satisfies 0 < g;; < 00 (j # i), ¢; = —q;i < 0,
and };; gij < gi (i € S). The matrix Q is said to be conservative if }_; ,; qij = g; for all
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i € §. A set of real-valued functions P(-) = (p;;(-), i, j € §) defined on [0, 00) is called a
standard transition function (or simply process) if

pij(t) =0, i,jes, t>0,

dopij <1, ieS, t>0,
jes ey

pijs+10 =Y pul)pij(t), i, jES, 5,t>0,
keS

andlim; o p;;j () = d;;, i, j € S. The process P is then honest if equality holds in (1) for some
(and, thus, all) r > 0, and is called a Q-transition function (or Q-process) if plf ; 0+) = qij
foreachi, j € S.

When Q is conservative, every Q-process P satisfies the backward differential equations,

pij() = Z%‘kpkj(t), t>0,
keS

forall i, j € S, but might not satisfy the forward differential equations,

P =" pu®aj, >0,
keS

foralli, j € S. Feller’s recursion [12] provides for the existence of a minimal solution F(-) =
(fij (), i, j € S) to the backward equations that also satisfies the forward equations (and this is
true whether or not @ is conservative). Indeed, f;;(t) < p;;(¢) forany Q-transition function P.
It is the unique solution to the backward equations (among the nonnegative solutions) if and
only if @ is regular, that is,

A — Qu() =0, uh) el )

has only the trivial solution for some (and, thus, all) A > 0 (here l;‘o denotes the set of
nonnegative bounded sequences). When Q@ is conservative, this condition corresponds to F
being honest, and it is necessary and sufficient for F to be the unique Q-transition function [21].
When Q is not conservative, additional conditions are needed for F to be the unique Q-transition
function [15], [22], but condition (2) must certainly be checked first.

In applications involving continuous-time Markov chains, it is frequently necessary to
determine whether or not Q is regular. For example, one might wish to study explosive
behaviour of the process in question (the minimal process), or rule out such behaviour before
proceeding further with any analysis. Alternatively, one might have an invariant probability
measure  for @, and wish to determine whether & is invariant for the minimal transition
function; here it is the regularity of related transition rates, rather than of @ itself, which must
be established (see, for example, [18] and [20]).

When F is honest, it is also the unique solution to the forward equations, but when F is
dishonest, uniqueness holds if and only if

n(W)OI— Q) =0, ) el 3)

has only the trivial solution for some (and, thus, all) A > 0 (where ll+ denotes the set of
nonnegative summable sequences); again, see [21]. This latter condition arises in other contexts,
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for example in determining quasi-stationary distributions: if @ is regular and (3) has only the
trivial solution, then all probability measures p-invariant for @ are also p-invariant for ¥
[13], [14].

More delicate extensions of criteria (2) and (3) are possible to, for example, pure-jump
Markov processes [10] and Markov chains with particular structures, such as upwardly skip-
free chains [8], [9] and the multidimensional Q-processes considered in [23]; for a recent
exposition, see Chapter 3 of [8].

A convenient means of dealing with (2) and (3) in the case of birth—death processes was
provided in Reuter [21]. He proved the following simple result, which led to the various
uniqueness criteria for birth—death processes.

Lemma 1. (Reuter [21].) Let {0y, n > 0} be a sequence of real numbers satisfying 0 < op <
o1 and o1 —on = fron+hy + gn(oy —on—1), n > 1, where{ f,, n > 1},{h,, n > 1}, and
{gn, n > 1} are known nonnegative sequences. Then the sequence {c,, n > 1} is bounded if
and only if Yo | (Fy + H,) < 00, where

Fo=fo+gnfu—1+- -+ 88—1- 81+ 88—1 8281 4

and
H, zhn+gnhn—l + o+ 8n8n—1 "'82h1~ (5)

For further details, see Section 3.2 of [1].

Reuter’s lemma cannot be applied directly once the birth—death structure is lost, for example,
in the case of upwardly skip-free chains, where there are additional downward transitions
of any size; regularity conditions for upwardly skip-free chains were obtained in [23], [8],
and [9]. Our aim here is to substantially extend Reuter’s lemma in order to handle much more
general transition structures. For example, our generalization provides a convenient means of
establishing quasi-regularity (that there is exactly one honest Q-process satisfying both the
backward and the forward equations). We do this for downwardly skip-free processes, such
as the Markov branching process and several of its many generalizations, as well as many
processes that are neither upwardly skip-free nor downwardly skip-free.

The structure of the paper is as follows. The main result, our generalization of Reuter’s
lemma, is proved in Section 2. We illustrate this in Section 3 by providing an alternative proof
of a special case of Theorem 1.1 of [9], which gives regularity conditions for upwardly skip-free
processes. This is specialized to a population model: the general birth, death, and catastrophe
process. In Section 4, downwardly skip-free processes are studied in some detail. This section
includes a detailed analysis of extended branching processes. In Section 5, we introduce the
notion of quasi-regularity and derive a means of identifying it. Finally, in Section 6, we study
asymptotic birth—death processes, a class of Markov chains that are neither upwardly skip-free
nor downwardly skip-free.

2. A generalization of Reuter’s lemma
Our main result is the following.
Theorem 1. Let {0,,, n > 0} be a sequence of real numbers satisfying 0 < oy < o1 and

n

Ont1 — On = fnon + hy + Z &nm (Om — Om—1), n>1, (6)

m=1
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where {f,, n > 1}, {hy, n > 1}, and {gnm, n = 1, 1 < m < n} are all nonnegative. Then
{on} is bounded if and only if

o0
Z R, < oo, @)
n=1
where {R,, n > 1} is defined recursively by R\ = r| and
n
anrn‘i‘zgnmRmfl» n>?2, (®)
m=2
with
rn = fn +hn + gnis n> 1 &)

Proof. First, observe that oy, is increasing and strictly positive for n > 1. Next, define
individual sequences {F,,, n > 1}, {H,, n > 1}, and {G,, n > 1} by

n

F1=f1’ Fn=fn+2ganm71, n>2,
m=2
n

Hy = hy, anhn'i‘zganm—l, n>2,
m=2

n
G1 =g, angnl+zganm—l» n>2,

m=2

meaning that R, = F,, + G, + H,. We will prove, by induction, that
(Fy + Gp)(o1 —09) + Hy < 0pq1 — 0y < (Fy + Gp)op + Hy (10)

for all n > 1. Our aim then will be to deduce condition (7) by summing over 7.
It is easily seen that (10) holds for n = 1 since, because o9 > 0,

o2 — o1 = fio1 +h1 +g1(o1 —o0o) < fior + hy + grior = (F1 + Gp)oy + Hy

and
02 — o1 = fi(o1 — 09) + h1 + gi1(o1 — o9) = (F1 + G1)(o1 — 00) + Hj.

So, assume that
(Fx + Gr)(o1 — 00) + Hi < 0py1 — o < (Fr + Gp)og + Hy (1D
holds for all k < n — 1. Then,

n
Ontl — On = fnOn + hn + Z &nm (Om — om—1) + gn1(01 — 00)

m=2

n
< fuon + hy + Z &num (Fm—1 + Gp—1)om—1 + Hyu—1) + gu1 (o1 — 0p)

m=2

n n n
=< (fn + Z ganm—l>0n +hy + Z &umHp—1 + (gnl + Z ganm—l)an

= (Fy + Gy)o, + Hy
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and, similarly,

n
Ont1 — On = fnou + hp + Z &um((Fn—1+ Gpu—1)(o1 — 09) + Hy—1) + gu1(o1 — 0p)

m=2

n n
> hy + Z &nmHp—1 + (fn + Z ganm—1>(Ul — 00)
m=2 m=2

n
+ (gnl + Z ganm—l)(Ul — 00)
m=2

= H, + (F, + Gp) (01 — 00).

Therefore, (11) holds for all k¥ < n and the induction is complete.
Next, we will show that {0, } is bounded if and only if

> (Fu+ Gy + Hy) < oo (12)

n=1

If {0}, } is bounded then (12) follows immediately, from the first inequality of (10) together with
the fact that 0 < oy < o7. Conversely, using the second inequality of (10), and remembering
that {0} is increasing, we have

o H H
T 1< Fy+ Gyt —2 < Fy+ G+ —2.
On On o1

Hence, if (12) holds then

= <Un+1 )

(2 1) <o
On

n=1

However, this is equivalent to {0, } being bounded, for if we set x,, = 0,,+1/0, — 1 (which is

nonnegative), then
n

n
On+1 Om+1
—= =T 2= =[] +xm.
o] Om m—1

m=1

and, so, {0,,} converges if and only if > >, x,, < co. This completes the proof.

In order to check condition (7), we must first evaluate {F},}, { H,}, and {G,,}. The following
simple result establishes a necessary condition for {o;,} to be bounded, in terms of the original
sequences { fu}, {h,}, and {gnm}.

Corollary 1. If {o,} in Theorem 1 is bounded then

o
D < oo, (13)
n=1
where r, = fn + hy + gn1, and
o0
Zgnm < oo forallm > 1. (14)

n=m
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Proof. Since R,, > r,, (7) implies (13), which in turn implies that (14) holds for m = 1.
Suppose that (14) fails for m = mo > 2. Then the sequence of partial sums {Zﬁ:mo 8nmy} 18
unbounded. Now, by (8) we have

ZR11>ZZgnm m— l—sz lZgnmszo 1 Zgnmo

n=2m=2 m=2 n=m

for k > my, and, thus, {anz R} is also unbounded. This contradicts (7).

Remark 1. If we set g,1 = gn2 = -+ = gu.n—1 = O0foralln > 1, then G, = 0 and {F},} and
{H,} are now given by (4) and (5), respectively. Hence, Theorem 1 reduces to Reuter’s result,
Lemma 1.

Remark 2. In many practical situations, while it might not be possible to evaluate {R,}
explicitly, it might still be possible to check (7) indirectly. For example, if r, ~ ar, (as
n — 00), where a > 0 and {r,} is given by (9), then (7) will hold if and only if } ;" | R, < 00,
where
n
Ry=r{ and R, =71+ Z gnm R,y

m=2

3. Upwardly skip-free chains

Upwardly skip-free chains have been studied by several authors, most particularly, in
the present context, Chen [8], [9] and Yan and Chen [23], but also Brockwell et al. [4],
Brockwell [2], [3], Pakes [17], Pollett [19], J. K. Zhang [24], and Y. H. Zhang [25].

Definition 1. A conservative g-matrix Q@ = (gij, i, j € N) defined on the nonnegative
integers N is called upwardly skip-free if g; ;11 > O foralli > 1, and g;; = O for i and j
such that j > i 4 1.

We will illustrate the utility of Theorem 1 by proving a special case of Theorem 1.1 of
Chen [9] (Chen’s result allows gk x+1 = O for finitely many k).

Theorem 2. (Chen [9].) Let Q = (qij, i, j € Ny) be an upwardly skip-free q-matrix. Then
Q is regular if and only if

Z R, = 00, (15)

where Ry = 1 and, forn > 1,

n m—1
<1+ZZanRm 1) (16)

R,
" g m=1 k=0
Proof. We will prove that (15) holds if and only if
W — Qu() =0, u(r) el (17)
has only the trivial solution for some (and, thus, all) A > 0. When A = 1, (17) becomes
U = ;;%) qikuk, i > 0, and, after a little algebra, we find that
i m—1
Gii+1 Uiy — ui) = u; + Z Z ik tm — tm—1).
m=1 k=0
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Thus, if we set g,m = 22";01 Gnk/qn.n+1 thenuy = (1 4+ 1/go1)up and, forn > 1,
1

qn.n+1

n
Up+1 —Un = up + Z 8nm (Um — Um—1).
m=1
It is easy to see that if ug9 = O then u, = 0. If up > 0, we may identify {u,} with {0,} in

Theorem 1, setting f,, = 1/qn n+1 and A, = 0. On evaluating R, using (8) and (9), we obtain

1 1
Ry =ri=—~U+qi0), rp = (I +gno), n=2,
q12 qn,n+1

and

n
(1+Qn0)+z Z‘anRm 1, n>2,

qn.n+1 e dn.n+1 =0

R, =

which are easily seen to correspond to (16). We conclude that {u, } is bounded (that is, (17) has
a nontrivial solution) if and only if Y 77, R, < 00, and the proof is complete.

Remark 3. If Q is not regular, that is, Zn:l R, < 00, then Q is single-exit, because (17)
has an essentially unique positive solution when ¢ > 0. Hence, since Q is conservative,
there exists a unique honest Q-process satisfying the backward equations (see, for example,
Theorem 4.2.6(2) of [1]).

The following two corollaries provide conditions that are easier to check than (15) by way
of (16).

Corollary 2. For the upwardly skip-free q-matrix Q, let ., = qpp+1, n > 0, and p, =
SN0 qnks 1 > 1, and define

Mnn—1 MUn - U2
R = + +---+ —)
Z( A )Vn 1 )\n)\n—l)\n—2 )\n e )‘2)\1
Then each of the following conditions is sufficient for Q to be regular.

(i) R = oo.
() Yool /Ay =

(iii) There exists an N such that (1, > \, foralln > N.

Proof. We will prove that (15) holds under each of the stated conditions. From (16), we

have R, > (1 + un Ry—1)/An, which implies that
1 M M ln—1 M -+ 42

> — oo m e
T W WL W WY WP VT vl
Condition (i) then follows from Theorem 3.2.2 of [1], if A, and u,, are identified as the rates
of a birth—death process. Similarly, condition (ii) holds because R, > 1/A; and condition (iii)
because, foralln > N, R, > 1/A, + R,—1 > R,—1 and, hence, R, > Ry_1.

R

Corollary 3. (i) If there exists a nonnegative sequence {v;, i > 1} such that y ;2 v; > 1 and

ank>vn “m n>m=0, (18)
‘Inn—Hk 0

then Q is regular.
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(ii) If there exists a nonnegative sequence {v;, i > 1} such that

ank—vn ms n>mz>0, 19)
4n.n+1 ;— 0

then Q is regular if and only if Y 7" | 1/qnns1 =00 0r Yy ;2 vy > 1.

Proof. To prove claim (i), set g, = 1/qp n+1, meaning that (16) can be written

n—1 m
Rn:gn‘i‘ZRm(gnZan), n>1
m=0 k=0

(remembering that Ry = 1), and write C = Z;’;O R,,. Now, (18) implies that

n—1

angn'i‘ZRmvnfmv n>1,

m=0

and, so, in particular, R, > g, and R, > v,. Thus, if C < oo then G := ) 2, g, and
V =Y 72, v, are both finite and C > 1 + G + CV, implying that V < 1. Hence, by
Theorem 2, having V > 1 implies that Q is regular.

Similarly, if (19) is satisfied, we now have

n—1

Ri=gn+ Y RuVnm, n=1 (20)
m=0

Thus, if Q is not regular, that is, C < 0o, then, as before, G < co and V < 1. Conversely, if
G < ooand V < 1 then, on summing (20) over n, we find that

1

which implies that R + (1 — V) Zn —o Rn < 1+ G and, hence, that C < oo.

k—1
n§G+VZRm7 k217
m=0

HMEI

We now give some examples to demonstrate the usefulness of these results.

Example 1. First we will consider a variant of the birth, death, and catastrophe process with
‘binomial catastrophes’ described in [4]. The g-matrix has elements

w; (1 — p)! if j=i+1,i>0,
—w; if j=i,i>0,

qij = | .. ,
wi(ilj)p’_’(l—p)f if0<j<i,i>l,
0 otherwise,

where wg > 0, w; > Oforalli > 1,and 0 < p < 1. Thus, events occur at a rate w;,
which depends on the current state i, and the catastrophe size (1, 2, ..., i, or —1 for a birth) is
determined by the binomial distribution bin(i, p). If wg > 0 then the process is irreducible,
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while if wy = 0, there is a single absorbing state 0, which is accessible from the irreducible
class {1, 2, ...}. We will show that Q is always regular.
In the notation of Corollary 2, A, = w, (1 — p)" and

n—1
MUn = Zan = Wn
k=0

Thus, for a fixed p in (0, 1), we have 1 — (1 — p)"* > (1 — p)" for n sufficiently large. Hence,
by condition (iii) of Corollary 2, @ is regular.

n—1

> (n " k)p"‘k(l — = wa(1 = (1= p)").
k=0

Example 2. Our next example illustrates that, even when conditions (ii) and (iii) of Corollary 2
both fail to hold, the upwardly skip-free g-matrix may still be regular. Let Q be conservative
with off-diagonal elements

b . 2 e

-+ ifj=i+1,
qij = 2
di—j) if0<j<i-—1,

where 0 < b < d. We now have Y 2, 1/¢n n4+1 < 0o. The birth and death rates of the
corresponding birth—death g-matrix are respectively given by

b d
An = E(n +1)? and wu, = 5n(n +1).

It is easy to see that when d > b we may still apply condition (iii) of Corollary 2 to deduce that
Q is regular, because d/b > 1 + 1/n for all n sufficiently large. When d = b, condition (ii)

will always fail; however, when d = b, condition (i) of Corollary 2 implies that Q is regular,
because

o0
2 2d 2471 1 1
;<b(n+1)2+b2(n+1)n+ +b"(n~|—1)2> ~ b’;n °

Finally, let us illustrate Corollary 3.

Example 3. We will consider a special case of the general birth, death, and catastrophe process
set out in [3]. Its g-matrix has elements

wib ifj=i+1,i>0,
—w; if j=i,i>0,

w;id;—j ifj=1,2,...,i—1,i>2,

00 21)
wiZak if j=0,i>1,
k=i

qgij =

0 otherwise,

where wg > 0, w; > Oforalli > 1,b > 0, a; > 0O for least one i > 1,andb+zlﬁlai =1.
(Ifa; > 0 and @; = O for all i > 2, we recover the simple birth—death process with birth rates
w;b and death rates w; (1 — b).) If wg > 0O then the process is irreducible, while if wg = 0,
there is a single absorbing state 0, which is accessible from the irreducible class {1, 2, ...}.
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Let d be the probability-generating function defined by d(s) = b+ Y o, ais™ |s| < 1,
and let B(s) = d(s) — s. For the present model, Lemma 3.1 of [3] establishes that state O is
reached with probability 1 if and only if the drift D, given by

D=-B(1-)=b i‘-— S+ D
= — —)=0b— la,—1—2(1+1)a17
i=1 i=1

is less than or equal to 0. Thus, the process cannot be explosive when D < 0. However, it can
be explosive when D > 0: the simple birth—death process referred to immediately above is
explosive if and only if b > % (thatis, D > 0)and Z;’il 1/w; < oo. Itisclear from Corollary 2
that both (i) Z?i] 1/w; = oo and (i) b < % are sufficient conditions for regularity. However,
we can do much better.

Theorem 3. The upwardly skip-free g-matrix Q given by (21) is regular if and only if

o]

o
Zl/wi =00 or Ziai > b.
i=1

i=1

Proof. Setv; = (1/b) > 72, ak, i > 1. Then

1 m
Z‘Ink=vnfm, n>mz=0,
qn,n+1 =0

and Y 72, vi = (1/b) Y72, ia;. Therefore, by claim (ii) of Corollary 3, @ is regular if and
only if Y 72, 1/w; = ocoor Y ooyia; > b.
Remark 4. In the case that wy = 0, there is a single absorbing state 0. However, the
result holds with a straightforward modification when there are K absorbing states (wg =
wy =--- = wg—1 = 0): the condition Y =, 1/w; = oo is replaced by > 2, 1/w; = oo.

4. Downwardly skip-free chains

In this section, we will use Theorem 1 to obtain uniqueness criteria for downwardly skip-
free chains. We will give particular attention to an important subclass of chains, the so-called
extended branching processes.

Definition 2. A conservative g-matrix Q = (g;;, i, j € Ny) is called downwardly skip-free if
gii—1 > O0foralli > 1andg;; =0forj <i —1andi > 2.

Theorem 4. For a downwardly skip-free g-matrix Q = (gij, i, j € N), the equation
MDA — Q) =0,  10)€ly, (22)

has a nontrivial solution for some (and, thus, all) » > 0 if and only if Y 2| R, < 00, where
Ry =R_1 =1land foralln > 1,

1 n 00
Ry, = <1 + Z Z kaRm—1>-

dn+1,n =0 kmnt-1
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Proof. 1t is well known that the dimension of the solution space of (22) is the same for all
A > 0 and, thus, can be denoted 917 ( Q). It is also clear that, since Q is downwardly skip-free,
there are only two possibilities: either 917 (Q) = 0 or M7 (Q) = 1. So, fix A = 1 and let
n(1) = (no, n1, N2, - . . ) be the (essentially unique) solution to (1)(I — Q) = 0. Without loss
of generality, set no = 1. Then n; = Zf:r:lo Nmqmk, k > 0, and, thus,

n k+1

an =3 mmk-

k=0 m=0

On rearranging this, we obtain

Mt 1Gnt1n = an + 1o Z qox + Z N Z k-

k=n+1 m=1 k=n+1

Thus, by setting o9 = no = 1 and 0, = ZZ:O Nk, n > 1, we see that o1 > o9 = 1 and, for

n>1,
0
Op+1 —Op = on + Z qok + Z Z Gk (Om — Om—1),
In+1n Int1n S Antlm 23 kznt

which is of the form (6) required in Theorem 1. After a little algebra, we conclude that {0, } is
bounded (that is, n(1) €[ 1+) if and only if Z;’;l R,, < 00, and the proof is complete.

Remark 5. The significance of (22) was mentioned briefly in the introduction. If the minimal
Q-transition function F is honest, then F is the unique solution to the forward equations (and
Q is necessarily conservative). However, when F is dishonest, it is the unique solution to the
forward equations if and only if (22) has only the trivial solution. This is true whether or not
0 is conservative.

Corollary 4. For the downwardly skip-free q-matrix Q, let 1y = qnn—1, n > 1, and X, =
Y tent1 dnks 1 = 0, and define

00

1 A AnAn— Ap e AoA

S = (1+ n+n_nl+...+n_21>
— Mn+1 Mn MnMn—1 Mp - U247

(not to be confused with the state space of the Markov chains). If S = oo then (22) has only
the trivial solution. In particular, if Y oo | 1/iy41 = 00 then (22) has only the trivial solution.

Proof. The proof is similar to that of Corollary 2, this time applying Theorem 3.2.3 of [1]
to the birth—death process with birth and death rates X, and w,,.

Example 4. We now consider an important subclass of downwardly skip-free processes: the
‘extended’ branching processes discussed in [11]. For simplicity, we will only consider the
absorbing case, where the g-matrix Q = (g;;) satisfies go; = 0. Here, Q is downwardly
skip-free and

wibj_iy1 ifj>2i—1,i>1,

. (23)
0 otherwise,

qij =
where the sequence {b;} satisfies by > 0, b; > Ofor j > 2, and —b; = Zj#l bj > 0, and the

sequence {w;} satisfies wg = 0, w; > 0 fori > 1, and (without loss of generality) w; = 1.
Applying Theorem 4 immediately yields the following result.
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Corollary 5. For the extended branching q-matrix Q given by (23), the following statements
hold.

(i) Either M (Q) =0or N*(Q) = 1.
(i) MT(Q) =0ifand only if Y ;- | Ry = 00, where Ry = 1 and, forn > 1,

1 n
R, = 1 —mRm-1), 24
n b()wn—H < + Z Wi Tp4-2—m Lm 1) (24)

m=1
with ©e = 3324 bj, k > 2. In particular; if 3,2 | 1/wy = 00 then M (Q) = 0.

Remark 6. The latter sufficient condition, Z,fozl 1/w, = oo, is not very sharp, but it does
accommodate the ordinary Markov branching process, obtained on setting w, = n for all
n > 1. If Harris’s condition (Theorem 3.3.3(2) of [1]) fails, then there are infinitely many
QO-processes (including infinitely many honest ones). Corollary 5 establishes that there is only
one, namely the minimal Q-process, that satisfies the forward equations, and, hence, only one
that has the ‘branching property’ (Theorem 3.3.1(2) of [1]). When > 72, 1/w, < oo, the
situation is considerably more delicate, as our next theorem demonstrates.

Define the generating function of the sequence {b;} by B(s) = Z;"’;O b jsf . Recall that B is
a convex function on (0, 1] and, thus, has a smallest zero g € (0, 1] that satisfies ¢ = 1 if
B’(1) < 0and g < 1if B'(1) > 0. Furthermore, B(s) > 0 for all s € [0, g). Note that
B’(1) > 0 includes the important case B’(1) = oo. Henceforth, ¢ will always denote the
smallest zero of B on (0, 1].

Theorem 5. For the extended branching q-matrix Q with Y v 1/w, < 00, let W and w be,
respectively, the limit supremum and the limit infimum of »/w,1 as n — oo. The following
statements then hold.

(i) Supposethat B'(1) < 0. Ifw < 1then 9 (Q) = 0, while ifw > 1then T (Q) = 1. In
particular, iflim, oo Y/Wp11 = w exists then N (Q) equals 1 ifw > 1 and 0 ifw < 1.

(ii) Suppose that B'(1) > 0 (including B’ (1) = 00). If w < 1/q then M (Q) = 0, while if
w > 1/q then WH(Q) = 1. In particular, if lim,,_, oo /Wy 1 = w exists then NT(Q)
equals 1 ifw > 1/q and 0 if w < 1/q.

Proof. Let {R,} be as in Corollary 5 and let 7, = w4+ 1Ry, n > 1, and Ty = wi Ry =
Ry = 1. Define the generating function of {T,,} by T (s) = ZZO:O T,s". We will establish that
T () has radius of convergence g, that is, lim sup,,_, ., /7, = 1/q, by first proving that

1
limsup /T, > — (25)

n—o00 q

and 1
limsup /7, < — (26)

n—o0 q

If (25) is not true then the radius of convergence of 7 (s) is strictly greater than g. Hence,
there exists an ¢ > 0 such that 7'(s) < oo for all s € [0, ¢ + ¢), meaning that, in particular,
T (g) < oo. Now, it is readily established that 7 (s) B(s) = bo(1 —s) + s forall s € [0, g + ¢).
However, T (q) < oo and B(g) = 0, so by setting s = g we find that by(1 — g) + g = 0. This
is a contradiction, and, hence, (25) holds.
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Similarly, if (26) is not true, then the radius of convergence of T (s) is strictly less than g;
hence, there is an r € (0, ¢) with T (r) = co. However, this is impossible, for, as we will now
prove, T(s) < oo for all s € [0, g). We need only show that

k
sup Z T,s" < oo 27

for all s € [0, g). Using (24), we learn that, for any s € [0, g) and any k > 1,

k k
ZTnsnzizsn"' ZZTm 1 Tn+2— mS"
n=1 b() n=1 n=1m=1
1 k—n+2

k
= % sn + — Z Tp—15s™" -2 Z T 8"
< — b()(l—s) ZTm 18" 2Ztn

Howeyver, it is clear that

Zrn —ZZbks —bos—< )B(s)

n=2k=n

and, hence, that
k—1

B(s) Z Tus" < bo(1 —s) + 5.
n=0

Since s € [0, g), we have B(s) > 0 and, therefore,

k—1

ZTnsn - bo(1 —s)—i—s.
B(s)

n=0

The right-hand side of this inequality is certainly finite and does not depend on k. Thus, (27)
and, hence, (26) hold.

We have proved that lim sup,,_, ., YT, = 1/q. However, T, = w,4+1R, and, since both
{wy} and {R,} are nonnegative, we have

lim sup v/ R hm 1nf Ywpy1 < hm sup VT, < hm sup v/ Ry lim sup /w41

n—oo n—00
and, hence,

wlimsup /R, < — < wlimsup v/ R,. (28)

n—o00 n—o0

Now, if w < 1/q then the right-hand side of (28) implies that lim sup,,_, o +/R, > 1. Thus, the
radius of convergence of ) o2 | R,s" is strictly less than 1 and, therefore, > v | R, = co. If
w > 1/q then the left-hand side of (28) gives lim sup,_, o, +/R, < 1, implying that the radius
of convergence is strictly greater than 1 and, hence, that ) .~ R, < o0o. The result follows,
remembering that, for statement (i), ¢ = 1 when B’(1) < 0.
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As a direct consequence of Theorem 5, we obtain the following result, which settles the
question of uniqueness for a large class of extended branching process. Guided by the fact that,
for an ordinary Markov branching process, the ‘branching property’ holds only if its transition
function obeys the forward equations, we will say that a continuous-time Markov chain taking
values in N is an extended branching process if its g-matrix is of the form (23) and its transition
function satisfies the forward equations.

Theorem 6. For the g-matrix Q defined by (23), the following statements hold.

(1) If B'(1) < O then there is only one extended branching process, namely the minimal
Q-process. It is honest.

(i) If B'(1) > 0 and qw < 1, where w = limsup,,_, », &/Wy+1, then there is only one
extended branching process, namely the minimal Q-process. It is dishonest.

(iii) If B'(1) > Oand qw > 1, where w = liminf,_, o /W, 11, then there are infinitely many
extended branching processes, of which one is the minimal Q-process. Exactly one of
these is honest, but it is not the minimal Q-process.

(iv) In particular, if B'(1) > 0 and lim,,_, o (’/m = w exists, then if qw < 1, there is
only one extended branching process, which is the (dishonest) minimal Q-process, while
if qw > 1, there are infinitely many extended branching processes, one of which is the
minimal Q-process,; exactly one is honest, but it is not the minimal Q-process.

Proof. The proof of statement (i) can be found in [11]. The proofs of statement (ii) and
the first part of statement (iii) follow from Corollary 5. Statement (iii) follows directly from
Theorem 14.2.8 of [16]. Statement (iv) combines statements (ii) and (iii).

In many instances, we actually have w := lim, o &/w,+1 = 1. For example, for the
so-called generalized Markov branching process discussed in [5], we have w, = n?, where
6 > 0 and, hence, w = 1. Thus, statements (i) and (ii) of Theorem 6 allow us to deduce that
there is always a single generalized Markov branching process. It is the minimal Q-process,
whether or not Q is regular. On the other hand, it is easy to construct examples in which
statement (iii) applies. For example, if we set w, = (1/q + €)", where € > 0, then, recalling
that 0 < g < 1 because B'(1) > 0, we have w = 1/q + ¢ > 1/g. The resulting unique,
honest nonminimal extended branching process has many interesting properties, but we will
not pursue this here.

We conclude this section with the following result, the proof of which is very similar to that
of Theorem 4.

Theorem 7. If Q is a downwardly skip-free q-matrix, then it has a unique invariant measure,
that is, 1 Q = 0 has an essentially unique positive solution. This satisfies Y, m; < oo (and,
hence, Q admits a unique invariant probability measure) if and only if

00
Z R, < o0,
n=1

where Ry = R_1 = 1 and, forn > 1,

1 n 00
R"_ Z Z quRm—l-

dn+1,n =0 ke t1
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5. Quasi-regularity

In many situations, it is necessary to assume that the transition function in question satisfies
both the backward and the forward equations. For example, Karlin and McGregor’s integral
representation of the transition function of a birth—death process is valid only when it satisfies
both sets of equations (see, for example, Section 8.2 of [1]). Also, if @ is conservative (or, more
generally, if the set of nonconservative states is finite), then the minimal transition function is
the unique Q-process if and only if it uniquely satisfies both sets of equations (Corollary 3.13
of [8]). However, if the g-matrix is not regular, then there may exist honest transition functions
satisfying both. We are interested in determining when there is exactly one.

Definition 3. A conservative g-matrix Q is called quasi-regular if there exists exactly one
honest Q-process satisfying both the backward and the forward equations.

If Q is regular then it is quasi-regular, but the converse is not always true. It is therefore of
interest to find conditions under which a nonregular g-matrix is quasi-regular. Such conditions
were given in Chapter 14 of [16]. However, in many cases, and in particular for the model
discussed in the next section, it is more convenient to identify quasi-regularity by studying
certain restrictions of the g-matrix (such restrictions will usually be nonconservative).

Lemma 2. Suppose that Q is a conservative q-matrix over a countable state space E. Let
b € E and let Q* denote the restriction of Q to E \ {b}. Then the following statements
hold.

(1) Q is regular if and only if
I — Q% u(r) =0, u(r) elt, (29)

has only the trivial solution for some (and, thus, all) A > 0.

(ii) If Q is not regular then it is quasi-regular if and only if WH (Q*) = 1, that is,
YA — Q% =0, () elf, (30)

has one and only one linearly independent solution for some (and, thus, all) A > 0.

Lemma 2 can be proved using the resolvent decomposition theorem, refined in [6] and [7],
together with Theorem 14.2.8 of [16]. For brevity, we shall omit the details.

The role of Theorem 1 in identifying quasi-regularity will now be clear. Certainly, if Q* is
either upwardly or downwardly skip-free then we can, in principle, follow the programme laid
out in the previous sections. However, note that Q itself need not be skip-free. An interesting
class of Markov chain, which are neither upwardly skip-free nor downwardly skip-free, but
which can be treated using Lemma 2, are the ‘asymptotic birth—death processes’. These will
be studied in detail in the next section.

6. Asymptotic birth—death processes

Definition 4. A conservative g-matrix @ = (g;j, i, j € Ny) is called an asymptotic birth—
death q-matrix if there is a finite subset G of N for which the restriction of Q to N1 \ G,
denoted Q%, is a birth—death g-matrix. Each corresponding Q-process is called an asymprotic
birth—death process.
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For simplicity, we shall only consider the case G = {0}, but our conclusions hold, with
obvious modifications, when G is any finite subset. We may therefore assume that Q* =
(gij, i, j = 1) takes the form

a; ifj=i—1,i>2,
b; ifj=i+1,i>1,

W= @+ bi+dy ifj=i>1, GD
0 otherwise,

where @; > 0,b; > 0,and d; > 0, i > 1. Since @ is assumed to be conservative, we may
write the entries (g;0, { > 1) in terms of Q*.

The next two theorems provide a means of checking regularity and quasi-regularity for
asymptotic birth—death processes.

Theorem 8. For the nonconservative birth—-death q-matrix Q* given in (31), (29) has only the
trivial solution if and only if

R_:i<1+dn an(L+dn-1) | anap-1(1+dy2) = anan_l-~-a2(1+d1)>
. by bnbyp—1 bubp—1by—2 bpby—1---by

n=1

Proof. On substituting (31) into (29) we find that u(A) = (A + a1 + b1 +dy)u1(A)/b1 and

dn
up(A) — b_un—l()\)a n>2.

n

A b, +d,
Ung1 (M) = (M)

by
Hence, ua(A) —u1(A) = (A + a1 +d)u1(A) /by and

A+dy

n

a
Un+1(A) — up(A) = ( >un(/\) + b—"(un(?») —up—1(2)), n>2,
n
which is of the form (6) required by Theorem 1. If u#;(X) > O then u;(A) > 0 for all i and,
after evaluating {R,} using (8), we find that R (above) is equal to Zflo: | Ru. Thus, {u; (1)} is
bounded if and only if R < oo, and the result follows.

Observe that Reuter’s result, Lemma 1, is enough to prove Theorem 8. However, we certainly
need Theorem 1 to obtain conditions under which (30) has exactly one solution.

Theorem 9. For the nonconservative birth—death q-matrix Q* given in (31), (30) has only the
trivial solution if and only if S ==Y 22| S, = 00, where Sy = 0, S| = 1/ay, and

b d b
Suti =<“"“+ ntl ¥ ”*‘)sn— " St >l (32)
An+2 An+2

Furthermore, Wt (Q*) = 1 ifand only if Y °2 | Sy < o0.

n=1

Proof. Letn = (n;, i > 1) be any nonnegative solution of n(1)(AI — Q@*) = 0 correspond-
ing to A = 1. This satisfies (1 4+ a; 4+ b1 + d1)n1 = axn» and

(I +ap + by +d)ny = apt1Mns1 + bp—10p-1, n>2.
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Since n; = 0 implies that ,, = 0 for all » > 1, we shall assume that n; > 0. Then, setting
op=0and o, = er;:l nm for n > 1, we obtain

on +
An+1 An+1

On+1 — Op =

<(al + dy)(o1 — 00)

n—1
+ Z A (Om — Om—1) + (dy + by)(0n — Un—l))

m=2

for all » > 1, noting that o1 > o9 = 0. Hence, by Theorem 1, {0,} is bounded (that is,

> o < oo)ifandonly if Y o7 R, < 0o, where R| = rj and

dn + by
n—rn+z Ry + Ru—1, n>2,
an+1 an+1

with r, = (1 + a1 +d1)/an+1, n = 1. However, in view of Remark 2, ZZOII R, < oo if and
only if Y 02| S, < 0o, where S| = 1/as and

1
Sp = Z(dm + 8unb)Smo1,  n =2
An+1 an+1

(Here, &y, is the Kronecker delta.) In addition, it is easily shown that {S,,} satisfies (32) with
So = 0.

The final part follows because Q* is a birth—death g-matrix: (30) can have at most one
linearly independent solution. Therefore, M+ (Q*) = 1 when ) oo | S, < 0.

Remark 7. When d,, = 0, Theorems 8 and 9 reduce to the well-known results for birth—death
g-matrices, based on series commonly denoted R and S; see, for example, Theorems 3.2.2 and
3.2.3 of [1].

Theorems 8 and 9 and Lemma 2 combine to give the following simple result.

Corollary 6. Let Q be the asymptotic birth—death q-matrix over N whose restriction Q* is
determined by (31), and let R and S be the series defined in Theorems 8 and 9, respectively.
Then

(1) Q is regular if and only if R = oo, and
(ii) if Q is not regular then Q is quasi-regular if and only if § < oo.

Our final example illustrates all of these results. It has the simplifying feature that both
dn/a, and b, /a, do not depend on n.

Example 5. Suppose that @, = an?, b, = bn?, and d, = dn?, n > 1, wherea > 0, b > 0,
d > 0, and 0 is any real number. After a modicum of algebra we find that

w3 (E (32 ()"

n=1

So, by Corollary 6(i), Q is regular if and only if 6 < 1 ora > b.
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In order to evaluate S we set T, = a,+1S,, meaning that the recursion (32) can be written
more simply as

T, — —T,_1, n>1.

n

ap+1 + bn+1 + dn+1 by,
Thy1 = ni
n

Wethenobtain 7,41 = (1+b/a+d/a)T,—(b/a)T,—1, n = 1,withTy = 0and 71 = a2$1 = 1.
The characteristic polynomial of this difference equation has the two real zeros

a+b+d i\/(a—b)2+d2+2ad+2bd
2a 2a

(given by 3/2 + «/3/2 ifa = b = d > 0). Denoting these zeros by A; and XA,, we can see that
0 < A1 <1 < Ap. Thus, since Ty = 0 and 71 = 1, we obtain 7, = (A5 — A1)/ (A2 — A1),
n > 0. We deduce that
AL — AT
Sn = 2 ! 0’ n Z 1s
a(Ar —A)(n+1)

and, hence, that S = oco. Corollary 6(ii) allows us to conclude that if Q is not regular (that is,
6 > 1 and a < b), then Q is never quasi-regular.
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