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ABSTRACT. The present status of the Sun’s differential ro-
tation theories is reviewed. Attention is mainly focused
on mechanisms for differential rotation based on the ani-
gotropic viscosity concept and their modern develop ments
within the framework of the mean-field hydrodynamics.

The models with latitude-dependent heat transport and non-
axisymmetric numerical simulations are briefly discussed.

1. INTRODUCTION

Differential rotation of the Sun is a phenomenon known for
more than a century (Carrington, 1863). There exists the
so-called equatorial acceleration with a decrease in an-
gular velocity of global rotation with increasing latitude.
Extensive observational information on details of this la-
titudinal dependence and its variation with phase of a so-
lar cycle has been accumulated using both direct Doppler
measurements and observations of motions of various tra-
cers. Detailed discussions of these data may be found in
recent reviews by Howard (1984) and Schroter (1985).

The purpose of this article is to review the theory
of solar differential rotation. Theoretical efforts in
this area also have a long history and are stimulated by
its own interest and by the well-known relation to solar
magnetism. Unfortunately, the rapid increase of observati-
onal information and theoretical work did not serve to
choose between the known mechanisms for differential rota-
tion the most effective one. Relatively independent models
of solar rotation centered around different effects do
co-exist nowadays.

Nevertheless, there is almost complete agreement bet-
ween different approaches in appreciation of the fact that
a fundamental cause of the Sun s differential rotation is
the interaction between solar convection and rotation.
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The Rossby number for giant solar convection is smaller
than unity (Tyler, 1973; Durney and Latour, 1978), i.e.,
convection is strongly influenced by Coriolis forces. The
back reaction disturbs rotation and makes it differential.

In what follows we will consider mainly the anisotro-
pic viscosity models of differential rotation and their
modern develop ments made within the framework of the
mean-field hydrodynamics. The models with latitude-depen-
dent heat transport and non-axisymmetric simulations are
discussed more briefly. These approaches concentrate the
main theoretical efforts and dominant number of papers.
Nevertheless, strict volume limitations place some inte-
resting mechanisms for differential rotation beyond the
scope of this treatment. Wholly ignored are variations of
rotation over a solar cycle and torsional oscillations
where theory is only incipient.

2. AXISYMMETRIC THEORIES

The axisymmetric theories consider the steady mean flow
which possesses axial symmetry about the rotation axis.
Velocity V of this flow is a superposition of meridional

circulation V = [V (r, 8),V,(r,8),0] and rotation Vp=
=[0,0, ©(r, 8)r sin@] . (Here and below the usual spheri-

cal coordinates are used.) The full velocity v is the su-
perposition of global flow V and random convective veloci-
ty u with zero mean value: v = V + u, (<v>=V, ¢u>= 0,
The zonal component of the averaged equation of motion

dev (Prsind <w,u> + PrisnfeoV, )=0 M

is the basic equation of theories of dlfferential rotatlon.
BEq. (1) 1is contributed by Reynolds stress tensor Ry 15°

-up<uiuj>. We shall distinguish in the correlation Ti =
<uiuj>vthe dissipative (Dij) and non-dissipative (l‘ij)
parts

The tensor D1 is linear in spatial derivatives of angular
velocity and Jrepresents the contribution of eddy viscosi-
ties. We accept the simple expression for the tensor Dij:
= — -2 2

D, =-V (3;{/,97 + a&./a/: 56;.:1:;!) (3)
The simplifications connected with (3) are not essential
for the qualitative discussion to follow.

The term Jli~ in (2) represents nondissipative cont-

ributions which “Ydo not depend on spatial derivatives of
angular velocity. Eq. (1) now reads
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L (p)).5in%6 V0 ) = V. (prsine A,?/-) +
+ d (yrzs£n2og~vm ). (4)

The left-hand side of Eq. (4) describes viscouos damping
of rotational inhomogeneity. If (4) includes

only this term, the solution would be a rigid-body rotati-
on, Q = const, for any reasonable boundary conditions.

However, the difference from zero of the right-hand
side of (4) prevents such a rotation from being solution
of this equation. In other words, the right-hand side of
(4) displays the sources of differential rotation. Two
different terms represent two sources of a different nature.

First, convective motions can transport angular momen-
tum and create inhomogeneous rotation. The quantity p A,
in (4) is the nondissipative part of the j-th compo-
nent of convective flux f<uu,> of angular momentum.
Second, meridional circulation may also serve as a trans-
porter of angular momentum; the quantity JOW,Vm= LT siné
ngﬁ being the corresponding flux.

The steady meridional flow V_ satisfies the continuity
equation, div 0V = O, and can be Bharacterized by a single
stream function. The scalar equation for meridional circu-
lation can be obtained by taking the zonal component of
curl of the averaged equation of motion (Kippenhahn, 1963)

D (V) = rsin0 0%z + £ (7P vA), (5)

where 0/0z = cos@ 3/dr - (8in @ /r)d/?6 1is spatial deri-
vative along the axis of rotation, D(V_) signifies the
contribution of effective viscosities.

The right-hand side of (5) represents sources of
meridional circulation. There are two different sources
again. The first term is the nonpotential part of centri-
fugal force. The second one is brought about by nonpoten-
tial pressure force: -curl( VP/p) = (VPOx vp )/\pz .

The full system of equations comprises also equations
of state and energy transport. However, they are not need-
ed in the qualitative discussion to follow.

2.1 Models with anisotropic viscosity

Lebedinski (1941) was probably the first to note that ani-
gotropy in the velocity distribution of solar convection
should lead to differential rotation. The preferred direc-
tion of the anisotropy is singled out by gravity. Hence,
it is natural to assume that

(> = (> = s‘<u;>. y 8 £ 1.
Influence of the Coriolis force on the anisotropic convec-
tion gives rise to convective fluxes of angular momentum.
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Reynolds stresses for slowly rotating turbulent flu-
ids with radial anisotropy were derived by Wasiutinski
(1946) and Bierman (19513:

Rro =Py sine[roasor+20 (7-9)] (4
Row =PV Sin8 20/38

where Y. = 7°<u?) is the eddy viscosity ( 7 is a turnover
time of convedfive eddy). Eqs. (6) have been repeatedly
used to model solar differential rotation (Kippenhahn,
1963; Sakurai, 1966; Cocke, 1967; Kohler, 1970). Let us
consider the basic effects involved in these models.
Eqs (6) do not include meridional A -effect, i.e., App=0.
Hence, the neglect of meridional circulation in Eq.(4$ to-
gether with usually imposed boundary conditions of vanis-
hing stress, = 0, at the upper and lower boundaries of
convection zone would lead to purely radial inhomogeneity
of rotation. Hence, the equatorial acceleration can be ob-
tained only with meridional circulation included. Almost
all anisotropic viscosity models assume the adiabatic stra-
tification of convection zone (a very important assumpti-
on). The term vox vpL in Eq.(5) vanishes in this case.
The only cause of meridional flow which remainsg is the
nonpotential part of centrifugal force. It is certainly
different from zero for radially-inhomogeneous rotation
caused by radial A -effect. Therefore, meridional circula-
tion is unavoidable to occur. This circulation redistribu-
tes angular momentum and creates the latitudinal inhomoge-
neity of rotation.

The anisotropic viscosity models were capable of rep-
roducing the observed surface distribution of angular ve-

Fig.1. Meridional
circulation (4)
and isorotational
surfaces (B) typi-
cal of the anisot-
ropic viscosity
models.,

l
|
L
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|
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locity with the value of the anisotropy parameter s « 1,2,
The meridional circulation had a structure shown in
Fig.1A. The typical isorotational surfacea are shown in
Fig.1B. The angular velocity is nearly constant on cylin-
der surfaces co-axial with respect to the axis of rotati-
on. Such a distribution is brought about by largg values
of Taylor number for the Sun, T = 4ch"/\»sz3°10 .
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In other worda, turbulent viscosity is relatively small

and viscous drag cannot stabilize meridional circulation
on the level where it does not dominate in the process of
angular momentum transport. Under these conditions the cir-
culation is stabilized by exhausting their source. The non-
potential part of centrifugal force provides this source

in anisotropic viscosity models. The force is proportional
to the gpatial derivative of angular velocity along the
axis of rotation. Hence, the derivative should be small,
and we arive at the distribution of Fig.1B.

This result is the consequence of barytropic stratifi-
cation. The nonpotential part of centrifugal force can be
compensated for by viscous force only when vpxvP = O,
and the distribution of Fig.1B applies for the solar case
of large Taylor numbersindependently of the particular mo-
del accepted. Hence, the isorotational surfaces of the
type shown in Fig.1B indicate that curl {¥P/p>= O for ap-
proximations adopted.

Let us consider whether the assumption veoxvpe= 0 ap-
pliea for the Sun. The relative value of deviation from ba-
rytropy in a rotating convection zone cannot exceed the re-
lative deviation from adiabaticity of stratification which
is extremely small ( <10~ ) except for the thin (~1000 km)
surface layer (Baker and Tamesvary, 1966; Spruit, 1974;
Gough and Weiss, 1976). However, the centrifugal force for
the Sun is about five orders of magnitude smaller than the
force of pressure. Hence, the deviation from barytropy can
be neglected if only lvpo x v << 10" ° |up)ivp| » It is rat-
her questinable whether this neglect can be justified for
the Sun.

It is natural to anticipate that allowance for devia-
tions from barytropy should suppress meridional circulati-
on, Recent numerical simulations by Schmidt (1982) support
this point of view. Schmidt treated explicitly the pressu-~
re force in his anisotropic viscosity model. The meridi-
onal circulation was very slow and latitudinal inhomogene-
ity of rotation was very weak for Prandtl number unity and
reasonable boundary conditions of constant heat flux at the
bottom and black-body radiation at the top of convection
zone.

The anisotropic viscosity models are capable of rep-
roducing the observed equatorial acceleration but seem to
disagree with other observational data. The global equator-
ward meridional circulation on the surface of the Sun is
not observed (Duvall, 1979; LaBonte and Howard, 1982; Ho-
ward, 1984; Tuominen et al., 1983). The distribution of
Fig.1B seem to disagree with helioseismology data (Deubner
et al., 1979; Duvall et al., 1984,1986; Brown, 1985; Brown
end Morrow, 1987). On using Eqs (6) we find for the solar
surface

Ui, > 050 = —$Y.5n0c0s8 30./36< O .
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This contradicts the positive values of the covariance
<ugu,>co86 infered from sunspot statistics (Ward, 1965;
Gilman and Howard, 1984).

Nevertheleas, these models provide important insights
into the problem at hand, and comparison of their results
with observations show some promising directions of theo-
retical progress.

2.2. Mean-field hydrodynemics and differential rotation
theory

A natural way of refining the semi-~qualitative anisotropic
viscosity models seem to be the derivation of equations
for global flows from hydrodynamic equations. Such an ap-
proach requires these equations to be averaged over an en-~
semble of realizations of random convective motions and is
termed the mean-~field hydrodynamics.

It is necessary to know the properties of convection
to perform the averagings required. However, the problem
of highly nonlinear rotating solar convection iS s8till im-
possible to solve. Some properties of convection are again
assigned from qualitative consideretions. The interaction
between convection and rotation is of primary importance
for the differential rotation problem, For this reason
attemts have usually been made to describe the rotational-
ly-induced properties of convection in a most consistent
way. Other properties, not directly related to rotation,
are assumed given. Actually, two different turbulences
(convections) are considered. One, to be referred to as
"original turbulence", would take place in the presence of
real sources of turbulence but with no rotation present.
Properties of original turbulence do not explicitly depend
on rotation and are assumed to be given. The other one,
i.e., a8 real turbulence perturbed by rotation, will be
named "background turbulence". The properties of backgro-
und turbulence are derived from given properties of origi-
nal turbulence.

The usually used approximations lead to a linear re-

lation:
P []
ug= Bij(gz) ug

where u and u°® are velocities for background and original
turbulences, respectively; rotational influence is invol-
ved through the tensor B, . (Rudiger, 1977,1989).

The main advantage Jof the approach discussed here
as compared those of preceding Section is the possibility
of tak account of nonlinearities in the parameter W=
=270, . (Note that w > 1 holds for giant solar convecti-
on.) Various nonlinear derivations (Iroshnikov, 1966;
Rudiger, 1977, 1982; Vandakurov, 1982; Kichatinov, 1986,
1987) being different in details, lead to the same struc-

ture of the nondissipative part, Ajy s, of velocity covari-
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8:
e Ary = -Q-Yr[l{(Q)+ l;(a)ws"’o]smo, )
7
Aoy = QY H(Q)sin’0cosé

where V_, V,,and H are dimensionless functions.

cofiparison of (7) with (6) shows that allowance for
nonlinearities in lead to the appearance of meridional
AN-effect (A,,# O). This opens the possibility of establi-
shing agreement of the theories with the Ward profile.

In the rapid rotation limit ( w >>1), the A-effect
induced by convection anisotropy is proportional to w2
(Rudiger, 1983; Kichatinov, 1986). Hence, the anisotropy
of original convection is efficient in generating differen-
tial rotation only when w 1is of order unity or smaller.
It was found recently that not only anisotropy of convec-
tion but also inhomogeneity of convection zone can lead to
differential rotation (Kichatinov, 1987, 1988). Note that
A —effect induced by (density) inhomogeneity tends to a
constant value in the rapid rotation limit. Therefore, in
the case of rapid rotation ( w >>1) the inhomogeneity is
more effective in generating differential rotation as com-
pared with convection anisotropy. However, the relation of
the roles played by stratification and convection anisotro-
py in generating differential rotation of the Sun is still
uncertain,

The developements of differential rotation theory ma-
de within the framework of mean-field hydrodynamics seem
to be quite promising. Solutions of the equation for angu-~
lar velocity using the components (7) of the A-tensor were
found and requirements imposed by observational data upon
the functions V. , V, and H of Eqs (7) were determined
(Rudiger, 1989)% Ho&ever, it is still uncertain whether
these requirements can be met with an original turbulence
having realistic properties.

2,3. Models with latitude-dependent heat transport

The perturbation of convection by Coriolis forces depends
on latitude. For this reason, convective heat flux must
also be latitude-dependent. This fact was used by Weiss
(1965) and Durney and Roxburg (1971) to explain the diffe-
rential rotation of the Sun. Inhomogeneous heat flux pro-
duces latitudinal temperature inhomogeneity. The meridional
circulation arises under these conditions and drives dif-
ferential rotation.

The dependence of heat flux F_ on latitude was invol-
ved through the latitude dependence of the heat transport
coefficient Kc:

Fo= - K C (VD —VT,5), (8)
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K=kK(r)[1 + €£(r)Py(cos 8)] (9)
where VT -VTad is the superadiabatic temperature gradient,

Pgtis the Legendre polynomial and § is an adjustable para-
meteXr,

Early models required equator-to-pole temperature dif-
ferences of several tens of degrees for the observed equ-
atorial acceleration to be reproduced. However, the attem-
pts to measure the temperature difference between equator
and poles (Altrock and Canfield, 1972; Noyes et al., 1973;
Falciani et al.,, 1974) revealed a high degree of homogene-
ity of global temperature distribution with no differenti-
al temperature confidently detected. The upper bound of
about 5 K for the pole-equator temperature difference was
established.

The latest models (Belvedere and Paterno, 1977, Bel-
vedere et al., 1980) removed this contradiction. However,
unreasonably small Prandtl numbers were required to keep
the equator-to-pole temperature differences within obser-
vational constraints. These models were shown to be highly
dependent on the choice of boundary conditions and on whe-
ther cengrifugal forces are included or not (Moss and Vil-
hu, 1983 *

A combined model was considered by Pidatella et al.
(1986) which included both anisotropic viscosities and la-
titude-dependent heat transport (see also Schmidt, 1982),
This permits the comparison of the two mechanisms for dif-
ferential rotation. Anisotropic viscosities were found to
be more effective in generating differential rotation.

The important achkvement of the models with latitude-
dependent heat transport is the allowance for thermodyna-
mic properties of solar convection, which are mainly igno-
red by the anisotropic viscosity models. However, the re-
lations (8) and (9) are not satisfactorily substantiated.
More rigorous approaches (Durney and Spruit; 1979; Rudiger,
1982) show that in contrast to (9) the heat transport co-
efficient is a tensor for rotating convection. Moreover,
the heat conductivities are proportional to the intensity
of convection and therefore must be dependent on superadi-
abatic temperature gradient. In other words, the convecti-
ve heat transport is an essentially nonlinear process.

It is rather questiomable whether this process can be ade-
quately treated by traditional linear approaches.

3. NONAXISYMMETRIC MODELS

The nonaxisymmetric approaches try to simulate (numerical-
ly) the global flows on the Sun as well as the smaller-
scale three-dimensional convective motions using the fun-
damental hydrodynamic equations.In practice, however, some
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approximations of these equations are used because of
computers limitations.

Extensive nonaxisymmetric simulations in Boussinesq
approximation were carried out (see, e.g., review by Gil-
man, 1980). We shall not consider the results of the Bous-
sinesq models but shall proceed with discussion of probab-
ly more realistic recent simulations allowing for density
stratification of convection zone (Gilman and Miller, 1986;
Glatzmaier, 1984, 1985 a,b). These simulations start from
particular variant (Gilman and Glatzmaier, 1981) of anelas-
tic approximation (Ogura and Phillips, 1962; Gough, 1969)
of gas dynamics equations; Glatzmaier (1985a,b) take also
magnetic fields into account. Only giant-scale convection

n
=3
(=3

] Pige2. A comparison of observed

] (Howard and Harvey, 1970) differen~
7 tial rotation of solar photosphere
1 (solid) with the results of nonaxi-

{1 symmetric model by Gilman and Miller
~7 (1986)(broken). Linear velocities of
] rotation on the background of solid-
.7 1 body rotation (Q = 2.6 rad/s) are
1 shown.
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and global flows have been simulated explicitly. The con-
vective motions of smaller scales were parametrized by ef-
fective viscosities and conductivities.

The models by Glatzmaier (1984, 1985 a,b) and Gilman
and Miller (1986) though different in numerical methods
adopted yield essentially the same results. Quite satis-
factory agreement with the observed rotation of photosphe-
re has been found (Fig.2), except for high (A >70°) la-
titudes. The amplitudes of meridional circulation and equ-
ator-to-pole temperature differences were within observa-
tional constraints. Covariances of zonal and meridional ve-~
locities of simulated convection agreed with the Ward pro-
file.

However, the models discussed did not yield the inc-
rease of angular velocity with depth at high latitudes as
suggested by helioseismology. The isorotational surfaces
were nearly cylindrical (Fig.2B). As has been noticed in
Section 2.1, such isorotational surfaces suggest that

< Vvoxvpe>= 0 under approximations adopted.

The nonaxisymmetric models discussed here are probab-
ly the best-developed ones at this moment and agree quite
well with observations. Nevertheless, we may confidently
state that something important is missing in them because
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the toroidal magnetic field in Glatzmaier’s (1985a) model
migrated poleward in contrast to the observed equatorward
drift of sunspot activity. It is very temting to suggest
that this results from a nearly-cylindrical form of isoro-
tational surfaces.

4. CONCLUDING REMARKS

It seems to follow from the above discussion that the ques-
tion "whether we know basic mechanisms driving differential
rotation of the Sun?" should be answered "yes", but the qu-
estion "whether a reliable model for the solar rotation
exists which reproduces all relevant observational data?"
should be answered "no". This is because we are aware of
principal physical mechanisms but not of the details of
them,

The differential rotation can be produced by meridio-
nal circulation and Reynolds stresses. The meridional cir-
culation can be excited by pressure forces and centrifugel
forces. The desired nondissipative part of Reynolds stress-
es can be produced by two causes again: by anisotropy of
convective motions and by inhomogeneity of convection zone.
Any model of solar rotation faces the choice between one
or the other or both of these effects at each step of its
develop ment, It may be stated with relatively high confi-
dence that solar differential rotation is the result of
the above-mentioned effects, but it is not clear which of
them play a dominant role.
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