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A Note on Randers Metrics of Scalar Flag
Curvature

Bin Chen and Lili Zhao

Abstract. Some families of Randers metrics of scalar flag curvature are studied in this paper. Explicit

examples that are neither locally projectively flat nor of isotropic S-curvature are given. Certain Ran-

ders metrics with Einstein α are considered and proved to be complex. Three dimensional Randers

manifolds, with α having constant scalar curvature, are studied.

1 Introduction

The flag curvature is a natural extension of the Riemannian sectional curvature to

Finsler manifolds. The flag curvature on a Finsler manifold (M, F) is a function

K = K(x, y, P) depending on a base point x ∈ M, a two plane (flag) P ⊂ TxM, and a

flagpole y ∈ P\{0}. The metric F is said to be of scalar flag curvature if K = K(x, y)

is independent of P containing y ∈ TxM. It is well known that a Riemannian metric

is of scalar flag curvature if and only if it is of isotropic sectional curvature, and

the Schur lemma ensures the constancy when the dimension is at least 3. There are

many non-Riemannian Finsler metrics of scalar flag curvature whose flag curvature

are not necessarily isotropic. The study of Finsler metrics of scalar flag curvature is

an important project. Since each Finsler surface is of scalar flag curvature, all the

manifolds considered in this paper have dimensions greater than two.

A Randers metric on a manifold is a Finsler metric in the form F = α + β, where

α =
√

ai j(x)yi y j is a Riemannian metric and β = bi(x)yi is a 1-form on the mani-

fold with ‖β‖α < 1. Through a group of works, the classification of Randers metrics

of constant flag curvature was finished by the navigation description [1]. Recently,

the authors also studied Randers metrics of sectional flag curvature and proved that

they are in fact of constant flag curvature ([5]). The importance of Randers metrics

of scalar flag curvature can be recognized by [6], which proves that any negatively

curved Finsler metric of scalar flag curvature must be of Randers type. However, the

classification of Randers metrics of scalar flag curvature has not been done. Fortu-

nately, by studying the projective Weyl curvature, Shen and Yildrim ([7]) found a

system of PDEs that are sufficient and necessary for a Randers metric to be of scalar

flag curvature. They also completely determined Randers metrics of weakly isotropic

flag curvature by using S-curvature, which plays a special role in the classification of

Randers metrics of constant flag curvature.
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Locally projectively flat Finsler metrics form an important class of metrics of scalar

flag curvature. It is known that a Randers metric F = α+ β is locally projectively flat

if and only if α is locally projectively flat and β is closed. There are Randers metrics

of scalar flag curvature that are not locally projectively flat, but these examples are all

of constant S-curvature. There has been no explicit example of a Randers metric of

scalar flag curvature that is not locally projectively flat and not of isotropic S-curva-

ture, until we find the following in this paper.

Theorem 1.1 Let α be the Bergman metric on D = {x ∈ R
2n

= C
n : |x| < 1} with

constant holomorphic curvature −4, f =
1
2

ln(1 − |x|2) the potential of α, and J the

complex structure. Then for any nonzero number ǫ, the metric

F(x, y) = α(y) + d f (ǫy − Jy)

is a Randers metric of scalar flag curvature that is not locally projectively flat and not of

isotropic S-curvature.

In fact, we also have an abstract existence result of such metrics (see Lemma 2.6),

which indicates that the class of Randers metrics of scalar flag curvature is much

larger. It is interesting that α is Einstein in the above example. The following result

tells us it will never happen in the case of odd dimensions.

Theorem 1.2 Let (Mn, α + β) be a Randers space of scalar flag curvature. If α is

Einstein, then either α+β is locally projectively flat, or α is a Kähler metric with negative

constant holomorphic sectional curvature.

A more precise statement is given in Section 4, which classifies the case of Einstein

α. A more general condition is that α has constant scalar curvature. Bao and Shen’s

metric on the Lie group S
3 is such an example. In [3], Bejancu and Farran classified

certain Randers metrics by Sasakian structures. Motivated by their work, we have the

following theorem.

Theorem 1.3 Let (S
3, α + β) be a Randers sphere of scalar flag curvature. If α has

constant scalar curvature, then α + β is either locally projectively flat or projectively

equivalent to a Randers sphere form.

For a complete list, please see Theorem 5.2. Since projective equivalence is a closed

relation among the Finsler metrics of scalar curvature, the above theorem is a rigid

type result. We also remark here that projectively related Randers metrics have been

studied in [8].

2 Motivations

Randers spaces are Finsler spaces constructed from just two pieces of familiar data: a

Riemannian metric and a differential 1-form, both globally defined on an underlying

smooth manifold. They were introduced by Randers in 1941 in the context of general

relativity and play a prominent role in Ingarden’s study of electron optics.
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Let F = α+β =
√

aik(x)yi yk+bi(x)yi be a Randers metric, where a = aikdxi⊗dxk

is a Riemannian metric and b = bidxi is a 1-form. The covariant differential of b with

respect to a is denoted by ∇b = bi|kdxi ⊗ dxk. Let

rik =
1
2
(bi|k + bk|i), sik =

1
2
(bi|k − bk|i)

be the Lie derivative and the exterior differential of b respectively. Moreover, set

sk = bisik, tik = simsm
k, tk = bitik.

Here and from now on we use the Riemannian metric a to raise and lower the indices,

e.g., sm
k = amisik, etc.. The (2, 0)-Riemann curvature tensor of α is defined by aRik =

aR jikl y
j y l, where aR jikl is the (4, 0)-curvature tensor. In [7], a characterization of

Randers metrics to be of scalar flag curvature is given.

Theorem 2.1 Let F = α + β be a Randers metric on an n-dimensional manifold M.

F is of scalar flag curvature if and only if the Riemann curvature of α and the 1-form β

satisfy

aRik =

(

λ(x) − 1

n − 1
tm

m

)

(α2aik − yi yk) + α2tik + t00aik − tk0 yi − ti0 yk − 3si0sk0,

(2.1)

si j|k =
1

n − 1

(

aiksm
j|m − a jksm

i|m

)

,

(2.2)

where λ(x) is a function on M, and the index “0” means the contraction with yi , e.g.,

tk0 = tki yi .

Particularly, the Ricci curvature of α satisfies

(2.3) a Ricik = (n − 1)λaik + (n + 1)tik.

Moreover, the formula of the flag curvature of such a Randers metric is also obtained

in [7].

Our goal is to produce new examples that are not projectively flat or of constant

S-curvature. A natural idea is to disturb a projectively flat Randers metric, but the

following proposition rejects this idea.

Proposition 2.2 Let n ≥ 3 and F = α + β be a Randers metric, then any two of the

following conditions imply the other one:

(i) F is of scalar flag curvature;

(ii) α has constant sectional curvature;

(iii) β is closed.

Hence, any two of them imply F is projectively flat.
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Proof We will only prove that (i) and (ii) imply (iii). Assume aRik = µ(α2aik−yi yk),

then (2.3) implies

(2.4) 0 = (n − 1)(λ− µ)aik + (n + 1)tik.

Substituting (2.4) back into (2.1), we get

si0sk0 =
λ− µ

n + 1
(α2aik − yi yk).

Hence,

s0s0 =
λ− µ

n + 1
(‖b‖2α− β2).

Since n ≥ 3, we can choose y such that s0 = 0 = β. Then one can get λ = µ, tik = 0,

siksik
= 0.

This proposition force us to relax the curvature restriction on α in order to obtain

new examples. For instance, we may assume α has constant scalar curvature. Then

the relation between dβ and the scalar curvature Ra should be studied.

Lemma 2.3 Let F = α + β be a Randers metric of scalar flag curvature. Then

(2.5) −∇(trace t) = ∇‖s‖2
= −4

n
div(t),

where s = sikdxi ⊗ dxk, t = tikdxi ⊗ dxk.

Proof Applying (2.2), one can easily have

∇k‖s‖2
= 2si jsi j|k =

2

n − 1
si j
(

aiksm
j|m − a jksm

i|m

)

=
2

n − 1

(

s
j

k sm
j|m − si

ksm
i|m

)

= − 4

n − 1
sk js

jm

|m.

(2.6)

On the other hand,

sk js
jm

|m = (sk js
jm)|m − sk j|ms jm

= t m
k |m − 1

n − 1

(

akmsi
j|i − a jmsi

k|i

)

s jm

= t m
k |m − 1

n − 1
sm

j|ms
j
k,

which means

(2.7) t m
k |m =

n

n − 1
sk js

jm

|m.

Then (2.6) and (2.7) imply (2.5).
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Lemma 2.4 Let n ≥ 3 and F = α + β be a Randers metric of scalar flag curvature.

Then there is a constant C, such that

λ =
Ra + C

(n − 1)(n + 2)
, ‖s‖2

=
nC − 2Ra

(n + 1)(n + 2)
,

where Ra is the scalar curvature of a.

Proof Recalling the Ricci equation (2.3), the second Bianchi identity tells us

(2.8) 1
2
∇Ra = div(a Ric) = (n − 1)∇λ + (n + 1)div(t).

On the other hand, the trace of (2.3) gives

Ra = n(n − 1)λ− (n + 1)‖s‖2,

so

(2.9) ∇Ra = n(n − 1)∇λ− (n + 1)∇‖s‖2.

Using (2.5), (2.8), and (2.9), we reach

∇Ra = (n − 1)(n + 2)∇λ = − 1
2
(n + 1)(n + 2)∇‖s‖2,

which proves the lemma.

Corollary 2.5 Let n ≥ 3 and F = α + β be a Randers metric of scalar flag curvature.

If Ra = const, then either dβ ≡ 0 or dβ 6= 0.

This corollary implies that many cases must be trivial. In the next section, by using

Kähler metrics, a non-trivial example will be presented.

As an end to this section, let us give another way to produce Randers metrics that

are of scalar curvature, but neither projectively flat or of isotropic S-curvature. It is

clear that Ft = α + β + td f (y) is of scalar flag curvature if and only if F0 is, where f

is an arbitrary function on M. If F0 is not projectively flat in addition, then so is each

Ft . We try to find suitable data such that Ft is not of isotropic S-curvature.

Lemma 2.6 Let (M, α) be a Riemannian metric, and f be a function on M with

d f 6= 0 almost everywhere, and ∆ f 6= 0 at some point. Suppose

Ft = α + βt = α + β + td f (y)

are regular Randers metrics for t ∈ (−1, 1), then the subset

TS = {t : Ft does not have isotropic S-curvature}

is dense in (−1, 1).
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Proof If not, then there is an interval (p, q) such that all {Ft : p < t < q} have

isotropic S-curvature. Then we have a smooth function σ(x, t) such that

(2.10) r00(t) + 2s0(t)β(t) = σ(x, t)
(

α2 − β2(t)
)

.

It is easy to find

(2.11) bi(t) = bi + t fi , r00(t) = r00 + t f00, sik(t) = sik, s0(t) = s0 + t f isi0.

So, the t-derivatives of (2.10) in (p, q) will tell us

f00 + 2 f isi0β(t) + 2s0(t) f0 = σ ′(α2 − β2(t)) − 2σβ(t) f0,(2.12)

4 f isi0 f0 = σ ′ ′(α2 − β2(t)) − 4σ ′β(t) f0 − 2σ f0 f0.(2.13)

Hence, σ ′ ′(α2 − β2(t)) is divisible by f0, then σ ′ ′(x, t) = 0, and (2.13) becomes

(2.14) 4 f isi0 f0 = −4σ ′β(t) f0 − 2σ f0 f0.

Taking the t-derivative again, one can get σ ′ f0 f0 = 0. Since d f 6= 0 almost every-

where, we get σ ′(x, t) = 0. Substituting it into (2.14), we get 2 f isi0 f0 = −σ f0 f0.

Choose yi = fi , and we see that σ = 0 in fact. Now, (2.12) becomes

f00 + 2 f isi0(β + t f0) + 2(s0 + t f isi0) f0 = 0,

which is equivalent to

f00 + 2 f isi0β + 2s0 f0 = 0, f isi0 f0 = 0.

Hence,

f jk + f isi jbk + f isikb j + s j fk + sk f j = 0,

which leads to ∆ f = 0. This is a contradiction to the assumption on f .

Hence, putting F0 the metric given in [2], many Ft ’s are non-trivial, though we do

not know which t ’s are suitable. It is interesting to present explicit examples.

3 Disturbed Bergman Metrics

Let M be a complex manifold with the complex structure J = Ji
kdxk ⊗ ∂xi , and let

a = aikdxi ⊗ dxk be a Kähler metric on M. Then the Kähler form is

κ = κikdxi ⊗ dxk, κik := aim Jm
k = −akm Jm

i .

In other words, κ(X,Y ) := a(X, JY ).

Since a is Kählerian, the Kähler form is closed, i.e., dκ = 0. Then the Poincaré

lemma claims κ must be locally exact. Hence we can find some suitable 1-form β
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locally such that dβ = 2κ. Moreover, we can let ‖β‖ < 1 near a point x0 by letting

βx0
= 0. Now,

s = sikdxi ⊗ dxk
=

1
2
(bi|k − bk|i)dxi ⊗ dxk

= − 1
2
dβ,

where we use the identification ω ∧ η = ω ⊗ η − η ⊗ ω. Then we have

sik = −κik, tik = simsm
k = ai j J j

mδ
m
l Jl

k = −aik.

Noting that the Kähler form is parallel, ∇κ = 0, equation (2.2) holds automatically.

Then equation (2.1) becomes

aR0ik0 =

(

λ− n − 2

n − 1

)

(α2aik − yi yk) − 3κi0κk0;

equivalently,

(3.1) aR(Y,X,X,Y ) =
(

λ− n − 2

n − 1

)

[

a(Y,Y )a(X,X) − a2(X,Y )
]

− 3a2(X, JY ).

Setting λ = − 1
n−1

, it turns out to be an interesting equation:

aR(Y,X,X,Y ) = −
(

a(Y,Y )a(X,X) − a2(X,Y ) + 3a2(X, JY )
)

,

which is equivalent to saying a has constant holomorphic curvature −4.

Lemma 3.1 Let α be the Bergman metric with constant holomorphic curvature −4.

Let β be a local 1-form such that ‖β‖a < 1, dβ = 2κ. Then the Randers metric

F = α + β is of scalar flag curvature.

Since dβ 6= 0 and the sectional curvature of α is not constant, the above resulting

metric F = α + β is not projectively flat. Explicitly, let D = {z ∈ C
N : |z| < 1},

and {zA} the standard coordinate on D. The Bergman metric on D with constant

holomorphic curvature −4 is

h = hAB̄dzA ⊗ dz̄B, hAB̄ =
(1 − |z|2)δAB + zBz̄A

(1 − |z|2)2
.

One can easily find

(3.2) hAB̄
= (1 − |z|2)(δAB − zAz̄B).

The Kähler form of h is

κ = Im(h) =

√
−1

2
∂∂̄ ln(1 − |z|2) =

1

4
ddc ln(1 − |z|2),

where dc
=

√
−1(∂̄ − ∂). That means the Kähler form is globally exact. Put

f =
1
2

ln(1 − |z|2),
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and let

(3.3) a = Re(h), b = dc f .

It is clear that

dc f =

√
−1

2

(z̄AdzA − zAdz̄A)

(1 − |z|2)
, d f = −1

2

(z̄AdzA + zAdz̄A)

(1 − |z|2)
.

By (3.2) and (3.3), we see

‖b + ǫd f ‖2
= (1 + ǫ2)|z|2.

Finally, since f is the potential of h, ∆ f < 0. So we have the following proposition.

Proposition 3.2 Let a be the Bergman metric on D = {x ∈ R
2N : |x| < 1} with

constant holomorphic curvature −4, and f =
1
2

ln(1 − |x|2) be the potential of a. Then

for any ǫ, the metric

Fǫ(x, y) =
√

a(y, y) + dc f (y) + ǫd f (y), |x| < 1√
1 + ǫ2

is a regular Randers metric of scalar flag curvature that is not projectively flat. Moreover,

for suitable ǫ, the metric does not have isotropic S-curvature.

Next, we shall study which ǫ is suitable. One may easily find

bk = − Ji
k fi , sik = −κik = aks Js

i , sk = − fk, tik = −aik,

ak j = − 1
2
( fsi Js

k Ji
j + f jk), rik = − 1

2
( fsi Js

k + fsk Js
i ).

Then r00 + 2s0β = −∇2
y, Jy f + 2∇y f∇ Jy f . It is clear that the vectors in T1,0M and

TM are related by

v = vA∂zA =
1
2
(y −

√
−1 Jy), y = v + v̄, Jy =

√
−1(v − v̄).

Then

√
−1(r00 + 2s0β) = ∇2

v,v f −∇2
v̄,v̄ f − 2∇v f∇v f + 2∇v̄ f∇v̄ f .

The connection coefficients of the Bergman metric are

Γ
D
AC = hDB̄∂C hAB̄ =

z̄CδAD + z̄AδCD

1 − |z|2 .

The derivatives of f are

fA = − z̄A

2(1 − |z|2)
, ∂C∂A f = − z̄Az̄C

2(1 − |z|2)2
.
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Hence the Hessian of f is

fAC = ∂C∂A f − fDΓ
D
AC =

z̄Az̄C

2(1 − |z|2)2
= 2 fA fC .

Hence r00 + 2s0β = 0, which also means the S-curvature of F0 is zero. Now, let us

consider Fǫ. If it has isotropic S-curvature, then

r00(ǫ) + 2s0(ǫ)β(ǫ) = σ
(

α2 − β2(ǫ)
)

.

Noting f isi0 = β, si = − fi , and (2.11), we see

ǫ f00 − 2ǫ f 2
0 + 2ǫβ2 + 2ǫ2β f0 = σα2 − σβ2 − 2σǫβ f0 − σǫ2 f 2

0 .

Setting y → Jy, it turns to

ǫ f J0, J0 − 2ǫβ2 + 2ǫ f 2
0 − 2ǫ2 f0β = σα2 − σ f 2

0 + 2σǫ f0β − σǫ2β2.

Hence 2(σ + ǫ)α2
= σ(1 + ǫ2)(β2 + f 2

0 ). If n = 2N > 2, then we can choose y such

that β = f0 = 0, then ǫ(β2 + f 2
0 ) = 0. Finally, we get the following theorem.

Theorem 3.3 Let a be the Bergman metric on D = {x ∈ R
2N : |x| < 1}(N > 1)

with constant holomorphic curvature −4, f =
1
2

ln(1 − |x|2) be the potential of a, and

J be the complex structure. Then the metric

Fǫ(x, y) =
√

a(y, y) + d f (ǫy − Jy), ǫ 6= 0

is regular near the origin, is of scalar flag curvature, and is neither projectively flat nor

of isotropic S-curvature.

One can easily find that this is a nontrivial example satisfying Corollary 2.5. More-

over, α is Einstein in this example. This indicates that we should study the Randers

metrics with Einstein α that contain projectively flat Randers manifolds.

4 Einstein α

Lemma 4.1 If α is Einstein and n = 2m + 1, then α + β is projectively flat.

Proof By (2.3) we see

(4.1) Ra

n
aik = (n − 1)λaik + (n + 1)tik.

Note that in odd dimensions, the matrix (si j) is degenerate and hence det(ti j) = 0.

Then Ra = n(n − 1)λ and ti j = 0.

Lemma 4.2 If α is Einstein and α+β is not projectively flat, then α is an almost Her-

mitian metric and 1
µ

si
j∂i ⊗ dx j is the almost complex structure with suitable number µ.
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Proof Lemma 3.1 and (4.1) mean that si
msm

j = −µ2δi
j for some nonzero con-

stant µ. Then Ji
j =

1
µ

si
j is an almost complex structure. Since s is skew-

symmetric, we see a(X, JX) = 0. Then one can deduce a(X,Y ) = a( JX, JY ) from

a(X + JY, J(X + JY )) = 0. That means α is almost Hermitian with respect to J.

Lemma 4.3 J is integrable, and α is Kählerian.

Proof We only need to show ∇ J = 0, i.e., si j|k = 0, which is indeed implied by (2.6)

and (2.2).

Theorem 4.4 If α + β is of scalar flag curvature, α is Einstein and dβ 6= 0, then α

is a Kähler metric of constant holomorphic sectional curvature −4µ2, and − 1
2µ

dβ is the

Kähler form.

Proof By (3.1), one can get

(4.2) aR(Y,X,X,Y ) =

(

λ− n − 2

n − 1
µ2
)

[

a(Y,Y )a(X,X) − a2(X,Y )
]

− 3µ2a2(X, JY ).

Then

aR( JX,X,X, JX) =
(

λ− n − 2

n − 1
µ2 − 3µ2

)

a2(X,X),

which means the holomorphic curvature of a is λ − 4n−5
n−1

µ2. Hence the sectional

curvature must be

(4.3) aR(Y,X,X,Y ) =

1

4

(

λ− 4n − 5

n − 1
µ2
)

(

a(Y,Y )a(X,X) − a2(X,Y ) + 3a2(X, JY )
)

.

Combining (4.2) and (4.3), one can reach

(

λ +
1

n − 1
µ2
)(

a(Y,Y )a(X,X) − a2(X,Y ) − a2(X, JY )
)

= 0.

Then λ = − 1
n−1

µ2 since the dimension is greater than two. Finally, α has constant

holomorphic sectional curvature −4µ2.

This theorem implies that the examples in Proposition 3.2 are the most important

ones. Other examples can only be obtained by multiplying a positive constant and

adding a closed 1-form. Hence the classification of Einstein α is finished. The next

question is what will happen if α only has constant scalar curvature.
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5 Dimension Three

In dimension 3, the conformal Weyl tensor vanishes and the Ricci tensor uniquely de-

termines the Riemann curvature tensor. Then a Randers metric is of scalar curvature

if and only if it satisfies

(5.1) si j|k =
1
2

(

aiksm
j|m − a jksm

i|m

)

, a Ricik = 2λaik + 4tik.

Moreover, Lemma 2.4 gives

(5.2) λ =
Ra + C

10
, tm

m =
2Ra − 3C

20
,

where C is a constant.

Since sik is skew-symmetric, det(sik) = 0 in odd dimension. Hence we can find an

orthonomal basis {ei} such that s1k = 0, i.e.,

(5.3) (sik) =





0 0 0

0 0 µ

0 −µ 0



 (tik) =





0 0 0

0 −µ2 0

0 0 −µ2



 ,

where µ = µ(x) is a scalar function. By (5.2) and (5.3), we see that the second

equation of (5.1) is

(a Ricik) =
1

10





2Ra + 2C

4Ra −C

4Ra −C



 .

In order to consider the equation of sik, let us denote the dual frame of {ei} by {ωi}
and the Riemann connection of a by

∇ωi
= −ωk ⊗ ωi

k = −Γ
i
k jω

k ⊗ ω j , Γ
i
k j = −Γ

k
i j .

Since s = µω2 ⊗ ω3 − µω3 ⊗ ω2, we see

∇s = µiω
2 ⊗ ω3 ⊗ ωi − µiω

3 ⊗ ω2 ⊗ ωi − µΓ2
i jω

i ⊗ ω3 ⊗ ω j − µΓ3
i jω

2 ⊗ ωi ⊗ ω j

+ µΓ3
i jω

i ⊗ ω2 ⊗ ω j + µΓ2
i jω

3 ⊗ ωi ⊗ ω j .

Then the first equation of (5.1) is equivalent to the following table.

s12|3 = s13|2 = s23|1 = 0 s12|2 = s13|3 s21|1 = s23|3 s31|1 = s32|2

µΓ3
13 = µΓ2

12 = µ1 = 0 µΓ3
12 = −µΓ2

13 µΓ3
11 = −µ3 µΓ2

11 = −µ2

Lemma 5.1 Let (M3, α + β) be a Randers space of scalar curvature. If Ra = const

and µ 6= 0, then e1 is Killing, and dω and s are linearly dependent.
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Proof By Lemma 2.4, µ must be a nonzero constant. Then the above table tells us

〈∇e2
e1, e2〉 = 〈∇e3

e1, e3〉 = 0, 〈∇e2
e1, e3〉 = −〈∇e3

e1, e2〉 and ∇e1
e1 = 0, which are

equivalent to saying that e1 is a Killing field that is globally defined. The Bochner

technique tells us

|∇e1|2 = 1
2
∆|e1|2 + a Ric(e1, e1) = const,

then Γ
3
12 = −Γ

2
13 = const and dω1

= ωk ∧ ω1
k = 2Γ3

12ω
2 ∧ ω3, which ends the

proof.

If dω1
= 0, then e1 is parallel, and the de Rham decomposition tells us M =

R × N2. Moreover, s is the volume form of N up to a constant, and N must be of

constant Gaussian curvature. If dω1 6= 0, then (a, ω1, e1) is a K-contact structure,

and dβ = cdω1 for a constant c. Hence α + β is projectively related to α + cω1, and

the latter is also of scalar flag curvature. In addition, since ω1 is a Killing form with

unit norm, α + cω1 must have vanishing S-curvature, hence a result in [7] implies

α + cω1 has constant flag curvature. Consequently, we have the following theorem.

Theorem 5.2 Let (M3, F) be a Randers space of scalar curvature. If Ra = const, then

it must be one of the following:

(i) F is projectively flat.

(ii) (M, α) is locally isometric to R×N2, where N is a surface with constant curvature;

dβ is the volume form of N multiplied with a constant.

(iii) There exists a closed form ω such that F + ω has constant flag curvature and van-

ishing S-curvature.

By the main theorem in [3], we know that (α, ω1) must be a Sasakian space form

if M = S
3.

Corollary 5.3 Let (S
3, F) be a Randers sphere of scalar curvature. If Ra = const, then

it is projectively flat or projectively related to a Randers sphere form constructed from a

Sasakian space form.

Bao and Shen’s example only belongs to the latter case in the above corollary.

6 Sasakian Structures

In this section, we will say something about Sasakian structure. It can be considered

as a remark.

Let (M2m+1, α, β) be a Sasakian structure. Then β is a Killing form with unit

norm. Moreover,

(6.1) bi| j|k = aikb j − a jkbi , bi|kb j|la
kl
= ai j − bib j

Then si j = bi| j and sk j|k = 2mb j . Recall that Ricik = 2mλaik + (2m + 2)ǫ2tik; then

(6.1) means

Ricik = (2mλ− (2m + 2)ǫ2)aik + (2m + 2)ǫ2bibk.

Hence the Sasakian structure (α, β) is eta-Einstein with λ = 1.
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Proposition 6.1 Let (α, β) be a Sasakian structure. If the Randers metrics F = α +

ǫβ(−1 < ǫ < 1) is of scalar flag curvature, then (α, β) is eta-Einstein with

Ric =
(

2m − (2m + 2)ǫ2
)

a + (2m + 2)ǫ2β ⊗ β.

In dimension three, it is also sufficient.

Proposition 6.2 Let (M3, α, β) be a Sasakian structure. Then the Randers metric

F = α + ǫβ(−1 < ǫ < 1) is of scalar flag curvature if and only if (α, β) is eta-Einstein

with

Ric = (2 − 4ǫ2)a + 4ǫ2β ⊗ β.

Then D-homothety will tell us (see [4, Section 5]).

Corollary 6.3 Let M3 be a differentiable manifold. Then M admits a Sasakian–

Einstein metric if and only if it admits a Sasakian structure (α, β) such that F = α+ ǫβ

is of scalar curvature for some −1 < ǫ < 1.

The existence of Sasakian–Einstein metrics is a central problem in Sasakian geom-

etry. The above corollary relates it to the existence of certain Finsler metrics of scalar

flag curvature.
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