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A Note on Randers Metrics of Scalar Flag
Curvature

Bin Chen and Lili Zhao

Abstract. Some families of Randers metrics of scalar flag curvature are studied in this paper. Explicit
examples that are neither locally projectively flat nor of isotropic S-curvature are given. Certain Ran-
ders metrics with Einstein « are considered and proved to be complex. Three dimensional Randers
manifolds, with « having constant scalar curvature, are studied.

1 Introduction

The flag curvature is a natural extension of the Riemannian sectional curvature to
Finsler manifolds. The flag curvature on a Finsler manifold (M, F) is a function
K = K(x, y, P) depending on a base point x € M, a two plane (flag) P C T,M, and a
flagpole y € P\{0}. The metric F is said to be of scalar flag curvature if K = K(x, y)
is independent of P containing y € T, M. It is well known that a Riemannian metric
is of scalar flag curvature if and only if it is of isotropic sectional curvature, and
the Schur lemma ensures the constancy when the dimension is at least 3. There are
many non-Riemannian Finsler metrics of scalar flag curvature whose flag curvature
are not necessarily isotropic. The study of Finsler metrics of scalar flag curvature is
an important project. Since each Finsler surface is of scalar flag curvature, all the
manifolds considered in this paper have dimensions greater than two.

A Randers metric on a manifold is a Finsler metric in the form F = « + /3, where
a = \/ajj(x)y'y/ is a Riemannian metric and 3 = b;(x) y' is a 1-form on the mani-
fold with || 8]|o < 1. Through a group of works, the classification of Randers metrics
of constant flag curvature was finished by the navigation description [If]. Recently,
the authors also studied Randers metrics of sectional flag curvature and proved that
they are in fact of constant flag curvature ([5]). The importance of Randers metrics
of scalar flag curvature can be recognized by [[6], which proves that any negatively
curved Finsler metric of scalar flag curvature must be of Randers type. However, the
classification of Randers metrics of scalar flag curvature has not been done. Fortu-
nately, by studying the projective Weyl curvature, Shen and Yildrim ([7]) found a
system of PDEs that are sufficient and necessary for a Randers metric to be of scalar
flag curvature. They also completely determined Randers metrics of weakly isotropic
flag curvature by using S-curvature, which plays a special role in the classification of
Randers metrics of constant flag curvature.
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Locally projectively flat Finsler metrics form an important class of metrics of scalar
flag curvature. It is known that a Randers metric F = a + 3 is locally projectively flat
if and only if « is locally projectively flat and 3 is closed. There are Randers metrics
of scalar flag curvature that are not locally projectively flat, but these examples are all
of constant S-curvature. There has been no explicit example of a Randers metric of
scalar flag curvature that is not locally projectively flat and not of isotropic S-curva-
ture, until we find the following in this paper.

Theorem 1.1 Let o be the Bergman metricon D = {x € R*" = C" : |x| < 1} with
constant holomorphic curvature —4, f = 11n(1 — |x|?) the potential of o, and ] the
complex structure. Then for any nonzero number €, the metric

F(x,y) = a(y) +df(ey — Jy)

is a Randers metric of scalar flag curvature that is not locally projectively flat and not of
isotropic S-curvature.

In fact, we also have an abstract existence result of such metrics (see Lemma[2.6)),
which indicates that the class of Randers metrics of scalar flag curvature is much
larger. It is interesting that « is Einstein in the above example. The following result
tells us it will never happen in the case of odd dimensions.

Theorem 1.2 Let (M", v + [3) be a Randers space of scalar flag curvature. If « is
Einstein, then either o+ is locally projectively flat, or v is a Kihler metric with negative
constant holomorphic sectional curvature.

A more precise statement is given in Section[ which classifies the case of Einstein
a. A more general condition is that « has constant scalar curvature. Bao and Shen’s
metric on the Lie group $° is such an example. In [3]], Bejancu and Farran classified
certain Randers metrics by Sasakian structures. Motivated by their work, we have the
following theorem.

Theorem 1.3 Let (S°,a + ) be a Randers sphere of scalar flag curvature. If o has
constant scalar curvature, then o + f3 is either locally projectively flat or projectively
equivalent to a Randers sphere form.

For a complete list, please see Theorem[5.2] Since projective equivalence is a closed
relation among the Finsler metrics of scalar curvature, the above theorem is a rigid
type result. We also remark here that projectively related Randers metrics have been
studied in [8]].

2 Motivations

Randers spaces are Finsler spaces constructed from just two pieces of familiar data: a
Riemannian metric and a differential 1-form, both globally defined on an underlying
smooth manifold. They were introduced by Randers in 1941 in the context of general
relativity and play a prominent role in Ingarden’s study of electron optics.
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LetF = a+f8 = +/ aik(x)yiyk+bi(gc)yi be a Randers metric, where a = a;,dx’ @dxF
is a Riemannian metric and b = b;dx’ is a 1-form. The covariant differential of b with
respect to a is denoted by Vb = b;xdx’ @ dx*. Let

rik = 5 (big + bi),  sik = 3(bijk — byy)
be the Lie derivative and the exterior differential of b respectively. Moreover, set
sk =b'sik, ik = SimSy,  tk = U'tix.

Here and from now on we use the Riemannian metric a to raise and lower the indices,
eg,sh = ais;, etc.. The (2,0)-Riemann curvature tensor of « is defined by “R;; =
“Rj,-klyj !, where “Rjin is the (4, 0)-curvature tensor. In [7], a characterization of
Randers metrics to be of scalar flag curvature is given.

Theorem 2.1 Let F = o + [3 be a Randers metric on an n-dimensional manifold M.
F is of scalar flag curvature if and only if the Riemann curvature of « and the 1-form 3

satisfy

(2.1)

1
“Rit = (/\(x) - ﬁt”fn) (@®ai — yiyr) + Q’tig + too@ix — troyi — tio¥k — 3Si0Sko,

(2.2)
1
L — (”’iks"}|m - ﬂjks"ﬁm) )

where \(x) is a function on M, and the index “0” means the contraction with y', e.g.,
o = tiy'.

Particularly, the Ricci curvature of « satisfies
(2.3) “Ricjy = (n— DAajr + (n+ Dty

Moreover, the formula of the flag curvature of such a Randers metric is also obtained
in 7.

Our goal is to produce new examples that are not projectively flat or of constant
S-curvature. A natural idea is to disturb a projectively flat Randers metric, but the
following proposition rejects this idea.

Proposition 2.2 Letn > 3 and F = « + [ be a Randers metric, then any two of the
following conditions imply the other one:

(i)  Fis of scalar flag curvature;
(ii) « has constant sectional curvature;
(iii) S is closed.

Hence, any two of them imply F is projectively flat.
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Proof We will only prove that (i) and (ii) imply (iii). Assume “Ryx = p(cai— yiyi),
then (23] implies

(2.4) 0=(mn—1)\— /L)&l,‘k + (n+ Dtjy.
Substituting (2.4) back into (2.1]), we get

A—p

2
Siosko = (o aik — yiyk).

Hence,
A—p
N b 2. 32 .
sos0 = ~— ([l = 57
Since n > 3, we can choose y such that sy = 0 = 3. Then one can get A = p, tjx = 0,

S,‘ksik =0. |

This proposition force us to relax the curvature restriction on « in order to obtain
new examples. For instance, we may assume « has constant scalar curvature. Then
the relation between d/3 and the scalar curvature R, should be studied.

Lemma 2.3 Let F = « + 3 be a Randers metric of scalar flag curvature. Then
2 4
(2.5) —V(trace t) = V|s||* = —=div(),
n

where s = spdx’ @ dx*, t = tydx’ @ dxk.

Proof Applying (2Z.2)), one can easily have

. 2 ..
(2.6) VilslP = 257sijuc = ~="7 (@i = j65')

1
4
n—1

2 m

-1 (55 = $15) ==

M
SkJS |m*

On the other hand,
Jmo o gmy o gm _ .m L i d ) Jgm
SkjS \m = (k" N m = Skjlms"™ = G|, _l(akmsjli aJmSk|i)S
_m - m
_tk|m n715]|m5k7
which means

n .
(27) tkn‘qm = nfSk]‘SJT .

Then (2.8) and (2.7) imply Z.5). [ |
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Lemma 2.4 Letn > 3 and F = a + [3 be a Randers metric of scalar flag curvature.
Then there is a constant C, such that

R,+C nC — 2R,
A= |lsl* =

(n—1)(n+2)’ S (n+D(n+2)
where R, is the scalar curvature of a.

Proof Recalling the Ricci equation (2.3), the second Bianchi identity tells us
(2.8) 3VR, = div(“Ric) = (n — 1)V + (n + 1)div(z).
On the other hand, the trace of (2.3) gives
R, =n(n— DX — (n+1)]s|?,

S0
(2.9) VR, = n(n— 1)V — (n+ 1)V||s||*.
Using ([2.9)), (2.8), and ([2.9)), we reach

VR, =(n—1)(n+2)VA= —%(fl + 1) (n+2)V|s||%,

which proves the lemma. ]

Corollary 2.5 Letn > 3 and F = o+ [ be a Randers metric of scalar flag curvature.
IfR, = const, then either d5 = 0 or df # 0.

This corollary implies that many cases must be trivial. In the next section, by using
Kihler metrics, a non-trivial example will be presented.

As an end to this section, let us give another way to produce Randers metrics that
are of scalar curvature, but neither projectively flat or of isotropic S-curvature. It is
clear that F;, = oo + B + tdf(y) is of scalar flag curvature if and only if F, is, where f
is an arbitrary function on M. If F is not projectively flat in addition, then so is each
F;. We try to find suitable data such that F; is not of isotropic S-curvature.

Lemma 2.6 Let (M,«) be a Riemannian metric, and f be a function on M with
df # 0 almost everywhere, and A f # 0 at some point. Suppose

are regular Randers metrics for t € (—1, 1), then the subset
Ts = {t : F; does not have isotropic S-curvature}

is dense in (—1, 1).
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Proof If not, then there is an interval (p, q) such that all {F; : p < ¢ < g} have
isotropic S-curvature. Then we have a smooth function o (x, t) such that

(2.10) roo(t) + 250(t)B(t) = o(x, 1) (a® — B*(1)) .

It is easy to find

(2.11)  bi(t) =bi+tfi, roo(t) =roo+tfoo, sik(t) =sik, so(t) =50 +1f'sip.
So, the t-derivatives of (Z.10) in (p, q) will tell us

(2.12) foo + 2f's0B(1) + 250(0) fo = o' (a® — B*(1)) — 20B(t) fo,

(2.13) Afisiofy = o'/ (a® — BX(t)) — 40" B(t) fo — 20 fo fo-

Hence, 0/ (o — ($%(t)) is divisible by fy, then o”/(x,t) = 0, and (Z.I3) becomes
(2.14) Af'siofo = —40'B(t) fo — 20 fo fo-

Taking the t-derivative again, one can get o’ fo fo = 0. Since df # 0 almost every-

where, we get o/(x,t) = 0. Substituting it into (Z.I4), we get 2f'siofo = —0 fo fo-
Choose y; = f;, and we see that ¢ = 0 in fact. Now, becomes

foo +2f sio(B+1tfo) +2(so + tfisio) fo = 0,
which is equivalent to
foo +2f's08+250fo =0, fisiofo =0.
Hence,
fir+ fisijbi+ fisubj +5sjfi +sefj = 0,

which leads to A f = 0. This is a contradiction to the assumption on f. ]

Hence, putting F, the metric given in [2], many F;’s are non-trivial, though we do
not know which #’s are suitable. It is interesting to present explicit examples.

3 Disturbed Bergman Metrics

Let M be a complex manifold with the complex structure | = ],idxk ® Oy, and let
a = a;dx’ @ dxk be a Kdhler metric on M. Then the Kihler form is

K= ﬁikdxi ® dxk, Rik += ﬂim];:” = _akm]im~
In other words, k(X,Y) := a(X, JY).

Since a is Kéhlerian, the Kahler form is closed, i.e., ds = 0. Then the Poincaré
lemma claims x must be locally exact. Hence we can find some suitable 1-form
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locally such that df = 2k. Moreover, we can let ||3|| < 1 near a point x, by letting
By, = 0. Now,

s = spdx’ @ dx* = H(by — by)dx’ @ dxt = —1dp,
where we use the identification w A 7 = w ® n — n ® w. Then we have
Sik = —Kiky  tik = SimS'} = aij JL,07 T = —ai.

Noting that the Kéhler form is parallel, Vk = 0, equation (2.2)) holds automatically.
Then equation (2.1)) becomes

n—2

“Roiko = (A - ) (Pai — yiyr) — 3Kiokkos

n—1

equivalently,

(3.1) “R(Y,X,X,Y) = (/\ _ L_f) [a(Y, Y)a(X, X) — a*(X,Y)] — 3a*(X, JY).

Setting A = — ﬁ, it turns out to be an interesting equation:
R(Y,X,X,Y) = —(a(Y,Y)a(X,X) - a(X,Y) + 32 (X, JY)),

which is equivalent to saying a has constant holomorphic curvature —4.

Lemma 3.1 Let o be the Bergman metric with constant holomorphic curvature —4.
Let (3 be a local 1-form such that ||5||, < 1, dB = 2k. Then the Randers metric
F = « + B is of scalar flag curvature.

Since df3 # 0 and the sectional curvature of « is not constant, the above resulting
metric F = « + 3 is not projectively flat. Explicitly, let D = {z € CV : |z]| < 1},
and {z"} the standard coordinate on D. The Bergman metric on D with constant
holomorphic curvature —4 is

. (1— |Z|2)5AB + 2874

h - hABdZA ® dZB, hAB

(1 — |z]?)?
One can easily find
(32) WP = (1 — [2]*)(0ap — 2*2°).
The Kihler form of h is
v—1_.: 1
k =Im(h) = T@aln(l —lz*) = dec In(1 — |2]?),

where d° = \/—1(0 — 9). That means the Kahler form is globally exact. Put

f=zn(—1zP),
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and let
(3.3) a=Re(h), b=df.

It is clear that

VI (FAdA - Adz)
) 1—|z2)

By (B2) and (B.3)), we see

(e + )
2 (=)

&f f =

b+ edf]]* = (1+e)|z|
Finally, since f is the potential of i, A f < 0. So we have the following proposition.

Proposition 3.2 Let a be the Bergman metricon D = {x € R*N : |x| < 1} with
constant holomorphic curvature —4, and f = % In(1 — |x|?) be the potential of a. Then
for any €, the metric

c 1
F(x,y) = \a(y,y) +d'f(y) +edf(y), |x| < Nipws

is a regular Randers metric of scalar flag curvature that is not projectively flat. Moreover,
for suitable €, the metric does not have isotropic S-curvature.

Next, we shall study which e is suitable. One may easily find
be = —Tifi sik= —kik = @i, sk =—fi, tik = —aik,
aj = =5} S+ i), rie = —5(fali + fa ).

Then 199 + 2503 = =V, | f + 2V, fV, f. It is clear that the vectors in T"°M and
TM are related by

v:vAazA:%(y—le]y), y=v+79, Jy=+v—-1v—7).
Then
V=1(roo +2508) = Vi, f = Vi, f =2V, fV, f + 2V, f Vs f.
The connection coefficients of the Bergman metric are

3 Zap + 240,
FADC = hDBachAB = ?D_ EE =

The derivatives of f are

zA z7A7¢
2(1—7|Z|2), aCaAf == 72

fa=~— TESPE
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Hence the Hessian of f is

z4z¢
W=7 =2fafc.

_ _ D _
fac = 0cOsf — fol'ac 20

Hence ryy + 2598 = 0, which also means the S-curvature of F; is zero. Now, let us
consider F.. If it has isotropic S-curvature, then

roo(€) + 250(€)3(e) = o (a® — B*(e)) .
Noting f'sjy = 3, s; = — f;, and (Z.I1)), we see
€foo — 2(:‘]’02 +2eB* +26*Bfy = 0a* — 0% — 20€Bfy — aezfoz.
Setting y — Jy, it turns to
€fio.0 — 268>+ 2efy — 262 fof = 0o’ — o fy + 20¢foB — o B

Hence 2(0 + €)a? = o(1 + €*)(3* + f#). If n = 2N > 2, then we can choose y such
that B = fy = 0, then €(3* + f7) = 0. Finally, we get the following theorem.

Theorem 3.3 Let a be the Bergman metricon D = {x € R® : |x| < 1}(N > 1)
with constant holomorphic curvature —4, f = 11In(1 — |x|?) be the potential of a, and
] be the complex structure. Then the metric

F(x,y) = +aly,y) +df(ey — Jy),e #0

is regular near the origin, is of scalar flag curvature, and is neither projectively flat nor
of isotropic S-curvature.

One can easily find that this is a nontrivial example satisfying Corollary[Z.5] More-
over, « is Einstein in this example. This indicates that we should study the Randers
metrics with Einstein « that contain projectively flat Randers manifolds.

4 Einstein o

Lemma 4.1 If «is Einstein and n = 2m + 1, then o + 3 is projectively flat.

Proof By (2.3]) we see
(4.1) %aik = (n—1DAaj+ (n+ Dity.

Note that in odd dimensions, the matrix (s;;) is degenerate and hence det(t;;) = 0.
Then R, = n(n — 1)Aand t;; = 0. [ |

Lemma 4.2 If « is Einstein and o+ (3 is not projectively flat, then « is an almost Her-
mitian metric and l%s’ j0i ® dx is the almost complex structure with suitable number 1.

https://doi.org/10.4153/CMB-2011-092-1 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-2011-092-1

Randers Metrics of Scalar Flag Curvature 483

Proof Lemma [3.1] and (4.J) mean that s’ms"} = —/f&} for some nonzero con-

stant p. Then ]; = %si j is an almost complex structure. Since s is skew-
symmetric, we see a(X, JX) = 0. Then one can deduce a(X,Y) = a(JX, JY) from
a(X+ JY, J(X + JY)) = 0. That means « is almost Hermitian with respectto J. MW

Lemma 4.3 ] is integrable, and o is Kihlerian.

Proof We only need to show V] =0, i.e, s; ik =0, which is indeed implied by (2.6])
and (2.2). [ |

Theorem 4.4 If o + B is of scalar flag curvature, « is Einstein and df3 # 0, then o
is a Kahler metric of constant holomorphic sectional curvature —4yu?, and — ﬁdﬁ is the
Kiihler form.

Proof By (B.I)), one can get

(42) “R(Y,X,X,Y) =

(3 500) Lo 000 ) 2610 = 32, ).

Then

ROX XX, 100 = (A= 2220 = 32) (),

-1

which means the holomorphic curvature of a is A — #=2/,2. Hence the sectional

curvature must be

(4.3) °"R(Y,X,X,Y) =

| 4n—5
i </\ — %;ﬁ) (a(Y,Y)a(X, X) — a(X,Y) +3aX(X, JY)).

Combining (4.2) and (4.3)), one can reach

()\ - 1”2) (a(Y, Y)a(X,X) — ad(X,Y) — a(X, ]Y)) —0.

n—
Then A = fn—ll;ﬂ since the dimension is greater than two. Finally, o has constant
holomorphic sectional curvature —42. ]

This theorem implies that the examples in Proposition[3.2lare the most important
ones. Other examples can only be obtained by multiplying a positive constant and
adding a closed 1-form. Hence the classification of Einstein « is finished. The next
question is what will happen if & only has constant scalar curvature.
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5 Dimension Three

In dimension 3, the conformal Weyl tensor vanishes and the Ricci tensor uniquely de-
termines the Riemann curvature tensor. Then a Randers metric is of scalar curvature
if and only if it satisfies

(5.1) Sijlk = %(aiks”}‘m —ajs’y ) . “Riciy = 2Aa; + 4ty

ilm

Moreover, Lemma[2.4 gives

(5.2) A=

where C is a constant.
Since s;y is skew-symmetric, det(s;x) = 0 in odd dimension. Hence we can find an
orthonomal basis {e;} such that sz = 0, i.e.,

0 0 0 0 0 0
(5.3) (i) =10 0 tW) =0 —p* 0 |,
0 —pu 0 0 0 —u

where 1 = p(x) is a scalar function. By (52) and (5.3)), we see that the second
equation of (5.1)) is
2R, +2C
(“Ricj) = — 4R, - C

10 4R, —C

In order to consider the equation of s;, let us denote the dual frame of {¢;} by {w'}
and the Riemann connection of a by

Vo' = —wk® wh = fI‘};]-wk ® w, }'(j = fFf»‘j.
Since s = pw? @ W — uw® ® w?, we see
Vs = piw* @w? @w' — piw’ @ w? @ w' — uffjwi Qw @wl — uFf'jw2 Ruw Quw’
+ uffjwi QW Qw + uFf]-w3 Qw @ w'.

Then the first equation of (5.1)) is equivalent to the following table.

Sia3 = S132 = Sp31 =0 S12]2 = S13)3 211 = S523|3 S31]1 = 5322

ply = plh = =0 | plfy = —plly | plf = —ps | pI% = —

Lemma 5.1 Let (M>, «+ [3) be a Randers space of scalar curvature. If R, = const
and u # 0, then e, is Killing, and dw and s are linearly dependent.
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Proof By Lemma[2.4) 1+ must be a nonzero constant. Then the above table tells us
(Veer,e) = (Veer,e3) =0, (Veer,e3) = —(Ver,e) and V, e; = 0, which are
equivalent to saying that e; is a Killing field that is globally defined. The Bochner
technique tells us

|Vel|* = %A\el|2 + “Ric(ey, e;) = const,

then I}, = —I'?; = const and dw' = wf A w] = 2I'},w? A w?, which ends the
proof. ]

If dw' = 0, then e is parallel, and the de Rham decomposition tells us M =
R x N2. Moreover, s is the volume form of N up to a constant, and N must be of
constant Gaussian curvature. If dw! # 0, then (a,w', e;) is a K-contact structure,
and df = cdw! for a constant c. Hence « + {3 is projectively related to « + cw!, and
the latter is also of scalar flag curvature. In addition, since w! is a Killing form with
unit norm, « + cw! must have vanishing S-curvature, hence a result in [7] implies
a + cw'! has constant flag curvature. Consequently, we have the following theorem.

Theorem 5.2 Let (M?, F) be a Randers space of scalar curvature. If R, = const, then

it must be one of the following:

(i)  Fis projectively flat.

(i) (M, «) is locally isometric to R x N, where N is a surface with constant curvature;
dp is the volume form of N multiplied with a constant.

(iii) There exists a closed form w such that F + w has constant flag curvature and van-
ishing S-curvature.

By the main theorem in [3], we know that (o, w!) must be a Sasakian space form
ifM =S

Corollary 5.3 Let(S®, F) be a Randers sphere of scalar curvature. IfR, = const, then
it is projectively flat or projectively related to a Randers sphere form constructed from a
Sasakian space form.

Bao and Shen’s example only belongs to the latter case in the above corollary.

6 Sasakian Structures

In this section, we will say something about Sasakian structure. It can be considered
as a remark.

Let (M?>™*! o, 3) be a Sasakian structure. Then 3 is a Killing form with unit
norm. Moreover,

(6.1) bijji = aixbj — ajbi,  bipbja = a;; — bib;

Then s;; = b
(6.1) means

i|j and sgjjx = 2mb;. Recall that Ricjy = 2mAay + (2m + 2)e*tiy; then

Ricik = 2mA\ — 2m + 2)e)ay + 2m + 2)e>b;by.

Hence the Sasakian structure («, 3) is eta-Einstein with A = 1.
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Proposition 6.1 Let («a, 3) be a Sasakian structure. If the Randers metrics F = o +
ef(—1 < € < 1) is of scalar flag curvature, then («, 3) is eta-Einstein with

Ric = (2m — 2m+2)€*) a+ 2m +2)e’ B ® .

In dimension three, it is also sufficient.

Proposition 6.2 Let (M°,«, 3) be a Sasakian structure. Then the Randers metric
F=a+eB(—1 < € < 1) is of scalar flag curvature if and only if (c, 3) is eta-Einstein
with

Ric = (2 — 4€®)a + 4€’ S @ B.

Then D-homothety will tell us (see [4} Section 5]).

Corollary 6.3 Let M be a differentiable manifold. Then M admits a Sasakian—
Einstein metric if and only if it admits a Sasakian structure (o, §) such that F = a+¢f3
is of scalar curvature for some —1 < e < 1.

The existence of Sasakian—Einstein metrics is a central problem in Sasakian geom-
etry. The above corollary relates it to the existence of certain Finsler metrics of scalar
flag curvature.
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