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Abstract. The role in the Conley index of mappings between flows is considered. A
class of maps is introduced which induce maps on the index level. With the addition
of such maps to the theory, the homology Conley index becomes a homology theory.
Using this structure, an analogue of the Lefschetz theorem is proved for the Conley
index. This gives a new condition for detecting fixed points of flows, extending the
classical Euler characteristic condition.

0. Introduction

The techniques of algebraic topology have long been useful in the study of dynamical
systems. Two classical results are the Lefschetz-Hopf fixed-point theorem and the
Morse inequalities. The Lefschetz theorem has as a corollary a condition for the
existence of fixed points of a flow on a compact polyhedron X. Namely, if the Euler
characteristic y(X)#0, then every flow on X has a fixed point. The Morse
inequalities (among other things) strengthen this result for gradient-like flows on
X, relating x(X) to the number of fixed points.

The Conley index theory generalizes Morse theory in two ways: it generalizes
hyperbolic critical points to isolated invariant sets; and it greatly weakens the
conditions on the flow needed for the index to be defined. The Conley index is the
homotopy type of a pointed space N/ N,, where (N, N,) is an index pair for S in
X: a compact pair chosen to capture the behaviour of the flow about S in X. The
homology of N/N, then defines the homology Conley index, denoted here by
CH,(X; S). With the Poincaré polynomials of these homology groups replacing
the Morse indices of hyperbolic critical points, the Morse inequality remains valid
[2]. This and the other uses of the homology index ([1],[4]-[8]) have made it a
powerful topological tool for dynamical systems.

This work seeks to further strengthen the Conley index theory by introducing to
it mappings between flows. A class of maps, called flow maps, is defined and shown
to induce maps between Conley indices and between homology Conley indices.
This enables invariant sets in different flows to be compared in the Conley index
theory. In particular, with the addition of flow maps to the theory, we can define
a category of isolated invariant sets on which the Conley index is a functor and the
homology Conley index is a homology theory. This greatly increases the range of
homological methods available to the index theory, and generates analogues of
many of the standard theorems of homology.

One of these is a generalization of the Lefschetz fixed-point theorem. In some
cases, a flow map which is also a self-map on an isolated invariant set S induces a
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self-map on the homology Conley index of S. Using this homology in place of the
singular homology of S, and ANR hypotheses on index pairs replacing the ANR
hypothesis on S, we can define a generalization of the Lefschetz number, called the
Conley-Lefschetz number. The generalization of the Lefschetz theorem (theorem
5.7) is that if the Conley-Lefschetz number of a map is non-zero, then a certain
family of maps homotopic to it all have fixed points in S. In particular, the
Conley-Lefschetz number of the identity (the Conley-Euler number of S) detects
fixed points of the flow on S.

In § 1 the definitions and notation of the Conley index are reviewed. In § 2 we
introduce mappings between flows and consider how the objects in the index theory
transform under them. These maps are used in § 3 to define a cateogry $& of isolated
sets. The Conley index is shown to be a functor, and the homology Conley index
a homology functor, on this category. In §§ 4 and 5 we record some of the results
made available by this formalism. Specifically, analogues of the Mayer- Vietoris and
Kiinneth theorems are proved in § 4, and an analogue of the Lefschetz theorem is
proved in § 5. This is used to show that, under mild hypotheses, if the Euler
characteristic of CH,(X; S) is non-zero, then S contains fixed points of the flow.
A relative version of the theorem and continuation properties of the theorem are
proved. The interaction between mappings and Morse decompositions is not dis-
cussed here, but will be examined in [9].

1. Definitions and notation
We will use the formulation and notation of the Conley index found in Salamon
([12]). We will work only with locally compact metric flows: a locally compact
metric space X with a continuous action ¢ : X X R > X. We will generally not display
the action, writing x - ¢ for ¢,(x).
Definition 1.1. If X is a flow, U < X, the maximal invariant set in U is I(U)=
{xe X|x-Rc U}. Aset Sc X is an isolated invariant set if there exists a compact
neighbourhood N of S in X such that S is the maximal invariant set of N. N is
then an isolating neighbourhood for S.

For closed U, I(U) is closed. In particular, the definition requires an isolated
invariant set to be compact.
Definition 1.2. Let S< X be an isolated invariant set. An index pair for S in X is a
compact pair (N,, N,) such that

(i) clx (N;\N,) is an isolating neighbourhood for S in X,

(ii) if x € Ng, t>0 with x- [0, t}< N,, then x- [0, t]= N;

(iii) if x € N, so that x- R* ¢ N,, then there exists a =0 such that x: [0, t]< N,
and x-te N,.

Property (ii) is referred to as positive invariance of N, in N,; property (iii) is
referred to by saying that N, is an exit set for N,.
THEOREM 1.3 ([12], theorem 4.3). If N is an isolating neighbourhood for S in X, then
there exists an index pair (N,, Ny) for S in X with N,c N and both N, and N,
positively invariant in N.
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It is useful in topology to be able to work with neighbourhood deformation retract
(NDR) pairs ({3], [13]). Towards this end, Salamon introduces in [12] the idea of
a regular index pair, defined as follows. For any index pair (N, N,), define the
‘exit-time’ map 7.: N, [0, ©] by

{sup{t>0|x [0, 1= N\ Ny} if xe N;\ N,

7.(x)=
( ) ifxe No.

(N,, N,) is said to be a regular index pair if 7, is continuous. A regular index pair
is then an NDR pair, with the neighbourhood of N, retracting to N, along flow
lines. Salamon proves the following:

LEMMA 1.4 ([12], lemma 5.2). If (N,, N,) is an index pair such that, for every x € N,
and every t =0, x- [0, t]Z clx (N;\Ny), then (N,, Ny) is a regular index pair.

LEMMA 1.5 ([12], lemma 5.3). If (N,, N,) is an index pair for S in X, there exists a
compact M such that Noc M < N, and (N,, M) is an mdex pair which satisfies the
hypothesis of 1.4.

If (N,, Ny) is an index pair satisfying the hypothesis of 1.4, then (N,, No) =
(cl, (N\\N,), Nyncl, (N,\N,)) is also an index pair, with =, continuous and
7.(x)=sup {t=0]x- [0, t]c N/]}. As X is a two-sided flow, we can make a similar
construction for S as an isolated invariant set in the reverse flow (the ‘exit-time’
map is now an ‘entrance-time’ map and is denoted 7_). In fact, we can construct
such index pairs for the forward and reverse flows simultaneously. Namely:

THEOREM 1.6. If S is an isolated invariant set in a (two-sided) flow, then there exists
an isolating neighbourhood N and compact Ny, N°< axN so that
(i) (N, N,) is an index pair for S in the forward flow with 7. continuous and
7.(x)=sup {t=0|x-[0, 1] N};
(ii) (N, N°) is an index pair for S in the reverse flow with 7_ continuous and
Cr.(x)=inf{tr=0|x-[t,0]<c N}.

Proof. Take an index pair (1\7, 1\70) satisfying (i) (which exists from the discussion
above). Let (M, M°) be an index pair for S in the reverse flow so that (M, M°) is
negatlvely invariant relative to N. From Salamon’s construction ([12], lemma 4.2),
M can be chosen to be a neighbourhood of M~ (N) {xe N|x R*< N} in N so
that P={xe N|3r=<0 with x-[£,0]c N and x-teax(M)} is compact. Let
M=Pucly (M\M°).

(i) N is invariant relative to cly (N\M°).
Pf. P is by construction positively invariant in 1\7, and an orbit in clx (1\;1\]\710) can
only exit cly (]5! \1\71 % if it enters P, so M is positively invariant. Stmilarly,
clyx (M\M?°) is negatively invariant in clx (N\M®) (as M and M"° are both nega-
tively invariant in N), and orbits in P can only exit P in backwards time if they
enter M or M° so M is negatively invariant.

(ii) (M, M°) is an index pair for S in the reverse flow.
Pf. (M, M°) is formed by attaching P to (M, M°). M\M°c M\M°< N, so
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clx (M\Mo) is an isolating neighbourhood for S in X. From the discussion above,
M, is a negatively invariant exit set for the reverse flow.

(iii) Choose an M°< M°c M so that (M, M°) satisfies the hypothesis of 1.4. Let
N =cly (M\M®), N,=Nyn N, N°=M°~ N. By construction, (N, N°) satisfies
(ii). (N, N,) is the intersection of (N, N,) with a compact set positively invariant
relative to N. Such an intersection changes none of the properties required in (i);
(N, N,) satisfies (i). O

If S is isolated in X, the collection of index pairs (N, N,) which admit an N° so
that N, N, and N? satisfy 1.6(i), (ii) will be denoted #(X; S). Let AN (X; S) =
{(N, No)e ¥(X; S)| N/ N, is an absolute neighbourhood retract (ANR; cf.[3],
[13])}. The construction of index pairs in [11] shows that #N(X; S) is non-empty
when X is a manifold.

Index pairs are used to define the Conley index, which has the structure of a
connected simple system.

Definition 1.7. A connected simple system is a collection I, of pointed spaces along
with a collection I,, of homotopy classes of maps between these such that

(i) hom (X, Y)={[f1e[X, Y]|[f1€ I.} consists of a single element for every
X, Yel,;

(i) if X,Y,Zel, and [fljehom(X,Y), [glehom (Y,Z), then [geof]e
hom (X, Z2);

(iii) hom (X, X)={[idx ]} for every X € I,.

A morphism ®:(1,, I,,)-> (Jy, J,,) of connected simple systems is a collection of
homotopy classes of maps between spaces in I, and spaces in J, such that

(iv) for every X € I, and Y € J, the set ®(X, Y)={[¢]e[X, Y]|[¢]€ ®} consists
of a single element;

(v) if X,Xel, and Y,YelJ, and if [e]e[X, Y], [flehom (X, X), [gle
hom (Y, Y), then [ge@ofle CD(X, Y).

Remarks. (i) Within a single connected simple system, the requirements on the
morphisms force them to be homotopy equivalences.

(ii) If X € I, and Y € J,, any homotopy class of maps [¢]e[X, Y] generates a
morphism between connected simple systems.

(iii) While each connected simple system forms a category, we also have a category
6FY whose objects are connected simple systems and whose morphisms are as in
the definition.

We obtain pointed spaces from index pairs by taking quotient spaces N/ N,. The
point ]CIO corresponding to N, is a distinguished point, so the pointed space is
written as (N/ N,, IQO) or ( N/ N,, *). These pointed spaces will be the objects in a
connected simple system. We obtain the morphisms hom (N,/N,q, Ng/ Ngo) as
follows. If (N, N,) is an index pair for S in X, T=0, let (N\Ny)' =
{xe X|x-[-T, T]< N\N,}.

Lemma 1.8 ([12], lemma 4.7). Let (N,, N,o) and (Ng, Ngo) be index pairs for S in
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X. There exists a T =0 such that (N,\N.,,)" < N\ Ngo and (Ng\Ngo)" € N,\ N,o.
Further, for every t=T, the map ¢.5: N,/ N,o—> Ng/ N, defined by

[x-3t] if x-[0,21]< N,\N,o, X [1,3t]< Ng\Ngo
[ Ngol otherwise

<pr([X])={

is continuous.

Definition 1.9. If S is an isolated invariant set in X, the Conley index of S in X is
the connected simple system I(X; S) whose objects are I,={N/N,|(N, N,) is an
index pair for S in X} and whose morphisms are [@.g]:[ N,/ Nyl > [NB/I\?,;O].

THEOREM 1.10 ([12], theorem 4.10). The Conley index is a connected simple system.

That is, the quotient spaces formed from index pairs all have the same homotopy
type, with the maps ¢' providing the homotopy equivalences. A simpler form of
the index, in which only the homotopy type of the index pairs is recorded, is the
homotopy index h(S) =[N/ N,, *] (cf.[1], Ch.I1I, § 5).

2. Mappings in the Conley index

In the existing theory, morphisms in €4 are used only in continuation, and appear
there only as isomorphisms—morphisms between connected simple systems with
the same homotopy types and the same homotopy classes of maps. To extend to
more general morphisms, and so make the Conley index functional, we introduce
flow maps.

Definition 2.1. Let X and Y be flows. A flow map is a proper continuous function
f:X - Y which is equivariant with respect to the R-actions on X and Y (i.e. for
every xe X, teR, f(x-t)=f(x)-t).

Examples of flow maps include:

(i) The inclusion i: A- X of a closed invariant (under the flow) subset of X.

(ii) If G is a compact group acting on a flow X, then multiplication by ge G
and the quotient map 7 : X » X/ G are flow maps, where X/ G is the G-orbit space.

(iii) In[1], Conley shows that any flow has a strongly gradient-like quotient flow,
obtained by collapsing components of the chain recurrent set to points. If each
component is compact, then this quotient map is a flow map.

THEOREM 2.2. Let f: X > Y be a flow map, S< Y an isolated invariant set with
isolating neighbourhood N and (regular) index pair (N,, N,). Then f~'(S) is an
isolated invariant set with isolating neighbourhood f ~'(N) and (regular) index pair
(STIND, fT(No)).
Proof. Invariance under the flow is preserved by pull-backs, so f ~'(S) is invariant.
Further, if x-R< f'(N), then f(x)-R=f(x-R)= N and f(x)< I(N)=S. The
map f is proper, so f '(N) is compact, and so is an isolating neighbourhood for
isolated invariant set £ ~'(S).

Likewise, cly(N,\N,) 1is an isolating neighbourhood for S, so
clx (f THUNO\S H(No)) =f""(cly (N;\N,)) is an isolating neighbourhood for
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f7(8). Positive invariance is also preserved by pull-backs, so f "'(N,) is positively
invariant in f7'(N,). If xe f~'(N,) so that x- R* & f~'(N,), then f(x)< N, with
f(x)-R& N,. There is then a =0 so that f(x) - t€ N, and f(x) - [0, t]= N,. That
is, x- te f7(N,) and x- [0, t]< f'(N,), and f'(N,) is an exit set for f '(N,).
Finally, if (N;, N,) is a regular index pair, then the exit-time map 7,.: N, >R is
continuous. But 7, o f: £ "'(N,) > R is then the exit-time map for (f ~'(N,), f ' (No)),
and so it is a regular index pair also. O

Definition 2.3. Suppose f: X - Y is flow map, S = Y is an isolated invariant set and
(N1, Ny) is an index pair for S in Y. Then h(f): h(f~'(S)) - h(S) is the homotopy
class [f1:[f'(N)/f 7 (No)]1> [N/ No] and I(f):I(X;f7'(8))>I(X; S) is the
morphism of connected simple systems induced by h(f).

PROPOSITION 2.4. I(f) is a morphism of connected simple systems.

Proof. Let (N,, N,) and (N}, N,) be index pairs for S in Y. Using the notation of
lemma 1.8, choose 7> 0 so that (N,\N,)” < N\ N, and (N,\\Np)™ < N;\N,.

(i) As (f (NO\No))" =" ((N\Ny)T), (/T (N\No)" = f 7' (N\No). Thus, if
@'y represents the homotopy class hom (N,/ Ny, N,/ N,) in I(S), then
[x-36]  ifx-[0,2(] f T (NANG), x- [1,31] < f T (N\ Np)
[1\70] otherwise

<p3(([x])={

is continuous for every t> T and represents the homotopy class
hom (f ' (N)/f 7 (No), S (ND/f TN (No))  in I(X; £71(S)).
(ii) I(f) will be a well defined morphism of connected simple systems provided
t — L
ey I(f)=1(f)° ox:

oY o I(Nlx]= {Ef(x) 311 iff(x) - 10,20 NA\No, f(x) - [, 3] N\ K,

ICJO] otherwise,
while
, fx-30]  ifx-[0,200= T (NAN), x- [,3]< £ T (NANy),
I(f)eox[x]=17 "~ .
[ No] otherwise.
As f commutes with the quotients and the flows, the two formulae agree. O

We are now free to study the role of flow maps in either the homotopy index
h(S) or the Conley index I(X; S). As connected simple systems give more precise
information than homotopy classes, we will limit our attention to the Conley index.

PROPOSITION 2.5. Given a commutative diagram of flow maps
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and an isolated invariant set S< Z, then there exists a commutative diagram of
connected simple systems

I(X; hY(8) —2 I(Y; g7 '(S))

I(h) 1(g)

I(Z;8)
Proof. This is immediate from the formulae in 2.4. O

We next want to describe how flow maps behave under continuation. To do so,
some results on isolating neighbourhoods are needed.

LEMMA 2.6. Let A< X be a closed pair of flows and S < X an isolated invariant set.
Let N < A be an isolating neighbourhood for S ~ A in A. Then there exists an isolating
neighbourhood M for S in X such that M~ A= N.

Proof. The inclusion i:A-> X is a ﬂow map, so i~ (S)—SmA is isolated in A.
Choose an isolating neighbourhood M for S in X. M A~ N is an isolating
neighbourhood for SN Ain A,so SN Acint, (MmAn N). Let U= M A (A\N).
Then S and cl ;-4 (U )=cly; (U) are disjoint closed subsets of M. Choose disjoint
open sets V,, V, in M with cly(U)c Vyand Sc V,, and let M = (M\V,)uN

(i) MAA=((M\V,)nA)u N, with ((M\V))nA)c ((M\U)nA)=M n N, so
MnA=N.

(i) SV, M\V,< M and Scinty M, so S<inty M.

(iii) N < A, which is invariant. Thus orbits in M \ Vi can intersect N only if they
are contained in A, hence in (M\V,)n A< N. Thus I(M)=I((M\V;)uN)=
I(M\V,))UI(N)c I(M)UI(N). I(M)=S and I(N)=Sn A, so I(M)<S. But
S< M, so I(M)=S and M is an isolating neighbourhood for S in X. |

LEMMA 2.7. Let f: X > Y be a flow map, S< Y an isolated invariant set and N < X
an isolating neighbourhood for f ~'(S). Then there exists an isolating neighbourhood
M of S in Y such that f '(M)<inty N.

Proof. (i) First assume f is onto. By taking one-point compactifications if necessary,
we may assume that X and Y are compact.

Let V={ye Y|f '(y)cintx N}. Then Y\ V=f(X\intyx N) is compact and V is
open. As f'(S)cintx N, Sc V. If N=X, the result is trivial. If N # X, then
X\inty N# and Y\V#J.

IfS=J,take M =.If S# ), choose a: Y>[0, 1]sothat a(S)=0,a(Y\V)=1.
Then (@ o f)(X\intx N)=a(Y\V)=1 is closed in [0, 1]. Choose 0 <& <1 and let
M,=a"'[0, £]. Then S< a '(0)<inty, M,. (On the one-point compactifications,
f Y (oy)={ox}intxy N, so 00, € Y\V and ©x £ M,.) Let M, be an isolating
neighbourhood for S in Y and let M =M, M,. Then Scinty M,ninty M,c
inty M and S< I(M,)~ I(M,)=I(M)c I(M,) =S, so M is an isolating neighbour-
hood for S. Further, f~'(M)< f~Y(M,)<intx N.

(i) If f is not onto, choose an isolating neighbourhood M’ for f(x)n S in f(X)
with f "'(M’) < intx N. By lemma 2.6, M’ then extends to an isolating neighbourhood
M for S in Y with f(X)n M =M’ hence with f'(M)=f""(M')<intyx N. a

Recall that, if Y XA is a parametrized family of flows, we define F(Y)=
{(S,, A)|S, is an isolated invariant set in Y,}. We write U, for U with the A-flow,
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and I, (U) for the maximal invariant set of U in the A-flow. If F: X XA-> Y XA is
a flow map, define (F): (YY) > P(X) by P(F)(S,, L) =(F;'(S\), A).

THEOREM 2.8. If F: X X A> Y X A is a flow map, then ¥(F) is continuous.

Proof. Bases for the topologies of (X} and #(Y) are defined as follows. Let N Y
be compact and let A(N) be the set of A € A for which N is an isolating neighbour-
hood. A(N) is open, and we define on : A(N) > F(Y) by on(A)=(I,(N), A). Then
&(Y) has basis B(Y)={on(U)|N < Y is compact, U = A(N) is open}. Let o (U)
be such a basis element in $(X). Then L(F) (on(U))={(S,,A)|Ae U, S, an
isolated invariant set, F,'(S,) = I,(N)}. By lemma 2.7, for every such (S,, A) there
exists a compact M, < Y, with A € A(M,) and S, = I,(M,).

LEMMA 2.9. For every M, there exists an open A-neighbourhood U(M,) of A contained
in U~ A(M,) with L,(F,"(M,))=L,(N) for every p e U(M,).
Proof. It suffices to show that there exist open A-neighbourhoods V(M, ) and W(M,)
of A in A with I“(F;‘(MA))E I,(N) for all p€ V(M,) and I,(N)<c I (F,'(M)))
for all uw € W(M,). Then

UM,)=UnNAM,)n V(M) W(M,).

A is locally compact, so there exists a compact C, < A with A eint, (C,). F~ (M, X
C,) is compact, as F is proper. Let ; be the projection of X x A onto its ith factor.
Let Z=Num(F '(M,xC,)) and consider (F|ZxC,):ZxC,»YXC,.
F~' (M, x C,) and (Z\int; N)x C, are closed in Z x C,, so

{p e C\|F." (M) n(Z\intz N) # @} = m,( F(M, X C,) n{(Z\int; N)x C,})
is closed. Then

{ue C\|F'(M,)n(Z\int; N) =} ={ue C,|F.'(M,)<int; N}
is open in C,, and V(M,)={u €int, C,|F,'(M,)<int; N} is an open neighbour-
hood of A in A. Clearly, if u € V(M,), then I,(F,'(M,))< I,(N).

W(M,) is constructed analogously. (F|Z x C,) '(inty M,) is open in Z X C,,
and I(NxC,) is closed in ZxC,. Analogous to the above argument,
{ne C,|L,(N)< F,'(inty M, )} is open in C, and contains A.

W(M,)={peint, C,|L,(N)< F,'(inty M,)}
then has the required properties. O

To complete the theorem proof, we must show that (F) '(on(U)) is open in
Z(Y). For every element of ¥(F) (an(U)), choose an M, and a U(M,) as in 2.7
and 2.9. Each o), (U(M,)) is a basis element of #(Y), so | o (U(M,)) is open
in #(Y). By construction, ¥(F) '(on(U)) is contained in this union, so we need
only show that each o (U(M,)) < P(F) (on(U)). If pe U(M,), then op ()=
(I.(M,), ) and P (F)(on(u))=(I,(N),u) by lemma 29, and om(u)e
F(F) Y (on(U)). O

THEOREM 2.10. If F: X X A> Y X A is a flow map of parametrized families of flows
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with (S,,A) and (S,,u)e F(Y) related by continuation, then (F'(S,),A) and
(F,(8,), p)e P(X) are related by continuation, and the diagram commutes:

_ I(F,)
I(XA;FA](S,\)) — I(Y,;8,)

F,((A.;l-)lE Ele(l\,u)

I(X,; F3'(S,)) ——=— I(Y,;5,)
Proof. (S,, 1) and (S,, u) are related by continuation if and only if there exists
a path :{0,1]>-%(Y) with (0)=(S,,A) and w(1)=(S,,u). Then
F(F)ew:[0,1]> F(X) is a path with endpoints (F;'(S,), ) and (F,'(S,), u).
The continuation theorem ([12], theorem 6.7) states that if (S,, A), (S,, u)e F(Y)
are related by continuation, then there exist isomorphisms of connected simple
systems Fy(A, u):I(Y,; S,)sI(Y,; S,): Fy(u, A) which are independent of the
path in #(Y) relating (S,, A) and (S,, u). The morphism Fy (A, ) is constructed
by covering [0, 1] with intervals K, and taking a sequence 0=s4,5,,...,5,=1 so
that s; € K; n K;,. These K may be chosen so that the inclusion-induced morphism
Jy(A, K): I(Y,; S,,A)> I(Y xK; S¢) is a homotopy equivalence for every A € K|
where Sy =J{(S,, )| € w(K)}. The homotopy inverse of jy (A, K) is denoted
Fy(A, K). We then take
Fy(A, n)= Fy(A,, K,) °jy(An—i, Ky) o+ - o Fy(Ay, Ky) °jY(A09 K,),

where A; = w(s;).

We obtain a common set of the K for X and Y by taking covers {K;(X)} and
{Ki(Y)} which are admissible for X and Y respectively, and taking K, = K;(X)n
K, (Y). Take connected components of the K, and order them so that K; n K, # &.
As j(A, K;4,) is inclusion-induced, hence flow map-induced, we have
I(F,x)) 2 jx(A, K)=jy(A, K)o I(F,) from proposition 2.5. As F(A, K) is the
homotopy inverse of j(A, K), a simple diagram chase shows that
I(Fw(K))°Fx(A, K)=Fy(A, K)° I(F,). a
Definition 2.11. Flow maps f, g: X > Y are homotopic as flow maps if there exists a
flowmap F: X x[0,1]-> Y x[0, 1] with Fy=f, F, = g, where X x[0, 1]and Y x[0, 1]
have product parametrization (i.e. the flows on X and Y are independent of the
parameter value).

COROLLARY 2.12. If f, g: X - Y are homotopic as flow maps, then for every isolated
invariant set SC Y, f1(S)=g (S) and I(f)=I(g): I(Xf~'(8))~> I(Y; S).

Proof. In a product parametrization, (S,, A) and (S,,, u) are related by continuation
if and only if $, =S,,. O
Example 2.13. The flow on the torus T2 given by ¥o(6, ¢) = (sin (8) cos (), sin (¢))
has hyperbolic critical points x,= (0, ), x,=(m, ), x,=(m, 0), x3=(0,0) with
indices Io(T?; xo) = 2°, Io(T%; x,) =31, I(T? x;) =2, I(T?, x;) = 2%, and with two
connecting orbits from (1, 0) to (0, ). These connecting orbits can be perturbed
off by continuing to the flow given by #,(8, ¢)=(sin (8), sin (¢)). This flow has
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Xo, X1, X2, X3 isolated with indices I,(T?; x)=3', I,(T% x,) =2°, I,(T?* x,) =2,
I,(T? x;) =32 The continuation can be done so that x, in the %, flow and x, in
the %, flow are related by continuation (and vice versa).

Each of these flows lifts to a flow on X =[—a, w]X[—m, 7]. That is, define
Zo(x, y) =(sin (x) cos (¥), sin (¥)) and Z,(x, y) =(sin (x), sin (y)). Then the map
f(x,y)=(6, ¢) is a flow map at 0 and at 1. Further, &, continues to Z,. However,
there is no flow map F: X %[0, 1]-> Y x[0, 1] with F,= F, =, for x, in the %, flow
and x, in the %, flow are related by continuation, but Io(X; f'(x,)) = 2°v 2°, while
L(X;f (%)) =2vZv 2%V 2° If such a flow map F existed, then theorem 2.10
would require Io(X; f '(x0)) = L(X; £ '(x))).

3. Functorial constructions

A given invariant set may be isolated in more than one flow, and will in general
have a different index when viewed in different flows. One way in which the flow
may be changed is to restrict to some subflow. This may be done via flow maps. If
Ac X is a closed invariant subspace, the inclusion map i: A- X is a flow map,
with i7'(S)=Sn A. With this, we will be able to define a category of isolated
invariant sets and flow maps and a homology functor on this category. That is, since
inclusions of closed subflows will lie in the category, we will be able to give it the
‘pair’ structure needed for a homology theory.

Definition 3.1. The category $& of isolated invariant sets has objects of the form
(X, A; S), where X is a locally compact metric flow, A< X is a closed invariant
subspace and S< X is an isolated invariant set in X. Morphisms are flow maps
f:(X, A; S)>(Y,B; T) with f(A)c B and f '(T)=S.

Remarks. (i) $& can readily be checked to be a category. Its pair nature lies in the
fact that (X, A) is a pair of flows. Properly, (X, A; S) is to be regarded as a pair
of isolated invariant sets in a pair of flows, with S~ A the isolated invariant set
in A. A single isolated invariant set in a single flow may be obtained by taking
A=.

(ii) Everything above can be done with local flows or discrete dynamical systems
instead of flows. If X, Y local flows, define a local flow map to be a proper continuous
map with the following equivariance properties:

(a) if xe X, teR such that x- te X, then f(x)-te Y and f(x) - t=f(x"1);

(b) if xe X, teR* such that f(x)-t€ Y, then x- te X.

If £7'(8) is replaced by f'(S)n I(X), all of the theorems above remain valid.
We can then define a category £$¥ of isolated invariant sets in local flows.

If X, Y have discrete dynamical systems given by homeomorphisms g and h
respectively, a discrete flow map is a proper continuous map f: X - Y such that
S g=hof If the Conley index is replaced by the shape index defined in [11], all
of the theorems above remain valid. For the present, however, we will limit ourselves
to the category $< for continuous flows. ’

By taking pairs of spaces and maps of pairs, the definitions of a connected simple
system and a morphism of connected simple systems have obvious relative category
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versions. We now use €%¥ to denote this category, and view the single space
category as a sub-category. With this relative category, we can define:

Definition 3.2. If (X, A, S) € $%, the Conley index of (X, A, S) is the relative con-
nected simple system I(X, A; S) whose objects are
Iy={(N/N,, (N n A)/(Nyn A)}|(N, N,) is an index pair for S in X}
and whose morphisms are
[¢']:(N/No, (N n AN(Non A)) > (N/ Ny, (N 1 A)/ (Non A)).

Iff:(X, A; S)-> (Y, B; T) is a morphism in $¥%, I(f) is the morphism of relative

connected simple systems induced by
LA1:Lf YN/ No), f T'((N n A)/(Non A))]=>[N/ Ny, (N 0 A)/(No A)].

To emphasize the functorial dependence of the index on the flow, we write the
Conley index as I(X, A; S) (oras I(X; S) when A=) rather than I(S) or I(S, X).
This differs from the notation of other authors, as will the notation for the homology
Conley index. With this, we have the following reformulation of the Conley index:

PROPOSITION 3.3. The Conley index I is a functor from the category $¥ to the category
€Y.

To pass to the homology Conley index, we note the following:

PROPOSITION 3.4. For every (X, A; S)€ $, the connected simple system I(X, A; S)
is an inverse system of sets.

Proof. If (N,,, No.) and (N3, Nyg) are index pairs for S in X, then
(NN Nm, (Nyjo N No;a)U (Noa N NIB))

is an index pair. Define a partial order on I(X, A; S) by [ N1,/ Noa1=[Nya/ Nogl
if N1g\Nog S N, \Ny,. Then for every a, B there exists a y such that a, B<1y. If
a<pB=1vy, then N ,\Ny, S Nig\Nys & Ni.\Ny,, s0 = is a partial order. Further,
the maps [¢; 3]: Nio/ Noa > Nig/ Nog of the connected simple system satisfy

[¢ea)=lidland [¢.]1=[¢us° ¢, ] =[pasle[pp,] foralasp=y O
Thus, if we apply the singular homology H, to a connected simple system, we
obtain an inverse system of graded groups, with all of the groups isomorphic and
all of the maps between them isomorphisms. We can then take the inverse limit to
obtain a single graded group. This is equivalent to making a consistent choice of
generators for the groups H,(N,/N,, *).

Definition 3.5. The homology Conley index is the functor CH,=lime° H, > I from
the category £ to the category of graded Abelian groups.

We will denote CH (X, &; S) by CH,(X; S) and CH,(f) by f,. If S is a compact
flow, then S is isolated in S, and (S, J; S) € $%. S has only one index pair in itself,
namely (S, &), so CH.(S; S)= H,(S), the singular homology of S. By taking trivial
flows if necessary, any compact metric space can viewed as a compact flow, and
any map between compact metric spaces can be viewed as a flow map.
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THeEOREM 3.6. CH, is a homology functor on $¥ in the following sense:

(i) if id:(X, A; S)>(X, A; S) is the identity map, then id,:CH.(X, A; S)~>
CH(X, A; S) is the identity homomorphism;

(i) iff:(X,A; R)>(Y,B; S) and g:(Y, B; S)>(Z, C; T) are morphisms in $¥,
then (g° f)y=8x°fss

(iii) ifi: (A, T; AnS)> (X, ; S)andj: (X, D, S) > (X, A; S) are inclusion maps,
then there exists a degree —1 map 8: CH,(X, A; S)> CH,(A; AN S) so that the
sequence is exact:

- —2s CH,(A; An S) —%> CH,(X; S) —2»> CH,(X, A; S)» - - -;

(iv) if (X, A; S)> (Y, B; T) is a morphism in $¥, then 3° f, =(f|A)y°5;

) iff,g:(X, A; S)> (Y, B; T) are homotopic as flow maps, then f, = g, ;

(vi) if (X, A, S)e S and U< A is an open invariant set with clx U cintx A,
then the inclusion i:(X\U, A\U; S~ (X\U))-> (X, A; S) induces an isomorphism
i,: CH (X\U, A\U; SN (X\U))~> (X, A; S);

(vii) CH,(pt; pt) = H,(pt).

Proof. (i), (ii) CH, is a covariant functor, as it is a composition of covariant functors.

(iii), (iv) For every index pair (N,, Np) for S in X, the pair

(N1/ Ny, (N A)/(Non A))
has a boundary operator 3 which commutes with the induced maps of flow maps
and makes the sequence

- =25 H,((N,n A)/(Non A), *) —2» H,(Ny/ Ny, *)

5 H,(N\/ Ny, (Nyn A)/(No A)) ——- - -

exact. As this boundary operator is natural, it gives a well defined boundary operator
on the inverse limits which satisfies (iii) and (iv).

(v) This is immediate from corollary 2.12.

(vi) Let (N, N,) be an index pair for S in X. N, is then a neighbourhood retract
in N via the flow, and Ny A is similarly a neighbourhood retract in Nn A. It
follows then that the quotient maps

Pi:(N, NoU (N A))>(N/ Ny, (NN A)/(Non A))
and

P21 (N\U, (Now (N nA)\U) = ((N\U)/(No\U),

{(NoL (N nA)\U}/(Non A\U))
induce isomorphisms on homology. From the excision axiom of singular homology,
the inclusion
iyt H (N\U, (Nou (N nAY\U)-> H, (N, Nou (N n A))
is an isomorphism. Hence
it HL((N\U)/(No\U), {{NoL (N n A)\U}/(Non A\U))
> Hy(N/No, (N A)/(Non A)),
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which represents
it CH (X\U, A\U; S\U)~> CH, (X, A; S),

is also an isomorphism.
(vit) This is the observation above that CH,(S; S)= H,(S) for any compact
metric space S. O

The homotopy axiom is a special case of the following naturality statement for
the homology Conley index under continuation:

THeoREM 3.7. If X X A is a parametrized family of flows, with S, < X, and S, < X,,
related by continuation, then CH,(X, ; S,)=CH,(X,, S,). Further, if F: X xA>
Y X A is a flow map, then there exists a commutative diagram

CH*(XA 5 F;l(sA)) ——F._) CH*( Y,, S,)

Fx.(x,u)l = sl Fyu(Au)

CH. (X, ; F;'(S))) R CH,.(Y,,S,)

We can equally well define a cohomology Conley index CH* based on singular
cohomology. As the morphisms in I(X, A; S) induce ring isomorphisms, this will
give a cohomology theory on $¥ with cup product. Further, in different settings
we can follow the Conley index functor I by different (co-)homology functors h
and obtain corresponding Conley (co-)homology indices Ch (cf. [4]).

The exact sequence of a pair (theorem 3.6(iii)) can be used in a variety of ways
to facilitate computations with the homology Conley index. In [10] a theorem on
the structure of isolated invariant sets in a manifold M is proved by showing that,
if the theorem fails to hold, an invariant submanifold M, can be constructed so
that the sequence of the pair (M, M,; S) fails to be natural. A more positive
application comes from the relation between chain recurrence and strongly gradient-
like flows.

For example, if X has compact maximal invariant set S, then the chain recurrent
set R of X is compact. Form the quotient space X by collapsing each component
of R to a point. Conley [1] shows that X has a strongly gradient-like flow, and
suggests that the flow on X be studied by relating it to the flows on R and X. In
terms of the homology index, this is achieved by the exact sequence of (X, R; S).
Namely, the natural projection o : X - X isaflow map and generates a commutative
diagram

.- —> CH,(R; R)% CH,(x; S)—j—*—> CH,(X,R; §)——s- -

.. 2 CH,(R; R) —*> CH,(X; §) %> CH,(%, R; §) —— - -

with CH,(R; R)= H,,(R) and CH (R R)=H, (R) As R consists of a finite set of
points, j,:CH, (X; §)» CH,(X, R; S) is an isomorphism for n>1 and injective
for n=1. Moreover, if R is an equivariant neighbourhood retract in X, or if a
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continuous homology theory is used, then =, : CH,(X, R; S)~> CH,(X, R; S) is an
isomorphism. Then for n =1 there is an exact sequence

> H,(R) —% CH,(X;8) =5 CH,(%; §)~- --
relating the chain recurrent set and the homology indices in X and X.

4. Computational techniques for the homology Conley index

Many of the basic computational methods of singular homology remain valid for
the homology Conley index. As examples, we record analogues for the Conley index
of the Mayer-Vietoris and Kiinneth theorems. As in singular theory, these theorems
require the concept of an excisive triad, so we first consider excisiveness in the
Conley index.

PrROPOSITION 4.1. Suppose (X; S)e S, with X,, X, closed subflows of X. Let
Xo=X,nX, and let S; = X; N S. Then the following are equivalent:

(i) i;=: CH.(X,, Xo; S))=> CH,(X, X,; S) is an isomorphism,

(ii) i»: CH(X,, X,; S,)=> CH (X, X,; S) is an isomorphism,

(iii) (iy=, ir+) : CHW (X, Xo; $))® CH(X,, Xy; S;)» CH(X, X,; S) is an iso-
morphism.
Proof. Choose a regular index pair (N,, Np) for S in X, and let N; = N;n X;. We
then have exact sequences of chain complexes

0 S*(Nn) i S*(Nl) N S*(NI) >0
S+ (Nor) + S, (Nyo) Sx(No)+ 8. (Ni2)  Se(Np)+Syu(No)+S,(Npo) 7
0- S*(le) i S*(Nl) N S*(Nl) >0
S4(No2) + S4(Nyo) Sx(No)+ Su(N11)  Su(Np)+Su(No)+S5,(Ni2) 7
0> S*(N11)+S*(N12) (i) S,(N))
S (No1) + S (Nyo) + S, (No,) S4(Nio) + S, (No)
Sx(N) N

-> ->
S*(Nll) + S*(NO) + S*(le)
(1)-(iii) hold if and only if i, i, and (i, i,) are chain equivalences, hence if and
only if Hy(S.(N,)/ S (N 1)+ S, (No)+S,(Ny,))=0. Thus they are all equivalent.
O
Definition 4.2. A triad {(X, A; S); (X, A,; S1), (X,, A,: 8,)} with A, c AN X, is
excisive if the inclusions i+:CH,(X,, X,; S,)> CH(X, X,;S) and
ii»: CH (A, Ay; SN A))»> CH, (A, Ay; SN A) are isomorphisms.
ProrosiTION 4.3. If X,, X, X are closed subflows whose interiors cover X and
A;=ANnY,, then for every (X, A; S)€ $F the triad
{(X, A; 8); (X4, Ar; 80, (X, Ay, S}

is excisive.

Proof. Let Nj; be as in proposition 4.1. Then N, and N,, are closed subsets of N,
whose interiors cover N;, so S,(N;)=S,(N;)+S,(N,;). In particular,
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H,(Se(N1)/ S (N11) + S (No) + S,(Ny,)) = 0. Similarly, the interiors of An Ny, and
An N,, cover An N;,. O

ProPOSITION 4.4. If X,, X, < X are closed subflows so that X = X, v X,, A;i=An X
and X, is a neighbourhood retract in X, then for every (X, A; S)e £, {(X, A; S);
(X,, Ay; S1), (X3, A,; S,)} is excisive.
Proof. Choose a regular index pair (N;, No) for S in X. Then CH(X,, X,; S,) and
CH, (X, X,; S) are represented by H,(N,;, Ny, U Nyo) and H,(N;, Nou N;,). As
X, is a neighbourhood retract, we can excise N;,\N,, from Nyu N,,, and
iy: CH (X, Xo; $))» CH, (X, X,; S) is an isomorphism. |
THEOREM 4.5 (Mayer-Vietoris theorem for the Conley index). Let (X, A; S) € $%.
Fori=1,2, suppose (X;, A;; S;) S (X, A; S) with X; a closed subflow of X, S; = X, N S,
and {(X,A;S); (X),A;S), (X3,A2; 8,)} excisivee Let (Xp,Aq; So)=
(X,n X5, AN A,; 8§10 S,). Then there exists a natural exact sequence
g CH*(XO, Ao; So) - CH*(Xn Ay 8)DCH*(X,, Ay S,)

> CH (X, A; S§)~>---.
Proof. Choose a regular index pair for S in X. Then the following sequences of
chain complexes are exact:
S,(Nyon A)_) S,(Np mA)mS*(NunA)_)S*(N“ NA)+ S, (NN A)

0- ® o
S*(NooﬁA) S*(Nolf'\A) S*(NozmA) S*(N01HA)+S*(N020A)

(4.6)

5 55(Nio) | Sx(N1y) o Sy(Nia) | SN+ S4(Nia) o (47)

S(Noo) Sx(Noy) Sy (Np2)  Syx(Noy)+ Sy (No2)
As was noted in proposition 4.1, the hypothesis CH, (X, X,; S;) = CH (X, X,; S)
is equivalent to
S4(Ny) o
S (N1 +S8,(No)+S,(Ny2)
which is in turn equivalent to
SN +5,(Ni2) _ Sy(N)
S«(No) +S(No2) S, (No)’
That is, (4.7) generates the long exact sequence
-+ CH,(Xp; So) » CHy(X,; $1)@ CH(X5; S,) > CH(X; S)-> - - -
Similarly, (4.6) generates the long exact sequence
<+ CH,(Ag; Agn So)» CH (A; A\n S))D CH(A,; A;n S,)
> CH,(A; AN S)>---
The quotient of (4.7) by (4.6) then generates the desired sequence. O

Example 4.8. Consider the flow on the torus ¥y(6, ¢)=(sin (8) cos (@), sin (¢))
given in 2.13. The set S =(¢ =0, 7) is isolated. We compute its index in T? from
the Mayer- Vietoris sequence. Take X, = {—n < ¢ <0}, X, = {0 =< ¢ =< #}. The homeo-
morphism ¢ +— —¢ is a flow map which takes S to § and X, to X,,so CH,(X,; S)=
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CH,(X,; S), CH(X,, X,; S)= CH(X;, X,; S), etc. An index pair for S in T? is
Ni={—-w<¢=<e-m-e<p<g,nm—e=d=m}, No={d=—¢, ¢} By excision,
H*(Nu, NoU Nyo) = H(N;, Nou Ny3,) (i.e. CH (X, Xo; S)=CH,(X, X;; S)) so
{(X; 8); (X;; S), (X,; S)} is excisive, and there is an exact sequence

««+=» CH,(Xo; §)» CH,(X,; S)® CH,(X;; §)» CH,(X; S)>- -~

As S =X,, CH,(X,;, S)=H,(5)=(2®2,Z®2,0,0,...), CHy(X,; S)=
CH,(X;;8)=(,Z,0,0,...), with i,:CH,(X,; S)-> CH,(X,; S) the projection
onto a factor for n=0,1. From this, the sequence computes CH.(X; S)=
(2,2®2,2,0,0,...).

TueoreM 4.9 (Kiinneth theorem for the Conley index). If (X, A; S),(Y, B; T)e $¥
so that {(XxBUAXY,J;SX(BNT)u(SNnA)xT); (AXY,;(SnA)xT),
(X x B, J; S x(Bn T))} is an excessive triad, then there exists a natural exact sequence

0> CH,(X, A; SY®CH,(Y,B; T)
S>CH(XXY,XXBUAXY;SX(BNnT)u(SNnA)xT)
> CH,(X,A; S)* CH,(Y,B; T)»0
which is split exact.

Proof. Choose regular index pairs (M,, M,) for S in X and (N,, N,) for T in Y.
Then (M,, M,) X (N;, N,) is regular index pairfor SXTin X x Y. Let A, =An M,,
B;=BnN;. Then CH,(X,A;S) and CH,(Y,B;T) are represented by
H (M, Myu A)) and H,(N,, Nyu B,), and
CH (XX Y,(XXB)U(AXY); SX(BAT)U(SNA)xT)

is represented by H (M, x N, (MU A;) X N,u M, X (Nou B))) ([1], Ch.III, § 6).
The excision hypothesis allows us to apply the Kiinneth theorem of singular theory
to (M,, Myu A,) X (N,;, Nyu B,), which gives the result. O

As the sequences in theorems 4.5 and 4.9 are natural, they remain exact under
continuation (in 4.5 we must require that the sets X; and A; remain invariant
throughout the continuation), and the theorems are ‘stable’ under continuation.

5. Lefschetz theorem for the Conley index

We now develop an analogue of the Lefschetz fixed-point theorem. Given a self-map
Sfonaflow X with f(S) < S (and some technical hypotheses), CH,(X; S) to compute
a Lefschetz number in place of H,(S). Similar to the ordinary Lefschetz number,
this will detect fixed points of flow maps (theorem 5.7). Such a fixed-point theorem
will have (at least) two uses. First, many problems in differential equations can be
translated into searches for fixed points of maps. If this translation leads to a search
for fixed points of a flow map on an isolated invariant set S, this result will be
applying the classical Lefschetz theorem to f or to f|S. In particular, the Conley-
Lefschetz number will not depend on the topology of S, so this result may be able
to detect fixed points when the classical Lefschetz number L(f|S) is not defined,
not computable, or zero. Second, knowing that S n Fix (f) is non-empty may give
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further information about S. For example, if a group acts on X, the fixed-point set
of multiplication by a group element may be computable, If S can be shown to
have fixed points under this multiplication, then S has been (partially) located.

To develop the theorem, we require an appropriate class of self-maps on flows
and some ANR hypotheses on index pairs.

Definition 5.1. Let Y be a'locally compact metric flow, (Y, X; S)e $&¥ with Sc
inty X. A morphism f:(X; f'(8))~>(Y; S) is a self-map on (X; S) if f(S)< S and
S is an attractor in f'(S).

That is, f is a self-map on S and is defined on an invariant neighbourhood of S.
With the attractor condition, S has a dual repeller in f~'(S), which we will denote
by S*. The atractor-repeller pair. (f7YS); S, S*) has associated to it an index triple
in X: a compact triple (Nz, Nl , No) with (Nz, No) an index pair for £ ~'(S); (N‘ s No)
an index pair for §; and (Nz, N,) an index pair for $* (all relative to X).

If (N, N,) is an index pair for S in X, then it is an index pair for S in Y as well,
and (f'(N), f'(Ny)) is an index pair for f~'(S) in X. In [8] Kurland shows that
a compact N'< f '(N) can be chosen so that (f"'(N), N', f '(Np)) is an index
triple for (f'(S); S, $*). As both (N, Np) and (N’, f"'(N,)) are index pairs for S,
the map ¢': N/ No- N'/g '(N,) is a homotopy equivalence for ¢ sufficiently large.
The composition

N/ No—25 N'/F{(No) — £~ (N)/f " (No) —— N/ No

then defines the induced homology map f,: CH(X; S)-» CH,(Y; S). Since Sc
inty X, i,: CH(X, S)-»> CH.(Y; S) is an isomorphism (induced by the identity on
N/N,), and f induces a homology self-map i,' e f, on CH,(X; S). All homology
groups will now be taken with rational coefficients.

Definition 5.2. If (X; S)e $¥ and f is a self-map on (X; S), the Conley-Lefschetz
number of f is L(f; X, S)=Y._,(—=1)"tr (i,+ o f,x). The Conley-Euler number of
(X; S)is x(X; 8)=L(id, X; S).

The class of maps chosen in 5.1 is essentially the largest for which L(f; X, S) can
be defined in terms of self-maps on index pairs, and is singled out for that reason.
Note that when CH,(X; S) is finitely generated (so that the sum above is finite),
L(f, X; S) is well defined. For, if (N, N,) and (1\7, N,) are index pairs for S in X,
the diagram

(N/No, #) == (N'/f (No), #) — (" (N)/f " (No), *) s (N/Noy»)

| | I I
o~ - ! o o i o~ o~ ¥ o -

(N/ R, %) = (N'/f 7 (No), #) — (F " (N)/f 7 (No), #) — (N/ No, %)
commutes for suﬁicieritly large s and t. The two horizontal compositions are then
identified after applying H, taking the appropriate inverse limits, so tr( intof,s)is
independent of the choice of index pair.

To find when L(f; X, S) is defined, and to relate it to fixed points of f, we consider
the classes of index pairs /(X ; S) and AN (X; S).
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LemMa 53. If (N,No))eWN(X;S), let NT={xeN|x-[-T,TIcN}, NI=
No*(=T)ANT. Then (N", NJ)e N(X; S) for every t =0.
Proof. (N7, NJ) is clearly a compact pair.

(i) Scex(NT\NDcclx (N\N,), so S=I(clx(N"\Ng)). If S¢
intx (NT\Nj), then there exists a sequence {x,} converging to xS with x, &
NT\N{, so with x, - [T, T]# N\N,. Choose t,e[~T, T] so that x, - t, € N\ N,.
Then (taking a subsequence if necessary) t,>te[-T, T]and x,- t,> x- t. But x€ S,
so x-te Scinty (N\N,) and {x,- t,} = X\(N\N,) is bounded away from x- .
This is a contradiction, so S<cintx(NT\NJ).

(ii) If xe NJ and x-[0,t]< N7, then x- Te Nyand x- [T, t+ T]< N. In par-
ticular, x- Te Nyand (x- T) - [0,t]= N,so (x- T) - [0, t]J< N,. That is, x- [0, t]<
No-(-T)nN"=N[.

(iii) If xe N, x-R* 2 N7, then x-R*¢ N. There exists then a t=0 so that
x-[0,t]J=N,x-te Ny. Thus x-[-T,tJ= N, x- te Ny. If t= T, then x- [0, t — T] <
Nand x-(t—T)eN,-(-T),s0 x- (t—=T)= NJ. If t=T, then x- Te N,.

(iv) Let 7.1, 7_7: N7 >R be the exit-time and entrance-time maps for (N7, Ng).
Then 7, 7(x)=T.o(x)— T and 7_r(x)=7_o(x)+ T.

If xe N7, then T< 7,4(x). If 7,o(x)=T, then xe N§ and 7,7(x)=0. If xe N7
with T < 7,(x) <00, then xe N"\Ng. x* 1,0(x) € Ny, s0

X (140(x)=T)e No- (—=T) and 7, r(x) = 7,0(x)— T.
If 7.7(x)<7y(x)—T, then 7,o(x)>7,7(x)—T and x-[0, 7.7(x)— T]< N\N,.
But x- 7. r(x)e NJ = Ny - (=T), so x- (r.7(x)— T)e N,. This is a contradiction,
50 To7(X) = Too(x) = T. If 7,4(x)=00, then x-R*< N\N,. If xe N7, t>0 so that
x-te NJ,thenx- (t+ T)e N,. Thereisnosuch t,s0 x- R* < N"\Ng and 7, 7(x) =
co. This gives the equality for 7. 1. The equality for 7_r is analogous. And if x * 7,¢(x)
leaves N immediately, then x- (7,.4(x)— T) leaves N7 immediately, so 7,7(x)=
sup{t=0|x-[0,t]c N"}. O

LEMMA 5.4. If (N, Ny)e AN(X; S), then (N7, NJ)e AN(X; S) for every T=0.
Proof. It suffices to show that there exist maps rr: N/Ny=2N7/Ny :ir so that

rreir=id.
Let ir([x])=[x- T]. As NJ - T< N,, this is well defined and continuous on
NT/Nj.
Let
[x-(-T)] if —1_o(x)=2T,
relx]=q [x- (r-o(x)+T]  if =7 o(x)=2T = 7,0(x) — 7_o(x),
[NJ] if ri0(x)—7_o(x)=2T.

The definitions agree on the overlaps and take all of N, to Ng, so rr is also well
defined and continuous. If xe N7, then —7_o(x)=T, so —7_o(x- T)=2T and
rreir[x]=[(x-T) - (-T)]=[x]. O

Definition 5.5. Suppose f is a self-map on (X; S)e $&. For every (N, Ny)e
HAN(X; S), choose an N’ so that (f'(N), N',f7'(N,)) is an index triple for
(f7(8); 8, S*). Let

T(f; N, No) =inf {T>0[(N\No)" = N'\f "'(No), (N'\f ""(No))" = N\ N}
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and let
T(f; X, S)=inf {T(f; N, No)|(N, Ny) € AN (X; S)}.
That is, T(f; X, S) is the minimum time needed in the definition of L(f; X, S).
An example below shows that T(f; X, §)>0 in general .

LeMMA 5.6. If (N, No) € AN (X; S) and (f7'(N), N', f'(No)) is an index triple
Jor (f7(85); S, 8*), let N'(T)=N'"Uf(Ng). Then (f (NT), N(T), f(ND)
is an index triple for (f'(S); S, S*) and T(f, N, NJ) < T(f; N, N,) for every T =0.
Proof. (i) To show (f "'(NT), N'(T), f"(Ny)) is an index triple, it suffices to show
(N'(T),f (NJ)) is an index pair for S. But (N'", f7(Ny) - (=T)n(N'T) is an
index pair for S by lemma 5.3, and (N’(T), f"'(N¢)) adds a positively invariant
set to the exit set, so it too is an index pair.

(i) N(TI\SfTUNJ)=N\f"(No) - (-=T)n N'"=(N'\f(N,))". The lemma
then follows from the observations that (A')°=A""* for every t,s>0 and that
A'c B if Ac B. |

THEOREM 5.7 (Lefschetz theorem for the Conley index). If f is a self-map on
(X;S)e $F and AN(X; S) is non-empty, then L(f; X, S) is defined. Further, if
L(f; X, S)}# 0, then for every g homotopic to f as flow maps and every t = T(g; X, S),
the composition. g o ¢, has fixed points in S.

Proof. (i) If (N, Np)e 4N(X; S), then CH,(X; S)= H,(N/ Ny, *) is the reduced
homology of a compact ANR. It is then finitely generated, so L(f; X, S) is given
by a finite sum.

(ii) First consider g=f Choose a t> T(f; X, S). There exists an (N, Ny)e
AN(X; S) with T(f; N, No) < t.Forevery T=0,let UT ={xe N7 |r,7(x)=<t}. Then
et NT/NJ-> N'(T)/f'(NJ) is continuous (as > T(f; N7, NJ) for every T)
and has o' {(UT/ND)=[f""(NJ)]. Thatis, o ([x]) #[f *(Ng)]onlyif x- [0, 2t]<
NT\Ng, butevery xe UT has 7,4(x)€[0,2T] and x - 7,o(x) € N;. Further, U is
compact, deformable along orbits into Ng, with U"/Ng an ANR (as it is a
neighbourhood retractinthe ANR N7/ N{). We then have the commutative diagram

(NT/NT, ) =2 s (FA(NTY/FUNT), %) —L— (NT/NT, %)

li J;d l.-

(NT/NZ, UT/ND) =2 (f(NTY/f (N, %) —— (NT/NT, UT/ND)
with the inclusion i:(N7/N{J,*)>(N7/N,, U"/Nj) an isomorphism on
homology. In particular, feo@4:(N"/Ny, UT/NJ)>(N"/N,, UT/N{J) has
L(feoh)=L(f; X,S). Thus (N"/N,, UT/NJ) is a compact ANR pair with
L(foe%)#0,s0 fo % has fixed points in cly (NT\U") by the Lefschetz theorem
for compact ANR pairs.

As this holds for every T, it holds for S =) {cIx(N"\UT)|T=0}, so f° ¢ has
fixed points in S. But on S, fo ¢ =f° ¢;,, s0 fo ¢;, has fixed points in S. This is
true for every t> T(f; X, S), so by continuity it is also true for t = T(f; X, S).

(iii) If F:f=g is a homotopy of flow maps, then f'(S)=g " '(S), so S is an
attractor in g~ '(S). As f.=g,, L(f;X,S)=L(g; X, S). The hypothesis that
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HAN(X, S) is non-empty is independent of the flow map being considered, so we
may apply (i) to g. O
CoROLLARY 5.8. If (X; S) € $F such that AN(X; S) is non-empty, then x(X; S) is
defined. If x(X; S)#0, then S contains a fixed point of the flow.

Proof. Take X = Y and f = id. Then S is an attractorin f ~'(S§) =S and T(g; X, S)=0.
Then for every t =0, Fix (¢,|s) # &. If S does not contain a fixed point of the fiow,
then it contains periodic points of arbitrarily small period. Take a convergent
sequence of such points, with periods going to zero. Take a limit x,€ S. Then for
every neighbourhood U of x, and every teR, Un(U- t) # J.

If x, is not a rest point, then there exists a >0 such that x,# x, - . Choose
disjoint open sets U,, U, around x, and x,-t Let V;=U,n (U, (-t)) and let
V,=V, -t Then xo€ V, with V;< U,open. Thus V,\n V, - t=V,n V,c U nU,=3.
But this contradicts the assumption above, so x, is a rest point. O

COROLLARY 5.9. If (X; S)e $& has the Conley index of a hyperbolic critical point
and AN (X; S) is non-empty, then S contains a fixed point of the flow.

Proof. The Conley index of a hyperbolic critical point is 2", the homotopy type of
a pointed n-sphere. Thus x(X; S)=(-1)"#0. O

COROLLARY 5.10. Suppose (X ; S) € $F with S homeomorphic to a circle and f is a
self-map on (X; S). If 4N (X; S) is non-empty and L(f; X, S) #0, then for every g
homotopic to f as flow maps, there exists a fixed point of the flow x withx € Sand g(x) = x.
Proof. As in theorem 5.7, it suffices to consider g=f If L(f; X, S)#0, then
Fix (fo ¢,|s) # D for sufficiently large . As f is equivariant, if fo ¢,(x)=2x, then
Se @, 0 p(x)=¢(x) for every seR. It follows that the limit sets @(x) and w*(x)
are also fixed by £ If S does not consist of a single periodic orbit, then w(x) and
@*(x) are fixed points. If S is periodic with period 7, then for large n, f=f ¢ ¢,, =id.
But then for large t# n7, id # ¢, =f o ¢, =id. a
Remarks. (i) The requirement that S be an attractor in f~'(S) is satisfied if S is a
union of components of f~'(S), in particular if §=f""(S). It is also satisfied if S
is an attractor in X with S<f7'(S).

(ii) Just as CH, has the special case CH(S; S) = H,(S) for S a compact metric
space, this theorem has as a special case the Lefschetz theorem for compact absolute
neighbourhood retracts (with T(f; S, S) =0). However, this theorem applies in two
cases in which the classical theorem does not. First, S can be an ANR with 4N (X; S)
non-empty and L(f; X, S)# L(f; S, S) =0 (cf. example 5.17). Second, S can fail to
be an ANR, but can embed in X so that 4N (X; S) is non-empty and L(f; X, S) #0.

(iii) The time estimate T(f; X, S) is not necessary for fixed points to exist.
However, to prove their existence by generating self-maps on index pairs, the time
is required, and is in general non-zero. For example, the flow x =x on R admits
self-map f(x)=x/2. S§={0} is an isolated invariant set, and if (N, L) is an index
pair for S in R, then there is a point x,> 0 with x,€ L and [0, x,) € N\ L. In particular,
J(xo) =x0/2€ N\L and is only carried into L by flowing forward for time In (2).
Thus T(f; R, S)=1n (2), yet fixed points of f o ¢, exist for all «.
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There is also a version of the theorem for pairs (X, A; S) in $¥. If (X, A) and
(Y,B) are closed pairs of flows with X<Y and A=XnB, define
fi(X, A; £~ (S))~> (Y, B; S) to be a self-map on (X, A; S) if it is a self-map on
(X; S). For such a map we have the commutative diagram

«+>CH(A; AnS)»> CH,(X; S)> CH(X, A; §)>- -~

(i!A);“’(fIA)*I i;‘ef*[ ,-;x.,f*l

.+ +>CH(A; AnS)> CH.(X; S)> CH (X, A; S)> - - -

If CH, (X, S) and CH,,;(A',AmS) are finitely generated, then CH, (X, A; S) is
finitely generated. We can then define a relative Conley-Lefschetz number
L(f; X, A, S) with (from the exact sequence)

The theorem then becomes:

THEOREM 5.11. If f is a self-map on (X, A; S)c $&F and S admits an index pair
(N, N))e AN(X; S) with (N/Ny,(NNA)/(NynA)) an ANR pair, then
L(f; X, A, S) is defined. Further, if L(f; X, A, S§) #0, then for every g homotopic to
f as flow maps and every t = T(g; X, S), the composition g ° @5, has fixed points in
Sncly (X\A).

Proof. Construct N7, NJ, UT as in the proof of theorem 5.7. Consider the maps

(_N_T (UTu(NTnA))) o ((f-‘(NT) f“(NTmA)) i (g_T NTmA>
Ng’ H STUNG) fT(NgnA))  "\Ng’NgnA/

By construction, U/ Ng is an ANR; (N"nA)/(NTAA)=(NnA)T/(Nyn A)T
is an ANR by lemma 5.4. As all of the retractions involved preserve A, (U n
(NTAA))/N{ is an ANR. Thus (UT U(NTnA))/NJ is an ANR, with (U u
(NT A A)) retracting onto Ng U(NT n A). The rest of the argument is unchanged
by the presence of A, and gives fixed points in clx (N"\(U” U(NT n A))), hence
in clx (S\(Sn A))=Snclx (X\A). O

COROLLARY 5.12. Suppose fis a self-map on (X; S)c $& and S admits an index pair
(N, No) € N(X; S) with (N, S) an ANR pair. If L(f|S; S, Sn S) # L(f; X, S), then
Jor every g homotopic to f as flow maps and every t=T(g; X, S), the composition
g ° @3, has fixed points in 3xS.

Proof. If (N, S) is an ANR pair and N/N, is an ANR, then (N/N,, S/0) =
(N/N,, (NN S)/(Nen S)) is an ANR pair. If L(f|S; S, S)# L(f; X, S), then
L(f; X, S, S) #0. Then, taking A= S in 5.11, there are fixed points in clx (X\S)
S=48. O

L(f]S; S, S) is the ordinary Lefschetz number of f|S. If L(f|S; S, S)=0#
L(f; X, S), then the corollary gives fixed points in 84S, even though L(f; X, S)#0
by itself only detects fixed points in S; and L(f|S; S, S)=0 by itself gives no
information.
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COROLLARY 5.13. If (X; §) € $¥ so that S admits an index pair (N, Ny) € 4N (X; S)
with (N, S) an ANR pair, and x(X; S)# x(S), then there exist fixed points of the
flow in 3S.

Finally, we consider how the theorem behaves under continuation.

LEMMA 5.14 (local continuation of the Lefschetz theorem). Let Y X A be a para-
metrized family of flows, w :[0, 1]> F(Y) apath. Let K = 7 o ([0, 1]), (S;, A,) = 0 (1),
Sk = w([0, 1]). Suppose that

(i) Sk XcYxKsothat F: X > YXxK is a self-map on (X; Sk);

(ii) there exists an (N, Nox )€ AN(X x K; Sk ) so that (N,, Ny,) = (N, Nox )} 0
X € AN(X,; S,) for every t,

(iii) j(A,, K):I(S,, A,)> I(Sk) is a homotopy equivalence for every t.

Then L(Fx ; X, Sx)=L(F,; X,; S.) for every t (where X,=(Y x{A,})n X). Fur-
ther, if L(Fx ; X X K, Sk ) # 0, then for every s = T(Fx ; X X K, Sx) and t € [0, 1], the
composition F, © ¢, 3, has fixed points in (S,, A,).

Proof. Each F, is a self-map on (X,; S,). As noted in theorem 2.10, we have
I(Fx)ej(A;, K)=j(A,, K)o I(F,). At the homology level, F- and F,« are conjugate
and so have the same trace. The lemma follows by applying theorem 5.7 to each
(X,;S,). O

THEOREM 5.15 (global continuation of the Lefschetz theorem). Let Y XA be a
parametrized family of flows, @ :[0,1]> $(Y) a path. Let K = 7w w([0,1]), (S, A,) =
(1), Sk = w([0, 1]). Suppose that

(i) Skc X< YxKsothat F: X > Y XK is a self-map on (X, Sk);

(ii) there exist {J;} covering [0,1] so that for each j there exists an (N;, Ny;) €
AN(X x J;; S;) such that (N, Ny,)=(N;, No;)n X, e AN (X,; S,) for every te J,.

Then L(F,y; X,, So) = L(F,; X,, S,) for every t €[0, 1]. Further, if L(Fy; X,, So) #0,
then there exists a T = 0 so that for every t € [0, 1], s = T the composition F, o ¢, s, has
fixed points in (S,, A,).
Proof. From the continuation theorem, there exist {K;} covering [0, 1] so that (iii)
of lemma 5.14 holds on K;. Let K; = K; n J;. Then {K;} give a cover of [0, 1] with
lemma 5.14 holding on each K. L(F,; X,, S,) is constant on each Kj, so on [0, 1].
Take T =max {T(F;; X}, S;)}. The result follows by applying lemma 5.14 to the K.

a

COROLLLARY 5.16. If X X A is a parametrized family of flows, (S,, A)e ¥(X) with
x(Xy, 8)) #0, then if (S,,, p) € F(X) continues to (S,,A) by a path »:[0, 1] F(X)
satisfying the ANR hypothesis of theorem 5.15, there exists a fixed point of the u-flow
inS,.
Example 5.17. Consider the family of flows on R® given by

p=filp, X) cos’ (¢)+fop, A)sin’ (¢),  0=A=<1,

6=0,

é =2 cos (¢) sin (¢),
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with fi(p, A)=—p*(p>~A*)(p*+A%)™? and fi(p,A)=p*(p*~A2)*(p>+A?) > For
each A the set of bounded orbits is S, ={p <A}, so S, is isolated and all S, are
related by continuation. At A =0, S, is a hyperbolic critical point with Conley index
h(R’; S,) = =2, For A >0 the origin is a repeller A%, with dual attractor A, = {p = 0}.
As the system is independent of 6, the map g(p, 6, ¢)=(p, —6, $) is a flow map.
Further, for all A it is a self-map on (R’ S,), (R* A,) and (R, A*) with
T(g; R’ S,) = T(g; R*; A,) = T(g; R*; A¥) =0.

At A =0 the sets N,={p=<1}, No={p=1, /4= ¢ =3m/4} form an ANR index
pair with g~'(N,) =Nz, g7'(No)= No. Thus L(g; R’ So) = L(g|N>) — L(g| No) =
—1. Similarly, for A >0 the sets No={p=2A}, N,={A/2=<p=2A},

No={p =2, tan’ () = —£i(21, A)/£:(2A, \)}
form an ANR index triple for (S,; A,, A¥) with g7\(N;)= N, and L(g|N,) =1,
L(g|N,)=0, L(g, No)=2. Thus L(g; R*, S,) =1, L(g; R*; A}) =1, L(g; R*, A,) =
—2. Note that L(g;R’ A,)+L(g;R? A¥)=L(g;R% S,). In [9] conditions are
developed for which an attractor-repeller pair (or more generally, a Morse decompo-
sition) has L(f; X, A), L(f; X, A*) and L(f; X, S) all defined and L(f; X, S)=
L(f; X, A)+ L(f; X, A*).

Thus L(g; R’ A,) detects fixed points of g in A,, while L(f]A,)=0 does not.
Also each plane P(6,)={0=86,,0,+ 7}, h(P(8);A,"P(8)=3'vE' and
x(F; A, n P(0))=-2, while x(A, n P(6))=0. That is, x(P(8); A, n P(9)) detects
fixed points in A, n P(0), while y(A, n P(8)) does not.
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