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1. Introduction. It is the purpose of this paper to establish a closer con
nection between the logarithmic capacity of sets and double trigonometric 
series. In (9), closed sets of logarithmic capacity zero were established as sets 
of uniqueness for a particular class of double trigonometric series under circular 
(C, 1) summability. By slightly changing this class of series but still maintain
ing closed sets of logarithmic capacity zero as sets of uniqueness, it is shown in 
this paper that closed sets of positive logarithmic capacity form sets of mul
tiplicity. Widening the class of series still further, it is shown here that closed 
sets of uniqueness and closed sets of logarithmic capacity zero also coincide 
for this new class under local uniform circular (C, 1) summability. 

The motivation for establishing these results arose from lectures on the 
uniqueness of one-dimensional trigonometric series delivered by Professor 
A. Beurling at the Institute for Advanced Study. 

In this paper we are able, also, to obtain for planar sets a result analogous to 
one for linear sets given by Salem and Zygmund in (8), where a necessary and 
sufficient condition that a linear set be of positive logarithmic capacity is 
given in terms of Fourier-Stieltjes series. 

2. Definitions and Notation. Vectorial notation will be used whenever 
convenient and will be signified by capital letters thus: 

P = (p, q), X = (*, y), aX + 0P = {ax + 0p, ay + 0q), 
PX = px + qy, \X\ = {x2 + y2)~\ 

Let £ be a bounded Borel set. Then under the usual definition (5, p. 48), E 
is said to be a set of positive logarithmic capacity if there exists a non-negative 
measure /* defined on the Borel sets in the plane such that JJL(E) = 1 and 
n{A) = 0 if ^4E = 0 and such that the potential 

(1) u(X)= f log\P - X\~%(P) 
*J E 

has a positive upper bound. If no such measure exists for the set E, then E is 
said to be a set of logarithmic capacity zero. 

It is known (2) that if £ is a closed and bounded set of logarithmic capacity 
zero and D is a domain, then D — DE is a domain. Furthermore if g{X) is 
harmonic and bounded in D — DE, then there exists a function h{X) harmonic 
in D and equal to g{X) in D - DE (6, p. 335). 
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A double trigonometric series 

(2) E aMe , 

where M represents a lattice point (m, n) and the aM are arbitrary complex 
numbers will be said to converge circularly at the point X to the value L(X) 
if the circular partial sums of rank R, 

(3) SR{X) = £ aMeiMX, 
\M\<R 

converge to the finite value L{X). The series will be (C, 1) circularly summable 
to L(X) if the (C, 1) circular means of rank R, 

(4) ca(X) = E aMeiMX(l - ^ l ) = 4 f *S,(X) nfr, 
\M\<R \ K / K Jo 

converge to the finite value L(X). 
In (9), we called (2) a series of type (U) if aM — o(l), that is if aM —* 0 as 

|ikf | —•» œ, and if the partial sums 

\ ^ aM iMX 

K\M\<R\M\ 

converge uniformly. For the purpose of this paper it will be advantageous to 
widen the classes of series to be studied. We shall call (2) a series of class (£/') 
if 
(5) £*we 

is the Fourier series of a continuous periodic function. We call (2) a series of 
class (B') if (5) is the Fourier series of a bounded function. For both of these 
classes no restriction is placed on the aM. 

The open disc of radius t and center P will be denoted in this paper by 
D(P,t)\ the circumference of this disc, by C(P,t). The fundamental semi-
closed square 

{ (x , y); —7T < x < 7T, —7T < y < ir} 

will be designated by 0; the interior of Œ by 0°. 
We say that the series (2) is locally uniformly (C, 1) circularly summable in 

a set E if for every P in E, there exists a D(P, /), / > 0, such that ^ ( X ) 
defined by (4) tends uniformly to a finite limit for X in D(P, t). 

Given a closed set Z C ^ we shall say that Z is a set of uniqueness for a 
series of class (£/') under circular (C, 1) summability if the fact that 
YIM CLM eiMX is a series of class ( Ur) for which cr^X) —> 0 in Q, — Z implies that 
aM = 0 for all M". 

Given a closed set Z C ^ we shall say that Z is a set of uniqueness for series 
of class (50 under local uniform circular (C, 1) summability if the fact that 
YLM a<M eiMX is a series of class (B') for which aR(X) —» 0 locally uniformly in 
12 — Z implies that aM = 0 for all ikf. 
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Let £ be a bounded Borel set and let fx be a non-negative measure defined 
on the Borel sets of the plane. If /*(£) = 1 and if \x(A) = 0 for all Borel sets A 
with the property AE = 0, we say that JJL is concentrated on E. Furthermore 
if E is contained in 12, we can consider the Fourier-Stieltjes series of /x, written 

(6) d»~ZaMeiMX 

where 

au =~t? Le~iMi:MX)-
3. Statement of main results. We shall prove the following three theorems 

connecting the logarithmic capacity of sets and double trigonometric series. 

THEOREM 1. Let E be a Borel set contained in the semi-closed square 12. Then 
a necessary and sufficient condition that E be of positive logarithmic capacity is 
that there exists a non-negative measure ju concentrated on E whose Fourier-
Stieltjes series is of class (Bf). 

THEOREM 2. Let Z be a closed set contained in the semi-closed square 12. Then 
a necessary and sufficient condition that Z be a set of uniqueness for series of class 
(£/') under circular (C, 1) summability is that Z be of logarithmic capacity 
zero. 

THEOREM 3. Let Z be a closed set contained in the semi-closed square 12. Then 
a necessary and sufficient condition that Z be a set of uniqueness for series of class 
(Bf) under local uniform circular (C, 1) summability is that Z be of logarithmic 
capacity zero. 

Before proving these theorems, we should investigate the properties of 
Fourier-Stieltjes series and generalized Laplacians. 

4. Fourier-Stieltjes series. Some of the notions in this section come from 
a course given by Professor Bochner at Princeton University. 

Supposing f{P) integrable on C{X, t), we shall henceforth designate the 
mean-value of f on this circle by fx(t), thus 

i r2v 

(7) fx(t) = Ô - f(* + *cos Q>y + t sin e) de. 

Then by (1), we have the following result: 

LEMMA 1. Letf{x) be a function which is integrable on 12 and periodic of period 
2w in each variable. Then the (C, 1) circular mean of rank R of the Fourier series 
off(X) is given by 

J»oo 
fx{t)J2{tR)/tdt 

0 

where Jz{t) is the Bess el function of the first kind and order 2. 
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REMARK 1. (8) can be replaced by the equality 

(9) vB(X) = ±ff(X + P) ^ & & dP 

where E2 is the plane and the expression on the right side of (9) is understood 
to be the Lebesgue integral over E2l where X in the integrand is a fixed point. 

Remark 1 follows from the fact that for fixed X and R and for all/ > 0 there 
is a constant K such that 

j 
•J D 

\f(X + P)\dP<K(t+l), 
(0, H - 1 ) _ D ( 0 , t) 

^ p < ^ fa|P|>i. 
For then 

•JD(0,T) K I i=0 t/2>(0, *+l)-D(0, i) K I 

where i£i is another constant independent of T. 
Given a non-negative measure JJL concentrated on a Borel set E contained in 

the semi-closed square 0 we can form the (C, 1) circular mean of rank R of its 
Fourier-Stieltjes series. It is clear, however, that we have to extend n so that 
it is defined on the whole plane before we can get an expression similar to the 
right side of (9) for the (C, 1) circular mean of rank R. 

We handle the problem of the extension of n defined in 0 in the following 
manner. Let rjM represent the point with the coordinates (2irm1 2wn) where 
m and n represent any pair of integers positive, negative, or zero. Defining the 
point set A + X to be the set of points [P;P — X in A], we have the double 
sequence of squares Q,M = 0 + 7iM> In particular, £20 = Œ. 

Now given a non-negative measure ix concentrated on a set E C Œ, we call 
this measure ju0 and define a measure \xM for every M on the Borel sets of the 
plane by ixM{A) — n(A — rjM)- We thus see that fxM is a non-negative measure 
concentrated on the set E + rjM. We then define a non-negative measure /Z on 
the bounded Borel sets of the plane by the formula 

M 

Noticing that 

U(A + rjMl) = ^2 VM(A + 7jMl) = ^2 VM-M1(A) = Ji{A), 
M M 

we call /Z the periodic extension of \x. Henceforth the Fourier-Stieltjes series of 
/Z will be understood to be the Fourier-Stieltjes series of fx as defined in §2. 
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With this extension of the measure, we are now in a position to state and 
prove the following lemma: 

LEMMA 2. Let \x be a non-negative measure concentrated on a Borel set E 
contained in 0 and let fl be the periodic extension of /x. Let aR{X) be the (C, 1) 
circular mean of rank R of the Fourier-Stieltjes series of /Z. Then 

do) „m- i f f̂=-/,l*-W). 
7T %) E2 \-L — -A I 

To prove the lemma, let us first observe that 

VB(X) = E aMeiMX(l - iMf) = f KB(X - P) d^P) 
\M\<R \ K / J\l \M\<R 

where 

KB(X) = X £ etM4l - ' ffi . 
4tTT"\M\<R 

It is not difficult to see that the right side of (10) is a continuous function of 
X and that the same is true for <rB(X). Therefore to prove (10), it is only 
necessary to show that if A is any bounded Borel set then 

(11) JjX JQKB (X - P) d M (P) = x-1 JjX j E ^f^j^r1 dP (p) • 

Now setting 

for any Borel set B, we see that \p is an additive function of a set defined on the 
Borel sets in the plane. Furthermore, we see that the right side of (11) is by 
Fubini's theorem equal to fE* t(A — P) djl(P) which in turn is equal to 
JE2 ji(A — P) dif/(P). This last fact follows from the observations that 

P(D(P, 1)) = o(|P|}), j E |p|* LLjP^dP < oo 

and an application of (10, Lemma 1). But jl(A — P) is for fixed A, a bounded 
periodic function of P. Consequently by Remark 1, 

JE p(A - P) d*(P) = JaP(A - P) KB(P) dP 

= £ (MA -P-VM) KB(P) dP 

= E [ ulA ~ X) KB(X) dX 

= ( n(A- X) KR{X) dX. 

However, letting XA (X) be the characteristic function of A, we have that 
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f n(A - X) KB(X) dX = f d»{P) f KB(X) XA(X + P) <£X 

= J^M(P) JE KB(X - P) XA(X) dX 

= JQdv(P)fj[B(X-P)dX, 

which is the left side of (11), and the lemma is proved. 

LEMMA 3. Given a non-negative measure n concentrated on a Borel set E con
tained in £2, let Ji be its periodic extension. Suppose ji[D(X^ /0)] = 0. Then the 
Fourier-Stieltjes series of ji is uniformly circularly summable (C, 1) to zero in 
V(Xo, i/o). 

For by (10), we have, since ji[D(Xo, /0)] = 0, that 

7T J Ea-D(X0, U) K ~~ A I 

However, there is a constant K such that 

| / 2 (^ ) | < Ku~* for u > 1. 

Consequently, we see, for i? sufficiently large and X in D(Xo, \h), that 

Therefore ^ ( 1 ) = 0(R~?) uniformly for X in D(X0, J/0), and the lemma is 
proved. 

5. Generalized Laplacians. Let us suppose that F(X) is defined and 
integrable in D(X0, i) and let us set 

= ±2 f 
TTt JD(Xo.t) 

Fhx.(t) = -^2 F(P)dP. 

We then say that F(X) has a generalized Laplacian of the second kind at the 
point Xo, designated by A2 F(X0), equal to ah if 

l im -g = ai. 

For the purposes of this paper, it will be necessary to prove an extension of 
(9, Lemmas 1 and 2). 

LEMMA 4. Let J^ aM eiMX be a double trigonometric series which is (C, 1) 
circularly summable to zero at the point X0. Furthermore, let 

Z &M iMX 
WF e 
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be uniformly circularly summable (C, 1) to F(X) — \CLQ\X\2 in D(X0, /0), t0 > 0. 
Then A2 F(X0) = 0. 

Setting 

SB(X) = E « * « " " and TS(X) = - E " Ï ^ Î « " " ( l - l~£), 
\M\<R 1<\M\<R \M\ \ K / 

we observe that 

(a) X f M .X = - 2 E a. e™ - ^ « (l - ^ ) , 
m JD{XO,I) \<\M\<R \M\t \ K / 

(b) SB(X0) = o(R2), 

(c) i?-2 E a ^ ^ ^ f j ^ = i T 2 f [£ , (* . ) - a o ] ^ ^ 
KIMKB Û z £ Jo u 
1<\M\<R \M\t 

2tt 
+ iT2[S*(Xo) - ao] ^ ^ 

= o(l) as i? —> a> for fixed £, 

(d) -K f r B ( X ) rfX -> Fi . x . (0 - ^ [|X|20 + f<2] for 0 < i < /„. 

We conclude from (a), (b), (c), and (d) that 

The lemma then follows from (3, Theorem 1). 

6. A particular set of Fourier coefficients. Let us set $(X) = 2T log | ^ | _ 1 

for X in 12 and then extend <£>(X) periodically; so that using the notation of §4, 
$(X) = 2ir log \X — 77M|-1 for X in 0M . We then have the following lemma: 

LEMMA 5. The Fourier coefficients 1/XM of $(X), with M 5* 0, toz;e the fol
lowing two properties: 

(i) f - > 0 for all M, 
AM 

(ii) r&ere exis/s a constant K independent of M such that 

i i I - K \ L | i 1 
l\M\2(n2 + 1) "^ |M|2(w2 + 1)J \M \M\2 

By means of Green's second identity, we observe that for \M\ j^ 0, 

{2ir) h-D(0,e)]og\X\e dX ~ \M\2 

- X 
7T znj/ i imy 

cos mire -\-cosnire , . /1N 2",—2 dy + o ( l ) . 
7T + 3/ 

Consequently, for |ikf| ^ 0, 
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1 1 2 CT cos m% cos ny + cos TIT COS my , 
\M\2Jo x 2 + / dy-\M~ \M\2 \M\2Jo *2+y2 

Since 
dy 1 

we find Xjif > 0. As two integrations by parts show, there is a constant K such 
that 

J" 
Jo 

I cos nr 7 

for all n, and the lemma is proved 

^ 2 i i ft + 1 

7. Proof of Theorem 1. Let E be a Borel set contained in the semi-closed 
square 0. Then a necessary and sufficient condition that E have positive 
logarithmic capacity is that there exists a non-negative measure y. concentrated 
on E such that 

(12) u(P)= ( log \P - X\-%(X) 
•JE 

is bounded above. 
Using $(X) as defined in §6, we set 

(13) « i ( P ) = f <i>(P-X)J/x(X) 
JE 

and observe that Wi (P) is lower semi-continuous. Furthermore we observe that 
U\{P) is bounded above if and only if u(P) is bounded above. 

By (4, p. 84), if E has positive logarithmic capacity /x can be chosen so that 
-w(P) is continuous. But it is clear that u(P) is continuous if and only if u±(P) is 
continuous. 

To prove the sufficiency condition, let us suppose /z is concentrated on E 
and dp ~ Y, &M eiMX and that 

y^ &M tux 

k* \M?e 

is the Fourier series of a bounded function. Then it follows from Lemma 1 that 

v aM omx (i 1ML\ <s K 
KjM|<fl \-M\ \ K / I 

where K is independent of R and X. But since aM = 0(1), we conclude that 
the circular partial sums of rank R of 

ho \M\2e 

are uniformly bounded. Furthermore the series 

So \M\2 In2 + 1 + m2 + 1J 
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is convergent. We thus have from Lemma 5 that the circular partial sums of 
rank R of 

Z &M iMX 

M^O AM 

are uniformly bounded. 
Let u(P) and ui(P) be given by (12) and (13) respectively. Then for \M\ ^ 0, 

But then Ui(P) is an essentially bounded function which is lower semi-continu
ous and consequently bounded above, u (P) is therefore bounded above and the 
sufficiency condition is proved. 

To prove the necessity, let E be of positive logarithmic capacity. Let fx be a 
non-negative measure concentrated on E chosen so that u{P) given by (12) 
is continuous. Consequently U\{P) given by (13) is a continuous periodic func
tion. In the same manner as before, we find that the Fourier series of 
Ui(P) - (47T2)"1 JUU1(P)dP is 

A 2 

E 4r7T aM iMX e , 

where the aM are the Fourier-Stieltjes coefficients of /x. But the (C, 1) circular 
means of rank R of this series converge uniformly. It then follows from Lemma 
5 that the (C, 1) circular means of rank R of 

V* aM iMX 

converge uniformly. This latter series is consequently the Fourier series of a 
continuous periodic function and the necessary condition is proved. 

It is to be noticed that we have also proved the following fact which we state 
as a remark. 

REMARK 2. Let £ be a Borel set contained in the semi-closed square Q. 
Then a necessary and sufficient condition that E be of positive logarithmic 
capacity is that there exists a non-negative measure JJL concentrated on E 
whose Fourier-Stieltjes series is of class (£/')• 

8. Proof of Theorem 2. Suppose that T = E a M eiMX is (C, 1) circularly 
summable to zero in £2 — Z where Z is a closed set of logarithmic capacity 
zero contained in the semi-closed square 12 and T is a series of class (£/'). 

Set / | 2\ 
(14) F(X) - |ao|X|2 = - lim V ^ ( l - M-) e<"* 

R^œ K\M\<R \M\ \ K / 

for all X in the plane. Since T is of class (£/'), we have that the right side of 
(14) is uniformly convergent and consequently that 

(15) F{X) - ia0 |X|2 = G(X) 

where G(X) is a continuous periodic function in the plane. 
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Take any bounded domain D in the plane. Then by Lemma 4 and the 
properties of sets of logarithmic capacity zero, we have that there exists a 
closed and bounded set of logarithmic capacity zero Z\ such that A2 F(X) = 0 
in the domain D — DZ\. But by (7, p. 14), F(X) is then harmonic in D — DZi. 
Since F(X) is continuous in the closure of D, we obtain by (6, p. 335) a func
tion H(X) equal to F(X) in D — DZi and harmonic in D. But DZ1 is of 
measure zero, F(X) is therefore harmonic in D and consequently in the whole 
plane. 

Furthermore, from (15), F(X) = 0 ( | x | 2 ) . Therefore by (11, p. 19) F{X) 
is a polynomial of at most degree 2, and the same is therefore true of G{X). 
But G(X) being continuous and periodic must then be a constant. Conse
quently 

^.w^O-^)-* K\M\<R 

uniformly for all X, where K is a constant. We conclude that aM = 0 for 
M ?£ 0, and then since our series was assumed (C, 1) summable to zero in 
Œ — Z, we have that a0 = 0. 

To show that Z is not a set of uniqueness if Z is a closed set of positive 
logarithmic capacity contained in the semi-closed square 12, take a non-negative 
measure /x concentrated on Z with Fourier-Stieltjes series ]£ aM e îWX which 
is in class (£/')• By Remark 2, this can always be done. By Lemma 3, 
2] &M eiMX is (C, 1) circularly summable to zero in 0 — Z. Z is therefore not a 
set of uniqueness, and the theorem is proved. 

9. Proof of Theorem 3. Let us prove the sufficiency first. Suppose that 
SR(X) is given by (3) and <rR{X) by (4), and suppose, further, that aB(X) —» 0 
locally uniformly in 0 — Z where Z is a closed set of logarithmic capacity zero 
contained in 0. Let E2 designate the plane and Z — ^M ZM where ZM = Z + T\M, 
rjM as in §4. Then <rB(X) —•> 0 locally uniformly in E2 — Z. It is furthermore 
clear that if aR(X) —> 0 uniformly in D(X0, to), then 

^ aM iMX 

converges uniformly in D(X0} to). 
Setting 

(16) F(X) - ia0\X\2 = - lim £ %^eiMX in £ 2 - Z, 
R^œ 1<\M\<B 1^1 

we see that 
(a) A2 F(X) = 0 in £ 2 - Z, by Lemma 4, 
(b) F(X) is continuous in E% — Z by the discussion in the above paragraph, 
(c) F{X) — Ja 0 |x | 2 is bounded in E2 — 2 since £ aM eiMX is a series of 

class (£ ') . 
From the properties of Z, (7, p. 14), and (a), (b), and (c), we conclude that 

there is a function F±(X) harmonic in E2 and equal to F(X) in E2 — Z. 
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Since Fi(X) — Ja0 |X|2 is bounded in E2 — Z and Z is of measure zero, 
Fi(X) - la0\x\2 is bounded in E2. But then F^X) is 0(\x\2) and conse
quently a polynomial of degree at most 2. Therefore Fi(X) — |a0 | -^|2 is a 
bounded polynomial; hence F{X) — | a 0 | x | 2 is constant in 12 — Z. 

From (16) and the fact that our original series was in class (B'), we have 
that for M ^ 0 

We conclude first that aM = 0 for M ^ 0 and then that a0 = 0. 
To prove the necessary condition of this theorem, let Z contained in 12 be a 

closed set of positive logarithmic capacity, and let /JL be the non-negative 
measure of Theorem 1 which is concentrated on Z with Fourier-Stieltjes series 
X) aM eiMX which is in class (Bf). By Lemma 3, this series is locally uniformly 
(C, 1) circularly summable to zero in 12 — Z. This completes the proof of the 
theorem. 
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