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A two parameter eigenvalue problem

J.A. Rickard

An ordinary second order differential eéuation is considered in
which the coefficients are dependent on two paraméters w and
F  as well as the independent variable u . The equation arises
in the study of free oscillations of incompressible inviscid
fluid in global shells. An asymptotic technique is presented
which estimates the eigenvalues (that is the values of w for
which the solution is bounded for all |ﬁl <1 ) as functions of
F ,as F =+, The agreement of the results with numerical

computations is also discussed.

1. Introduction

In recent studies of free oscillations of incompressible inviscid
fluid in both spherical and spheroidal shells with rigid or free outer

surfaces equations like that below are encountered {see Rickard [2], [3],

[41):
R

(1.1) w0(2-12) (WP-n?) i-é - woft (P-2-202) +1F (1-1°) (W®-1®) } f%f
u

+ {-2@u3+w2+hu2]+%F(w2—hu2)(w3+(2-3w)u2)}i =0

In free-surface problems, like that above (see Rickard [2], [4]) F
represents a non-dimensionalised Froude number and W the free periods of
oscillation (apart from various constants). In rigid boundary problems a
similar parameter X occurs (see Rickard [2], [3]), which is essentially a
measure of the deviation of the shell from a spherical shell. The
dependent variable X represents a reduced pressure and the independent

varieble u 1is such that |u| =1 .
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It is required to calculate the eigenvalues w , that is the values of
w for which X is bounded in |u| <1 , as functions of F (or K , as
the case may be). The analytical solution of (1.1) for small F and
numerical calculations for moderate F have been carried out by Rickard
([21, [3], [4]). 1In most geophysical applications F is not large. For
example, F is approximately 12 for the Pacific Ocean (see Rickard [4]).
However, the structure of the eigenvalues of (1.1) and similar equations as

F +» o 1is of considerable mathematical interest.

In this paper an asymptotic technique is used to estimate the values

of w as F > ® . Specifically, the paper is made up as follows. In
Section 2 the solution of (1.1) away from ¥ =0 and |u| =1 is examined
for F + o , Sections 3 and 4 examine the solution in these boundary

layers while Section 5 discusses the matching procedure necessary to
estimate w . Finally, in Section 6§ the results are compared with
numerical calculations and restrictions on the general applicebility of the

method are discussed.

2. Solutions for large positive F

Since we are primarily concerned with calculating the eigenvalues of
(1.1), (the values of w for which X is bounded) and not in the detailed
structure of the solution, all we require of the boundary conditions is a
means of distinguishing between even and odd eigenfunctions. It will be
convenient to distinguish between even and odd solutions of (1.1) by

imposing the boundary conditions

(2.1) x(1) =1, x(0) =0

for odd solutions, and

(2.2) x(1) =1, x'(0) =0

for even solutions.

Further, we shall restrict our attention to positive values of U ,
the extension to negative values being straightforward. 1In (1.1), as
F + o | the coefficient of the most highly differentiated term becomes
singular and we may expect the presence of boundary layers, enabling us to
satisfy (2.1), (2.2).

Away from the neighbourhood of any such boundary layers the solution
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of (1.1) may be written
(2.3) x(u) = 4F(u) + BG(n) ,

where A and B are arbitrary constants and F(u), ¢(u) may be written

in the form

(2.4) F(u)

: 2
Fl(u) + (2/F)F2(u) + (2/F) F3(u) .00,

2
(2.5)  Gu) = & F/h{ol(u) + (2/F)G,(n) + (2/F)2G3(u) + ...} ,
where Fn(u), Gn(u) , m=1,2, ... , are functions of U only.

Although ® 1is also a function of F , we shall for the present
regard it as constant; a simplifica.tion which in no way affects the
analysis to follow.

It is now a straightforward matter to determine Fl(u) and Gl(u)

by substituting (2.3)-~(2.5) in (1.1) and comparing corresponding powers of
F . We find that

2, 2 2yA-2
R Gl(u) = BIw -hu )(1-}1 ) .

2 2) =A
ulﬁuz

(2.6) F (W) = o (1-u

where o and B are arbitrary constants and
2.7) A = gw-1!2§w+22
- - 2(" .

From (2.3)-(2.6) it follows that

2
(2.8) x(u) = af” [1—u2)'>‘ + ...+

2 .2
+ B[(wZ_uHZ) (l—ﬂg) )\-2u-l-w el-l F/4 . ] ,

where the constants o and B have been absorbed into A4 and B .
Further terms in (2.8) may be calculated in a straightforward way but here
we give only the leading contributions to F(u) and G(u) . It is clear
that (2.8) breaks down in the neighbourhocod of W =0 and U =1, and
that we cannot at present satisfy (2.1), (2.2). We shall now consider the
solutions of (1.1) within these boundary layers.
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3. The boundary layer near u =0
A consistent match with the solution (2.8) near p = 0 can be found

_1
by taking F 2 as scaling factor for this layer, and near U =0 we write
1
(3.1) w=(2/F)% , x=XxU)+ (2F)XG)+ ... .

From (1.1), (3.1) it follows that

2=
dx dy

(3.2) ——,} Yzt =0,
dy

the complete solution to which is given by
= 1 2 3 2
(3.3) X, ) = A m(-3 P, L BP) + ByM(3(1-0), 3, 3°)

where Al, Bl are arbitrary constants and M(a, b, 2) is Kummer's
function (see, for example, Slater, [3], p. 504).

We now have to apply the boundary conditions at u = 0 , as given by
(2.1}, (2.2). Which of these conditions we impose depends on whether the
class of solutions we wish to consider are even or odd, and we shall now

proceed to discuss each of these cases separately.
(i) 0Odd solutions

In this case (2.1) is the appropriate condition, and from (3.3) it
follows that

(3.4) A =0,
- 2 2
(3.5) X () = ByM(F~e7), 3, 37) .
The asymptotic form of (3.5) as ¥ - ® is given by

w?/2, w? Jred¥ym1w® (o W' /2
' _ _ B /2 (i) i 7 e2” y (2) L s
(3.6) X, () (17): 1)+ (12 »(¥)

where

2 2
Ll(y) = 1+“’_M_l+

2y
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_ 1+w°) (24w
(3.7) Lz(y) =1+ 5 + .

(ii) Even solutions

We now have (2.2) instead of (2.1) as the appropriate boundary
condition, and from (3.3) it follows that

(3.8) B, =0,
= 2 2
(3.9) X () = am(-30°, 3, 4% .
As y * @ the asymptotic form of (3.9) is given by

1,2 2 2

L e T (o) /2
2
(-1-30%)1

Due to the presence of the exponential term in (3.6) we see that every

1(1)/2(1)
(3.10) il(y) = A AGE) oy L

1 Ly(y)

term of the second series dominates even the leading term of the first
series. Hence, in the case of odd solutions, it follows from (2.8), {(3.6)

that B 1is correctly related to Bl » but that the relationship of A4 to

Bl may be in error by a term of order B

1
Analogous remarks apply to the relationships between 4, B, Al for

even solutions.

4, The boundary layer near u =1
In this boundary layer, near H = 1 , a consistent match with the
solution (2.8) can be found with scaling factor Ft , and on writing

(4.1) W=1- (2/F)x , X=X (&) + (2/FR,(a) + ...,

it follows from (1.1) that

(L.2) x

If we now make the transformation

(4.3) x=-3,

https://doi.org/10.1017/50004972700040600 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700040600

44 J.A. Rickard

then (4.2) becomes

(L.b4) z

This is the Confluent Hypergeometric or Kummer's Equation, and has

solution

(4.5) ;(l(z) =AM, 2, 2) + BUQA, 2, 3) ,

where A2, B are at present arbitrary constants. For an account of

2
Kummer's equation, together with the definition of M(a, b, z) and
U(a, b, 3) , see, for example, Slater, [5], p. 50L.

From (2.1), (2.2), we see that for both even and odd eigensolutions,

we require

(4.6) B,=0, 4,=1,

so that (4.5) reduces to

(5.7) X, (%) = M, 2, =) .

It follows that the asymptotic behaviour of ;(l(:c) as x *+ @

(z + =) 1is given by

A-2 -z 2
A _x % (A-1)(A-2) | (A-1){(A-2)"(A-3) :
(h.e) Xl(.’c) = (}\_1)‘ [1 - z + 2x2 + ...

22 1,01, 220-)0e)

(1-2)1 x )

+

5. Matching of solutions

It is clear from (2.8), on putting M = 1 - -21'% , that the algebraic
terms in (4.8) must have a small coefficient. This can be achieved only if
(5.1) A=n+8, n=2,3,4, ...,

wvhere |6] << 1 3 orif A=+ -®», If A+ -, it follows from (2.7) that
w is small and negative, contrary to the known result that w > 0 for all
F (see Rickard, [2]). Hence (5.1) is the only possibility.
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It is clear that § will be different for even and odd solutions, and

we shall write

§ = 60 for odd solutions,
(5.2)

§ = de for even solutions.

In an attempt to estimate the values of 60, Ge we shall proceed to

match the solutions in the boundary layers near W =0 and W =1 with
(2.8), teking only the leading terms in each series in the asymptotic
expansions (3.6), (3.10), (4.8). As remarked previously, this matching
procedure may involve errors, due to the dominance of all the terms in one
series in (3.6), (3.10) over terms in the other series in these asymptotic
expansions. We must therefore anticipate our results to be correct only to

within an order of megnitude.

When |6| << 1 , we may make the following approximation

(5.3) ﬁ(i—:%:—x (=1)" L(n-1)1 (n-2)18

Further, for values of A given by (5.1), w? is small compared with
unity, and we may approximate certain functions occuring in (3.6), (3.10),

for example,

2
(5.4) (-1—§w2)1 N -2/u? (-g_ng)x v, ()Y X1, and so on.

From (2.8), (3.6), (3.10), (4.8), with the aid of (5.3) and

approximations like those in (5.4), we find

(5.5) o o LN 2R o) T Y
° (mz-h)(n-l)l(n-z)z
2
(5.6) 66 -_-_};60 .

From (2.7), (5.1) it follows that
(5.7) W=+t

where ® is the root of the cubic equation

(5.8) W - (2w +2=0, n=2,3, 4, ...,
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which lies between zero and unity, and w* is given by
(509) wt = Y - (I) ’

where Y is the root of (5.8), (lying between zero and unity), with n

replaced by n + § (Go for odd solutions and Ge for even solutions).

Further we see that @ is the same for even and odd solutions
associated with a given »n and is independent of F , whereas w* is
different for even and odd solutions and furthermore is O0(8) and

dependent on F .

We shall now infer that ww is of the form

= 2
(5.10) w=w + (2/F)w2+ (2/F)w3+ cee
where
= * =
(5.11) w =0 +wt, n=1,2,..,

E’n being independent of F and the same for both even and odd solutions,
while m;l is dependent on F and different for even and odd solutions.

Furthermore u); tends to zero exponentially as F > = ,

The determination of w2 , while straightforward, is probebly not
worthwhile in view of the possible errors in w; . However, calculation of
52 presents no difficulty and below we shall outline the method used to

calculate such in the simplest case 7n = 2 . The extension to arbitrary =n

is straightforward.
If we substitute (4.1) into (1.1) we find that §(2(z) satisfies the
following differential equation:

. 23 3
(5.12) = dz)g(e + (x+2) —— + )\x2 {[ (mi—h]ml[%-mﬂ:c]z 21

2mm dx

l
+ [ (5(»"‘-210) +hw +12] {[7(»?-20)?—21;0)1-*16]1:—[ i +h]}]521} .

dx
+ [2“’2(”*2)[3‘“ ] (32-rhw +282- 2} ] dx—l
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When 7 = 2 , in order to calculate » 1t is sufficient to take

2

A=2, 6§=0, xl(x) =e™® , when (5.12) reduces to

d2;(2 d;(z ~ x|, = 2
(5.13) x P + (x+2) -t X, = Kpe . [K2w2+K3x +Khx+l(5] .
where Kn » n=1,2, ..., 5 are constants depending only on E)l .

The structure of Gz(u) (see (2.5)) in this case requires that

~ _ 2 -
(5.14) xe(x) = (alx +a2a:+a3}e .

where a, (n =1, 2, 3) are constants to be determined.
In order that (5.14) shall satisfy (5.13) we find that
h663-106§-20861+56]

(5.15) &, = -[—=
2 L 5
5w1—33wl+hwl+28 J

In this case (n = 2) , 61 = 0.2892 , so from (5.15), 52 = 0.1467 .

The values of 60, 8 together with associated values of w?* are

1
tabulated in Table 1 for the case n s 2 when F = 10, 20, 25, 30 .

e

0dd solutions Even.solutions
8 w* w from (5.16) F § w?* w from (5.16)
[2] 1 e 1
.04k -.0038 .31L 10 | -.27 .025 .343
.019 -.0017 . 302 20 | -.13 .012 . 315
.0096 -.0008 . 300 25 | -.068 .0059 . 307
.000LL -.000L .299 30 -.0031 .0027 . 302

Table 1. Values of 60, Ge, u.\;_ and ® from (5.16) for case n = 2
Further, the values of w® , as calculated from the approximation

(5.16) w= El + w4 (2/?)62 s
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are also given in Table 1.

6. Discussion

For small values of F , X and W can be expressed as power series
in F . The procedure is straightforward, see, for example, Rickard ([Z],
[3]). It is found that

O ~3 . 2~
wl(wl-l)(-3n1-19ml—12w +8]

- 1 1
(6.1) w =g+ e F+o(F) ,
where
(6.2) ) 2 n=1,2, ...

1" nln+1) °

Numerical computation of eigenvalues of (1.1) is also straightforward,
using a method devised by Picken ([1]) for solving ordinary differential
equations in terms of Chebyshev series. The reader is referred to Rickard
([21, [3]) for full details of the method. In Table 2 those eigenvalues
which are 1/3, 1/6 vwhen F = 0 are tsbulated for values of F from 10
to 30 . The results are illustrated graphically in Figure 1.

F w

1/3 1/6

. 34k .189

.356 244
10 .346 274
15 .332 .288
20 .318 .293
25 .309 .296
30 . 302 .295

Table 2. Rumerical calculation of eigenvalues
The values of W predicted by (5.16) and given in Teble 1 are also

illustrated in Figure 1. The even solution (for which ® = 1/3 when

F=0 ) is in good egreement with the numerical results even for F as low
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as 10 . However, the odd solution (w = 1/6 , F =0) is not predicted

to good approximation by (5.16) until F is greater than about 25 . This
is due to the fact that (5.16) will be a good approximation only after the
actual solution curve has passed its maximum (F = 5 for even solution and
F = 25 for odd solution, approximstely); that is, when exponential decay

dominates. In fact, for large F , w may be taken as Z;l + (2/17')32 to

good approximation, but mi’ mst be considered if it is required to

distinguish between the even and odd eigenvalues.

For F < 0 similar arguments may be used and it is found that all
eigenvalues tend to zero as F + -» (except the exceptional eigenvalue for
which w=1 for all F ).

The method given in this paper can be used to study other equations
similar to (1.1) provided that it is possible to find the solution away
from the neighbourhood of any boundary layers; see (2.3), (2.6). The
solution in the neighbourhood of W =0 and Y =1 is unlikely to cause
any difficulty.
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