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CLASSIFYING ALGEBRAS FOR THE K-THEORY
OF +-C*-ALGEBRAS

N. CHRISTOPHER PHILLIPS

Introduction. In topology, the representable K-theory of a topological space
X is defined by the formulas RK°(X) = [X,Z x BU] and RK'(X) = [X, U],
where square brackets denote sets of homotopy classes of continuous maps,

U =1limU(n)

is the infinite unitary group, and BU is a classifying space for U. (Note that
ZxBU is homotopy equivalent to the space of Fredholm operators on a separable
infinite-dimensional Hilbert space.) These sets of homotopy classes are made
into abelian groups by using the H-group structures on Z X BU and U. In
this paper, we give analogous formulas for the representable K-theory for o-
C*-algebras defined in [20]. That is, we produce o-C*-algebras P and U,
equipped with the appropriate analog of an H -group structure, such that there
are natural isomorphisms of abelian groups

RKo(A) = [P,Aly and RK,(A) = [U,, Al

for unital o-C*-algebras A. Here [A, B]; denotes the set of unital homotopy
classes of *-homorphisms from A to B. Thus, RK, really is a representable
functor in the sense of category theory. (Compare with the remarks in the intro-
duction to [20].) A small variation on our results gives a proof, up to a minor
technicality, of Conjecture 2.5.7 in the survey article [21].

As a byproduct of our proofs, we also obtain descriptions of RKy(A) and
RK(A) that are more closely related to the usual definitions of Ky(A) and K(A)
for C*-algebras A than the definitions given in [20]. We show that, for any o-
C*-algebra A, the group RK((A) is isomorphic to the group of homotopy classes
of projections in M>((K ® A)*) which differ from

1 0

0 0
by an element of M,(K & A), with an operation derived from the direct sum
operation. Also, we show that RK;(A) is naturally isomorphic to the group of

path components in the unitary group of (K ® A)*. Here, and throughout this
paper, K is the algebra of compact operators on a separable infinite dimensional
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Hilbert space, and the superscript + denotes the unitization. The examples in
Section 4 of [20] suggest that it is unlikely that this description of RKy(A) can
be much improved.

We should mention that Rosenberg has obtained in [22] a representation theo-
rem for the K -theory of C *-algebras which is analogous to what the topologists
do for covariant functors. For example he proves in Theorem 4.1 of [22] that
there is a natural isomorphism

Ki(A) = [Co(R),K ® A]

for any C*-algebra A. Here the square brackets with no subscript denote homo-
topy classes of homomorphisms with no restrictions on units. This formula is
also correct for o-C *-algebras A. Our approach, however, is the analog of what
the topologists do for contravariant functors. Since K-theory is contravariant on
spaces, and since the functor X +— C(X) from spaces to (pro-) C*-algebras is
contravariant, our results are a more direct generalization of the formulas

RK°(X)=[X,Z x BU] and RK'(X)=[X,U].

This paper is organized as follows. In the first section, we define an adjoint
to the functor M, ® — of tensoring with the » X n matrices, and we show how
to use it to construct certain ‘“noncommutative” H -groups. This is the method
used to construct the classifying algebra P for RK,. We define P and prove the
isomorphism

RKo(A) = [P, A,

in the second section. In the third section, we define (much more directly) the
classifying algebra U,,, and establish the isomorphism

RK(A) = [Upe, Al

In Section 4, we relate the construction of U,. to that of P, and use this in-
formation to compute RK,(P) and RK,.(U,.). These groups are much smaller
than the corresponding groups RK*(Z x BU) and RK*(U), and the difference
can be used to show that the algebras of continuous functions C(Z x BU) and
C(U) cannot take the places of P and U,., even for the case in which A is a
C*-algebra. In the last section, we prove a version of our results in terms of
pointed o-C *-algebras; this version is probably the closest to the topologists’
approach, and leads to the formulation of a “noncommutative Bott periodicity”
conjecture. We then discuss this conjecture and other related problems.

For general facts about o-C *-algebras and pro-C *-algebras, we refer to [19]
and [21]. In particular, the tensor products which appear above, and multiplier
algebras, are as defined in Section 3 of [19]. We will also adopt the convention
that all homomorphisms are assumed to preserve adjoints and to be continuous.
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(Note that *-homomorphisms between o-C *-algebras are automatically contin-
uous, by [19], Theorem 5.2.) If A is a unital pro-C *-algebra, then U(A) is the
unitary group of A, Uy(A) is the path component of the identity in U(A), and
(U/Uo)(A) is U(A)/Up(A). Also, if X is a topological space, then C(X,A) de-
notes the algebra of all continuous A-valued functions on X, with the topology of
uniform convergence on compact subsets of X in each continuous C*-seminorm
on A. If X is compactly generated, then C(X,A) is a pro-C *-algebra which we
identify with C(X) ® A. (Compare [19], Proposition 3.4.) If A is omitted, it is
understood to be C.

1. Homotopy dual groups and the adjoint functor to M,®—. The purpose
of this section is to define, and prove some properties of, certain homotopy dual
groups whose operation is derived from the direct sum opertation on matrices.
The construction uses algebras W,(A) and W(A), where W,(A) is defined by
the property

Hom(W,(A), B) = Hom(A, M, (B)),
and where

Weo(A) = liln W..(A).

n

Notation 1.1. For any unital pro-C*-algebra A, denote by €4 the homomor-
phism from C to A such that e4(1) = 1, and denote by 6, the homomorphism
from A x cA to A which sends both copies of A in the free product identically
onto A. (For the definition of the free product of pro-C*-algebras see Section
1.5 of [21], or, using an equivalent notion of pro-C *-algebra, [29].) Finally, we
denote by 74 the flip homomorphism from A * cA to A x ¢cA which sends each
copy of A in the free product identically onto the other one.

Definition 1.2. (Compare [29], 2.1.) A homotopy dual group in the category
of pro-C *-algebras is a tuple (A, x, i, t), where A is a unital pro-C *-algebra, and
where x A —C,u:A— AxcA, and ¢ : A — A are unital homomorphisms,
such that there exist unital homotopies as follows:

(D (uxidy)op > (idy * p) o p.

Q) toi~idy.

3 bao(xidy)opeqox Xbyo(idy*i)op.
“4) (x *idy)opu ~idy ~ (ids *x x) o .

In (4), we identify Cx* A and A * ¢C with A in the obvious way. The homotopy
dual group is called abelian if in addition there is a unital homotopy

(&) TA O jL 2 fi.
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The only real difference between this definition and that of [29] is that we have
everywhere replaced equality by unital homotopy. A homotopy dual group is the
noncommutative analog of an H -group, as defined for example in Section 1.5 of
[26], but without the base point. Indeed, if A in the definition is a commutative
algebra, then it is the algebra of continuous functions on a quasitopological
space [25] which is also an H-group. (Use the results of Section 2 of [19].) It
follows that if A is a homotopy dual group, then the space Hom(A, C) of unital
homomorphisms from A to C is a quasitopological H-group, with identity ¥,
multiplication ¢ - ¥ = (¢ * ) o u, and inverse ¢! = @ o

Just as in the topological category, we obtain a group structure on appropriate
sets of homotopy classes. In the following proposition and throughout this paper,
we will denote the (unital) homotopy class of a (unital) homomorphism ¢ : A —
B by [¢]. (We will usually mean the unital case, but it will always be clear from
the context.)

ProposiTioN 1.3. Let (A, x, i, t) be a homotopy dual group. Then for each
unital pro-C*-algebra B, the set [A,B], has a natural group structure, with
identity [eg o x|, multiplication [p][¥)] = [6g 0 (¢ * V) o ul, and inverse [p]~' =
[eod]. If (A, x, p, 1) is abelian then so is [A,B],.

The proof is immediate, and is omitted.

We now set about constructing an important class of examples of homotopy
dual groups.

Definition 1.4. Let A be a C*-algebra and let n 2 1. Then W,(A) is defined
to be the universal C *-algebra generated by the symbols x,(a,i,j) for a € A
and 1 = {,j = n, subject to certain relations. To state them, we introduce the
symbols x,(a) for the n X n matrix (x,(a, i,j))f"j:l and x; (a) for the n X n matrix

(xn(a,j, 1))} i=- Then for every polynomial f in 2k noncommuting variables
and having no constant term, and every ay,...,a; € A such that
f(alvaT7'~'7ak7aZ) - 07

we impose the n’ relations stating that the entries of the n X n matrix obtained
by formal evaluation of the expression

f(xn(al)vx:(alL e #Xn(ak )7X;:(ak))

are all zero. If furthermore ¢ : A — B is a homomorphism of C *-algebras, then
we define

Wa(p) : Wy(A) — W,(B)
by setting

W) (xn(a, i, ))) = xu(pla@), i, ).
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Finally, if B is a pro-C *-algebra and v : A — M,,(B) is a homomorphism, then
we define a homomorphism

Y : W,(A)— B

by setting

Q/J(Xn(a, l?])) = ¢(a)i,j7

the ij entry of the n X n matrix ¥(a).

The next proposition asserts that this definition makes sense, and that A —
W,(A) is an adjoint functor to B — M,,(B).

ProposITION 1.5. The assignment A +— W, (A) is a functor from C*-algebras
to C*-algebras. If A is a C*-algebra and B is a pro-C*-algebra, then the
assignment ) \— 1 defines isomorphisms of sets

Hom(A, M, (B)) = Hom(W,(A),B) and [A,M,(B)] = [W,(A), B]

which are natural in both A and B.

Proof. W,(A) is a C*-algebra since the relations defining it are admissible in
the sense of Blackadar ([4], Section 1). Indeed, they imply that

IenCas i, DIl = lall

in any representation. That A +— W,(A) defines a functor is now obvious. For
the second part of the proposition, it suffices by the definition of an inverse
limit to consider only the case in which B is a C*-algebra. That ¥ — 1
defines a bijection between the sets of homomorphisms is now immediate from
the definition of W,(A). Bijectivity on homotopy classes follows by looking at
homomorphisms from A to B ® C([0, 1]). Naturality is immediate.

Remarks 1.6. (1) W, can be extended to a functor on the category of pro-
C*-algebras, with the same properties, by defining

W, (lim Ad) = lim W, (A,).

We will not need this, so we omit the details.

(2) W,(A) is a generalization of the noncommutative Grassmannians and uni-
tary groups of [7] and of the noncommutative classical Lie groups of [29]. In
general, the abelianization of W,(A), when A is a C *-algebra, is isomorphic to
the set of all functions on the space of representations of A on C" which are
continuous and vanish on the zero representation. (Use the previous proposition
with B = C.)
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(3) If A = C*(G,R) is a universal C *-algebra on generators G and relations R
of the form f(ay,...,a;) = 0, with f as in Definition 1.4, then in the definition
of W,(A) we only need the generators x,(a,I,J) for a € G and the relations

flalan),...,x @) =0
corresponding to the relations in R.

Definition 1.7. Let A be a C*-algebra. Define a homomorphism
Tt Woa1(A) — Wo(A)
by

, SN
(*) 7]_"(')(/1+l(a’ 17])) — { ,\n(a7 lﬂ,j) ] = ”l~
0 otherwise.

(To show that (x) defines a homomorphism, one simply observes that

Xpla, 1, 1) ... xy(a,l,n) O

ai— : : i xX(a)® 0
Xp(a,n, 1y ... xu(a,n,n) 0
0 0 0

is a homomorphism from A to M, (W,(A)).) Then define W (A) to be the
o-C *-algebra liln W,(A), using the homomorphisms 7.

W is not the adjoint to the functor B +— K ® B, but rather of the following
“finite” version of this functor. The advantage of W, is that it sends C *-algebras
to o-C*-algebras, while the adjoint of B +— K ® B, constructed in Proposition
5.8 below, presumably does not.

Definition 1.8. Let Ky be the dense subalgebra [J;~, My of K. For any pro-
C*-algebra B, denote by Ko @ B the algebra

o0
lim [UMk ®B,,} ,

14 k=1

as p runs through the set S(B) of all continuous C*-seminorms on B. That is,
Ko @ B consists of all infinite matrices b = (bjj) such that for every p, one has
p(b;j) = 0 for all but finitely many pairs (i, ). Give Ky ® B the relative topology
that it inherits as a dense *-subalgebra of K ®B. A homotopy of homomorphisms
from an algebra A to Ko @ B is defined to be an assignment ¢t — ¢, such
that, with the obvious identifications, the formula ¢(a)(t) = ¢,(a) defines a
homomorphism from A to Ky & (B ® C([0, 1])). Similarly, a homotopy ¢ — g,
of elements in Ky @ B is required to define an element of Ky ® (B ® C ([0, 1])),
not just an element of K ® B ® C([0, 1]) which is sent to Ko ® B under the
evaluation maps.
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ProposiTiON 1.9. Let A be a C*-algebra and let B be a pro-C *-algebra. Then
there are natural isomorphisms of sets

Hom(Wyo(A), B) = Hom(A, Ko @ B) and [Wa(A),B] 2 [A, Ko & B].

Proof. The first statement follows from the definitions of an inverse limit
and of Ky ® B, and Proposition 1.5, using the fact that a homomorphism from
Woo(A) to a C*-algebra (here B, for some p € S(B)) must factor through some
W,(A). The second statement follows from the first by using B&C ([0, 1]) in place
of B.

We now show that, under favorable circumstances, the unitization W,(A)*
can be made into a homotopy dual group.

Definition 1.10. Let A be a C*-algebra equipped with a homomorphism
Lo : A — A such that ¢y o tg ~ id4 and such that

e ()

is homotopic to the zero map from A to M,(A). We define homomorphisms
X 1 W) — Copt Woo(A)T — Woo(A)' * cWeo(A)', and ¢ @ Woo(A)" —
Woo(A)*, as follows. We set x(x +A-1) = X for x € W (A) and A € C, and we
define

¢ = lim W, (10)*.

To define u, we introduce the notation x.(a,i,j) for the element of W, (A)
defined by the coherent sequence (x,(a,i,j)), where x,(a,i,j) is taken to be
zero if n = max(i,j). (Thus a — (xoo(a,i,j))?j.:l is the homomorphism from
A t0 Ko ® Wyo(A) corresponding under the previous proposition to idw, 4).)
We further denote the corresponding elements in the first and second copies
of Weo(A) inside Woo(A) x Woo(A) by xiV(a,i,j) and x@(a,i,j) respectively.
Identifying Woo(A)" * ¢ Woo(A)* with (Wo(A) x W (A))* in the obvious way, we
let i be the unitization of the homomorphism corresponding, under Proposition
1.9, to the homomorphism from A to Ky & (Wyo(A) * Weo(A)) given by

/xf,})(a,l,n 0 xW(a,1,2) 0 \
0 xP(a1,1) 0 x®(a,1,2)
) ar— | Vw21 0 xW(a2,2) 0
0 x2(a2,1) 0 x@(a22) /
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We point out that ¢ can be defined directly by the formulas
w1 =1

HXoo(a, 20 = 1,2) = 1)) = x{)(a, i,))

1(Xoo(a, 20, 2))) = x2a, i, )

Wxoola, k1)) =0  for k5 1 mod 2.
Furthermore, in the proof of the theorem below, we will usually write formulas
of the type (*x) by showing only the top left block and part of the next block

to the right. This will save space; the proof of the homotopy associativity of p
will use expressions involving 4 X 4 blocks.

THeoReEM 1.11. With the hypotheses and notation of the previous definition,
(Woo(A), X, i1, L) is an abelian homotopy dual group.

The proof uses the following lemma, which will also be useful later.

Lemma 1.12. Any two homomorphisms from Ko @ --- B Ky to Ky, sending

rank one projections to rank one projections, are homotopic.

The proof is easily derived from the ideas in the proof of Theorem 2.3 in [3],
and is omitted. Note that every such homomorphism is continuous, because the
domain is a union of C*-algebras and the range is contained in a C *-algebra.

Proof of Theorem 1.11. We must verify conditions (1) through (5) of Defini-
tion 1.2. We will use the notation x..(a, i, ) of Definition 1.10, as well as the
obvious extension of the notation x)(a, i, j) to free products with more than two
factors.

(1) Using Proposition 1.9 on homotopy classes, the relation

(pxidg)op~(idg*xp)op
will follow from the homotopy equivalence of the homomorphisms

pis 2 2 A — Ko @ (Woo(A) * Woo(A) x Woeo(A))

given by
xP(al,D 0 0 0 x8(a1,2) 0
0 x@(a1,1) 0 *®(a12) 0 *P(a13)
wyla)= 0 0 POTRRY 0 0 0
0 *@(a2,1) 0 *®(a2,2) 0 x$(a2,3)
and
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xW(a,1,1) 0 xP(a,1,2) 0 x0(a1,3) 0

0 xP(a11) 0 0 0 xP(al12)
@ =1 x®a2,1) 0 xPa22) 0 xP(@23) 0
0 0 0 xP(a1,1) 0 0

To simplify the notation, set B = W,(A) * WOO(A.) * W (A). Further let
my A — Ko ® Weo(A)
be the map corresponding to idw, (4) under Proposition 1.9, and let
1: Ko ® Woo(A) — Ko & (B ® B & B)
be the homomorphism given by
N0 ® Xoola, i, ) = & @ xG) (@, i),y @ x3(a, i, ),y ® x8) (@, i, ).
Then one readily verifies that
wi = (p; ®idg)omnomy
for appropriate homomorphisms
®1,¢2 1 Ko ® Ko ® Ko — Ko.
The homomorphisms ¢ and ¢, send rank one projections to rank one projec-
tions. So Lemma 1.12 implies that ¢ ~ ¢,, whence p; ™~ u,, as desired.
(2) By assumption there is a homotopy ¢ — ¢, from ¢g o ¢y to id4. Then
11— Woo(ipr)*

is a unital homotopy from ¢ o ¢ to idw_ay+.
(3) The homomorphism

5W00(A)+ o (L * idWm(A)*) o u

is the unitization of the homomorphism corresponding under Proposition 1.9 to
the homomorphism

n:A— Ko ® Woo(A)

given by

https://doi.org/10.4153/CJM-1989-046-2 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1989-046-2

1030 N. CHRISTOPHER PHILLIPS

-xoo(l’O(a)’IJ) 0
m@)= 0 x(a1,1)

Xo(p@),1.2) ...
0

|

It suffices to prove that 5 is homotopic to the zero map from A to Ky @ W (A),
since the unitization of the corresponding map from W ,(A) to W (A) is
€w, () © X. Let t — ¢, be the homotopy of maps from A to M»(A), with

to(a)
0

given by the assumption on ¢j. Then the required homotopy is ¢ — 7,, where

0
pola) = < a> and ¢(a) =0,

xoo((Pt(a)llvlyl) xw((Pr(a)lz,l,l) xoo(<p,(a)“,l,2)
xoo("pt(a)21’171) xoc("P[(a)22v]»1) xoo(cpt(a)zlvlvz)

n(a) =

The proof that

EWn(A) O X ™ Owya) © (idw oay * L) O pt

is the same, except that one uses

0 1 0 1
ar— (1 0) ‘Pl(a)(] 0)

in place of ¢;,.
(4) Proposition 1.9 reduces the proof that

(X * idWoo(A)*) Ol ~ [dww(A)+

to proving that

0 0 0 0

0 x.(alD) |0  x.(al2)
ak—>

is homotopic to
Xo(a,1,1) Xo(a1,2) ...

a—> | x(a2,1) x(a2,2) ... |
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This can be proved using Lemma 1.12 in the same way as in the proof of (1).
(5) The homotopy 7w, )+ © 4 = p is obtained in the same way as the homo-
topies in the proof of (1). We omit the details. This completes the proof.

We should note that the operation p on Woo(A)* really just corresponds to
the direct sum operation on maps to matrix algebras. (This statement will be
made precise in Proposition 1.14 below.) The proof just given is slightly more
complicated than the usual proof of, say, homotopy commutativity of direct
sums, because of the need to deal with |J° M, all at once, rather then being
able to consider the various matrix algebras separately.

LemMmA 1.13. There is an isomorphism M»(Ko) = Ko, and any two such
isomorphisms are homotopic as homomorphisms.

Proof. An isomorphism is given on matrix units by
€ij Q er " ea0k—1)+i 21— 1)+j fori,j € {1, 2} and k,/ € N.
The homotopy statement follows from Lemma 1.12.

PropOSITION 1.14. Let A and 1y be as in Definition 1.10, and let B be a
unital pro-C*-algebra. In [A,Ky & B], let O be the class of the zero map, let
—lpl = [powl, and let

[l +[¥] = [(n ® idp) o (idk, ® 0) o (¢ @ P)],

where 1 is as in the previous lemma, o is the diagonal embedding of B ® B in
M>(B), and

(¢ @ P)(a) = (p(a), Y(a)).

Then |A,Ky ® B) is an abelian group which is naturally isomorphic to
[Woo(A)*, By via the correspondence of Proposition 1.9.

Proof. Of course, we have
[Woo(A)', B]1 = [Weo(A), B].

The proof consists of showing that the isomorphism of Proposition 1.9 converts
the operations given above into those on [W,(A)*, B];. The details are easy and
are omitted.

An important example of an algebra satisfying the conditions of Definition
1.10 is given in the next proposition.

ProposITION 1.15. Let A be a C*-algebra, let gA be the C*-algebra of Section
1 of [8], and let T: gA — qA be the involutive automorphism defined following
Corollary 1.2 in [8]. Then the homomorphism

()
x 0 X
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from gA to M»(qA) is homotopic to the zero map.

Proof. This result follows from the correspondence between homomorphisms

from gA and quasihomomorphisms from A, as in [8]. It can also be seen directly:

. in the notation of [8], the required homotopy is the restriction to gA of the
homotopy

@t AxA— My(AxA)

given by

[ Ua) 0
pi(L(a)) = ( 0 L(a))

and

@) cost  sint wa 0 cost sint\”
v =
P —sint cost 0 ia)/) \—sint cost) ’

as ¢ runs from 0 to 7/2.

The algebra P referred to in the introduction will be defined by
P = Wy(qO)".

We will need later the following explicit description of gC.

ProposiTION 1.16. The free product C x C is isomorphic to the C*-algebra
D = {a 1[0, 1] — M, : a is continuous, a(0) is diagonal,

1 0
and a(l) € C- (0 O) },

via an isomorphism sending the identities of the first and second copies of C
respectively to the constant function

(6 o)

and the function

A t Vil —1)
Vil —1) 1 —¢ ’

This isomorphism identifies gC with {a € D : a(1) = 0}.
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Proof. The first part is essentially contained in the remarks preceding Def-
inition 9 of [2], where the unitization (C x C)*, which is isomorphic to
C*(Z/2Z x Z/21), is calculated. (See also the calculation following Proposi-
tion V.1.4) of [28].) The identification of ¢C then follows by a calculation.

2. A classifying algebra for RK,. The purpose of this section is to establish
a natural isomorphism of abelian groups RKo(A) = [P, A}, for unital o-C*-
algebras A, where RK) is as defined in [20] and P is the o-C*-algebra and
homotopy dual group given in the following definition.

Definition 2.1. P = Wx(¢C)*, with the homotopy dual group structure ob-
tained from Definition 1.10 and Proposition 1.15.

The proof of this isomorphism will use the intermediate group P(A), which
we now define. The isomorphism P(A) = RK((A) is the best analog we have in
the o-C*-algebra case of the usual description of K¢(A) in terms of projections
in matrix algebras over A. The examples in Section 4 of [20] suggest that P(A)
is about as good an analog as there is.

Definition 2.2. Let A be a o-C*-algebra. Then P(A) is defined to be the set
of projections p € M>((K ® A)*) such that

1 0
— My K®A
(O 0) IS 2( & )7

modulo homotopy within this set. We define addition in P(A) as follows. First,
choose an isomorphism 7 : M»(K) — K. Further let u# be the unitary matrix

1

<
1
—_o

O -

1
regarded as an element of M4((K ® A)*). Then define

[p1+ gl = [((Ma(n) ® ida)(ulp & @),

where as usual square brackets denote homotopy classes. Finally if ¢ : A — B
is a homomorphism of o-C *-algebras, define ¢, : P(A) — P(B) by

e«([p)) = Ma(lidg ® P)M(P)].

PROPOSITION 2.3. P is a functor from o-C*-algebras to abelian semigroups.

Proof. Note that

s ([(3 2)e(3 9))-(0 )
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Therefore, in the definition of addition,

1 0
(O O) — (Ma(n) ® ida)(u(p ® q)u’)

is in fact in M,(K ® A). Thus the definition makes sense. The rest of the propo-
sition is easy.

It will follow from the isomorphism P(A) = RK(A), proved in Proposition
2.8, that P(A) is actually a group.

We next prove a sequence of lemmas. Many of the proofs are by induction,
and are done by writing a o-C*-algebra A as an inverse limit limA,. When

this is done, we will denote the homomorphisms from A to A, by k, and the
homomorphisms from A,,; to A, by 7,. We will always assume that these maps
are surjective, unless otherwise stated. We will also use the letters x, and 7, for
homomorphisms derived from &, and , in standard ways, for example

knt K@®ARC(0,1)) =K ®A,®C([0,1])
or
Tt MK ® Ap) = M(K @ Ay).

(Note that k, and 7, do make sense on multiplier algebras, by [19], Proposition
3.14 (1).)

The next lemma is well known in the C *-algebra case, which is the case we
use most often.

LEmMMA 2.4. Let A be a unital o-C*-algebra, let I be a closed ideal in A, and
let t v— p, be a continuous path of projeciions in A such that p, —po € I for all
t. Then there exists a continuous path t — u, of unitaries in A such that uy = 1
and such that wpou; = p, and 1 — u, € I for all t.

Proof. Using Proposition 5.3 of [19], we can write A = lim A, in such a way
that / = lim/, for closed ideals I, = k,(I) in A,. We will now construct u, by

constructing inductively a coherent sequence of continuous paths ¢ +— u{" in A,
such that

Uk (po) ™) = Ku(p,) and 1—u" €1,.

The construction of #{" is standard: choose 0 = 1(0) < #(1) < --- < 1(k) = 1
so that

1
k1) — k1P| < 3 for 1 € [t(i), t(i + 1)],
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set

1 * 1 l
X" =’y + (1= p)(1 = pi)) and v = O[Oy 5] 2

for t € (¢(i), t(i + 1)], and set

) — (), 6=, (0)
u; —vf(l)vt(li) ‘t(1)7

again for 7 € (¢(i), 1(i + 1)]. It is easily checked that 1 —x € I, for all i and all
t € (1(i), 1(i + 1], from which it follows that 1 — u{) € I, for all ¢.

Now suppose ¢ — u” has been constructed. Using the argument of the
previous paragraph, construct an arbitary continuous path ¢ i— w; of unitaries
in A4 such that wy = 1 and such that

Wikt (POW, = Knet(p) and 1 —w, € Ly
for all 7. Let B; be the C*-algebra of A, given by
Bi={a€l;+C-1: acommutes with k;(po)}.
It is easily shown that 7,(B,.;) = B,. Now regard the path
(n)

t— (W) u;

as an element of B, ®C ([0, 1]). Since its value at 0 is 1, it is in Uy(B,QC ([0, 1])).
Therefore there is a continuous path ¢ — z, of unitaries in B, such that

Ta(z) = ma(wul".

Write z, = a, + A, - 1, where a; € Iy and A, € C. The required path is then
(

U™ = Wiz, zE Mo,

LEmMMA 2.5. Let A be a C*-algebra, and let € > 0. Then:
(1) For any projection p € My((K ® A)*) such that

1 0
- MK ®A

there is a homotopy of projections t — p, from p to a projection p, such that

1 0O -
(0 O) — p1 € Ma(Ko®A),
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with

1 0
<0 0) —p EMyK®A) and |p,—pll <e forallt.

(2) Let t — p, be a homotopy of projections in M,((K ® A)*) such that

((1) g) —p E MK ®A) forallt,

and such that

<(1) g) —pi € My(Ko®A) for i =0,1.

Then there is a continuous function (t,s) — p, s from [0, 1)* to projections in

M,((K ® AYY) such that

1 0
—prs € Mh(K ® A),
(O O) Pis € Ma(K ® A)

Puo = Po, Pos = Po, Pi,s = pi, and ||p.s — pil| < € for all t, s, and such that
t \— py1 is @ homotopy from pg to py of projections in My((Ko ® A)*), differing

from
1 0
0 0
by elements of M2(Ko ® A).

In this lemma, Ko, Ky ® A, and homotopies in Ko ® A are as in Definition
1.8. Here, Ky ® A is of course just the algebraic tensor product

e 9)
Ko®A =M ®4),
1

since A is a C*-algebra.

Proof of Lemma 2.5. (1) Let Ag = A if A is unital, and let Ag = A* if not.
Let f; be the identity of M(M; ® Ayp), so that (f;) is an increasing approximate
identity of projections in M,(K ® Ap), and

Ma(Ko & Ag) = | JiMa(K @ Ao

Choose
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and choose k so large that

A6 e[ )=
= (o o) {(s o) s

and set a, = ta+ (1 — t)p. Then

Set

lp —al <6<~ foralltel[0,1].

FNg-

Furthermore,

1 0 1 0
(0 0) —a, e M)(K @A) and (0 0) —a; E M,(M; ® A).

Let & be the function given by
1 1
h(A) =0 for |} <§ and A(\) =1 for IA—1]<§.

Then 4 is defined and continuous on sp(a;). The desired path of projections
is given by ¢t +— p, = h(a,). The verification of the required properties is
immediate.

(2) Regard the homotopy ¢ +— p, as an element p € M,((K ® AR C ([0, 1]))*)
such that

1 0
<O 0) —p EMKRAQC(O,1])).

Then apply the argument of (1) to p, taking care to choose k so large that py, p; €
My (M ®A)*). The result is a continuous function (¢, s) — p, ; satisfying all the
required properties. (Note that the construction of part (1) yields pos = po and
pis = p1 for all s, because pg,p1 € M>((M; ® A)*). The remaining properties
follow directly from (1).)

LEMMA 2.6. Let A be a 0-C*-algebra, and let Po(A) be the set of projections
p € My((Ko ® A)*) such that

1 0 -
— M>(K A
(O 0) P € Mx(Kp ® A),

modulo homotopy within this set. (Homotopy is interpreted as in Definition 1.8.)
Then the obvious map from Py(A) to P(A) is bijective.
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Proof. We must prove the following two statements.
(1) Every projection p € M>((K ® A)*) with

1 0
(0 0) —pEMK®A)

is homotopic, through such projections, to a projection ¢ € M>((Ko ® A)*) such
that

1 0 -
— M, (K .
(0 0) q € MKy ® A)

(2) If two projections in M>((Ky ® A)*), both differing from

(o o)

by elements of M,(Ky & A), are homotopic through projections in M>((K ® A)*)
differing from

1 0

0 0
by elements of M»(K ® A), then the homotopy can be taken to be an element of
M, ([Ko ® (A ® C ([0, 1]))]") differing from

(o o)

by an element of M>(Ky & (A ® C([0, 1]))).

It is convenient to prove both statements at once, where, for the proof of the
second one, we assume that A = B ® C([0, 1]) and prove it for B rather than for
A. In that case, we will of course regard A and M,((Ky ® A)*) as being certain
algebras of continuous functions on [0, 1]. We will denote the corresponding
evaluation maps by a +— a(s), for s € [0, 1], and use subscript notation for all
homotopies which take values in A.

Let A = li}_nA,,. (In case (2), we take A, = B, ® C([0, 1]) where B = limB,,.)
We will construct a continuous path 7 — p, of projections, for ¢ € [0, 00), and

an increasing sequence of integers n — k(n), such that the following properties
hold.

(H1)  po = p, the given projection in M((K ® A)*).

(H2) <0 0

1 O
) —pr E My(K®A) for all ¢.
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1 0
(H3) Kn ((0 0) —pn) € MryMyy ® A)  for all n.

(H4) kn(pr) = Kn(py) fort 2 z.

In the case (2), p is a homotopy with p(0), p(1) € My((Ky ® B)*). Thus there is
an increasing sequence n i— ko(n) of integers such that

Kn(P(0)), £, (p(1)) € Ma((Myyny ® B,)*)  for all n.
We then impose the following additional conditions.
(H5)  k(n) 2 ko(n) for all n.

(H6) p:(0) =pO) and p,(1)=p) forallt.

If the conditions (H1)—(H4) are satisfied, then po, = lim,_, p, clearly exists,
lies in M, ((Kg @ A)Y), and satisfies

1 O -
— Poo € Mr(K A).
(0 O> Poo € M2 (Kp ® A)

Therefore ¢ +— p,, for ¢ € [0, 00], defines the homotopy required for (1). For (2),
assuming also (H5) and (H6), it follows that p,, is a homotopy in M,((Ky ® B)*),
from p(0) to p(1), which satisfies the required conditions. We therefore need
only show that conditions (H1) through (H4), or, for (2), through (H6), can be
satisfied.

We begin by applying the previous lemma (part (1) in case (1) and part (2)
in case (2)) to ki(p), with € = 1 /4, obtaining a continuous path ¢ — ¢, of
projections in M((K ® A;)*), defined for ¢ € [0, 1]. Thus

q1 € My((My1y ® Ay)*)  for some k(1),

which we take larger than k¢(1) in case (2). Using the C*-algebra case of Lemma
2.4, choose a continuous path ¢ — v, of unitaries in M,(K®A;)* such that vy = 1
and v,qov; = q,. Then

v € Up(Ma(K ® A))* ® C([0, 1]),
so by Lemma 1.11 of [20], there is

u € Uy(My(K ® A)" @ C((0, 11))
such that k;(u) = v. We view u as a continuous path ¢ — u,;, and we may clearly
require that uy = 1. In case (2), we have ¢,(0) = ¢o(0) and g,(1) = go(1) for

t € [0, 1], so that Lemma 2.4 gives us unitaries in [M>(K ® B; ® Co((0, D))]*.
Thus we may replace A| by B ® Cy((0, 1)) and A by B ® Cy((0, 1)). Then the
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resulting unitaries u, satisfy in addition u,(0),u,(1) € C -1 for ¢ € [0, 1]. We
now set p, = u,pu; for t € [0, 1]. Clearly

1 0
ki) = ¢q: and <0 0)—p:€M2(K®A)-

Furthermore, in case (2), we have p,(0) = p(0) and p,(1) = p(1) by the choice
of u.

We now assume inductively that p, has been defined for ¢ € [0, n], and that
k(m) has been chosen for m = n, in such a way that the properties above hold on
[0, n] and for m < n. We apply the previous lemma to K,.1(p,), with € = 1/20,
again using part (1) in case (1) and part (2) in case (2). We obtain a continuous
path t — g, of projections and M>((K ® A,+1)*), which we take to be defined
for t € [n,n+ 1], with

Gn = Kns1(@n)  and gny € Mo((Mini1y) ® Apy1)™)  for some k(n + 1).

We can certainly choose k(n+ 1) 2 k(n), and, in case (2), 2 ky(n+1). To obtain
p; for ¢t € [n,n+ 1], we will first modify g, so that 7,(q,) = K,(p,), and then lift
g, up to Mr((K ® A)*) as was done on [0, 1].

To do the modification, set

w, = a,(a;‘a,)fi, where a; = m,(q,qn + (1 — g )(1 — gy)).

Thus ¢ +— w, is a continuous path of unitaries in M,(K ® A,)*, and it is easily
seen to satisfy the following properties:

un o w,=1

(UZ) W:Wn(qn)wt = Wn(‘]t)-

(U3)  Wpe1 € Mo(Mynaery ® Ap)*.
1

U4y  w,—1] = 3 for all 1.

(The estimate (U4) follows because

. 1
17a(g) — Talgn)l| < %0 implies ||a, — 1|| < o

whence Ha,(a;‘a,)‘% — 1|| < 3/8.) Furthermore, in case (2) we also have:
(U5) w/(0) =w,(1)=1 for all ¢.

For I = nor n+1, we now let D; be the C*-algebra of all continuous functions
t +— x; from [n,n+ 1] to Mr(K ® A;)* such that

Xy € C- 17 Xnel € MZ(Mk(nH) ®A1)+7
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and, in case (2), x,(0) and x,(1) are in C - 1 and do not depend on ¢. Then w
is a unitary element of D, which by (U4) satisfies ||w — 1|| = 1/2. Therefore
w € Uy(D,). Clearly

Tn - Dn+1 - Dn

is surjective, so there is x € Uy(D,4;) such that 7,(x) = w. Then x is a contin-
uous path of unitaries in M2(K ® A,;+)* with

Xy € C- 17 Xpsl € M2(Mk(n+l) ®An+l)+7

and, in case (2), x,(0),x,(1) € C-1 for all t. Our modified path of projections is
then

t— X qx; .
We have
XnGnXy = qn
because x, € C - 1, we have
Ta(Xqix)) = Kn(Pn)
by (U2) and because m,(¢q,) = k,(p,), and we still have
Xn1Gne1 %51 € Ma((Mene1y) @ Api1)").

Also, of course, we have

1 0
(0 0) — X q:xX; € Ma(K ® A,yy)  for all .

Finally, in case (2) we have
(e qx))@) = q.(i) = gu(i) fori=0,1,
because x,(i) € C - 1.
We now do the lifting. This argument is the same as the argument used in
the initialization part of the induction, to define p, for ¢t € [0, 1], and we omit

the details. The result is a path ¢t +— p,, for t € [n,n + 1], of projections in
M,((K ® A)*), with p, as already given,

1 O .
(0 0) —p EMK®A), Kpi(p) = XeqeXy
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and, in case (2), p,(0) = p(0) and p,(1) = p(1) for t € [n,n+ 1]. This completes
the induction argument, so the desired path ¢ +— p, for t € [0,00] has been
shown to exist.

LemMmA 2.7. Let A be a unital o-C*-algebra and let p € Mz((K R A)) be a
projection such that

1 O
(0 0) —p € MyK ®A).

Then there is a unitary u € Mo(M (K ® A)) such that

« (1 0
upu—oo.

Here M (K ® A) is the multiplier algebra, defined in Section 3 of [19]. We
regard (K ® A)* as a subalgebra of it in the obvious way.

Proof of Lemma 2.7. By the previous lemma, p is homotopic to a projection
q € Mx((Ky ® A)*) such that

10 -
(0 0> —q € Mx(Ky @ A),

and, by Lemma 2.4, p is unitarily equivalent to ¢g. So we can assume that
p € Ma((Ko @ A)Y).
We now identify M>(M (K ® A)) with the algebra of bounded operators on the

Hilbert A-module /*(A) & I>(A). (Compare [19], Section 4.) It then suffices to
find an isomorphism

vip(P(A) ® P(A) — P(A).

Indeed, the same argument will then produce an isomorphism
w: (1= p)P(A) © P(A) — P(A),

and we define
u: 2(A) @ IF(A) — P(A) @ IX(A)

by
ug = (vp&, w(l — p)§).

We will construct inductively a coherent sequence of isomorphisms

Vs Ka (DI (AD) @ P(A)] — P(A).
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Choose an increasing sequence n i— k(n) of integers such that
ﬂn(p) € M2((Mk(n) ®An)+)

Le[f eEK ®A| be the ldeﬂtlty of M/‘.(|) ®A1 Then

—f 0
(1 Of 0) = ki(p)

because

1 O
K1 <<0 O) *P) € My(My1y ® Ay).

Therefore

*)  mEIFAD) @ PA)]
= (1 -NHPFA)® (m(p) —~ (
=~ PA)).

I=f

0
0 O)) (P(A) @ P(A)]

Here the last isomorphism follows from the stabilization theorem [16], because
(1 —F)PA) = P(A).

Let v; be an isomorphism as in (*).
Now suppose we are given an isomorphism

vn : Ka(PIP(A) @ P(AD] — PP(A).

Use the reasoning of the previous paragraph to produce any isomorphism
W Bt (D A) © B(An)] = By,

Following our conventions, m, : A,+; — A, defines a map

Tt LK1 P (A1) ® P(Apa)], P (Aps))
— Lk, (0)[P(A,) ® F(AD], F(AL)).

Now v,m,(w)* is a unitary in L(I>(A,)) = M(K ® A,). Since K ® A,,, has a
countable approximate identity, the map

Tt M(K ® Apr)) = M(K ® Ay)
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is surjective ([17], Theorem 10). Since UM (K ® A,)) is connected ([15], The-
orem 2.5), there is z € UM (K ® A,41)) such that

Ta(2) = Vamy(W).
- Now set v,,; = zw, so that

Vst * Kt P (Ans1) @ P(Ane)] — (A1)

is an isomorphism satisfying m,(v,+;) = v,. This completes the induction step,
and the proof.

PropoSITION 2.8. If A is a 0-C*-algebra, then P(A) is naturally isomorphic
to RKy(A) as defined in [20].

Proof. We first consider the case in which A is unital. Recall that
RK((A) = (U /Uo)(Q(A)),
where
QA) = MK ®A)/(K ®A).

We define ® : P(A) — RKo(A) as follows. If p € M((K ® A)*) is a projection
such that

1 0

then by the previous lemma there is a unitary

U= (”“ ”‘2) € MyM(K ® A))
Up Uz

such that

«_ (1 0
upum =\ o)

The relations

1 0\ , 1 0\ 1 0 _ N
(%) M(O 0)14—(() 0)—u((0 0) p)u € MK ®A)

and

1 0 1 0 1 0
(*%) u*(o 0)u~<0 0>:p—(0 O)EMz(K@A)
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imply that
unpuy, — Lujuy —1 €KQA.
Therefore, with m: M (K ® A) — Q(A) being the quotient map, m(u;;) is unitary,

and thus defines a class ®([p]) € RK((A).
We now show that @ is well defined. First, if v is some other unitary such

that
vpv* = b0
PV = o o)/’

then vu* commutes with
1 0
0 0
and therefore has the form
x 0
0 vy
for x,y € UM(K ® A). Using the fact ([20], Lemma 1.9) that UM(K ® A) is
path connected, we can therefore produce a continuous path

_ ((Mz)u (Mz)12>
—u =

(ur)r (up

in UM>(M (K ® A)) such that uy = u,u; = v, and

upu; = ((1) 8) for all ¢.

Then t +— 7((u,);1) is a continuous path from m(u;;) to 7(v;;) in UQ(A), so that
[m(u1)] = [r(viD)].

So ®([p]) does not depend on the choice of u. Now let ¢t — p, be a homotopy

of projections in M,((K ® A)*) with

1 0
(O 0) —pr E My(K ® A) for all ¢.

Regard this path as a projection in M((K ® A ® C([0, 1]))*), and using the
previous lemma choose a unitary

Y (un u12) e MMK @A ® C([0,1]))
Uy u»
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such that

(1 0
u = .
a4 0 0

By Proposition 3.17 of [19], u can be regarded as a (strictly continuous) function
t — u, from [0, 1] to Mr(M (K ® A)). It follows from Corollary 1.13 of [20]
that

[m((uo)11)] = [m((u1)11)]

in RK((A). Therefore

D([po)) = [7((uo)1)] = [m((u1)11)] = P([p1]),

as desired. This completes the proof that @ is well defined.

Next we prove surjectivity. Let u € UQ(A). Choose x € M(K ® A) such that
m(x) = u. Then x*x — I,xx* — 1 € K ® A. Let f : [0,00) — R be the function
fO) =1for A< 1and f(A\) = A2 for A = 1. Set y = xf(x*x), so that
w(y) = u,y*y = 1, and yy* = 1. Now set

r= oo UEIDT) i @ Ay,
—-ypi oy

and set

(1 0
=r r.
P 0 0

Then one can check that

1o =Yy =y
—p= ) € My(K ® A).
(0 0) P (—(1—yy*)zy wyr—1 ’

Therefore [p] € P(A) and ®([p]) = [7(r;))] = [7(y)] = [u]. So ® is surjective.
We next prove that @ is injective. Let p, g € ML((K ® A)*), let

. (u“ M|2) _ (Vll V12)
u= and v =

Uy  Ux Va1 V2
be unitaries in M,(M (K ® A)) such that

N N 1 0
upu* = vgv* =
p q 0o 0/’

https://doi.org/10.4153/CJM-1989-046-2 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1989-046-2

CLASSIFYING ALGEBRAS 1047

and suppose that [7(u;;)] = [7(v(1)] in RK((A). This is equivalent to
m(u)m(vi)" € UpQ(A).
The relations (x) and (**) also imply that 7(u;;) = m(up;) = 0 and that mw(u)

is unitary. Since by Lemma 1.9 of [20], the group UM>(M(K ® A)) is path
connected, it follows that

m(uyy) 0
( 0 W(uzz)) € LML)
Therefore
(W(Ml])g(u22) (])) € UpM1(Q(A)).

By the stability isomorphism of [20], Theorem 3.4 (1), the map

' z 0
.,
: 0 1

defines an isomorphism from (U/Uo)(Q(A)) to (U/Uo)(Mz(Q(A))). Conse-
quently

() m(u2)" € UpQ(A).
Similarly
T(vi)m(va2)* € UpQ(A).
Combining these two equations with 2
mui)m(vi)® € UpQ(A)
gives
m(un)m(vn)*" € UpQ(A).
Using Lemma 1.11 of [20], choose y,z € UM (K ® A) such that
m(y) = mui)m(vi)* and  7(z) = m(u)m(v)".

Now replace v by

(5 2~
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Then we still have

L. (1 0
qu—OO,

and in addition we now have w(v;) = w(u1) and m(vy) = m(up;). Since in any
case m(uip) = m(up) = w(vz) = w(vy) = 0, it follows that u — v € MA(K ® A),
whence v u € Mr(K ® A)*.

We now claim that there is a continuous path ¢ — x, in U(M,(K @ A)*) such
that xo = v*u and x; commutes with p. For the purposes of proving this claim
we may assume, using the previous lemma, that

(1 0
P=\o o)
Let H be a separable infinite dimensional Hilbert space, so that K = K(H ), and
choose a *-strong operator continuous path ¢ — ¢, of isometries on H & H such

that
X 1 0
co=1 and cic] = (0 O) .

Then ¢t — ¢, can be regarded as a strictly continuous path of isometries in
MM (K ® A)). To obtain the desired path ¢ +— x,, write

viu=MA+a forheCanda e MK QA).
Then set
X = cyviucl + A1 —¢cf) = A+ cac).

From the first expression, we see that x, is unitary, xo = v*u, and x; commutes

with
1 0
0 0/

From the second expression, we see that x, € Mx(K ® A)* and that 1 — x, is
continuous for the seminorm topology on M>(K ® A)*. This proves the claim.

Define p, = x;px}. Then t +— p, is a continuous path of projections in
M>((K ® A)*), each differing from

1 0

0 O
by an element of M>(K ® A), such that pyp = ¢ and p, = p. Therfore [p] = [q],
and injectivity of @ has been proved.
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It remains to prove that @ is a semigroup homomorphism. It suffices to prove
that if u,v € UQ(A), then the class of

(s )

corresponds, under the isomorphism M,(Q(A)) = Q(A) coming from an isomor-
phism M,(K) = K, to the class of uv. This has been essentially done in the
proof that RKy(A) is abelian, [20], Proposition 2.2. This completes the proof for
unital A.

We now do the case in which A is not unital. Note that the map RKy(A) —
RK((A*) induces an isomorphism of RKy(A) with the kernel of RKy(A') —
RKy(C). Therefore it suffices to prove that the map P(A) — P(A*) induces an
isomorphism (of semigroups) of P(A) with the kernel of P(A*) — P(C). To do
this, we must prove three things: that the composite

P(A) — P(A*) — P(C)
is zero, that
P(A) — Ker[P(A") — P(C)]
is surjective, and also that this map is injective.
The first statement is trivial. To prove the second, let [p] be a class in P(A"),
let ¢ be the image of p in My(K*) coming from A* — C, and assume that

[¢q] = 0. Then there is a continuous path t +— g, of projections in M,(K™),
differing from

1 O
0 0
by elements of M,(K), such that

= and = Lo
q =4 q) = 0o ol

Lemma 2.4 provides a unitary path ¢ — i, in M(K™) such that

1 0
Uqu; = (0 0) and u; = 1.

Regard ¢ +— u, as a path in M>(K ® A*)* via C — A", and set p, = u,pu;. Then

1 0
(O 0) —pr E MK ®AT) forall
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and p; = p. So [po] = [p], and one checks that pg is in fact M,((K ® A)*), with

1 O
— M>(K ® A).
(0 0) Po € Mri(K ® A)

This proves surjectivity.
For injectivity, let 1 — p, be a homotopy of projections in M>((K ® A*)*)
such that

1 O .
0 0 —p E MK RAT) for all ¢

and such that
po,P1 € Mo((K ® A)Y).

Let ¢, be the image of p, in M,(K™), obtained from the map A* — C. By Lemma
2.4, there is a path ¢ +— u, in U(M,(K)") such that

1 0
u,q,u;‘:(o O)’ uy=1, and 1—u, € Mr(K).

Since u; commutes with

1 0

(0 o)
we can write u; = v; ®w; with vi,w, € U(K*) and 1 —v|, 1 —w; € K. Since
{z € U(K*): 1—z € K} is connected, we can find paths 7 — v, w, in this group
such that vo = wy = 1 and v, w| are as above. Replacing u, by (v, & w,)*u,, we
can assume u; = 1. Now regard ¢t — u, as a path in U(M»(K ® A*)*) via the
map C — A*. Then 1 — u,p,u’ is a homotopy of projections in My((K ® A)*),
and one checks that

1 0 .
(O 0) —upu; € Mr(K @ A).

Since uy = u; = 1, this path shows that [po] = [p;] in P(A), and injectivity is
proved. This completes the proof of the proposition.

COROLLARY 2.9. For any o-C*-algebra A, the semigroup P(A) is an abelian
group, with identity

(o o)
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Lemma 2.10. Let A be a o-C*-algebra which has a countable approximate
identity. Then there is a natural isomorphism of abelian groups

Py(A) = [¢C, Ky & A

Here Py(A) is defined as in the statement of Lemma 2.6, and the group structure
on [qC,Ky &® A] is as in Proposition 1.14.

Note that in Proposition 1.14 we only proved that [¢C, Ky ® A] is an abelian
group if A is unital. However, it will follow from this lemma that this result also
holds when A has a countable approximate identity.

The proof requires the following generalization of a lemma from [20].

LemmaA 2.11. Let A be a o-C *-algebra with a countable approximate identity.
Then the unitary group UM (K ® A) is path connected.

Proof. In the proof of Lemma 1.9 of [20], replace all references to Theorem
2.5 of [15] by references to [9].

Proof of Lemma 2.10. We define
¥ : Po(A) — [¢C, Ko ® A]

as follows. Let p € M>((Kp ® A)*) be a projection such that

1 O -
— M- (K, A).
(0 0) p € My(Ko ®A)

Write A = limA,. Then there is an increasing sequence n — k(n) of positive
integers such that

Kn(p) € Ma(Miny @ Ap)").
Consequently there are homomorphisms
@n: Cx C— May((Myiny ® Ap)")

such that the images under ¢, of the generating projections ey and fy of C x C

are
1 0
(0 0) and p

respectively. It follows from the definition of ¢C that

(Pn(qC) C MZ(Mk(n) ® An)
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It is easily seen that we obtain a homomorphism
¢ : qC — My(Ky & A)

such that K,0¢ is ¢, followed by the inclusion of M2 (M, ®A,) in M1 (Ko 2 Ap),
for every n. Chose an isomorphism

N : My(Ko) — Ko
as in Lemma 1.13, and define

Yp)) = [(n ® idp) © ¢].

This class clearly does not depend on the choice of the numbers k(n), and,
by Lemma 1.13, it also does not depend on 7. Because of our definition of
homotopy in Ky & A (see Definition 1.8), it is easily seen that P([p]) depends
only on the homotopy class of [p]. So ¥ is well defined.

We now prove that W is surjective. Let ¢y : gC — Ky ® A be a homomor-
phism. Let ¢ = M>(pf) be the corresponding homomorphism from M(gC*)
to M>((Ko ® A)*). Using Proposition 1.16, we can identify M,(gC*) with the
algebra of all continuous functions a : [0, 1] — My such that, when 4 X 4 ma-
trices are regarded as 2 X 2 block matrices with 2 X 2 matrices as entries, the
entries of a(0) are all diagonal and the entries of a(1) are all scalar multiples of
the identity. Let e,f € M,(¢C") be the projections given by

1

e(t) = 1 and
0
0
t 0 0 —vt(1—1
. 0 1 0 0

f = 0 0 0 0

—/t(1—1t) O 0 1—1t

for r € [0, 1]. Then

1 0
ple) = (0 0)

and p = ¢(f) is a projection in M>((K & A)*) such that

1 0 -
(0 0) —p € Mx(Ko ® A).
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We claim that ¥([p]) = [wo]. First, we define u; € UM,(M (¢C)), for s €

[0,7/2], by
1 0 0 0
"y = 0 cos(s) 0O —sin(s)
T lo o0 1 0 ’

0 sin(s) 0  cos(s)

regarded as a constant function on [0, 1]. Further identify eq, fo with the projec-

tions
i 1 0 d t Vvl —1)
o o) ™ Via—p 11—t |’

as in Proposition 1.16. Next, set

0 0 0 0
(S) = o * (s) - *
e U (6069(0 1))143 and f U (f0®(0 1))%

for s € [0,7/2]. Then e and £ are projections in My(M(gC)) such that
e — £ € M,(gC), and which vary continuously with s. Therefore there is a
homotopy s +— 7, of homomorphisms from gC to M;(qC) such that

Yoleo —fo) = ¢ —f and  s(eoleo — fo)) = eV (e — ).
(Recall that gC is generated as a C*-algebra by ey — f; and eg(eg — fo). ) Now
Yox) =xBO0
while
Yaj2leo —fo) =e —f and  Yrpleoleo — fo)) = e(e —f).

If ¢ : gC — MKy & A) is the homomorphism determined by p as in the
definition of ‘¥, so that W([p]) = [(n®id4) o], then it follows that ¢ = P OVn/2.
Therefore (7 ® idy) o is homotopic to (n ® ids) o ¢ oY, which is given by the
formula

x = ( ® ida)(po(x) © 0).

By Lemma 1.12, this map is homotopic to ¢g. So ¥([p]) = [vo], and surjectivity
is proved.

Next, we prove that W is injective. Thus, let pg,p; € M((Kg & A)*) be
projections such that

1 O -
— i € My(Ko & A),
(0 0> p 2Ky ® A)
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and suppose that ¥ ([po]) = ¥([p]). This means that the corresponding maps
@i 1 qC — MKy © A)

are homotopic, via, say, a homotopy ¢ +— ¢,. For simplicity write B =
A ® C(]0, 1]). Then we can regard ¢ — ¢, as a homomorphism

@ qC - MQ(K() ® B).
Just as if B were a C*-algebra, ¢ determines a quasihomomorphism
(*) (a,@): CBE>J — My(K ®B),

as in Section 1 of [8]. Indeed, (%) is obtained as the inverse limit of the quasi-
homomorphisms

(o, @) : C — Ep > J, — My(K ® By)

determined by K, 0 ¢ : qC — My(K ® B,). Identify M»(K ® B) with the algebra
of compact module morphisms of the right Hilbert B-module H = [>(B) ®
[>(B). Since B has a countable approximate identity and J is separable (being
generated as a 0-C *-algebra by a(1) — &(1) and a(1)(ax(1) — &(1))), the Hilbert
B-module JH is countably generated. The stabilization theorem ([19], Theorem
5.12) therefore yields isomorphisms

v 2(B)® a(1)JH — 1>(B) and

vy (1 — () JH @ I’(B) — [*(B).

(Note that a(1) acts on JH because a(1) can be regarded as a multiplier of J.
The same holds, of course, for &(1).) Then u = v; @ v, is an isomorphism

u:PBYSTH & I*(B) — I*(B) ® I*(B)

such that
1 0
1 1 Ou* =
u(1® a(l) @ 0)u (0 0)
and ¢ = u(1 & (1) P 0)u* satisfies
1 0
— M»(K ® B).
(0 0) g € M(K®B)

Thus, g can be regarded as a homotopy ¢ — ¢, of projections in M>((K ® A)*)
such that

1 0
(0 0) —qr € Mry(K ® A).
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Thus [go] = [g1] in P(A). i
We now show that [p;] = [¢;] in P(A). It will then follow that [py] = [p;] in
P(A), and so by Lemma 2.6 also in Py(A). This will complete the proof of the
injectivity of W. Let J; be the image of / under the homomorphism
evi :My(K®B)— My(K®A)

given by evaluation at i. Thus, J; is the sub-o-C *-algebra of M,(K ®A) generated

by
(l 0)_' d (1 0) (l 0)__
o o) P \o o) |\o o) P
Furthermore,
Ji(2(A) @ 2(A)) = (evi).(JH).
(See Section 4 of [19].) Define
E, = {5 10, 1] — IZ(A) : € is continuous and
eme (! V) T@ A)@/Z(A))}
0 0 i((
and
E, = {§ 210, 1] — lZ(A) : & is continuous and
0 -
&) e (0 ?) ‘Ji(lz(A)@lz(A))}~

It is easily checked that the definitions of £, and E, make sense whén A)Y@®0
and 0 @ I’(A) are identified with °(A) in the obvious way, because

(0 0) = (5 7)

are multipliers of J;. Furthermore, E; and E, are countably generated Hilbert
B-modules. Using the stabilization theorem as before, we obtain an isomorphism

w:lPB)DE, ®E, ®IB)— PB)D 2B)

such that
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and r = w(l @ p; G 0)w* is a projection satisfying

1 0
(0 0)—)‘EM2(K®B).

(Here we regard

1 0
(O 0) and p;

as the operators on £} @ E, given by the corresponding constant functions.) Now
(evy)«(w) and (ev;),(u) are both isomorphisms of

PA) @ J:(12(A) @ 12(A) @ I*(A)

with 12(A) @ I>(A) which send

1 0
1 0
o(y o)®
1 0
0 0/’

UL(*(A)) X UM (K ® A)

to

Since

by [19], Theorem 4.2(6) and Remark 4.8, it is path connected by Lemma 2.11.
Therefore there is a homotopy of such isomorphisms, also sending

1 0
1 0
(o o)®

1 0
0 0/’
from (ev))«(w) to (ev;)«(u). This yields a homotopy from r; = (ev|).(r) to g;,

so that [r|] = [g;] in P(A). Furthermore [r|] = [ro] in P(A), using the homotopy
r. An argument similar to the one just given shows that

1 O
rol = [pi] + [(O 0)] .

to
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Since

1 0
o o)
is the identity in P(A) by Corollary 2.9, we obtain [p;] = [g;]. This completes
the proof that ¥ is injective.

It remains only to prove that ‘¥’ is a group homomorphism. Of course, addition
in Py(A) is defined the same way as in P(A), except using an isomorphism
M>(Kp) = Ky (from Lemma 1.13) instead of an isomorphism M,(K) = K. We
may disregard the isomorphism M,(Ky) = Ky used in the definition of ¥([p]),
and thus take the codomain of ¥ to be [gC, M> (Ko & A)]. Addition in it is given
by

[l +[¥] = [(no ® idy) o (idy,k,) & 0) o (¢ B P)],

o(a, b) = (g 2)

and where 79 is an isomorphism of M4(Ky) with M>(Ky). If we take

where

no(x) = May(n)(uxu™),

where u is as in Definition 2.2 and n : My(Ky) — Ko is the isomorphism
used in the definition of addition in Py(A), then the formula for ¥ defines a
homomorphism even before taking homotopy classes. In the case in which A is
not unital, one should also check that the identity and inversion are in fact given
by the formulas in Proposition 1.14. This is easy and is omitted. The proof is
now complete.

THEOREM 2.12. Let A be a unital o-C*-algebra. Then there is a natural
isomorphism of abelian groups [P,A]; = RKy(A).

Proof. We have natural isomorphisms of abelian groups
[P,All = [Woo(¢C)', Al = [¢C, Ko & A] = Po(A) = P(A) = RK(A),

using, in order, Definition 2.1, Proposition 1.14, Lemma 2.10, Lemma 2.6, and
Proposition 2.8.

3. A classifying algebra for RK,. In this section we prove the analog for
RK; of the theorem of the last section. We will not use any of the results of
the last section, and we will use only a small part of the material in Section
1. (In Section 4, we will come back and explain the connection between our
classifying algebra for RK, and the results of Section 1.)
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Definition 3.1. Let U,.(n) be the “noncommutative unitary group” defined at
the end of [7]. That is, U,.(n) is the universal unital C *-algebra on the generators
Xni,j for 1 £ 1i,j = n, subject to the relations that the n X n matrix

Xn, 1.1 cee Xaln
Xy = . .
Xn,n,1 ceo Xnan
be a unitary element of M,(U,.(n)). (The subscript nc stands for “noncommu-

tative”.) Define a unital homomorphism ¢, : U,.(n+ 1) — U,.(n) by

Xpij =i, j=n
QPn(anrl.i._i) = 1 i=j=n+1
0 otherwise.
Then define U, = lim U,.(n) with respect to the homomorphisms ¢,. We write

Xoo,i,j for the element of U, determined by the coherent sequence whose value
is x,; ; for n 2 max(i,j) and whose value is 6;; for n < max(i,j). Define unital
homormorphisms y : U, — C,pu : Uy — Upe % cUpe, and ¢ : Uye — U, as
follows:

X (Xoo,i, /) = bjj
o0
_ (H (2
W(Xooi ) = Zxoo.i,k-"oo,u
k=1
UXoo,i, }) = Xoo -

In the formula for p, we have written ng,,\,. for the generator of the /-th copy

of U, in the free product corresponding to the generator xu,; ;j of U,
ProposiTION 3.2. (Uye, X, ity L) is a dual group in the sense of Voiculescu [29].

Proof. One easily checks that the homomorphisms ¢, preserve the standard
dual group structure on U,.(n) (see [29], 5.6), and that the formulas for x, p,
and ¢ define the inverse limits over n of the corresponding homomorphisms for
Une(n).

The goal of this section is to prove that RK|(A) = [U,.,A]; for unital o-C *-
algebras A. As in the previous section, the proof will proceed via an intermediate
group which is of interest in its own right, given as follows.

Definition 3.3. If A is a unital o-C*-algebra, we define

U(A) = (U JUp)((K @ A)Y).

As in the introduction, U stands for the unitary group, Uy for its path com-
ponent of the identity, and U / U for the quotient. We will also use this notation
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for such algebras as (Ko @ A)*, with Ky ® A as in Definition 1.8. By analogy
with the definition of homotopy in Ky @ A (see Definition 1.8), we will take
Up((Ky ® A)*) to be the set of unitaries in (Ky ® A)™ which can be connected
to the identity via a unitary path of the form ¢ — a, + A, - 1, where A\; € C and
t — a, defines an element of Ky & (A ® C([0, 1])). This is, at least apparently,
a stronger condition than the existence of some continuous path of unitaries in
(Ko & A)*.

We will also adopt throughout this section the convention that whenever we
write A = limA,, then the A, are C*-algebras, the maps kK, : A — A, are
surjective, the map from A, to A, is called m,, and maps on multiplier algebras,
tensor products, etc. determined by k, and =, are also called k, and m,.

LeEmMMA 3.4. Let A be a unital o-C*-algebra. Then the obvious homomorphism
from Uy(A) = (U JUp) (Ko ® A)*) to U(A) is an isomorphism.

This lemma asserts that every unitary in (K ® A)* is homotopic to one in
(Ko ® A)*, and that two unitaries in (Ko ® A)* which are homotopic in (K @ A)*
are in fact homotopic in (Ko ® A)*. The proof is similar in concept to the proofs
of Lemmas 2.5 and 2.6, but technically simpler. We therefore omit most of the
details, noting only that extensive use is made of the function a +— a(a*a)’%
from invertible elements to unitaries, and that appropriate paths of unitaries can
be lifted directly using the surjectivity of Uy(B) — Uy(C) when B — C is a
surjective map of unital o-C *-algebras ([20], Lemma 1.11).

PrOPOSITION 3.5. There is a natural isomorphism of groups [Uy., Al; = U(A)
for unital o-C*-algebras A.

Proof. We will actually establish a natural isomorphism of Hom;(U,.,A) with
the group

GA) ={uelU(Ky®A"):1—uecky®A}
Here, the group structure on Hom;(U,., A) comes from the dual group structure
on Uy, as in [29], 2.3. Applying this result with A® C ([0, 1]) in place of A will
then give a natural isomorphism

[(Unc, ALl = G(A)/Go(A),
where Gy(A) is the path component of the identity in G(A). Since every element
of U((Ky ® A)*) can be written uniquely as (u, with ( € S! and u € G(A), it
follows easily that

G(A)/Go(A) = (U [Up)(K & A)").

By the previous lemma, the right hand side is U(A).
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Given a unitary u € G(A), with A = limA,, we can write

Kp(u) =1—e, + uy,

where u, € UMyn ® Ap),e, is the identity of My ® A,, and n +— k(n)
is an increasing sequence of integers. We can then define ¢, : U,, — A, to
be the unital homomorphism such that ¢,(xs; ;) = (un);,; for i,j = k(n) and
©@n(Xeo,i,j) = 6;; otherwise. Note that ¢, is a continuous homormorphism because
it factors through U,.(k(n)). Also notice that it does not depend on the choice
of k(n), as long as k,(u) € Min @ A,)* and satisfies 1 — k,(u) € My, ® A,.
Clearly the ¢, define a coherent sequence of unital homomorphisms from U,
to A,, and therefore a unital homomorphism ¢ : U, — A. It is also clear that
the assignment u — ¢ is bijective. (A homomorphism ¢ can only correspond
to an element of G(A) because k, o ¢ must factor through some U, .(k(n)), so
that the corresponding unitary u satisfies 1 — K, (1) € My ® A,.) It is easy to
prove that the assignment u — ¢ is a group homomorphism.

We now want to relate U/(A) to RK|(A). The first step is to show that U is
part of a generalized cohomology theory on o-C *-algebras.

LEMMA 3.6. Extend the definition of U to general o-C*-algebras by defining
U(A) to be the kernel of the obvious map U(A*) — U(C) for a not necessarily
unital o-C*-algebra A. Then U becomes a well defined homotopy invariant
functor from o-C*-algebras to abelian groups such that if

0—-]—A—B—0

is an exact sequence of o-C*-algebras, then there is a functorial long exact
sequence

co = U — USA) — USB) — UI) — U(A) — U(B),
where SA is the suspension Co(R) ® A for any A.
The proof is similar to, but simpler then, the proofs of the corresponding

statements for RK in Propositions 2.2 and 2.4 and Corollary 2.5 of [20]. We
omit the details.

Lemma 3.7. If A is a nonunital o-C*-algebra, then the obvious map
(U /U)K ® A)") — U(A)

is an isomorphism.

Proof. This proof uses standard K-theory techniques. For surjectivity, one
needs to use the fact that if A — B is surjective and A and B are unital, then
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Uo(A) — Uy(B) is surjective ([20], Lemma 1.11), and for injectivity one needs
the fact that U(K™*) is path connected. We omit further details.

CoROLLARY 3.8. For any o-C*-algebra A there is a natural isomorphism
UK ®A) = UA).

Proof. There is an isomorphism K ® K = K, which is unique up to homotopy.

Lemma 3.9. For any unital C*-algebra B and any unital o-C*-algebra A,
the group U(B Qmin M(K ® A)) is path-connected.

Proof. The proof is the same as the proof of Lemma 1.9 of [20], replacing
everywhere M(K ® A) by BAM(K ®A) and M(K ®A,) by BM (K ®A,). The
references to Theorem 2.5 of [15] and its corollary remain valid in this more
general situation.

CoroLLARY 3.10. For any C*-algebra B and any unital o-C*-algebra A, we
have

Proof. Consider the split exact sequence
0—K®B ®min M(K ®A)
N
— (K ®B)" @uin MK @ A)—M (K ®A) — 0.

If u € UK ® B @min M(K ® A))*), then by the lemma there is a path ¢ — u,
in U((K ® B)* ®min M(K ® A)) which connects u to 1. Then

ti— v, = (o M)

is a continuous path in U([K ® B ®min M (K ® A)]*) connecting vy = u(tom)(u*)
to 1. Since

ue (K ®B @min M(K ®A))+7

the element (tom)(u*) is a scalar multiple of 1, and thus can be trivially connected
to 1. So

u € Uy([K @ B @min M(K @ A)T).
In view of Lemma 3.7, we have shown that
UK ®B ®Qmin M(K ® A)) =0,

as desired.
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CoRrOLLARY 3.11. For any unital o-C*-algebra A there is a natural isomor-
phism U(SQ(A)) = U(A), where Q(A) = M(K ® A) /(K ® A).

Proof. Apply Lemma 3.6 to the natural short exact sequence
0—-K®A—-MK®A)—QA)—0
to obtain the natural exact sequence
USMK ®A)) — USQA) — UK @A) — UMK ®A)).

According to the previous corollary, the two end terms are zero, and according
to Lemma 3.8, we have U(K ® A) = U(A) naturally.

To complete the proof that [U,.,A]; = RK (A), we now have to show that
U(SQ(A)) = RK,(A), that is, that (U/UO)([K ® SQ(A)]Y) is isomorphic to the
kernel of the map

(U JUo)(Q((SA)")) — (U JUo)Q(C)).

This requires three more lemmas. The first generalizes Lemma 1.12 of [20] and
its corollary, in the same direction in which Lemma 3.9 generalizes Lemma 1.9
of [20]. If ¢ : A — B is a unital homomorphism of o-C *-algebra, then

Q¢ : 0(A) — O(B)

will denote the homomorphism provided by Lemma 1.6 of [20], and, for any
o-C*-algebra A,

ev, :C(X,A) — A

will be evaluation at x € X.
Lemma 3.12. Let B be a unital nuclear C*-algebra, and let A be a unital
o-C*-algebra. If u € UB ® QC([0, 1],A)), then

(idp ® Qevo)(u) - [(idg ® Qev))]" € Up(B @ Q(A)).

Proof. We can clearly assume that (idg ® Qev;)(u) = 1. Then the proof is
obtained from the proof of Lemma 1.12 of [20] by replacing Q(-) by B ® Q(-)
and M () by B ® M (-) throughout. Of course, we use our Lemma 3.9 in place of
Lemma 1.9 of [20]. The only other point that requires comment is in the second
paragraph of the proof, where we now need to know that

(%) (U /Up)(B @ C([0,1],0(A))) — (U /Ug)(B ® QC([0,1],A,))
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is an isomorphism. The lemma following Proposition 1.13 of [15] no longer
applies directly, but does give an isomorphism

%) (U /Up)IR ®min M(K ® $)I/[R @min (K ® $)1) = (U [Up)Q(R @nmin S)),

for any unital C *-algebras R and S. If R is nuclear, then the algebra on the left
hand side is R ® Q(S). Using (xx) with R = B ® C([0,1]) and S = A,, and
again with R = B and S = C([0, 1], A,), we obtain (x).

Lemma 3.13. Let B be a unital nuclear C*-algebra, and let A be a unital
o-C*-algebra. Then there is a natural isomorphism

(U /Uo)B ® Q(A) = (U [Up)([Ko & (B @ QUANT).

Proof. We take K = K(H), where H is a separable infinite dimensional
Hilbert space. Fix a countable family u;,u,,... of isometries in L(H) with
pairwise orthogonal ranges which span H. We now define homomorphisms

D : (U /Up)B @ Q(A) — (U [Uo)[Ko & (B ® Q(AN])
and
Y (U /UKo ® (B® Q(A))]+) — (U /Up)(B & Q(A)).

Let (e;) be a standard set of matrix units in Ko, so that Kq is their linear span.
Then every element x of Ky ® (B ® Q(A)) can be written as

o0
x= e ®xy,
I,j=1

where x; € B ® Q(A) and this sum is finite in each continuous C*-seminorm
on B ® Q(A). Now define

O(vh =[en ®v+(1—e)®1]

and, forw =x+A-1€ U([Kg ® (B® Q(A)]") with x € Kg & (B ® Q(A)),
define

Y(wl) = [,\ +y u,»x,,»u;] :
ij=1

The sum in the definition of ¥ is finite in each continuous C*-seminorm on
B ® Q(A), and is easily seen to define a unitary in B ® Q(A). The elements u;
are regarded as being in B ® Q(A) via the composite

LH)—BQLH)QA—BRIMK @A) — B R Q(A).
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For each n choose a *-strong operator continuous path ¢ — u” of isometries
in L(H) such that ¥ = 1 and 4" = u,. This path defines an element in M (K ®
C ([0, 1])) and hence an element &1, € B ® QC ([0, 1],A). For v € U(B ® Q(A)),
we now observe that

Yo O([v]) = [uvu + 1 — ujuj].
Then
V= ® leqoi] + 1 — iy
is an element of U(B ® QC ([0, 1], A)) such that
(idpg ® Qevo)(¥) =v and (idp @ Qev)(¥) = uyvuy + 1 — ujuj.

It follows from the previous lemma that ¥ o ®([v]) = [v].
We now consider the composite in the other order. Let

we UKy & B QQAN).

Writing elements of [Kq ® (B ® Q(A))]* as matrices with entries in B @ Q(A),
we have

Wir Wi
w= | W2 Wxn

and ® o W(|w]) is the class of
Zf}:l uwyur 0 0
B 1 0
= 0 0 1

Now define x4, for n € NU{0} and s € (0, 1], inductively by xo = x and

Xs+n = [1 & Pu+l +(In Dy D 1) ®(1 _pn+l)J
1 Qpu + U, & e, & ® (1 _pn+l)]*7

+1 . . . . .
where pp; = 27:1 u;u;, where s 1— ¢, is a continuous path of unitaries in M»

with
1 0 0 1
co = (0 1) and ¢ = (l 0) ,
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and where /I, is an n X n identity matrix. Then one checks that

Xp =
* * * 00 *
w11 +1 — uju; Uwiai, Zj:nﬂ ulwljuj 0
unglu‘{ u2W22u§ +1— uzuz
00 * 00 ok
Do ey WiWilll] o Put D0 e Wiwyus 0

and that the upper left (n — 1) X (n — 1) block of x, agrees with that of x, for
t 2 n. If now p is any continuous C*-seminorm on A, then there is k such
that p(w;;) = O unless i,j < k. With A, = A/Ker(p), the image of ¢t — x, in
Ko ® (B® Q(Ap)]" actually lies in (M ® B ® Q(A,))*, and furthermore has a
limit as ¢ — oo. Therefore ¢ — x, defines a homotopy in U([Ky ® (BRQ(A)]H)

from x to
Xoo =
M1W1|MT+1—H1L{T ulwlzu; M1W|3u§
u2w21u‘l‘ u2w22u§ +1— u2u§ u2w23u§
Usw3z Uy uzw3 5 uzswui + 1 — uzi}

So ® o P([w]) = [xeol-
Now define x € U([K ® B ® QC([0, 1],A)]*) by replacing in the formula for
Xoo €ach u, by i1, and each w;; by w;; ® 1¢(o,17). Then

(idikgpy ® Qevo)(X) =w and  (idggay @ Qevi)(¥) = Xoo.

By the previous lemma, w and x., therefore define the same class in (U / Uo)
(K ® B)* ® Q(A)). To see that they define the same class in (U/UO)([K R B®
Q(A)]"), let t — z, be a homotopy from w to x... Let

L1 (K®B)' ®Q(A) — (K ®B)" ® Q(A)

be the homomorphism coming from the map b+ A -1 +— X - 1 from (K ® B)*
to (K ® B)*. Then t — z,u(z]) is a homotopy in U([K ® B ® Q(A)]*) from a
scalar multiple of w to a scalar multiple of x. S0 [W] = [xeo] in (U /U)K ®
B ® Q(A)]"), and so also in (U /Up)([Ko ® (B ® Q(A))]*) by Lemma 3.4. Thus
@ o ¥([w]) = [wl].

Lemma 3.14. Let B be a unital nuclear C*-algebra and let A be a unital
o-C*-algebra. Then there is a natural isomorphism

@ : (U/Up)B ® Q(A)) — (U /Uo)Q(B ® A)).
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This lemma generalizes the lemma following Proposition 1.13 in [15], except
for the nuclearity hypothesis (which is probably unnecessary). Of course, the map
comes from the map B QQ(A) — Q(B ®A) that one gets from BOM (K ®A) —
MK @B ®A).

Proof of Lemma 3.14. Consider the following commutative diagram with exact
Tows:

0—-KQBRA—BOIMK®A)—BRQA)—0
(%) l ! !
0—-KRBRA—MKRBRA)-SQB @A) — 0
(Note that the top row is exact if A is a C*-algebra, because B is nuclear. To
show that it is exact in the case at hand, we note that Proposition 5.3(2) of [19]
can be applied, because of the surjectivity statements in Lemmas 1.5 and 1.6 of
[20].) The left hand vertical map in (x) is the identity, and the middle vertical
map is injective. Therefore the right hand vertical map is injective. Consequently

we can identify B ® Q(A) with a subalgebra of Q(B ® A).
We now prove that @ is injective. This is the same as showing that

UB ®Q(A)NUQB R A) CUyB R Q(A)).

Let u be an element of the left hand side. By [20], Lemma 1.11, there is x €
UM (K ® B ® A) such that (x) = u. But then we must actually have

xeUBIMK ®A)),

since u € B ® Q(A). Now UB @ M(K ® A)) is path connected by Lemma 3.9,
so it follows that

u=m(x) € Uy(B ® Q(A)),
as desired.
Before proving that @ is surjective, we establish the following claim: If B
and A are unital C *-algebras, with B nuclear, and if

D ={a:[0,1] — Q(B ® A) : a is continuous,

a(0)€C-1, and a(l) € BRQ(A)},

then U (D) is connected. To prove it, let u € U (D). Without loss of generality,
we can assume u(0) = 1. We want to find a continuous function

v:[0,11> - UQB R A)
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such that v(¢,0) = u(t),v(t,1) = 1,v(0,s) € C- 1, and v(l,s) € B ® Q(A), for
all ¢, 5 € [0, 1]. Begin by choosing a continuous function

z:[0,17 — UQ(B ® A)

such that z(#,0) = u(z) and z(¢, 1) = 1 for all ¢. Replacing z(t, s) by z(0, s)*z(¢, s),
we may also assume that z(0,s) = 1. Using the fact that

(U/Uo)B ® Q(A)) — (U [Ug)(Q(B ® A))
is an isomorphism (by the lemma in [15] we are generalizing), we can write
z(1,5) = x(s)y(s)
with
x € UpC([0,1],0(B®A)) and y € UC([0,1],B ® Q(A)).
Furthermore, we will have x(0) = u(1)y(0)* and x(1) = y(1)* in the same

component of U(B ® Q(A)). Replacing x(s) by x(s)c(s) and y(s) by c(s)*y(s)
for an appropriate ¢ € UC([0, 1], B ® Q(A)), we may also assume that x(0) =

x()=1.
As in the proof of Lemma 3.12, the lemma we are generalizing also implies
that

(U /U)C(S") ® B ®Q(A) — (U [Ug)(C(S") ® OB ® A))
is an isomorphism. Therefore there is a factorization x(s) = w(l, s)d(s), where
w 0,1 — UQ(B ® A)
satisfies w(t,0) = w(r, 1) and w(0,s) = 0 (so w(l,-) € Up(C(S") ® O(B ® A))),
and where d(s) € U(B ® Q(A)) for all s. Replacing w(t, s) by w(t, s)w(t,0)* and
d(s) by w(1,0)d(s), we may assume in addition that w(z,0) = w(t,1) = 1 for
all £. (Note that w(1,0) = x(1)d(1)* € B ® Q(A).) Now define

v(t, s) = w(t,s)"z(t, s).

The only property required of v that we must check is that v(1,s) € B @ Q(A).
However, we have

v(1,5) = (d(s)x(s))(x(s)y(s)),

and d(s),y(s) € B ® Q(A). This proves the claim
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Now we prove that @ is surjective. We return to the case in which A is a
o-C *-algebra limA,. Let u € UQ(B ® A). We construct by induction continuous

paths t +— u in UQ(B ® A,), defined for € [0, 00] and satisfying
U =u" e UB ®Q(A,) fort = nand m,(u),) =u for all r.
To start, use the isomorphism

(U /Uo)B ® Q(AN) = (U [U)(Q(B ® Ay)

from the lemma following Proposition 1.13 in [15] to choose u 0'in UQ(B®A))
such that

u?” =rkiw) and u’ € B®QA)).
Then set u{) = u{") for ¢ 2 1. Given u{, we use the surjectivity of
Q(B ®An+l) - Q(B ®An)

([20], Lemma 1.6) and the corresponding surjectivity of the components of the
identity of the unitary groups to lift the path

£ @Oy U

to a path ¢ +— ¢, in UQ(B ® A,+1), and we define

uﬁfll = n,,+1(u)(oc, for t € [0, n].

Next, use the argument above to choose a path ¢ — v, from vy = uﬁ,"jl to some
vi € UB ® Q(An+1)). Then

11— (v’
is a path in UQ(B ® A,) which is 1 at t = 0 and is in U(B ® Q(A,)) at t = 1.
Let Dy, for | = n,n+ 1, be the result of putting A; for A in the definition of the
algebra used in the claim above. Then D,.; — D, is surjective. By the claim,
there is therefore a unitary path ¢+ — w, defining an element of D,,; whose
image in D, is

t— ()Y

Now set

U™ = wowv, fort € [0,1].
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This gives the correct value for u"|, satisfies

T = 1 ()@Y 1) = )
as required, and gives

Uy = wowivi € UB ® QA1)
by the definition of D,.;. So we can set

U = ulmb fortZn+1,

thus completing the induction.
We now set #") equal to the element of UQ(B ®A) determined by the coherent
sequence (u). Then

u = u(@®)* - u>

where u(u'®)* € UpQ(B ®A) and u‘>® € U(B ® Q(A)). So @ is surjective. This
completes the proof.

THEOREM 3.15. There is a natural isomorphism
(U/Uo) (K ® A)") = RK{(A)

for any o-C*-algebra A.

Proof. We first consider the case in which A is unital. Then we have the
following chain of natural isomorphisms, each of which follows easily from
previous results as listed below:

RK (A) = RK((SA) = Ker[RKo(C(S") ® A) — RK((A)]
= Ker[(U /Up)Q(C(S") ® A) — (U /Up)Q(A)]
& Ker[(U /Up)(C(S") ® Q(A) — (U /U)Q(A)]
= Ker[(U /Up)([Ko & (C(S") ® Q(ANTY)
— (U JUo)([Ko ® QAT
=~ Ker[U(C(S") ® Q(A)) — U(Q(A))]
> U(SQA) = UA) = (U /Uo) (K ® AYY).

On the first line, the equality is the definition of RK; and the isomorphism is
obtained by applying the long exact sequence for RK, to the split exact sequence

VS
(%) 0—SA—CEH®A—A—0.
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The equality which comes next is the definition of RK. The three isomorphisms
connecting the second line to the second line from the end are, in order, Lemmas
3.14, 3.13, and 3.4. The isomorphism between the second last line and the last
line is obtained by applying Lemma 3.6 to the sequence (x), the isomorphism
U(SQ(A)) = U(A) is Corollary 3.11, and the equality at the end is the definition
of U(A).

Now we consider the case in which A is not unital. Naturality in the unital case,
and the results RK (A*) = RK,(A) and U(A*) = U(A), give RK(A) = U(A),
and U(A) & (U /Up)((K ® A)*) is Lemma 3.7.

THEOREM 3.16. Let A be a unital o-C*-algebra. Then there is a natural
isomorphism of abelian groups [U,.,Al; = RK,(A).

Proof. Combine the previous theorem with Proposition 3.5.

4. The K-theory of the classifying algebras. In this section we compute
RK,.(P) and RK.(U,.), where P and U,. are the classifying algebras of the
previous two sections. In order to be able to handle them both in the same
way, we prove, as a preliminary result, that U,. is isomorphic to W (S)* for
an appropriate algebra S. Our K-theory results will enable us to show that the
algebras of continuous functions on the traditional classifying spaces for K-
theory do not work in the noncommutative setting, even for the K-theory of
C*-algebras.

Lemma 4.1. Let S = {f € C(S") : f(1) = O}, where S is identified with
{¢€ C:|¢]| = 1}. Then there are isomorphisms U,.(n) = W,(S)* which respect
the maps of the corresponding inverse systems.

Proof. First observe that S is the universal C *-algebra on the single generator
s subject to the relations ss* = s*s = —s — s*. (The element s + | is unitary in
S*; conversely, if u is a unitary element of any unital C *-algebra, then s = u—1
satisfies the given relations.) Therefore W,(S)* is the universal C*-algebra on
the generators x,(s,,j) and 1, subject to the relations that 1 be an identity and
that the matrices

X(8) = (s, i ) -y
satisfy
X ()%, (8)" = X, () X (8) = —X,(8) — X,(5)".

The equations x,; ; = x,(s,,j) +6;;1 relate these generators and relations to the
standard generators and relations for U,.(n) in Definition 3.1. Naturality with
respect to the maps of the inverse systems is immediate.

ProposITION 4.2. Let (Woo(S)*, X, i, L) be the homotopy dual group obtained
via Definition 1. 10 from the algebra S of the previous lemma, with vy : S —
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S given by 1o(f)) = f(Q). Let (Upe,X's1/'st") be the dual group of Defini-
tion 3.1. Then there exists an isomorphism ¢ : Wy(S)* — U, such that
X'op=x,pop>(pxp)op,andi’op=poL

This proposition implies that W,(S)* and U,. are homotopy equivalent as
homotopy dual groups. It follows that, for unital o-C *-algebras A, we have a
natural isomorphism

RK(A) = [Wso(S)", AlL,

so that we have unified the construction of the classifying algebras for RKj
and RK,. Note in particular that this proposition implies that U, is homotopy
abelian.

Proof of Proposition 4.2. We first check that ¢, satisfies the conditions of
Definition 1.10. We certainly have ¢y o tp = ids. To construct a homotopy

from
PN tola) O
0 a

to the zero homomorphism, let s(() = (— 1 be the generator of S and choose a
continuous path ¢ i— u, of scalar unitary matrices such that

0 1
up=1 and ulz(l 0>‘

Then let ¢, : § — M,(S) be the homomorphism sending s to

W) +1 0 Loy .
0 1)%\o s+1)% "

We now let ¢ : W (S)* — U, be the inverse limit of the isomorphisms
of the previous lemma, taking the generator s of S as above. Obviously ¢ is
an isomorphism satisfying x’ o ¢ = x. To check that i/ o p = p o, we let
®:8 — Ky ® Uy, be the homomorphism corresponding to ¢ under Proposition
1.9. Then the homomorphisms corresponding to ¢ o p and ¢ o are (idg, Q') o p
and @ o ¢ respectively. These are equal because both send s to @(s*).

Finally, we prove that ' o ¢ =~ (¢ * ¢) o . This is the same as proving that

W (pxp)opop .

If X is the matrix over U,. whose ij entry is xo; ;, and if x)) and x2) are the

analogous matrices over U, * cU,,. using the generators of the first and second
free factors respectively, then p'(x; ;) is the ij entry of the matrix product
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xDx 2. Also it is easily shown that (¢ * @) o po ¢ (xw, ;) is the ij entry of
the matrix product y(Vy®  where

X S,,)l )1 0 X S,)l 2 0
0 1 0 0
M _
Y X(l)zx 0 xo(g,)z,z 0
0 0 0 1
and
1 0 0 0
o xZ, 1 0 x&,
@ _
Y lo o 1 0
0 x| 0 xZ

Thus, if 1 — o!" is a homotopy connecting idy,, to a homomorphism o sending
Xoo,i,j t0 the ij entry of y, for I = 1,2, then

t— (0’51) * 052)) oy

is a homotopy connecting u’ to (¢ * p)opo =L,

To produce o!", we identify U, with W.,(S)* via ¢, and then use Proposition
1.9. Let

mg : S —>KO ® WOO(S)
be the homomorphism corresponding to idy, ). Then the homomorphisms

corresponding to 0! have the form (7’ ® idw.s)) o ms, for appropriate homo-
morphisms 7’ : Ky — Kj sending rank one projections to rank one projections.
(On matrix units e;;, we have n(l)(e,j) = ezi—12j—1 and n(z)(e,»j) = ey;2;.) The exis-
tence of the desired homotopies then follows from Lemma 1.12 and Proposition
1.9. This completes the proof.

We now turn to the computation of the K-theory of U,. and P.

LeMMA 4.3. Let A be a C*-algebra. Then the homomorphisms

T : War1(A) — Wy (A)
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of Definition 1.7 are all isomorphisms on K -theory.
Proof. Define ¢, : W,(A) — A by
(pn(-xn(av l*])) = 6i16jla-

Since ¢, o ™, = @n41, it suffices to show that each ¢, is an isomorphism on
K -theory. Let my : A — M,(W,(A)) be given by

ma(a) = (xaa, 1,)))} ;-

Then M,(p) o my sends a € A to the n X n matrix whose (1, 1) entry is a and
whose other entries are zero. Identifying K,(M,(A)) with K,(A) in the standard
way, we see that M, (@)« o (m4)« is the identity on K,(A).

We now consider the composite in the other order, namely

my © ¢ : Wy(A) — M,(Wn(A)).

Under the identification of Proposition 1.5, this map corresponds to the homo-
morphism 1 : A — M,.(W,(A)) given by

(on(a, 1, =1 0 0
0 0 0

0 0 0)

In this expression each 0 is an n X n zero matrix. The homomorphism 7 is easily
seen to be homotopic to the homomorphism A defined by

n(a) =

Xoa,iyj) 0 ... 0\\"
0 0 0

)\(a):k . o .
0 0o ... 0 ij=1

In this expression each matrix is n X n. It follows that m4 o ¢ is homotopic to
the homomorphism v : W,(A) — M,(W,(A)) corresponding to A. Since v is just
the standard embedding

xna,iyj) 0 ... 0

.. 0 0O ... 0
xp(a,i,j) — . . .
0 0 ... 0

of W,(A) in the upper left corner of M, (W,(A)), it follows that ¢, o (m,), is the
identity on K,(W,(A)).
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Note that, in cases for which it makes sense, we have actually proved that
W,(A) and A are KK-equivalent.

CorOLLARY 4.4. For any C*-algebra A there is a natural isomorphism

RK.(Woo(A)) = K.(A).

Proof. Use the previous lemma and the Milnor lim'-sequence, [20], Theorem
3.2.

ProposITION 4.5. (1) With P as in definition 2. 1, we have RKy(P) = 7> and
RK(P) = 0.
(2) With U, as in Definition 3. 1, we have RKy(U,.) = Z and RK,(U,.) = Z.

Proof. (1) Proposition 1.16 yields an obvious exact sequence
0— Co((0, 1) ®M; - gC—-CpC—0.

Examining the corresponding long exact sequence in K -theory, it is easily shown
that Ko(¢C) = Z, generated by the class of the quasihomomorphism

C3Cx*xCrqC,

and that K;(¢C) = 0. The result now follows from Corollary 4.4.
(2) By Proposition 4.2, we have U, = W,(S)*, while clearly S = C((R).
The result now follows from Corollary 4.4.

We should point out that Lemma 4.3 and Corollary 4.4 are also valid for
o-C *-algebras, since

W, (lim Ay) = lim W, (A).
k k

This enables one to compute the K-theory of some of the dual groups defined
in [29]. For example, GL,.(n) is isomorphic to W,(A)*, where A is the universal
pro-C *-algebra on the generators y, and zy, subject to the relations

YozZo = ZoYo = —Y0 — Z0-

Equivalently, A* is the universal unital pro-C*-algebra on generators y and z
(namely, yo + 1 and zy + 1) subject to the relations

yz=1zy=1.

One can then show that A* is homotopy equivalent to C(S') by using an ap-
propriate variation on the retraction (¢,x) +— ,r(x*x)”/z, for + € [0,1] and x
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invertible, from the group of invertible elements of a C*-algebra to its unitary
group. It follows that

RK(GLy(n)) = RK(GLyc(n)) = Z.

This can also be obtained more directly by using the retraction above to show
that GL,.(n) is homotopy equivalent to U,.(n).

We also note that Proposition 4.5 shows that the K-theory of our classifying
algebras is about as simple as it could be. In fact, we will prove in the next
section that there are natural isomorphisms

[Ker(x : P — C),A] = RKy(A) and
[Ker(x : Uy — C),A] = RK(A)

for arbitrary o-C *-algebras A, with the restriction in the RKj case that A have a
countable approximate identity. For the first of these kernels, we have RKy = Z
and RK; = 0, while for the second we have RKy = 0 and RK, = Z. In either
case, the element of RK,(A) corresponding to a homomorphism ¢ : Ker(x) — A
is p.(n) for an appropriate generator i of RK,(Ker(x)).

This situation is rather different from what happens in the case of spaces. We
will take as our standard models for the classifying spaces the infinite unitary
group U = lim U (n) for RK' and the space Z x BU for RK". (See for instance

Example 2.2 of [1].) The representable K-theory of these spaces is known, and
will be described in the proof of the next proposition. In both cases, it is quite
large. In particular, we have

RK.(P)%# RK.(C(Z xBU)) and RK.(U,)%# RK.(C(U)).

It follows that the o-C *-algebras C(Z x BU) and C(U), of all continuous com-
plex valued functions on Z x BU and U, cannot be used as classifying algebras
for RK, on the category of o-C*-algebras. Indeed, we would otherwise have
homotopy equivalences

P~C(ZxBU) and U, ~C(U),

which contradicts the K-theory results above. (This is a standard result in cate-
gory theory; see the Yoneda Lemma and its corollary on page 61 of [14].)

In fact, our results are strong enough to show that C(Z x BU) and C(U) do
not even classify K-theory for C*-algebras. This justifies the construction of our
noncommutative analogs of these algebras. We need a lemma, which generalizes
the remark on operations at the end of [24].

LEMMA 4.6. Let A \— Y4 be a natural transformation from K; to itself (i =
0 or 1), where K; is regarded as a functor from unital C*-algebras to sets.
Then 14 has the form

Ya(n) = mn+n[l] for some m,n € L.
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(Of course, the second term is zero if i = 1.)

Proof. We cannot directly apply the remark of [24] referred to above, since
we assume neither that ¢4 is a group homomorphism nor that it is natural with
respect to nonunital homomorphisms. However, using [8], we see that every
element 7 of Ko(A) has the form v, o 8, o (a*).(19), where o : gC — K ® A

~ is some homomorphism, 3 : A" — (K ® A)* is

Bla+Xx-)=a®@p+X-1
for some fixed rank one projection p € K,7: A" — A is
'Y((l+)\' Igr)=a+ M- lA,

and 19 € Ko(gC") is the class determined by the homomorphism ¢C — ¢gC*.
Now

VYgc+(no) = mno +n[1], for some m,n € Z,

by the proof of the previous proposition, and the argument of [24] implies that
Ya(n) = mn + n[1]. This does the case i = 0. The case i = 1 is done similarly,
using Co(R) and geometric realization as in Lemma 3.1 and Remark 3.2 of [23],
in place of gC and quasihomomorphisms.

ProposITION 4.7. (1) There is no natural isomorphism of sets
Ko(A) = [C(Z x BU), Al

for unital C*-algebras A.
(2) There is no natural isomorphism of sets

Ki(A) = [CU), Al
for unital C*-algebras A.

Note that, in this proposition, we do not assume any structure of homotopy
dual group on C(Z x BU) or C(U).

Proof of Proposition 4.7. Leti =0or 1,let Z = Z xBU or U as appropriate,
and let £ = lEnE,, be Wo(B)t = lij_n W,(B)*, with B = qC or Cop(R) as
appropriate. Further let Zy be a compact subset of Z such that j* : K*(Z) —
K*(Zy) is surjective; Zy will be chosen at the end of the proof in such a way as
to obtain a contradiction.

The fact that Z is a classifying space for RK’ on countable direct limits of
compact spaces implies that there is a canonical element 19 € RK'(Z) such that
the isomorphism [X,Z] & RK'(X) is determined by [f] +— f*(no). (The existence
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of no follows abstractly from the Yoneda Lemma, on page 61 of [14].) Similarly,
there is a canonical element ) € RK;(E) such that the canonical isomorphism

Wa 1 [E,A]L — RKi(A)

is given by W4 ([¢]) = ¢+(&o). (Note that & is a generator of RK;(Ker(E — C)).)
Clearly the abelianization E / [E,E] of E, where [E,E] is the closed ideal in E
generated by all commutators xy — yx, is a classifying algebra for RK; of com-
mutative unital o-C*-algebras. The usual Yoneda Lemma argument, together
with Proposition 5.7 of [19], therefore yields a unital homotopy equivalence
E/[E,E] ~ C(Z). Composing it with the quotient map produces a unital homo-
morphism 7 : E — C(Z) such that m,(§) = no. Let

™ 1 [C(2),Al; — [E, Al

denote the function induced by .
Now suppose that we are given some natural isomorphism

D, : [C(2), AL — Ki(A)
for unital C*-algebras A. Then
A=Y omiod, ! = Ay

is a natural transformation of sets from K;(A) to K;(A). Therefore there are, by
the previous lemma, m,n € Z such that

As() = mn+n[l] for all A and all n € K;(A).
Using the definition of 7} and ¥4, and 7.(&p) = 19, we obtain

wx(Mo) — n - [14] = m®4([¢])

for every unital ¢ : C(Z) — A. If A is restricted to be of the form C(X)
for X compact, then [¢] — @.(19) is bijective, whence m = =+1. Therefore
[¢] — @«(ng) is bijective from [C(Z),A]; to K;(A) for all A, commutative or
not.

Let p : C(Z) — C(Zp) be the restriction map. Then p o w has a factorization
as Aok, for some n, with k,, : E — E, being the canonical map, and for some
A E, — C(Zp). Choose, by the previous paragraph, a unital homomorphism
o : C(Z) — E, such that g,(n9) = (k,)«(&p). Then

(A 0 0)x(10) = (p o mM(&0) = p«(M0),

so that A o o and p must be homotopic. Since p, = j* is surjective, A, must also
be surjective.
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It now remains only to choose Zj such that j* : K (Z)— K (Zy) is surjective,
but such that there is no surjective map from K;(E,) to K'(Zy) for any n. For
i=0and Z =7Z x BU, we note that

BU =1limBU(n) and BU(n):liinG,,(CN),
N

where G,(CV) is the Grassmannian of n-dimensional subspaces of CV. The
representable K -theory of these spaces is known: it is in every case concentrated
in degree 0, and we have

RK°(BU)Y = Z[[ci,ca,...]), RK°BU®) = Z[[cy,cy. .., chlls
and
RK%G.(CV)) 2 Zllcy, ¢y .y Call/lan

for some suitable ideal I, y. The canonical maps between these spaces are all the
obvious ones, and are surjective. (See [27], 16.32 and 16.33, and [11], IV.3.19,
1V.3.22, and its proof.) Take Z, = G,(C?) = CP?, embedded in BU as above
and thence in Z X BU by identifying BU with {0} x BU. Then K°(Zy) = Z?,
while Ko(E,) = Z? for all n, by Lemma 4.3 and Proposition 4.5(1). Since there is
no surjective homomorphism from Z?2 to Z*, we have the desired contradiction.

Fori =1 and Z = U = lim U(n), we observe that it is known that K*(U (n))

is an exterior algebra over Z on odd degree generators 3,,...,3,, with the
homomorphism from K*(U(n + 1)) to K*(U(n)) given by killing §,.. (I am
grateful to Jonathan Rosenberg for pointing this out to me.) However, we do
not need the full strength of this statement, but only the fact that the rational
K-theory K*(U(n)) ® Q is an exterior algebra over Q, with generators and
homomorphisms as above. This version is much more easily derived from results
in the literature: for example, use the computation of H*(U(n),Z) in Theorem
VIL4.1 of [31], and the fact that the Chern character is a rational isomorphism.
The reasoning of the main part of the proof applies equally well to rational
K -theory, and the necessary contradiction is supplied by observing that there is
no surjective linear map from K,(U,.(n)) ® Q = Q to K'(U(2)) = Q?, for any
n.

As a corollary of the proof, we obtain:

Example 4.8. There exists a unital C*-algebra A and a class n € K;(A) such
that n is not represented by any unitary matrix over A whose entries and their
adjoints commute with each other. Indeed, it is easily derived from the proof
above that

A=U,(2) and n= [(xzvhl x2,1,2>]

X2.2.1 X222
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is such an example. (Note that n = (£2).(&p).)

It seems very difficult to produce such an example directly. Obviously we
cannot take A to be commutative, and it is only slightly less obvious that we
cannot take A to have the form M, @ C(X). On the other hand, it seems quite
possible that no such example exists with A simple. Indeed, in all known ex-
amples with A simple and unital, every class in K;(A) is already represented
by a unitary in A. (See Section 7 of [6] for a more detailed discussion of the
evidence.)

We should also point out that our computations show that the “noncommuta-
tive” unitary groups U,.(n) are topologically quite different from the ordinary
unitary groups U (n). Similar considerations hold for the “noncommutative” fi-
nite approximations W,(gC) to Z X BU and their abelianizations, which are
presumably homotopy equivalent to the algebras of continuous functions on
certain finite disjoint unions of Grassmannians.

5. Other classifying algebras. In this section we define and discuss several
other pro-C*-algebras which classify RKy and RK for o-C*-algebras. One of
our constructions can be generalized to produce classifying algebras for functors
of the form KK°(D, —). These constructions are in certain ways more natural
than the definitions of P and U,., but they do not yield o-C*-algebras. The
resulting algebras are therefore much harder to handle. In particular, we do not
know whether or not the various classifying algebras we construct for RKjy and
RK | are homotopy equivalent to each other.

Our constructions come from two sources. One source is a noncommutative
analog of the loop space functor, originally defined in Section 2.6 of [21]. This
functor sends a classifying algebra for RK; to one for RK;_;. The other source
is an adjoint W to the functor K ® —, which can be used in place of W,. We
consider the loop algebra construction first.

We will find it convenient to work with pointed (pro-)C *-algebras and their
reduced K-theory. The category of pointed (pro-)C *-algebras is a noncommu-
tative analog of the category of pointed spaces. Thus, the version of our earlier
results in terms of pointed algebras, given in Theorem 5.4 below, is actually
the most direct analog of the standard topological approach, which uses pointed
spaces and pointed maps.

Definition 5.1 ([21], Definition 2.5.1). A pointed (pro-)C*-algebra is a pair
(A, @) consisting of a unital (pro-)C*-algebra A and a unital homomorphism
a: A — C. A pointed morphism ¢ : (A, ) — (B, 3) is a unital homomorphism
(continuous and adjoint preserving, as always) ¢ : A — B such that fo ¢ = «.

We will generally omit the homomorphism « from the notation. If A is any
(pro-)C*-algebra, then A*, equipped with the homomorphism @+ A - 1 +— A,
is a pointed (pro-)C*-algebra. In fact, A — A" and p — ¢* is easily seen
to be a category equivalence from (pro-)C*-algebras and arbitrary homomor-
phisms to pointed (pro-)C*-algebras and pointed morphisms. The inverse is
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(A, @) — Ker(a). One should also note that (X, x) — (C(X), ev,), where ev, is
evaluation at x, defines a category equivalence from the category of pointed com-
pact Hausdorff spaces (respectively, pointed completely Hausdorff quasitopolog-
ical spaces) and basepoint preserving continuous maps to the category of pointed
commutative C*-algebras (respectively, pointed commutative pro-C *-algebras)
and pointed morphisms. By abuse of language, we will therefore refer to a in
the pair (A, «) as the basepoint of the algebra A.

The pointed category has noncommutative analogs of wedge and smash prod-
ucts, given by

A*VB*=(A®B)" and A"AB*=(A®B)".

Of course the usual ambiguity concerning tensor products of C*-algebras extends
to the smash product. As a special case, suspension in the pointed category is
A1— XA = C(S") A A, where the basepoint of C(S') is taken to be ev,. There
is also a pointed free product, namely

(A*,B*) — A* x cB* = (Ax B)".

Extending our earlier notation, the set of pointed morphisms between pointed
(pro-)C*-algebras A and B is denoted by Hom, (A, B), and the set of homotopy
classes in Hom. (A, B) is denoted by [A,B].. Note that pointed homotopy has
an obvious formulation in terms of pointed morphisms from A to B A C([0, 1])*
which is analogous to the usual formulation of homotopy in terms of homomor-
phisms from A to B ® C([0, 1]).

Definition 5.2. If (A, «) is a pointed o-C *-algebra, then the reduced repre-
sentable K-theory of A is

RK .(A) = Ker[a, : RK.(A) — RK.(C)].
Of course, we have ﬁ(*(A‘*) = RK«(A). In particular,
RKo(AY) ¥ RKo(AH) @ Z and RK(A") = RK,(A").

Note that 1?1/( « is functorial for pointed morphisms.

If (A, x,u,t) is a homotopy dual group, then (A, x) is a pointed (pro-)C*-
algebra. We did not require the maps and homotopies in the definition of a
homotopy dual group to be pointed. However, in the definition of the homotopy
dual groups U,. and W (A)*, the maps are all pointed, and in the proof of
Theorem 1.11, all homotopies are in fact pointed. Thus, we have:

PrOPOSITION 5.3. The homotopy dual groups Wy (A)* of Definition 1.10 and
U, of Definition 3.1 are abelian homotopy dual groups in the category of
pointed pro-C*-algebras.
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For abelianness of U,., see Proposition 4.2. It follows from this proposition
that [W(A)*, B, and [U,,, B], are abelian groups in a natural way.
The pointed version of our earlier theorems is then:

TueoreM 5.4. (1) If A is a 0-C*-algebra with a countable approximate iden-
tity, then there is a natural isomorphism of abelian groups RKo(A*) = [P,A"],.

(2) If A is any 0-C*-algebra, then there is a natural isomorphism of abelian
groups RK ((A*) = [U,,A"];.

Presumably we do not actually need the assumption in (1) that A have a count-
able approximate identity. In our proof, it enters through Lemma 2.10, where
we used the stabilization theorem for Hilbert modules and the contractibility of
the unitary group of M(K ® A,) for a C*-algebra quotient A, of A.

Proof of Theorem 5.4. (1) We have natural isomorphisms of sets
RKo(A") X RKy(A) = P(A) = Py(A)
2~ [¢C, Ko & A] = [W(gC), Al
= [Woo(qC)+7A+]+ = [P7A+]+-

These follow from, in order, the definition of RK 0, Proposition 2.8, Lemma 2.6,
Lemma 2.10, Proposition 1.9, the definition of a pointed morphism, and the
definition of P. Comparing the composite of these isomorphisms with the proof
of Theorem 2.12 now yields a commutative diagram with bijective horizontal
arrows:

RK,A" —— [PA%],
RK,A") —=— [PA"],
Since the left vertical arrow is injective, so is the right one. That the top hori-
zontal arrow is a group homomorphism now follows from the fact that the other
three arrows are group homomorphisms.
(2). Let a be the basepoint of A*, let
¢ = (idg, @ )" 1 (Ko & A")" — Ky,
and let
VYKo ®AH —C
be the obvious map. Set

G(A) = {u € UKo ® AN 1 Yp(u) = 1}
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and
UTA) ={uec U((Ko ® A")") : p(u) = 1},

and let Gyo(A) and Uj(A) be the path components of the identity in G(A)

and U*(A). In the proof of Proposition 3.5, it was shown that [U,.,A*], =
G(A)/Gy(A), and essentially the same proof yields [U,.,A*], = U*(A) JUG(A).
An easy argument, using the path connectedness of

GICO)={uecUK]):u—1€Ky},
shows that
U™(A)/Uy(A) — G(A)/Go(A)

is an isomorphism. (Note that G(C)/G((C) = RK(C) = 0.) Therefore we have
isomorphisms

RK |(A*) = RK\(A") & [Uye, ']y
> GA)/Go(A) = U(A) /UG (A) = [Upe, A4,
as desired. (The second isomorphism is Theorem 3.16.)
This theorem can be restated without using pointed algebras, as follows.

CoroLLARY 5.5. (1) If A is a o-C*-algebra with a countable approximate
identity, then there is a natural isomorphism

RK(A) = [Woo(¢C), Al
(2) If A is any o-C*-algebra, then there is a natural isomorphism
RK,(A) = [Ker(U,. — C),A],
where U, — C is given by xo j — 0jj.

This version is not as nice as the previous version because W, (¢C) and
Ker(U,. — C) are not homotopy dual groups. The reason for introducing pointed
pro-C *-algebras is to be able to state this result in the form of Theorem 5.4.

We now construct the noncommutative analog of the loop space. (Compare
Section 2.6 of [21]). We include here an easy direct proof of its existence, not
relying on the generator and relation material in Section 1.3 of [21].

THEOREM 5.6. There is a functor A — QA from pointed pro-C*-algebras to
pointed pro-C*-algebras such that there are natural isomorphisms of sets

Hom,(QA, B) 2 Hom,(A,XB) and [QA,B], ~[A,ZB],
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for any pointed pro-C*-algebra B.

Proof. Let A have the basepoint a : A — C. Let D be the set of isomorphism
classes of pairs (Z, (m¢)¢est) in which Z is a pointed pro-C *-algebra and each
is a pointed morphism from A to Z, satisfying the following conditions:

(1) (a,¢) — m¢(a) is (jointly) continuous.

(2) m = ez o . (Recall that 7 : C — Z is given by €z(1) = 1.)

(3) Z is the C*-algebra generated by g1 mc(A).

For d € D choose a representative (Z, (wf Jeest). Define d 2 ¢ if there exists
a pointed morphism (necessarily unique) ¢z, : Zy — Z, such that

godeowg:wg forall (€ S'.

This makes D a partially ordered set, and it is in fact directed, as can be seen
by looking at the C*-subalgebra of Z; ®Z, generated by all (ﬂ'g (a), 7r2 (a)). Then
set

QA = limZ,,
deD

taken with respect to the maps ¢, and let m; : A — QA be the obvious pointed
morphisms.

Define a map Hom,(2A,B) — Hom,(A, ZB) by sending ¢ to the pointed
morphism given by

na)Q) =pom(a) foracAand(e st

It suffices to prove that this map is defined and bijective when B is a pointed
C*-algebra, by the definition of an inverse limit. Continuity of 5 follows from
the joint continuity of (a,() — 7(a) and the fact that S' is compact. Injectivity
of the assignment ) +— 5 is obvious. For surjectivity, let n : A — XB be
a pointed morphism, and define o, : A — B by o, = ev;on. Let Z be the
pointed C*-subalgebra of B generated by Uces' o¢(A). One readily checks that
(Z,(0¢)ces!) defines a class in D. (Joint continuity of (a, () — o¢(a) follows from
the definition of the norm on £B.) Then v is the composite A — Z — B. This
shows that

Hom,(QA, B) = Hom, (A, £B).

Naturality is obvious.
To prove that [QA, B], = [A, XB],, use the previous result with BAC([0, 1])*
in place of B.

The loop algebra construction gives as a new set of classifying algebras by
using the Bott periodicity isomorphisms RK;(¥A4) = RK_;(A), as follows.
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CoroLLARY 5.7. (1) If A is any o-C*-algebra, then there is a natural isomor-
phism

RK(A*) 2 [QU,, A™],.

(2) If A is a o-C*-algebra with a countable approximate identity, then there
is a natural isomorphism

RK (A [QP,A"],.

The usual considerations concerning H -space structures from topology (see
Sections 1.5 and 1.6 of [26], especially the example following Theorem 1.5.7
and the remark following Corollary 1.6.11) carry over to homotopy dual group
structures on loop algebras; we will not worry about the details here.

Unfortunately, this corollary does not imply the analog of the “original” Bott
periodicity theorem (see for example Theorem 11.60 of [27]), which would be
the existence of homotopy equivalences QU,. ~ P and QP ~ U, because
QU,. and QP are not o-C*-algebras. We do not know whether or not these
homotopy equivalences hold. It does, however, seem to be possible to construct
a certain canonical quotient QyA of QA which for A = U,. or A = P would
be a pointed o-C *-algebra still satisfying [€pA, B] = [A, £B] for o-C *-algebras
B. Then one could conclude that QoU,. ~ P and Q¢P ~ U,.. (This would,
incidentally, enable one to remove the countable approximate identity hypotheses
in Theorem 5.4(1) and Corollary 5.7(2).) We hope to investigate this possibility
in a future paper.

We now consider a more straightforward method of obtaining classifying
algebras from C(S') and gC, which, however, also has the disadvantage of
giving uncountable inverse limits of C*-algebras.

ProOPOSITION 5.8. There exists a functor A — W (A) from pro-C*-algebras to
pro-C*-algebras such that there are natural isomorphisms of sets Hom(W (A), B)
~ Hom(A,K ® B) and [W(A),B] = [A,K ® B] for any pro-C*-algebra B.

Proof. Let D be the set of all isomorphism classes of pairs (Z, (x(-, i, j)ﬁ‘}zl))
such that Z is a C *- algebra and the x(-, 7, ) are functions from A to Z satisfying:

(1) The infinite matrix x(a) = (x(a, i,j)),?’f}:1 isinK®Z.

(2) a — x(a) is a homomorphism from A to K ® Z.

3) Uff}:l x(A,1,j) generates Z as a C*- algebra.
Note that D is not empty: take Z = 0. Pick representatives (Zy, (x¢(-,1,/))),
define a partial order on D, and define homomorphisms ¢4 : Z; — Z, for
d Z e, as in the proof of Theorem 5.6.

To show that D is directed, let d,e € D, define x(-,i,j) : A —Z, P Z, by

x(a, i, j) = (x%(a,i,j), x°(a, i, ))),
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and let Z be the C*-subalgebra of Z; & Z, generated by Ui, jx(A, i,7). To verify
that (1) holds for (Z, (x(:,i,/))), let p, be the sum of the first n standard rank
one projections in K, and regard p, as a multiplier of K ® (Z; @ Z,) in the
obvious way. Then p,x(a)p, — x(a) in K ® (Z; ® Z,), and p,x(a)p, is clearly
in K ® Z. Therefore x(a) is in fact in K ® Z. Condition (2) is now immediate,
and (3) holds by definition. So D is directed.

We can now set

W(A) = lim Z,.
deD

One shows that
Hom(W(A),B) = Hom(A,K ® B) and [W(A),B] = [A,K ® B]

by the same reasoning as was used to get the analogous statements in the proof
of Theorem 5.6, except that the continuity arguments are easier here.

Unfortunately, there is no reason to think that W(A) is a o-C *-algebra.

Note that W(A) is generated by elements x(a,i,j) whose images in Z; are
x%(a,i,j) and that the obvious map x : A — K @W (A) is the homomorphism cor-
responding to the identity map of W (A). The assignment x(a, i,)) — Xoo(a, i, j),
where x.,(a, i, ) is as in Definition 1.10, extends to a homomorphism from W (A)
to Wo(A) which has dense range.

PrOPOSITION 5.9. Let A and 1y : A — A be as in Definition 1.10. Then W (A)*
has a structure of pointed abelian homotopy dual group, with x : W(A)* — C
being the obvious map, 1 = W (), and with

w: WA — WA x WA

given as follows. Define n: A — K ® (W(A) x W(A)) by

/x“)(a,l,l) 0 xM(a,1,2) 0 \

0 x?(a,1,1) 0 x?P(a1,2)
a)=
n@ xV(a2,1) 0 xM(a2,2) 0 I B
0 x?(a2,1) 0 x@(a2,2)

. sl

where x(a, i, j) is the element of the I-th copy of W(A) in the free product cor-
responding to x(a,i,j) € W(A). Then p is the unitization of the homomorphism
W(A) — W(A) x W(A) corresponding to n under the previous proposition.
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Proof. The proof is the same as the proof of Theorem 1.11, using Proposition
5.8 in place of Proposition 1.9 and using the (well known) analog of Lemma
1.12 with K replacing K.

It follows that W(gA)* is a pointed abelian homotopy dual group for any
C*-algebra A. (See Proposition 1.15.) Furthermore, with

S={fecsh:fa)=0}

as in Lemma 4.1, W(S)* is a pointed abelian homotopy dual group. (In fact,
without allowing homotopy, W(S)* is a nonabelian dual group with p and ¢
given by formulas analogous to those in the definition of U,.. The dual group
W(S)* is the “noncommutative” analog, in the sense of Voiculescu [29], of the
group {u e UKK"):u—1€K}.)

ProrosiTioN 5.10. (1) If A is a o-C*-algebra with a countable approximate
identity, then there is a natural isomorphism of abelian groups

RK(A*) 2 [W (qC)*, A*],.

(2) If A is any 0-C*-algebra, then there is a natural isomorphism of abelian
groups

RK |(A*) = [W(S)",A*]..

Note that the canonical homomorphisms W (¢gC)* — P and W(S)"* — U,
thus induce isomorphisms on the sets of pointed homotopy classes of maps to
A* for any o-C*-algebra A (with a countable approximate identity in the case
of W(gC)* — P). In the commutative situation, it is known, for example, that

U—-{uceUK)Y: u—1€K}
is in fact a homotopy equivalence. Unfortunately, it is far from clear whether or
not, say, W(S)" — U, is a homotopy equivalence.

Proof of Proposition 5.10. (1) Replacing Ky ® A everywhere in the proof of
Lemma 2.10 by K ® A yields a proof that [¢C,K ® A] = P(A). Now use the
natural isomorphisms

RKo(A%) = RKo(A) = P(A)
= [¢C, K ® A] = [W(qC),A] = [W(¢C)",A"],.
where the second step is Proposition 2.8, the second last step is the definition
of W, and the last step is the definition of pointed homotopy.

(2) We combine modifications to the proof of Proposition 3.5 analogous to
the modification used above on Lemma 2.10 and analogous to the modifications
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used in the proof of Theorem 5.4(2). This yields a proof that [W(S)*, A*],
is naturally isomorphic to (U /Up)((K ® A*)*). Using Theorem 3.15, we have
isomorphisms

(U JUp)(K ® A*Y) = RK{(A*) = RK | (AY).

This completes the proof.

Just as before, we now also get natural isomorphisms
RKo(A") 2 [QW ($)"), A™],
if A is a o-C*-algebra and
RK 1(A") = [Q(W (4C)"), A"],

if in addition A has a countable approximate identity. One can now ask whether,
for example, there is a homotopy equivalence Q(W (S)*) ~ W (¢C)*. This might
be true even if QU,,. ~ P fails.

The functor W also enables us to construct classifying algebras for KK -theory,
at least for C*-algebras. The following result is immediate from the definition.

ProprosiTION 5.11. If A and B are C*-algebras, then there is a natural isomor-
phism of abelian groups of KK (A, B) as in Definition 1.5 of (8] with [W (¢qA), B],
equipped with the group structure it gets by being identified with [W (qA)*, B*],.

If A and B are separable, then the group KK(A,B) as defined in [8] is the
same as the usual KK°(A, B) as defined in [12] or in [5]. See Theorem 3.6.5 of
[18] for a detailed proof.

For KK', there are two alternatives. One is to use W(cA), where €A is as
defined in [32]. The other is to use periodicity in KK-theory and the loop
algebra, which gives

KK'(A,B) ¥ [QW (gA)"), B ].

if, say, A and B are separable. These results suggest that one might hope for a
close relationship between Q(W (gA)*) and W (eA)*.

Proposition 5.11 suggests two other questions. First, when can one use
W(qA) instead of W(qA)? This is an advantage because W..(qA) is a o-C*-
algebra. Unfortunately, the answer seems to be “almost never”. One would need
to be able to deform, for any (separable) B, any homomorphism from gA to
K ® B so as to have its range contained in Ky ® B. Thus, gA would presumably
have to be semiprojective in the sense of Effros and Kaminker [10]. We have
seen that this happens with ¢C and with Cy(R), but in general it is very rare,
even rarer than A itself being semiprojective. Note, for example, that Loring has
shown in [13] that C(S' x S!) is not semiprojective.
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The second question is to what extent Proposition 5.11 holds for the KK-
theory defined by Weidner in [30] when A and B are no longer C*-algebras.
Weidner’s theory uses an analog of a Kasparov bimodule which consists of a
Hilbert B-module E, a representation of A in L(E), and, rather than a single
operator in L{E), a whole family of operators on the Hilbert B,-modules E,
obtained from the continuous C*-seminorms p on B. If A and B are o-C*-
algebras, then it should be possible to use an induction argument to show that
one needs only a single operator on E. One should then be able to generalize
Proposition 5.11 to this case. However, we have no idea of what happens in the
general case.

Returning to representable K-theory, we see that we have accumulated quite
a number of definitions of groups isomorphic to RK((A). If, say, A is a pointed
o-C*-algebra such that the kernel of its basepoint has a countable approximate
identity, then the following eight groups are all isomorphic:

Woo(@C)', ALy, [QUp, Al

(W(qC)", Aly,  [QW(S)"),AlL,

Ker[P(A) — P(C)], Ker[(U/Up)Q(A) — (U /Up)Q(C)], U(ZA),
Ker[KK (C,A) — KK(C,C)] as defined in [30].

Question 5.12. If A is allowed to be an arbitrary pointed pro-C *-algebra,
which of these groups are still isomorphic? Which ones gives the “right” defi-
nition of the representable K-theory of A?

Note that we don’t know that M(K & A)/ (K ® A) is complete, so there are
two possible choices for Q(A), making nine groups in all. We can, of course,
also ask the analogous question for RK].

REFERENCES

1. J. F. Adams, Stable homotopy and generalized homology, part 111, Chicago Lectures in Mathe-
matics (University of Chicago Press, 1974).

2. J. Anderson, B. Blackadar and U. Haagerup, Minimal projections in the reduced group C*-
algebra of Ly x Ly, J. Operator Theory, to appear.

3. B. Blackadar, A simple C*-algebra with no nontrivial projections, Proc. Amer. Math. Soc. 78
(1980), 504-508.

4. Shape theory for C*-algebras, Math. Scand. 56 (1985), 249-275.

S. K-theory for operator algebras, MSRI publications no. 5 (Springer-Verlag, New York,
Berlin, Heidelberg, London, Paris, Tokyo, 1986).

6. Comparison theory in simple C*-algebras, pages 21-54 in: Operator algebras and
applications Volume 1: Structure theory; K -theory, geometry and topology, London Mathe-
matical Society Lecture Note Series no. 135 (Cambridge University Press, Cambridge, New
York, New Rochelle, Melbourne, Sydney, 1988).

7. L. G. Brown, Ext of certain free product C*- algebras, J. Operator Theory 6 (1981), 135-141.

8. J. Cuntz, A new look at KK -theory, K-Theory [ (1987), 31-51.

9. J. Cuntz and N. Higson, Kuiper's theorem for Hilbert modules, pages 429-435 in: Operator

algebras and mathematical physics, Contemporary Math. 62 (Amer. Math. Soc., 1987).

https://doi.org/10.4153/CJM-1989-046-2 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1989-046-2

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.
21.

22.

23.

24,

25.
26.

27

28

CLASSIFYING ALGEBRAS 1089

E. G. Effros and J. Kaminker, Homotopy continuity and shape theory for C*-algebras, pages
152-180 in: Geometric methods in operator algebras, Pitman Research Notes in Math. /23
(Longman Scientific and Technical, 1986).

M. Karoubi, K-theory: an introduction, Grundlehren der Mathematischen Wissenschaften 226
(Springer-Verlag, Berlin, Heidelberg, New York, 1978).

G. G. Kasparov, The operator K-functor and extensions of C*-algebras, 1zv. Akad. Nauk SSSR,
Ser. Mat. 44 (1980), 571-636 (in Russian); English translation in Math. USSR Izvestija 16
(1981), 513-572.

T. A. Loring, The torus and noncommutative topology, Ph.D. Thesis, Berkeley (1986).

S. MacLane, Categories for the working mathematician, Graduate Texts in Math 5 (Springer-
Verlag, Berlin, Heidelberg, New York, 1971).

J. A. Mingo, K-theory and multipliers of stable C*-algebras, Trans. Amer. Math. Soc. 299
(1987), 397-411.

J. A. Mingo and W. J. Phillips, Equivariant triviality theorems for Hilbert C*-modules, Proc.
Amer. Math. Soc. 91 (1984), 225-230.

G. K. Pedersen, SAW *-algebras and corona C*-algebras, contributions to noncommutative
topology, J. Operator Theory 15 (1986), 15-32.

N. C. Phillips, Equivariant K-theory and freeness of group actions on C*-algebras, Lecture
Notes in Math. /274 (Springer-Verlag, Berlin, Heidelberg, New York, London, Paris, Tokyo,
1987).

Inverse limits of C*-algebras, J. Operator Theory 79 (1988), 159-195.

Representable K -theory for o-C*-algebras, K-Theory, to appear.

Inverse limits of C*-algebras and applications, pages 127-185 in: Operator algebras
and applications Volume 1: Structure theory, K-theory, geometry and topology, London
Mathematical Society Lecture Note Series /35 (Cambridge University Press, Cambridge,
New York, New Rochelle, Melbourne, Sydney, 1988).

J. Rosenberg, The role of K-theory in noncommutative algebraic topology, pages 155-182 in:
Operator algebras and K -theory, Contemporary Math. /0 (Amer. Math. Soc., 1982).

C. Schochet, Topological methods for C*-algebras Il: geometric resolutions and the Kiinneth
formula, Pacific J. Math. 98 (1982), 443-458.

Topological methods for C*-algebras IV: mod p homology, Pacific J. Math. /14 (1984),
447-468.

E. Spanier, Quasitopologies, Duke Math. J. 30 (1963), 1-14.

Algebraic topology (McGraw-Hill, New York, San Francisco, St. Louis, Toronto, Lon-
don, Sydney, 1966).

R. M. Switzer, Algebraic topology — homotopy and homology, Grundlehren der Mathematischen
Wissenschaften 212 (Springer-Verlag, Berlin, Heidelberg, New York, 1975).

M. Takesaki, Theory of operator algebras I (Springer-Verlag, New York, Heidelberg, Berlin,
1979).

D. Voiculescu, Dual algebraic structures on operator algebras related to free products, J.
Operator Theory /7 (1987), 85-98.

J. Weidner, Topological invariants for generalized operator algebras, Ph.D. Thesis, Heidelberg
(1987).

G. W. Whitehead, Elements of homotopy theory, Graduate Texts in Math. 6/ (Springer-Verlag,
New York, Heidelberg, Berlin, 1978).

R. Zekri, A new description of Kasparov's theory of C*-algebra extensions, Ph.D. Thesis,
Université d’Aix-Marseille II, Faculté des Sciences de Luminy (1986).

University of Georgia,
Athens, Georgia

https://doi.org/10.4153/CJM-1989-046-2 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1989-046-2

