BuLL. AUSTRAL. MATH. Soc. 43A80
VoL. 63 (2001) [35-58]

AN (n+1)-FOLD MARCINKIEWICZ MULTIPLIER THEOREM
ON THE HEISENBERG GROUP

A.J. FRASER

We prove a Marcinkiewicz-type multiplier theorem on the Heisenberg group: for
1 < p < o0, we establish the boundedness on LP(H,) of spectral multipliers
m(Ly,...,Ly,iT) of the n partial sub-Laplacians £,,. .., L, and i{T', where m satisfies
an (n + 1)-fold Marcinkiewicz-type condition. We also establish regularity and can-
cellation conditions which the convolution kernels of these Marcinkiewicz multipliers
m(Ly,...,Ly,iT) satisfy.

1. INTRODUCTION

The Marcinkiewicz multiplier theorem in R™ (see [1, 5, 8]) establishes the bounded-
ness on L? of multiplier operators, for a class of multipliers which is invariant under multi-

: . . 0 .
parameter dilations. One can view these operators as functions of i z-a—i—, and
1
thus natural corresponding operators to consider on the Heisenberg group are functions
m(L,iT) of iT and the sub-Laplacian £, where m satisfies a two-fold Marcinkiewicz-type
condition,

|(€0)* (n8y)m(&, m)| < Cij,

or functions m(L,, ..., L,,iT) of iT and the partial sub-Laplacians £,, ..., L,, where m
satisfies an (n + 1)-fold Marcinkiewicz-type condition,

(1) |(628¢,)" - - - (€n0¢, )™ (n8y) m(€, m)| < Cyj.

In [6], Miiller, Ricci and Stein study the first case. In this and subsequent papers, we
use their methods to study the second case.

Here, we prove the boundedness on I?,1 < p < oo, of these Marcinkiewicz mul-
tiplier operators and establish regularity and cancellation conditions satisfied by their
convolution kernels. In the proof, multi-parameter methods cannot be used directly on
the Heisenberg group, for, to begin with, multi-parameter scaling is not automorphic.
Moreover, unlike the partial derivatives in R®, the operators £,,..., L, and iT on E,, do
not act independently. However, by lifting to the product group G =H x --- x H x R,
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one pulls apart the intertwined actions of these operators, thus bringing the situation
to a pure product one. LP-boundedness and product-type regularity and cancellation
conditions on the kernels are known by multi-parameter methods for the lifted Mar-
cinkiewicz multipliers m(L¥,..., £# iT#) on G. The LP-boundedness of the operators
m(Ly,.-.,Ly,iT) on H, then follows by the method of transference, and the bulk of the -
work in this paper consists of transferring the conditions for the kernels down to obtain
conditions satisfied by kernels of Marcinkiewicz multipliers m(L,, ..., £,iT) on H,.

In fact, these conditions characterise the convolution kernels of Marcinkiewicz mul-
tipliers. A subsequent paper will show their sufficiency, making use of the explicit ex-
pression of Geller [4] for the Gelfand transform of polyradial functions on Hl,, in terms
of Laguerre functions.

2. PRELIMINARIES

Let H, denote the 2n + 1-dimensional Heisenberg group. That is, H, = C* x R,
with multiplication
(z,t)(w,8) = (z+w,t+5+2Imz-W).

The identity for this multiplication is (0, 0), and the inverse (z,¢)~! of (z,t) is (~z, —t).
The Heisenberg group is a connected, simply connected nilpotent Lie group. We define
one-parameter dilations on H,, for r > 0, by

r(z,t) = (rz,7t) .
These dilations are group automorphisms. A homogeneous norm on H, is given by
2
bl = |(z,8)] = (117 + 1¢))""* .

Using coordinates h = (2,t) = (z + %y, t) for points in H,, the left-invariant vector

fields X;, Y; and T on H, equal to 5%, -a-y—J- and gt_ at the origin are given by

a g d @ 0
Xi=gm tWigp Yi=go-kim ad T=g

respectively. These 2n + 1 vector fields form a basis for the Lie algebra b, of H, with

commutation relations
[Y}’ XJ] = 4T1

for j =1,...,n, and all other commutators equal to 0.
A differential operator D on H,, is called homogeneous of degree d if

D(f(r)) =r(Df)(r).
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Thus Xi,...,Xn, Yi,...,Y, are homogeneous of degree one, and T' is homogeneous of
degree two.

The homogeneous dimension of Hy, is 2n 4+ 2, the sum of the degrees of the homoge-
neous basis elements X;,...,X,, Y;,...,Y,, and T.

The sub-Laplacian £ on H, is given by

1 n
L=-3 S (xz+vp

=1

and the partial sub-Laplacians £,, ..., £, by
1

The operators £, . .., Ly, and ¢T form a family of commuting self-adjoint operators, and
so, by the Spectral Theorem, for m € L®((R*)" x R), we can define the joint spectral
multiplier operator m(Ly, - . ., Ly, i) which is then a bounded operator on L?(H,). Since
Ly, ..., Ly, iT are left-invariant, m(L,, ..., Ly, iT) commutes with left translations and
is therefore given by convolution with a distribution K € S'(H,): m(Ly,...,Lq,iT)p =
p* K, for all ¢ € S(H,).

Given any 7 € T®, the n-torus, define the operator p, on functions f on H, by

prf(z,t) = f(T- 2,t) .

A function f on H, will be called polyradial if f = p,f for all 7 € T". A distribution
K € S'(H,) is said to be polyradial if

K(p) = K(p-9)

forall7 € T" and all ¢ € S(H,). Since L,,..., L, and :T commute with all p,, for 7 € T,
so does m(Ly,...,Lq,iT). Therefore the convolution kernel K of m(L,,...,L,,iT) is
polyradial.

3. THE LIFTING ARGUMENT

Let H" denote the n-fold product H x - -+ x H of the three-dimensional Heisenberg
group H (not to be confused with the 2n + 1-dimensional Heisenberg group H,, ), and set
G = H" x R. Elements

(21,81, -+ Zn, Un, t)
of G, where (2;,u;) € H and t € R, will also be denoted (z,u,t) or (h,t), with (z,u) =
h = (hy,...,hs) € H*, h; = (z;,u;). The group G is a direct product of stratified groups,
for which the product group results of [6] hold. In this section, we describe the lifting
argument from the Heisenberg group H, to the product group G = H* x R.
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Each of the partial sub-Laplacians £; acts on Hi, in the z;, y; and ¢ variables, and
so in some sense is acting on just one copy of H in H,,. However, as they all involve the
t variable, the actions of £,,..., L, and iT are not independent. The lifting argument
consists of lifting the operator m(L,,..., L,,tT) to the product group H x --- x H x R,
and thus pulling apart the n copies of H, so that the lifted operators £¥,...,L# iT#.
do act independently. We establish in Proposition 3.1 the relation between the kernels

' of the lifted operators m(L¥,..., £#,iT#) and the kernels of Marcinkiewicz multipliers
m(Ly,...,Ly,iT) on H,. This relation will enable us in Sections 5 and 6 to transfer
conditions on the kernels from the product group G down to H,.

We define the homomorphism 7: G — H, by

n
ﬂ(zlyuly“-,znvunst) = (2,t+zut)

=1

The kernel of 7 is the central subgroup

N = {(z,u,t):z:O, t=—§’::ui}7

i=1
which is isomorphic to R*. The Heisenberg group H, can thus be identified with the
quotient group G/N.

On the three-dimensional Heisenberg group H we have the usual left invariant vector
fields X, Y, and T and the sub-Laplacian Lg = —(1/4)(X2 + Y?). Denoting by X7,
}f,-#, and UJ# the lifted vector fields on G corresponding to the vector fields X, Y, and
T for the j*® copy of H in G, then Lf = —(1/4) [(XJ# 2+ (Yj#)z] is the lifted operator
corresponding to Lg on the j** copy of H. We also denote by T# the lifted operator on

G corresponding to % on R. The homomorphism n: G — H, carries these vector fields
to H,, as follows:

dr(X})=X;, dn(Y})=Y;
dn(UF) =dn(T*)=T and dn(L¥)=L;

when j=1,...,n.

The operators [,f,.. .,L¥, and iT# are self-adjoint, commuting operators, with
commuting spectral measures. For m € L®({R*)" x R), the joint spectral multiplier
m(L¥,...,L# iT#) is then a well-defined, bounded operator on L?(G).

For a function f € L!(G), we define the function f* on the quotient G/N = H, by
integrating over cosets:

fb(z’t) = /R‘ﬂf(zlaul,"'1z‘nau'n)t-zui) du.

=1l
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Then f* € L'(H,), with
1@y < 1flle)-

If f is a smooth function on G, then f* is smooth on H,,, and for any X € g, the Lie
algebrd of G,
dn(X)f* = (Xf)".

Thus, (8, )" =8, f*.
The kernels of the operators m(L¥,..., £#,iT#) and m(L,,..., Ly,,iT) are related
by the -* operator:

PROPOSITION 3.1. Letm beaC*((R*)"xR) function, supported away from

the axes, and let
m(L¥,.. L iTHf=f+K

for f € S(G). Then
m(‘Cl,"-’Ln,iT)g-__g*Kb

for g € S(H,).

PROOF: Since m is a C* function with support away from the axes, the convolution
kernel K on G corresponding to m(L¥, ..., £#, iT#) is in L}(G).

First, consider functions m of the form m(§,n) = mi(&)...mn(&)mo(n). The
convolution kernel on G corresponding to my(L¥) ... m,(L#)mo(iT#) is

K(z,u,t) = ki(21,w1) . . . kn(2n, Un)ko(2) ,

where k; € L!(H) is the convolution kernel of m;(Lg) on H for i = 1,...,n, Lg is
the sub-Laplacian on the three-dimensional Heisenberg group H, and k; € L!(R) is the

convolution kernel of my (z%) on R. We have

K“(z,t) = /;"K(z,u,t—iui) du

i=1
= /;,. ki(z1,u1) . . . kn(2zn, un)ko (t - Z%) du .
=1
Now, L; acts only on the z;, y;, and t variables in H,. For a smooth function f on H,,
Lif(Z, t) = ‘Cﬂfz;(ziy t) ’

where, for z = (21,.--,23) € C*, 2z = (21,..., 221, Zi415. - -, Z0) € C*! and f,, is the
function on H given by

f,;(w,s) =f(21,--.,Z,'-],'UI,Z;‘.(.],-.-,Z“,S) .
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Thus

mi(£:) f(2,t) = mi(La)fx(2,t) = fr *m ki, 1)
= /‘; f((z ) {w, u}; ) ki(w, u) dwdu

where, for ease of notation, {w,u}; denotes the element (0,...,w,...,0,u) € Hy, in
which the w € C appears in the ** complex entry, and all other complex entries are 0.
Also,

) .d
iT1(28) = i f0)
where f, is the function on R given by f.(s) = f(z,s) and so

maGT)f(2,8) = mo (i) (8) = fesmbolt) = [ £((2,2)(0,) ™ )ho(s) ds.
Therefore, for f € S(H,), m1(L1) ... mp(La)mo(iT) f(2,t) equals
Lo [ L (@t mpit o w)t.97)
(2) ky(w1,u1) - . - ka(Wn, un)ko(s) ds dwp duy, . .. dw, du, .
But,
n -1
{wlr 'u'l}l_1 e {wn’ u‘n};l(o’ "-“)_1 = (wa s+ Zuz) .

Thus, changing variables in the s-integration, (2) becomes

/cn /Rﬂ /l;f((z, t)(_“” 8) k1 (w1, w1) - - kn (W, un) ko (s - iu) ds du dw
= /Cnxnf((?-, t)(w, s)™) Lﬁ ky(wi,u1) . . . kn(wn, un)ko (s - gu,) dudwds

- / F(2t)(w, ") K*(w, 5) dwds = f % K*(z, 1)

Ha

which proves the proposition for m of the form m(£, ) = mi(&) - - - mn(&a)mo(n).
For a general C* function, the result holds by approximating m by sums of functions
of the product form m;(&;) - - - ma (&) mo(n). 0

4. ProbpucT THEORY

The lifted group G = H x ...H x R is a product group with automorphic multi-
parameter dilations, in which the lifted operators £¥, ..., £# andiT* act independently
in different variables. Thus this is a pure product setting in which the product group
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results of [6] can be applied. In [6], in analogy to the situation in R, a dyadic de-
composition on the Fourier transform side is used to show that Marcinkiewicz multiplier
operators are bounded on L?, 1 < p < o0, and have product-type kernels. We state this
result explicitly in Theorem 4.1 in the context we are interested in here; that is, for the
product group G=H x---xHx R

First we define what will be referred to as a product-type kernel on a product group
G = G, x---xGy. We state this in the generality of homogeneous groups (for a definition
of homogeneous groups, see for, for example, (3], or Chapter XIII of [9]). However, in
this paper we only consider the homogeneous groups H,, (where |(z,t)| = (|2 + |t|)l/ 2
and the homogeneous dimension Q = 2n + 2), C (where @ =2), and R (Q =1).

For j € {1,...,N}, we let G; be a homogeneous group of homogeneous dimension
Q;- Then G; is equipped with an automorphic one-parameter dilation (which, for r; > 0,
we denote simply by z; — r;z;, for z; € G;) and a homogeneous norm |- |. Given a basis
{Xj1:--->Xjn;} of left-invariant vector-fields, for I € (Z+)" (where Z* denotes the set
{0,1,2,...}), the degree of the left-invariant differential operator X} = X;}... X, on
G; will be denoted by d;([).
NotaTION. Throughout this paper, we shall adopt the following notational conventions
for product groups. For z in a product group G = G, x --- X Gy, we let

'II = (|zlla' s |IN|)’

so that, given J € (Z*+)V,
|z|" = |z ] - - |zN}r.

For j € Z*, we denote by j the multi-index (j,...,j) € (Z*)™ for a dimension m which
will always be clear from the context. We set @ = (@4, ...,@x), and for a multi-index
I=(L,...,In), with I; € (Z*)"%,j =1,..., N, we also set

d(I) = (dl(Il)v s-e ’dN(IN))'

The differential operator X! = X 1" - X ,’v” on G, with X;’ on G; defined as above, then
has degree |d(I)].
We denote multi-parameter dilation, given r = (ry,...,75) € (R*)V, by

67(2) = (7'11'1, ey TNIN)

forzeG.
Frequently it will be necessary to split a variable z in a product group G into two
component variables. In such cases we shall write z = (z JRE 7Y ), where

Ie = (@1, -, Ze), Ty = (Te1,--->2ZN)
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for1 < €< N, and
J J K K
X{ =X X5, X.‘I.(= w1 X"

for J = (J1,...,Je) € (Z*)™ x --- x (Z*)™ and K = (Kg41,-..,Kn) € (ZF)"+ x --- x
(Z+)*~ We also set

G‘:_=G1X'°'XG¢, G£’=G¢+1X---XGN,

with corresponding definitions of Q es Q.ﬁ, s d{,_ , and d_s .

We note that for z € CV, |z]® = |z1|?-- - |2n[?, while |2|? is the usual norm squared,
|21+ - - + 2w [ .

We shall define the product-type kernel conditions in terms of normalised bump
functions. A C° function ¢ is called a normalised bump function if ¢ is supported in
the unit ball, and ¢ and all first order partial derivatives of ¢ are bounded by a fixed,
pre-determined constant.

A function K on G; X --- X Gy is said to be a kernel of product-type (or to satisfy
product-type kernel conditions) if it satisfies the following conditions:

(a) the regularity condition:
|X7K(z)| < Crlz| 94D

forall I = (I,...,In), I € (Z*)%, j=1,...,N;
(b) for each £=1,...,N, the cancellation condition in z, :

l/ X K(z)p(0:(zp)) dzy | < Cllz_t’l_q-‘»-d_‘.(’)
Ce

for all I = (Iggy,y...,IN), I; € (Z)™, j = £+ 1,...,N, all normalised
bump functions ¢ on G, and all r € (R*)".
In addition, for each permutation o € Sy, K must satisfy the cancellation condition
in Zo(,) obtained from (b) by permuting the indices 1,..., N by o.

In the case where K is a tempered distribution, we assume that K is smooth away
from the “planes” {z € G : z; = 0}, j = 1,...,N, and the cancellation conditions
are to be understood as follows. Given ¢ in the Schwartz space S(G, ), we define the
distribution K, by

K,(4) =K(p® )
for all € S(Gy), where ¢ ® ¥(zs,...,zn) = p(T, )¥(zy) -

The cancellation condition then states that for all normalised bump functions ¢ on
G, , and for all r € (R*)", the distributions Ko, € S'(G4) are smooth away from the
planes {z_ﬂ €G, 1 z; =0},j7=¢+1,...,N, and uniformly satisfy

-Q,—d, (I
|4 Koot (24)] < Crlzg |7%74D
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forall I = (It+la ees ,IN) € (Z+)n¢+, X oo X (Z+)””.

Now, and for the remainder of this paper, we once again let G denote the product
group H" x R. We recall that elements (z;,u;,..., 2, un,t) € H* x R are also denoted
(h,t) = (z,u,t), with h = (hy,...,hs), i = (%, u;) € H.

THEOREM 4.1. Letm be a function on (R*)" x R satisfying the Marcinkiewicz-
type condition (1) for 4y,...,%n,j < 9n. Then m(L¥,...,L# iT*#) is bounded on L°(G)
for1 < p < oco. If (1) holds for all iy, . ..,4,,j € Z*, then the convolution kernel K on G
corresponding to the operator m(L¥, ..., L# iT#) is a product-type kernel. That is, K is
smooth away from the planes {(z,u,t) : (z;,u;) =0}, i=1,...,n and {(z,u,t) : t =0},
satisfies the size condition

3) BLBJOEK (2, 1,8)| < Cranl =}t

for all I,J € (Z*)*, k € Z*, and the following cancellation conditions: for each ¢,
1<2<n '

< Craxlhy |41 g1k

@

for all normalised bump functions ¢ on B¢, r € (RY)¢, I,J € (Z*)*~%, and k € Z*;

/ az, u, 6t1((z’ u, t)(p(é,.(z‘l_, u‘g_)) dz‘l_du‘,_
-
(5)

for all normalised bump functions ¢ on H! xR, r € (R*)**!, and I, J € (Z*)*¢; as well
as all conditions obtained from (4) and (5) by permuting the indices 1,...,n; and

/l;lxn 62 81{‘ K(z,u, t)cp(é,(z‘,_,u‘z_,t)) dz, du, dt

- =

< CI,J,k I h'_l’ |—4—1-2J

(6) l /R B3] K (z,u,t)p(rt) dt. < Crylp)+ ¥

for all normalised bump functions ¢ on R, I,J € (Z*)" and r > 0.

COROLLARY 4.2. Letm be a function on (R*)™ x R satisfying the Marcinkie-
wicz-type condition (1) for iy,...,%,,j € 9n. Then m is the almost-everywhere limit of
a sequence m, of C* functions supported away from the axes, uniformly bounded in L*,
and such that the operators mg([,f, ..., L# iT#) are uniformly bounded on L*(G) for
l<p<oo.
If (1) holds for all 4y,...,%,,j € Z*, then the functions m, are in C°, and the size
. and cancellation conditions (3)-(6) of Theorem 4.1 are satisfied uniformly in ¢ by the
convolution kernels K, on G of the operators my(L¥, ..., L¥# iT#).

5. BOUNDEDNESS OF MARCINKIEWICZ MULTIPLIER OPERATORS ON THE
HEISENBERG GROUP

The boundedness on LP(Hl,) of the Marcinkiewicz multiplier operators m,(L;,
..., Ly,1iT) follows from Corollary 4.2 by the method of transference.
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PROPOSITION 5.1. (Transference) Let K € L}(G) and Tf = f * K. Then the
operator T® given by T°f = f * K® is bounded on L*(H,), 1 < p < oo, and

1T /|5 @y L2 By € [T 206y 10(6)-

PROOF: See [2], or the method of descent in Chapter XI of [9]. 0

THEOREM 5.2. (Marcinkiewicz Multiplier Theorem on H,) Let m(y,...,&,n)
be a function on (R*)" x R, satisfying the Marcinkiewicz condition (1) for all %;, - .., s,
j € 9n. Then m(L,,..., Ly,iT) is a bounded operator on L*(H,), 1 < p < co.

The method of lifting to a product group necessarily requires a large number of deriva-
tives, though the number 9n can perhaps be improved upon slightly. In [7], Miiller, Ricci
and Stein develop different methods in order to avoid this problem for Marcinkiewicz
multipliers m(L,¢T). In recent work [10], Veneruso improves Theorem 5.2 above by
these other methods.

PRrOOF: From Corollary 4.2, we can write m as the almost-everywhere limit of a
sequence my of C* functions, supported away from the axes, such that ||my||z~ are
bounded uniformly in . By the Spectral Theorem, given f € L?(H,),

m(cla LR ['n’ ZT)_f = ll--lglo ml(‘cl: LR ['rn ZT)f

in L?(Hy,), and consequently, there exists a subsequence my,(L;,.. ., L,,iT)f(z,t) con-
verging almost-everywhere on H,.

Since each m, is a C¥ function, supported away from the axes, the convolution kernels
K, corresponding to m,(L¥,..., L#,iT#) are in L' and so we may apply transference to
them. Thus, m,(L,, ..., L,,iT), which, by Proposition 3.1, have convolution kernels KZ ,
are bounded on L?(H,), with

||mg(£1, w3 L,y iT)”L’(Hn)-»LP(Hn) < ||m¢(£f’, e 'C#’iﬁ)"u(c)-wr(c)

for 1 € p < co. But by Corollary 4.2, the lifted operators m,(L¥,..., L#, iT#) are
uniformly bounded on LP(G), 1 < p < oo. Thus, for f € LP(H,) N L%*(H,), 1 < p < oo,
by Fatou’s lemma

Im(Ess s £ IT) | gy < Hmminl|my (L1, Lo T |y oy o)

and the result follows. 1]

6. KERNELS OF MARCINKIEWICZ MULTIPLIER OPERATORS ON THE HEISENBERG
GRrOUP

We now obtain regularity and cancellation conditions necessarily satisfied by the
kernels of Marcinkiewicz multiplier operators m(L,,...,L,,:T) on H,.
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THEOREM 6.1. Let m be a function on (R*)® x R satisfying the Marcinkie-
wicz-type condition (1) for all 4,,...,i,,7 € Z*. Then the convolution kernel K on H,
corresponding to the operator m(L,,...,Lys,iT) is polyradial, smooth away from the
planes z; = 0, and satisfies the size condition

(7) 018K (2, 1)] < Cralzl > (j2? + 1e)) "
for all I € (Z*)*, k € Z*, as well as the following cancellation conditions: for all ¢,
1<€<Kn,
—-2- ~1-k
® | [ oo K6 dae| < Cralzg I g+ 1)

for all normalised bump functions ¢ on C¢, r € (R*), I € (Z*)*%, and k € Z*;

9) l /C . /R 35_‘.K(z,t)<p(6,(zf_,t)) dz, dtl <Crlze I

for all normalised bump functions ¢ on C¢* x R, r € (R*)**!, and I € (Z*)*¢; all
conditions obtained from (8) and (9) by permuting the indices 1,...,n; and

(10) l /R OIK (2, t)p(rt) dt' < Crlz|™*!

for all normalised bump functions ¢ on R, r > 0, and I € (Z+)".

The core of the proof consists of the following proposition (proved below) for L!
kernels, in which the product-type regularity and cancellation conditions on H" x R are
transferred down to conditions (7)-(10) on H,,.

PROPOSITION 6.2. IfK € L'(H" x R) satisfies the product kernel conditions
(3)-(6) on H™ x R, then K® satisfies (7)—(10) with constants that depend only on the
constants in the conditions (3)—(6) (for example, they do not depend on || K||L:).

PROOF OF THEOREM 6.1: From Corollary 4.2, the operators my(L.,...,Ls,tT)
converge strongly on L%(H,) to m(L,...,Ln,iT), and each m, is C®, with compact
support away from the axes. By Proposition 3.1, the convolution kernel on H, of
me(Ly, ..., Ln,iT) is K}, where K, is the convolution kernel on G of m,(L¥, ..., L#,iT#).
Letting K be the distribution convolution kernel on G of m(L¥,..., L#,iT#) we denote
by K’ the distribution convolution kernel on H, of m(L,,..., Ly, ¢T). We must show
that K® is smooth away from the z; = 0 planes, and satisfies (7)-(10). Since

f+*K — f+K®in L*(H,) as £ - oo

for all f € S(H,), the Sobolev Embedding Theorem implies that K} — K’ in the
sense of distributions, as £ = co. From Corollary 4.2, the kernels K| satisfy (3)-(6) with
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constants that do not depend on £. Since each K, is in L'(G), then by Proposition 6.2,
K} satisfy (7)—(10) uniformly in £.

We consider first the regularity condition, (7). Since K* satisfy this uniformly in
¢, then by the Ascoli-Arzeld theorem, K” is equal to a smooth function away from the
z; = 0 planes, which satisfies (7).

Next, for the cancellation condition (10) in ¢, we let ¢ be a normalised bump function
on R and r > 0. Since K converge in S'(H,) to K*, then (K2),0s, converge in S'(C*) to
K} ;.- That K; satisfy (10) uniformly in £, means precisely that the smooth functions
(K2)pos, satisfy

(11) |82 (K})pos. (2)] < Crlz] ™

uniformly in €. Thus by the Ascoli-Arzela theorem, K, is equal to a smooth func-
tion away from the z; = 0 planes, which satisfies (11); in other words, K satisfies the
cancellation condition (10). Conditions (8) and (9) on K* follow by similar arguments. [

PROOF OF PROPOSITION 6.2:

STEP 1. We prove here that if a kernel K on H" x R satisfies the regularity condition
(3) and the cancellation condition (6) in ¢, then the derived kernel K® on H, satisfies
the regularity condition (7) and the cancellation condition (10) in ¢. We do this by
induction, taking the -’ operation iteratively. That is, for £=1,...,n, we define K*£ on
Ct x H* ¢ x R by

¢
Ku(z‘,_,h_s,t) = /RlK(zl,ul,...,z,,,u,.,t—Zu,-) du, ... du,

i=1

= /RKM—I(%-_“Z& ug, byt — ue) dug
and we show that K*? satisfies the conditions
(12)

forall I = (il’ . 1271) € (Z+)n, J= (jl+1a--°ajn) € (Z+)n—-l’ ke Z+’ and

b, —2-1 —a-1,-2J —1—k
9,0;0, K ‘(z}_,h_,’,t)l S Crarlze |74 by 747 (I22 ° + 121)

—a—1,-2J
-

1) | [ oo, K4 by thotrt) ] < Cralze 17 g

for all I € (ZY)", J = (Je41,---5Jn) € (Z*)¢, all > 0, and all normalised bump
functions ¢ on R.

Notice that K** = K®, and if £ = n, conditions (12) and (13) are the required
estimates (7) and (10).

Before proceeding, we observe that the conditions (12) and (13) are invariant under
1-parameter dilations of C* x H"~¢ x R = H, x H*¢. That is, if g on C* x H*¢ xR
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satisfies (12) and (13), then so does g,, with the same constants Cj jx and Cj . Here,

_ p=—2(n--2 (2 2 Zg41 U4 Zn Un o
seohgt) =7 (B, 20 it
g"(‘_’ _)1) g T, ’T’ r b] T2 ] )r7r27r2

Therefore, in order to show (12), it suffices to prove it only for |t| = 1.

The proof of (12) and (13) is inductive in £, and we shall see that each step reduces
to the following Lemma on H x R, which we state now, but prove below.

LEMMA 6.3. Lety>0,a>0. Suppose f € L'(H x R) satisfies

(14)

G505 f(z,1,8)] < Cugar (i + 1ul) ™7 (a + 1)
for all i, j,k € Z*, and
(15) | [ 2181 ot ] < Cugn it + i) 72
. foralli,j € Z*, all r > 0, and all normalised bump functions ¢ on R. Then
fiiz,t) = /;f(z, u,t —u)du
satisfies

(16)

30 £ (2,1)| < Cualal > (a + |2 +21) 7

for |t| =1 and for all i,k € Z*, and

(17) !/RG:fb(z, t)p(rt) dt’ < Ciylz|~%

for alli € Z*, all r > 0, and all normalised bump functions ¢ on R. The constants C;x,
C; in (16) and (17) depend only on the constants in (14) and (15).

Now, take ¢ to be 1. To prove (12) with |t} = 1 and (13), we fix (2,,u)) =
(22,u2,..,2n,un) € H*!, and I,J € (Z*)*"1. Since K satisfies (3) and (6) on H" x R,
then 6§$D,{_1‘K, viewed as a function of z, u;, and ¢, satisfies (14) and (15), with a = 0,
and v = |hy | '~ . Thus by Lemma 6.3, (12) and (13) hold for K*1.

To show the inductive step, that if (12) (with J{| = 1) and (13) hold, then the
same conditions also hold when £ is replaced by £+ 1, we fix (z}_ s hexy ) € Ct x B-t-1
I = (il, R P38 P S ,‘l.n) € (Z+)n-1, and J = (j¢+2, ven ,jn) € (Z+)"_t—1, set g =
(z¢, 241), and view

al_a, K

ZFT Yes)
as a function of zg41, ts41, and t. Conditions (12) and (13) then give us (14) and (15),
with a = Izé_|2, and v = |z‘¢_|—2_[~‘- Ihtl'lq-l'—*}-u. Hence by Lemma 6.3, (12) and (13)
hold for K*#+!, thus concluding the proof of Step 1.
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STEP 2. We now prove estimates (8), cancellation in some of the z-variables, and (9),
cancellation in some of the z-variables and in ¢. Given £, 1 £ £ £ n, by relabelling
variables, it suffices to prove the cancellation conditions in zy = (z1,---,2¢) and in
(z‘,_,t) = (z1,.--,2e1).

We prove these estimates together by reducing to the previous estimates (7) and (10)
as follows. Given any I € (Z*)"¢, and r € (R*)? we show that, viewed as a function of
(h_a,t) c ¢t xR,

¢

E(he,t) = k(zg,ug,t) = /‘;‘ ‘/c‘l a;ix(z, u,t - ém)w(&(z‘g_)) dz, du,
satisfies (3) and (6) on H"~* x R with the factor v = |h, | ™~ included in the right hand
side of each estimate. From Step 1 (with n replaced by n — £), it then follows that the

derived kernel
n
kb(Z_z_),t) = Ln-z k(Z_s,'U._z’,t -_ Z 'Uq) d’u._z’
i=t+1

satisfies (7) and (10) on H,,_,. But

K (zq,t) = /n /cl dAK(z,u,t—iu,-)w(é,(zL)) dz, du

i=1

=/ 8! K'(z,t)¢(6,(2.)) dze
ct 4 < “

and so this amounts to showing (8) and (9) for K* on H,. (In fact, this proves (9) only for
product-type normalised bump functions ¢ = ¢, ® ¢, on C* xR, where ¢, is a normalised
bump function on C* and ¢, is a normalised bump function on R. However, the result
for any normalised bump function ¢ on C' x R can then easily be seen, for example, by
expanding ¢ in a Fourier series.)

Therefore (8) and (9) are proved once we have shown that k(zs,ue,t) satisfies (3)
and (6) on H"~¢ x R. Fixing (z¢,ue ), we observe that this is equivalent to showing that
k(ze,ue ,t) satisfies, in the t-variable, the standard kernel estimates on R with factor
v = |hy

Since K satisfies (3)-(6) on " x R, then, fixing (z;,u.) and viewing 9; K as a
function of (z s UL s t) only, we see that it is a product-type kernel on H x R, wi:h factor
v = |lhe |7*~!. Now, if we integrate a product-type kernel on H¢ x R against a normalised
bump function on C¢, we still obtain a product-type kernel on R‘*!. (Lemma 6.4 in
Section 6 below.) Thus as a function of (u,t),

I—4—I

/ aﬁl K(z,u, t)cp(é,-(z{,_)) dze
cl -
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is a product-type kernel on R**! (with this same factor 7). But integrating a product-
£+1

type kernel on R‘+! over the parallel planes 3 u; = constant (that is, the flat operation
i=1

on R‘*+!), yields a standard kernel on R (Lemma 6.6 below). Consequently,

t
k(z_l’,u_z),t)=/ / ailK(z,u,t-— E u,-)cp(&,(z}_)) dz, du,
Bt Jct = i=1

satisfies, in the t-variable, the standard kernel estimates on R (with factor «y), as required.
This concludes Step 2 and hence the proof of Proposition 6.2.

TECHNICAL DETAILS

We now establish Lemmas 6.3, 6.4 and 6.6, which were used in the proofs above.

PROOF OF LEMMA 6.3: We first remark that (15) also holds for translates of
dilated normalised bump functions ¢(r(- + s)). To see this, we let 7 be a normalised
bump function on R such that n =1 on [—1/2,1/2], and write

[0l u o+ )t = [ B85 ut)olr(e+ Nt ds
R R
+ / 8,8 f (z,u, t)o(r(t + 5)) (1 — n(rt)) dt.
R
Since ¢(r(t + s))n(rt) is a dilate by r of the normalised bump function

h(t) = o(t + rs)n(t)

on R, then (15) gives the required estimate for the first term. The second term, by (14),
is bounded by

)—2—(%'/ 2)-j

Cog7(I2* + (a+ 1) dt < Cogy(lal? + ful) 7927,

lti>1/2r
le+al<1/r

independently of s, as required. The cancellation condition (17) now follows immediately
after changing variables in t:

[ reoena= [ |85 ut-uerodd
= / / 8.f(z,u, t)p(r(t +u)) dtdu
RJR
< C"'V/('le + lul)_z—(im du < Cyy |2|™%7.
R

Next, we denote the partial derivative in the u variable on H x R by &;, and the
partial derivative in the ¢ variable by &.
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In the case where a > max{l, |z|2}, the regularity condition (16) follows immediatety
by integrating (14) out in u:

sotpiao)| < [

< Cixy / (12 + [ul) > (0 + [t = u]) ™ du
. R

)—l—k .

aiagf(z,u,t—u)ldu

L Ciplzl > (a+ |22 +1

For a < max{1, ||}, we must take into consideration the cancellation in the last
component of f. It suffices to show that

Iaiaffb(Z, t)l < Ci,k7(|2|2 + 1)'2“(i/2)—k-

Letting r = 1/max{1, |z|?} and letting 7 be a normalised bump function on R, supported
in [-1/2,1/2] and such that =1 on [-1/4,1/4],and |p¥| < Cr fori=1,...,k+1,

3ok (z,t) = 6:‘/82f(z,t— u,u) du
R
_p [ 8 F(z,t — u, u(ru) du + 3 / & 1(2,t = w,u)(1 = n(ru)) du
R R
= Il -+ Ig .

For I,, we write
I =/ [3f6§f(z, t —u,u) — 858 f(2,t, u)] n(ru) du + / 88 f(z,t, u)n(ru) du.
R R

Then by (15) we obtain the required estimate for the second term. For the first term, by
the mean value theorem and (14),

lafaif(z,t —u,u) — 88 f(zt, ”)l < |u| sup
0<|s|<ul

-3-(2/2)=k -1
< Cixrlul sup (22 +1t— )™ (0 + fu])
O<isi<iuf

ylH.la;‘f(z’t =5, u)l

-3-(i/2)-k
SCipv(lzP +1 = u) 770

But for |u| € 1/2r = max{1,|z[?}/2, |zI* +1— |u| > (|z]> + 1)/2. Thus, since 7 is
supported in {—1/2,1/2], the first term of I; is bounded by

—2-(/2)~k —2—-(i/2)—k
Ci'n/lla/zr dur (|22 +1)7* < Copy (j2? +1) 7O,
Ul

as required.
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For I, if |z]?> > 1, we can simply integrate the rough estimate (14),

1 =] [ ot rtest ~ w1 n(Z) ) o

—2—~(2/2)—k -
sc,-,n/ (12 + 1t = uf) 2P + Ju)) du
ful>2[2/4

< Ciay / (12 + Jul) 2P du |2
R
< Gl (122 +1) 7 7F

If 1 > |z[%, however, this gives too many powers of |z|~!. We therefore first change
variables in u, so that the ¢-derivatives will fall on the final component of f:

L= Bf‘/x [aif(z,u,t —u)(1-n(t- u))] du

= i (j) /;a;aif(z, u,t — u)th;(t — u)du

=0

where 1o(y) = 1 — n(y), and ¥.(y) = 79 (y) for £ € N. As all of the ¥, are supported in
{lyl > 1/4}, (14) gives

/ 80.1(z,u,t — u)r—j(t — u) du
R

i Iy
< C,-,n/ (121 + |u}) @/2) (a+1t —ul) =7 gy
[t—ul31/4

-2=(1/2 —9_3 —-1—k
< Cix / (2 + ul) 2" du < Coplel (1P +1)77
R

which concludes the proof of Lemma 6.3. 0

LEMMA 6.4. IfK € L'(H" x R) satisfies the product kernel estimates on H* x
R (with factor v > 0 included in the right-hand side of each estimate), then given a
normalised bump function ¢ on C*, and r € (R*)", the function K™ on R™*! defined
by
K™ (u,t) = / K(z,u,8)0(6:(2)) dz
c

satisfies the product kernel estimates on R**! (with factor ), with constants that depend
only on those in the product kernel conditions K satisfies.
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PROOF OF LEMMA 6.4: The regularity condition on K™ is easily obtained by
integrating out in the z-variables the regularity condition on K:

[ 8otk v, tyo(en(2) ds
[og
<C/ |00 K (2,u,t)| dz

cn

BIEK™ (u,t)| =

<Cru / P14 dz g
Cc
< Craplul ™12

Next, we show the product-type cancellation conditions for K™ on R**!. Given
1 € £ £ n, it suffices to prove cancellation in ue and in (U‘z_,t).

Given any normalised bump functions 7 on R? and 7y on R, J = (Je41,---,Jn) €
(Z*)¢, k € Z+, s € (R*)! and sy > 0, we must estimate

/ 8, OF K™ (u, t)n(8s(u, ) du,
R? -~
= / / [6,{1 OF K (2,u, t)] 0(6,(2))n(és (ue ) du dz; dz,
Cn-t B -

and

/ au, K(n)(u: t)77(5s(uz ))no(sot) du, dt
R+l = -
/Cn-t /nt [/!;auAI< (2, u, t)mo(s0t) dt] (8, (2))n(0s(v, ) du, dz, dz, .

We observe first that for fixed zZe, cp(é,.(z)) is a dilate of the normalised bump function
&(z¢) = p(2e,6;, (24)) on C:. Now, from the product kernel conditions satisfied by K
on H™ x R, it follows that, viewed as functions of (zé_ UL )s

6,‘,'[ & K(z,u,t), and /3;,’1 K(z,u,t)no(sot) dt
= R

-

satisfy the product kernel conditions on H', with factors v, = Il —4= |y -1k

|h e |°4'21 respectively. Therefore, applying the following lemma, and then integrating
in z,, we obtain the required estimates. 0

LEMMA 6.5. If f € L}(B™) satisfies the product kernel conditions on H® with a
factor v > 0 included in the right-hand side of each estimate, then

and 7, =

I /H i} £(z, )0 (8-(2))n(0s(v)) dz du| < Cvy

for all normalised bump functions ¢ on C*, n on R®, and all r,s € (R*)". The constant
C depends only on the constants in the product kernel conditions satisfied by f.
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PRrRoOF OF LEMMA 6.5: Relabelling coordinates if necessary, we assume

rPgsfori=1,...,n, and r2>s;fori=n;+1,...,n.
Then
Sny+1 Sn
(\/— 1s - \/——znnzvu-{v-la 1zn)77(u1’ 1“1511 zu‘nl+l1 '_7“!1)

has bounded derivatives, but it is not a normalised bump functlon, as its support in the
first set of z-variables, and the second set of u-variables is too large. We therefore split
the integral up according to the size of these variables, by introducing a normalised bump
function 4 on C, with ¢y =1 on {w € C: jw| < 1/2}, and a normalised bump function
pon R such that u =1 on [-1/2,1/2]. Then inserting the factors 1 = ¥(y/&z) + (1 —
(\/Eiz)), fori=1,...,n; and 1 = p(riu;) + (1 — p(r?u;)), for j=n; +1,...,nin the
integrand, we can write

/En f(z,w)p(r1z1,. .., Tnza)(8512%1, - - -, Snln) dz du

n n-—n
asasum, forl1 <ng < < <nof 1)( 1
N/ \N2— "1

the variables 2y, ..., z,,, and the variables un, 41,...,up in

) terms obtained by permuting

I= ‘/];[n fz,w)o(r121,- .., Tazn)n(51U, . - ., Spln)
$(Vein) ---¢(\/é;z,.o) (1~ w(vEmemizmen) ) - (1 = ¥(yEmzm))

”’( 1+1u‘n1+1) 3%2)(1 - I‘(rrzlz-!-lunrkl)) tee (1 - [.L(T:‘u,n)) dzdu .
Without loss of generality, we consider only this term.
Setting h = (h', h"), with &' = (hy, ..., Ang, Bny+15- - - » Bny)s Bi = (zi, ;) then
1 < / | / f(z,0) @ uwmy (6r(, %)) dZ du'| d2" du”
n'lJen
where R = (\/s_la cee 3/ Sngry Tar+ls- -+ Tnz)'e (R+)k1, ki=ng+ns—ny, ka=n—k,
Q= {(z,v") € (CxR* :|z| > 1/2v/5;, |wi| < /s, fori=mo+1,...,ny,
lz;] < 1/75, |uji| 2 1/2r;‘-’, forj=n,+1,... ,n}
and given (z”,u") € (C x R)*2, we define ®(,» ,») on B by

T T,
Q(zn’un)(z’, 'u,’) = ¢(ﬁzl, ey _\/%2710’ Tno+12no+1s---1Tn1%n
o

Zai4lye- -y znzyrn2+lznz+11 cesy rnzn)

n(uls < eeyUng, sno+1uno+11 eeey Sy Un,g,

Sni+1 Sny
5 Unj4ly--- —z_unz, Sna+1Una41; - - - 2 Snilin
rn1+l r‘nz

¢(Zl) s ¢(va)#(um+1) tee u(u'nz)'
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Then we observe that ®(,s .« is a normalised bump function on H*, since
ri/V/si < 1fori=1,...,n0 and s;/r? < 1forj = mn; +1,...,n,. Thus by cancella-
tion in (2, v’) on f, we estimate the inner integral by

S C 5 lhnl—4

’/nk F(2,u) @y (6r(7, u'))d2 du’

where the constant C is iﬁdependent of the normalised bump function ®(,» ,») and hence
of (z”,4"). Thus |I| is bounded by

n n
cr T1 / / b~ dusdz [ / Ihs|~* du; dz
1z:12(2/v50) Y lui<1 /s lz51€1/r; Sluj121/(2r3)

i=no+1 J=na2+1

n1 n
1 - 1 -
< Cv H ~ ;™ d H ;5/ || =2 du;
i=ng+1 T Izzf?ll(?m "=1|,2+1 .7 |u,|21/(2r;)
n

n 1
<Cv H S48 H 1/(r3)2r? <Cv.

i=ng+1 ¢ j=na+l []

LEMMA 6.6. Lety > 0. Suppose K € L'(R"*!) satisfies the product kernel
conditions on R™*! with the factor v included in the right-hand side of each estimate.
Then the function K® on R given by

Kb(t)=/ K(ul,...,u,,,t—zui) du
" i=1

is a standard kernel on R, that is,

k
](%) K’(t)] < Cevit~*, and | [ Rt dt’ <Cr,
R

for all normalised bump functions ¢ on R, all r > 0, and k € Z* .

PROOF OF LEMMA 6.6: For n = 1, this is proved in Lemma 6.7 below. The general
result follows by induction on n, since

K*(t) =/ K(ul,...,u,,,t—zu.i) du
Rn =1

n~1

= K(Un— ) Un,y (t - ‘U—i) - 'U-n) duy, du,-
fos [ E (e (- o
n~1
=/ Kb'l('u..(;;,t—z«u) s
Rn-t i=1

and by Lemma 6.7 below, K*! is a product-type kernel on R™ with factor 7. 0
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LEMMA 6.7. Suppose K € L!(R"*!) satisfies the product kernel conditions on
R™*!, with a factor vy included in the right-hand side of each estimate. Then the function
K" on R" given by

K*l(u) = / K (41,7, un — ) dz
. .

satisfies the product kernel conditions on R*, with the factor v included in the right-hand
side of each estimate, and constants depending only on the constants in the product kernel
conditions satisfied by K on R**%.

PrOOF oF LEMMA 6.7: For the regularity condition, along with the cancellation
condition in the final variable u, of K*!, given I = (4;,...,4,-1) € (Z*)"! and fixing
Up-1, WE observe that

AR CERY

is a product-type kernel in (z,y) on R2, with factor v = |‘U-.‘_:}I-l_l . The result then
follows from the fact shown in Lemma 6.8 below, that a product-type kernel on R? when
" integrated over parallel lines z + y =t yields a standard kernel in ¢.

For the cancellation conditions on K*!, given 1 € £ £ n — 1, by relabelling of
variables, it suffices to obtain cancellation in U, and in (u‘,_ ,Un). Let n a normalised
bump function on R¢, I = (igyy,...,in-1) € (Z¥)* %2, and r € (R*)%. Then setting
v = (Ueg1,. - -5 Uno1),

/nt %'K(Un‘;hza y)n(&,(u‘g_)) du‘,_

is a product-type kernel in (z,y) on R2, with factor v = Ju'| "7, and the result follows
from Lemma 6.8. O

LEMMA 6.8. Lety > 0. Suppose f € L*(R?) satisfies the product kernel condi-
tions on R?, with the factor v included in the right-hand side of each estimate. That is,
[ satisfies

(18)

88 f(z, y)l < Ciglz| P fy|™

for all i, j € Z*,

(19) | [aistevyotra)as| < oyl

for all j € Z*, all r > 0, and all normalised bump functions ¢ on R,

(20) | [25tevyotra) do| < Gerel -
for alli € Z*, all T > 0, and all normalised bump functions ¢ on R,
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(21) /n jc y)p(niz,roy) dz dyl <Cv

for all 7y, r» > 0, and all normalised bump functions ¢ on R2. Then

£t = /k f(zt—z)ds

is a standard kernel on R, ‘with the factor -y included in the right-hand side of each
estimate:

|6F 7 (#)] < Cey It177% , and l / f"(t)tp(rt)dt| <Cy
R

for all k € Z*, r > 0, and all normalised bump functions ¢ on R. The constants Cy and
C depend only on the constants in the conditions (18)—(21).

PRrROOF: By homogeneity, it suffices to prove the regularity condition for |¢t|] = 1.
Letting 77 be a normalised bump function on R, supported in [-1/2,1/2], with n=1 on
[—1/4,1/4], and |n®| < C for i =0,...,k+ 1, we write

o) =t [ flat-g)ds
R
= 6:‘/Rf(:c,t - z)n(z) dz +Bf‘/‘;f(z,t- z)(l —n(:c)) dz =1, + L,.
Now,
b= [ (851t - 2) - Bt ne) da+ [ Bf(@ (o) s

We estimate the second term directly, using (19). Next, by the mean value theorem and
(18),

|04 £(@,t — 2) - B f(z,0)| < lal_sup |05+ f(z,t - 5)]
0<|si<|z]

< Cwylz| sup |z|7Mt - 5|72 < Ci,
o<s|<lz

for |z| < 1/2, [t| = 1, and so the estimate for the first term of I; follows, since 7 is
supported in {—1/2,1/2].

Next, for I, changing variables in z to ensure that no t-derivatives fall on the second
component of f (so that cancellation can be used in this second variable), we obtain

12=Lx[f(t—z,z)(1—n(t-z))]dz=§(f)L&f(t—z,z)wk-i(t—z)ﬁ
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where o(y) = 1 — n(y), and 9;(y) = —nU)(y) for j € N. Each ¢; is thus supported
in {|y| > 1/4}. We now split the integrand of the *® term according to the size of the
second component of f:

/ 3 f(t - z,z)¢x-i(t —z)dz = / 3 f(t - z,z)n(z)r-i(t — 7)dz
R R

+ [ &5t - 2.2)(1 - n(@)os(t = 2)do.
R

The function n(z)y-:(t — z) is a normalised bump function in z, and thus we estimate
the first term exactly as we did I;. For the second term, using (18)

t-z|?1/4'3if(t - z’ z)l dz
[=l>1/4

Laif(t - z,z)(1 - 7(2)) Ye-i(t — ) dxl £C '

TS U g
<O [yt =2l i .

Izl>1/4
But the last integral is bounded, thus proving the regularity condition.

Next, by homogeneity, it suffices to show the cancellation condition for r = 1. By
Fubini, and a change of variables in t,

I=‘/l;f"(t)<p(t) dt=/;/;f(x,s)<p(s+z)dsdz.

Letting n be a normalised bump function on R, such that » = 1 on {—1/2,1/2], and
including the factor 1 = n(z)+ (1—7(z)) in the integrand, we can split I correspondingly
into two terms: I = I + I,. Observing that n(z)p(s + z) is a dilate by 1/4 of the
normalised bump function

h(z, ) = n(4z)p(ds + 42)

on R?, then by (21), we obtain the required estimate for I;. For I,, we split the integral
further, according to the size of |s|, and write
k= [ 10,51 = 1) (s +2)n(s)dsda
+ Az f(z,8)(1 — n(z)) (s + z)(1 — n(s)) dsdz.

Now, (1 —n(z)) @(s +z) n(s) is a dilate of a normalised bump function in z and s, and
so we estimate the first term using (21). Using the regularity condition (18), we bound
the second term by

—1jgp-1
[,|,|,|;1/2|f(z,s)| dzds < Cy /xl,lslzl/z lz]™s]"'dzds < C .

Is+zi<1 Is+z|g1

which concludes the proof of Lemma 6.8. 0
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