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A COVERING PROBLEM FOR IDEMPOTENT 
LATIN SQUARES 

BY 

K A T H E R I N E HEINRICH* 

ABSTRACT. Let A = (a^) be an idempotent latin square of order 
n, n>3, in which au = i, l < i < n . A set S ç N = { l , 2 , . . . , n } 
is a cover of A if (NxN)\{(i,i):itS} = {(i,j):ieS,jeN}U 
{(/, i):ieS,je N} U{(i, j) : a0 e S}. A cover S is minimum for A if 
| S |< |T | for every cover T of A and we write c(A) = |S|. We 
denote by c(n) the maximum value of c(A) over all idempotent latin 
squares A of order n and in this paper show that (7n/10)-3 .8< 
c ( n ) < n - n 1 / 3 + l for all n > 1 5 . The problem of determining 
c(n) was first raised by J. Schônheim. 

1. Introduction. Both W. W. Rouse Ball [1] and Maurice Kraitchik [4] have 
raised the question of determining the minimum number of chess pieces of one 
type which can be placed on an n x n chessboard so as to attach all cells. For 
example, in [1] it is given that for an 8 x 8 board, the number for kings is 9; for 
queens 5; for bishops 8; for knights 12; and for rooks 8. Clearly, on an n x n 
board the minimum number of rooks required is n. 

In this paper we are interested in the somewhat related problem posed by J. 
Schônheim [5]. Suppose we have a n n X n chessboard, n > 3, each cell of which 
is coloured from a set of n colours so that the n cells of each row, column and 
of the main left-right diagonal are coloured in distinct colours. A superrook 
placed on a cell of the board attacks all cells of the same row, column and 
colour as that on which it stands. The problem is to determine the minimum 
number of superrooks to be placed on the main left-right diagonal so as to 
attack all n2-n off-diagonal cells in any colouring of the board. For 3 x 3 
boards this number is 1; for 4 x 4 boards it is 2; and for 5 x 5 boards it is 3. 

We can think of the board as an idempotent latin square of order n which we 
denote by A = (aiy) where au = i, 1 < i < n. (For all definitions pertaining to latin 
squares the reader is referred to J. Denes and A. D. Keedwell [3].) The 
superrooks are then to be placed on cells aih 1 < i < n. A set S ç {1, 2 , . . . , n} = 
N will be called a cover of A if (NxN)\{(i,i):i£S} = {(i,j):ieS9jeN}\J 
{(/, 0 :ieS,jeN}\J {(i, j) : atj e S}. The set S then corresponds to placing super­
rooks on cells aih i e S, which attack every off-main diagonal cell. If S is a 
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minimum cover of A (that is, there is no T ç N, \T\ < \S\ so that T is a cover of 
A) and \S\ = fc, we say A has covering number fc and denote this by c(A) = k. 
Thus c(n) is the maximum value of c(A) over all idempotent latin squares A of 
order n. Our problem is to determine c(n). 

We shall show in Section 2 that no latin square of order n can have covering 
number less that [n/2\ and that for every order n > 6 there is a latin square A 
of order n for which c(A)= [n/2\. In Section 3 we shall show that (7n/10) — 
3 . 8 < c ( n ) < n - n 1 / 3 + l. 

2. The minimum is attained 

THEOREM 1. No latin square of order n has covering number less than [n/2\. 

Proof. Let A be an idempotent latin square of order n with c(A) = k. We 
can suppose (on permutations of rows, of columns and of elements) that 
S = {1, 2 , . . . , k} covers A. Let B be the subarray defined by rows and columns 
fc + 1, fc+2,..., n. The ( n - f c ) ( n - f c - l ) off diagonal cells of B can contain 
only the elements of S, each of which can occur at most n — k times. Thus we 
need k(n — k) > (n — k)(n — fc — 1) and hence fc > [n/2\. • 

THEOREM 2. There exists a latin square A of order n for which c(A) = [n/2\, 
provided n^5. 

Proof. If n = 2m + 1 , m ^ 2, let A be a latin square of order 2m + 1 , with a 
subsquare B of order m (see [3, Theorem 1.5.1] for the construction of A). We 
can suppose that the elements of B are m +2, m + 3 , . . . , 2m + 1 and that B 
has a transversal. (Such a subsquare B is easily constructed when m = 6 and for 
m T̂  2, 6 follows from the existence of a pair of orthogonal latin squares of 
order m [2].) The rows and columns of A can then be permuted so that A is 
idempotent. Then S = {m + 2, m + 3 , . . . , 2m +1} is a cover of A. When m = 2 
it is not difficult to see that for every latin square A of order 5, c(A) = 3. 

If n = 2m, m i= 2, let B be an idempotent latin square of order m with a 
transversal disjoint from the main diagonal. (Again, B is easily constructed 
when m =6 and otherwise follows from [2].) Let B' be a copy of B in which 
elements 1, 2 , . . . , m are replaced with m + 1 , m + 2 , . . . , 2m. Now, A' is a 
latin square of order 2m with a copy of B in the upper left and lower right, and 
of B' in the upper right and lower left. In A' = (a J,) the cells a'u = a'm+Um+i = i 
and a-fm+i = a f n + u = m + i, l < i < m , form subsquares of order 2. In each of 
these subsquares exchange elements i and m + i ; so obtaining the latin square 
A in which au — am+im+i = m + i, and aim+i = am+iA = i, 1 < i < m. We can now 
permute the first m rows and columns of A so that, using the second 
transversal of B, A becomes idempotent. The set S ={1, 2 , . . . , m} is now a 
cover of A. Also, for every idempotent latin square A of order 4, c(A) = 2. • 
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3. Bounds on c(n). We now study upper and lower bounds on c(n). 

THEOREM 3 (Lower bound). For all n> 15, c(n)>(7n/10)-3.8. 

Proof. We shall construct a latin square of order n with cover S, |S |> 
(7n/10)-3.8. We consider first the case n = 10m + 5, m > 1. 

Let A = (a0) be the idempotent latin square of order 5 on the residues 
{1, 2, 3, 4, 5} modulo 5 with a^ = 2/ - i. Let Ars, 1 < r, s < 2m + 1 be the latin 
square obtained by adding 5(r + s - 2 ) to each element of A and reducing 
modulo 10m+ 5 to the residues {1, 2 , . . . , 10m 4-5}. Consider the idempotent 
latin square B of order 10m+ 5 formed by the blocks Ars. 

We want to show that if S is any cover of B then |S |>7m + 3. Let S be a 
cover of B. It is only possible to cover the off-main diagonal cells of Arr if S 
contains at least three elements from {l + 5(r—l),2 + 5(r—1), 3 + 5(r—1), 4 + 
5(r —1), 5r} as c(Arr) = 3. However, this may not be sufficient to cover B. 
Suppose that from one of the A„9 and we can assume this is A n , we have 
exactly 3 elements in S. (If no such A„. exists, \S\ >4(2m +1) and we are done.) 
In B the other copies of A n are A r 2- r , 2 < r < 2 m + l. Consider the m order 
10 subarrays in B consisting of An, Art2-„ A2-r,r and A2-r,2-n 2 < r < m + 1 . We 
shall show that at least seven elements from A„ and A2^2_r must be contained 
in S. From this it will follow immediately that | S |>7m + 3. 

Suppose that exactly three elements from Arr are in S ; that x,y<£S,x^y and 
x, y G{1,2, 3,4, 5}; and that u' = u (mod 5), v' = v (mod 5), u^v, u\v'e 
{l + 5 ( i - l ) , 2 + 5 ( i - l ) , . . . , 5 i } and u\v'tS. 

For any z in A, a2k_z,k = z for 1 < k < 5. Thus in A r2_ r au,x+u, avXx+v)/2, auXy+u)l2 

and avXy+v)n are not covered by the elements in S from Au and A„.. If four 
elements from A2_r 2_r are in S it is possible to cover these cells and we are 
finished. Otherwise we must have either (x + u)/2 = (y + v)/2 (mod 5) or x + v/2 = 
(y + w)/2 (mod 5). Both equivalences cannot hold as A has no order two 
subsquare and so we assume (x + u)/2 = (y-\-v)/2 (mod 5). Applying a similar 
argument to the cells of A2_ r r not covered by elements in S from A n and Arr, 
we see that if we are not to have four elements from A2_r 2_r in S we must 
have either 2u — x = 2v — y (mod 5) or 2v — x = 2u~ y (mod 5). However, 
neither of these is consistent with (x + u)/2 = (y + v)/2 (mod 5) and so we cannot 
have only three elements from A2_r 2_r in S. 

We must now take care of all other values of n. In B there are two 
symmetrically placed sets of 2 m + 1 blocks, T\ = {Arr+1: l < r < 2 m +1} and 
T2 = {A r > r _ 1 : l< r<2m + l}. Since A has five disjoint transversals, then B has 
(using 7\ and T2) ten disjoint transversals. Select p, l < p < 9 , p ^ 2 , of these 
and use them to prolongate (see [3, p. 39]) p times from B inserting an 
idempotent latin square D = (d^) of order p with du = 10m 4- 5 4- i, 1 < i < p. The 
result is an idempotent latin square E of order 10m+ 5 +p. By an argument 
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similar to that given above and as 7\ and T2 are symmetrically placed then 
(allowing c(l) = 0) c ( E ) > 7 ( m - l ) + 9 + c(p)>7m + 2 + |_p/2j, l < p < 9 , p ^ 2 . 

This leaves only the case when p = 2. Again, begin with the idempotent latin 
square B of order 10m+ 5. Using the transversal 7\ described above prolon­
gate once and insert the element 10m + 6 in cell (10m + 6,10m + 6). This yields 
an idempotent latin square D = (dii) of order 10m+ 6 with 2m+ 1 subsquares 
of order 6 each containing d10m+6,iom+6- Select one of these subsquares and 
replace it with a latin square of order 6 in which d10m+6,iom+6 = 10m+ 6, and 
there is a transversal which avoids this cell. Now, prolongate once from D 
using 7\ and this new subsquare of order 6. Insert 10m+ 7 in cell 
(10m+ 7 ,10m+ 7). This results in an idempotent latin square E of order 
10m+ 7 and an argument similar to that given earlier shows that c(E)> 
7 ( m - l ) + 9 = 7m + 2. 

Combining these results we have c(n)>(7n/10)-3.8 . • 

THEOREM 4 (Upper bound). For all n, c ( n ) < n - n 1 / 3 + l. 

Proof. Let A be an idempotent latin square of order n with c(A)>rc-fc ; 
that is, if S covers A then |S|>rc-fc. Then every order fc + 1 subarray of A 
positioned symmetrically about the main diagonal must have at least one 
element from its set of main diagonal elements in an off diagonal position as 
otherwise there is an obvious cover of A with n —(fc + 1) elements. 

Any element atj, i ^ /, lies in both a main diagonal and off diagonal position 
(n-3\ 

in I I of these subarrays as the subarray must contain %, an and atj. There 

are n(n -1) off diagonal elements in A and f 1 such order fc + 1 subarrays. 

If n ( n - l ) ( 9 ) < ( , ) there is some order fc + 1 subarray without the 

necessary property and we have a contradiction. Thus n(n -1) I, I > I , ) 
\fc —2/ \fc + l / 

implying fc3-fc + 2 > n . 
We have shown that if rc>fc3-fc + 2, then c(n)<n-k. Consequently, for 

fc>2, if fc3<n<(fc + l ) 3 , c ( n ) < n - f c < n - r c 1 / 3 + l when n > 2 7 . 
It is easy to see that c ( n ) < n - 2 for all n and thus c ( n ) < n - n 1 / 3 + l for all 

n. • 
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