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HOMOMORPHISMS BETWEEN ALGEBRAS
OF CONTINUOUS FUNCTIONS

J. G. LLAVONA AND J. A. JARAMILLO

Introduction: preliminaries and notations. We are concerned in this pa-
per with the study of homomorphisms between different algebras of continuous
functions, especially the algebras of real functions which are either weakly con-
tinuous on bounded sets or weakly uniformly continuous on bounded sets on a
Banach space (see definitions below).

These spaces of weakly [uniformly] continuous functions appeared in relation
with some questions in Infinite-dimensional Approximation Theory (see [4],
[6], [11], [12], [13] and [16]); and since the structure of these function spaces is
closely related with properties of different weak topologies (the bounded-weak
and bounded-weak* topologies, respectively) and with the structure of Banach
spaces on which they are defined, their study also presents interest from the
point of view of Banach space theory, as can be seen in [2], [12] or [17].

On the other hand, some aspects of the topological algebra structure of these
function algebras have been studied in [17] and [14]; and homomorphisms were
also studied, for the special case of algebras of weakly uniformly continuous
functions on bounded sets, in [5].

Now we start with some notations and definitions:

Let £ be a real Banach space; E* will denote the dual space and E** the
bidual. The space E, endowed with its weak topology w = o(E, E*), will be
denoted E,,, and E**, endowed with its weak* topology w* = a(E£**,E™), will
be denoted E;. Analogous notations will be used for different topologies on £
or E**.

For a topological space T, we denote C,(E,T) the space of all continuous
maps f : E, — T; and we denote C,,(E,T) the space of all maps f : E — T
such that, for every bounded subset B C E, the restriction

f|3:(B,w)—~>T

is continuous. For a locally convex space V', C,p,(E, V') denotes the space of all
maps f : E — V such that, for every bounded subset B C E,

flg:B,w)—V
is uniformly continuous. For real-valued functions, we denote
Cwb(E) = Cwb(E7 R) and Cwbu(E) = thu(E7 R)
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The algebra C,,,(E) is endowed with the topology 7, of uniform convergence
on weakly compact subsets of E, that is, topology generated by all seminorms
of the form

f —sup{|f(x)|:x €K},

where K ranges over the weakly compact subsets of E; and the algebra C,,,(F)
is endowed with the topology 75, of uniform convergence on bounded subsets of
E, that is, topology generated by all seminorms of the form

f —sup{| f(x)| : x € B},

where B ranges over the bounded subsets of E; note that C,,,(E) is a Fréchet
Algebra (see [20], Chapter 4, as a reference about these spaces).

For each topological space X we denote by C (X) the algebra of all continuous
real functions defined on X, endowed with its compact-open topology.

Now let F be a real Banach space. We are interested in the unital algebra
homomorphisms (i.e., multiplicative linear operators carrying the unit to the
unit) defined on C,(E) or C,p,(E) and with values in C,,(F) or Cp,(F). As
an application, we will also study the following interpolation problem: given
a bounded sequence (a,),en C E and a sequence (A\,).eN of real numbers, in
which cases does there exist f € C,,(E) such that f(a,) = A,?

For the treatment of these problems, we will use the technique of represent-
ing Cy(E) and C,4,(FE) as algebras of continuous real functions defined on a
completely regular topological space, by means of the following topologies (see
also [20], Chapter 4, as a reference):

Topology bw on E is the finest topology which agrees with weak topology on
each bounded subset of E; it is not difficult to check that C C E is bw-closed
if, and only if, C N B is w-closed for every closed ball B of E. The space E,
endowed with topology bw, will be denoted E,,; a function f : E,, — R is
continuous if, and only if, f € C,,(FE); note that topologies w and bw have the
same compact subsets. Therefore, in order to represent C,,,(E), it is natural to
consider the topological algebra equality C,,(E) = C(E},); but it is not known
if Ep, is in general completely regular, and for this reason we consider topology
7; on E which is the initial topology for the family C,,,(E). (E,77) is completely
regular and, since w = 7; = bw, 7; have the same compact subsets that E,, and
Eyw. We will use the topological algebra equality C,,,(E) = C(E, 7).

Topology bw* on E** is the finest topology which agrees with weak* topology
on each bounded subset of E**. The space E**, endowed with bw* topology
will be denoted E;}.; C C E** is bw*-closed if, and only if, C N B is w*-
closed for every closed ball B C E**; and topologies w* and bw* have the same
compact subsets. We have that topology bw* is always locally convex. It is not
difficult to check that each function f € C,;,(F) admits a unique extension
e(f) € C(E;:.), and for every bounded subset B C E we have that

SUP{lf(x)| X GB} = Sup{le(f)(x)l s x eBbW‘ :Bw"};
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moreover, if f € C(E;;.) then

fIE S thu(E);

in this way we obtain the Fréchet algebra isomorphism:

e

— *k
Cubu(E) — C(Epy)

where r(f) = fle.

Then in Section 1 we study the general situation of homomorphisms between
C(Y) and C(X), for X and Y completely regular Hausdorff spaces. We apply
these results to the case of homomorphisms between algebras of (uniformly)
continuous functions on bounded sets in Sections 2 and 4, respectively; and
interpolation problems are studied in Section 3.

1. Homomorphisms between C(Y) and C(X). Let X and Y be topological
spaces. For each continuous map ¢ : X — Y we will consider the associated
(algebra) homomorphism A : C(Y) — C(X) defined by: Af = foyp (f €
C(Y)). We say that A is induced by ¢ (or ¢ induces A), and we denote the
range of A by

A, ={fop: fECX)},

which is a subalgebra of C(X); we call 4, a composition subalgebra of C(X).
We will consider in the sequel X and Y to be completely regular and Hausdorff
topological spaces.

ProrosiTion 1.1. (1) A : C(Y) — C(X) is a continuous homomorphism if
and only if there exists a continuous map ¢ : X — Y inducing A.

Q) If Y is a realcompact, every homomorphism between C(Y) and C(X) is
automatically continuous (and then it is induced by a continuous map from X
toY).

Proof. (1) When A is induced by a continuous map, A is clearly continuous.
Conversely, let A : C(Y) — C(X) be a continuous homomorphism. For each
x € X we consider the evaluation homomorphism

o, :CX)—R
defined by:
0.(f)=f) (f €CX)).

Then, , 0 A : C(Y) — R is a nonzero continuous multiplicative functional on
C(Y), and hence we know (see [18], 2.20) that , o A is the evaluation at some
element of Y; that is, there exists y € Y such that:

Gx oA f)=FO) (f €CY)).
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By defining y = ¢(x), we obtain a map ¢ : X — Y and it is clear that

Af)x) = flpt)) (f €CY),x €X);

so A is induced by ¢. On the other hand, since f o ¢ is continuous for each
f € C(Y), and the topology on Y is the initial topology for the family C(Y),
we have the continuity of ¢.

(2) If Y is realcompact, every multiplicative functional on C(Y') is continuous
(see [15] 10.5 and 10.6), and the result can be derived as in (1).

Remark 1.2. Notice that if Y is not realcompact, then there are discontinuous
multiplicative functionals on C(Y) and hence discontinuous homomorphisms
between C(Y) and any C(X) (see [15] 10.5 and [18], 2.20).

Our purpose now is the study of some properties of induced homomorphisms,
in relation with properties of inducing mappings. We start with a result which
does not involve the topological structure of algebras (see [15], 10.3 for the
proof). Recall that a subset M C X is said to be C-embedded in X if every
function in C (M) can be extended to a function in C(X).

ProposiTiON 1.3. Let ¢ : X — Y be a continuous map and let A : C(Y) —
C(X) be the induced homomorphism. Then:

(1) A is one-to-one if, and only if, p(X) is a dense subset of Y .

(2) A is onto C(X) if, and only if, p(X) is C-embedded in'Y and ¢ : X —
¢(X) is a homeomorphism.

We are interested in the problem of finding conditions on ¢ in order to assure
that the composition subalgebra A, is dense or closed. The question of density
is contained in the following result, which is an immediate consequence of the
Stone-Weierstrass theorem:

ProposiTiON 1.4. The composition subalgebra A, is dense in C(X) if, and
only if, ¢ is one-to-one.

The question of closedness of A4, is more difficult and the remainder of this
section will be devoted to it. Recall that ¢ : X — Z is called a quotient map if
it is onto Z and Z has the final topology (or quotient topology) for .

ProposiTiON 1.5. If ¢ : X — Z is a quotient map, then A, is closed in C(X).

Proof. Let (hy) be a net in A4, which is convergent to £ € C(X). For each «,
we have that h, = f 40, where f, € C(Z); for each x € X the net (f 4(¢(x))
is convergent to h(x), and therefore h(x) = h(y) whenever ¢(x) = ¢(y), so we
can define f : Z — R by:

flp(x) = hx) (x€X);

that is, h = f o ¢. Since ¢ : X — Z is a quotient map and # is continuous, so
is f,and then h € 4,,.
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This result allows us to describe the closure of unital subalgebras of C(X)
and, in particular, of composition subalgebras, in the following way:

ProposiTioN 1.6. (1) Let 4 be a unital subalgebra of C(X). We consider the
equivalence relation on X:

xAy & fO)=fO),VfeA;
and let m: X — X /A be the quotient map. Then the closure of A in C(X) is:
41=24,= {f € C(X): f is constant on each fiber of 7}.
(2) Let ¢ : X —Y be a continuous map. Then, the closure of A, in C(X) is

4, ={f €CX): f is constant on each fiber of p}.

Proof. (1) If we call
Ay={f € C(X): f is constant on each fiber of 7}
it is clear that 4, C A4y. For each f € A4, we define )A” :X/ﬁl — R by:
Fa)=f) «exy

then f is continuous and therefore f € 4,. This shows that 4y = 4,. On the
other hand, the map B : 4, — C(X/A) defined by Bf = f is an algebra
homomorphism, and the inverse of B is the homomorphism

A:CX/A)— A, — C(X)
induced by 7. The subalgebra
B =BA)CCX/A)

contains constant functions and by definition it separates the points of X /4 ; ac-
cording to the Stone-Weierstrass theorem, B is dense in C (X / A4) and therefore,
since A is continuous, A4 is dense in A,. Finally we know by (1.5) that 4, is
closed on C(X).

(2) This is a consequence of (1).

CoroLLARY 1.7. (1) A is a closed unital subalgebra of C(X) if, and only if,
there exists a quotient map 7 : X — Z such that A = 4,.

(2) If A is a closed unital subalgebra of C(X) then there exist a completely
regular Hausdorff space Y and a continuous map w from X onto Y such that

a4 = Aa,.
Proof. (1) This is a consequence of (1.5) and (1.6).
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(2) Let A be a unital closed subalgebra of C(X). We consider the quotient
map 7 : X — X/A defined in (1.6), and we know that 4 = 4,. But, as
example (1.8) shows, the quotient X /4 could fail to be completely regular; for
this reason, we consider on X /4 the initial topology 7 for the family C(X/4),
instead of the quotient topology; then Y = (X/A4,7) is completely regular,
m:X — Y is continuous and

A={fom: feCX)}.

Example 1.8. See [15], 3.J). Let

x=R2\({(%,y) iy -T’O,nEN} U{0,0})

with its usual topology; let Y = R and ¢ : X — Y defined by:
p(x,y) =x for each (x,y) € X.

Let us consider the quotient map m : X — X /4,; then:
1. X/A4, is not completely regular.
2. A, is closed in C(X).

Next we will obtain some conditions for a composition subalgebra to be
closed.

LemMaA 1.9. Let ¢ : X — Y be a continuous map, such that the composition
subalgebra A, is closed in C(X). Then:

(1) ¢(X) is C-embedded in Y .

(2) X/ A, is completely regular if, and only if, ¢ : X — @(X) is a quotient
map.

Proof. Let us consider the canonical factorization of ¢:
x Sy
Wl I (where p o = ¢)
X /A, ~2rp(X)

Since 4, is closed in C(X), we know by (1.6) that 4, = 4,.
(1) Now, for each f € C(¢(X)) we have that

mopo f €A, =A,
and then there exists some f € C(Y) such that

mopo fEpof;
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therefore, f is an extension of f.
(2) We have that ¢ : X — ¢(X) is a quotient map if, and only if,

?:X/A, — pX)

is a homeomorphism. So, in this case, X /4, must be completely regular. Con-
versely, if X /4, is completely regular, it will be sufficient to prove that for each
closed and p-saturated subset C C X, ¢(C) is closed in ¢(X). And indeed, if
y € p(X)\p(C), then y = ¢(x) for some x € X\C and therefore m(x) & n(C);
since 7(C) is closed in X /4, we can consider h € C(X/A4,) such that

h(r(x))=1 and h(x(C))=0:

now how € A, = A,, and then there exists he C(Y) such that how = ho v;
therefore,

h(y)=1 and h(e(C))=0.

ProposiTION 1.10. Let ¢ : X — Y be a continuous map.

(1) The following conditions are equivalent:

(a) A, is closed in C(X) , and X/JL, is completely regular.

(b) p(X) is C-embedded in Y, and ¢ : X — ¢(X) is a quotient map.

(c) ¢(X) is C-embedded in Y, and for each closed and p-saturated subset
M CX, p(M) is closed in p(X).

(2) If X is Lindeldf and Y is normal, the previous conditions are also equiv-
alent to:

(d) For each closed and p-saturated subset M C X, o(M) is closed in Y .

Proof. (1) It is a consequence of (1.9) that (a) implies (b). If (b) holds, we
have that

%:{foga:fGC(Y)}:{gogo:gEC(ap(X))}

which, according to (1.5), is a closed subalgebra of C(X); now applying (1.9)
we obtain (a). Finally, the equivalence between (b) and (c) is straightforward.

(2) If (a) and (b) hold, then X /4, is completely regular and Lindelof, so it
is realcompact; therefore, ¢ (X) is realcompact and then, as it is C-embedded in
Y, it is closed in Y; hence (d) follows. The converse is clear.

Remark 1.11. Let ¢ : X — Y be a continuous map; X /4, is always a
Hausdorff space although, as example (1.8) shows, it can fail to be completely
regular (even in the case of 4, being closed in C(X)). However, we will see
in (1.12) that for some spaces the condition of X /4, to be completely regular
is always true, and then for these spaces Proposition (1.10) characterizes when
A, is closed in C(X)).
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Recall that a topological space T is said to be hemicompact if there exists a
sequence (K,).en of compact subsets of T, such that every compact subset of T
is contained in some K,,. And T is said to be a Kg-space if every real function
on T which is continuous on each compact subset of T is continuous on 7.

ProposITION 1.12. Let X be a hemicompact Kr-space, and let m : X — Z be
a quotient map such that Z is Hausdorff. Then Z is normal.

Proof. Let (K,),en be an increasing sequence of compact subsets of X, such
that every compact subset of X is contained in some K,,. For each n € N, n(K},)
is compact in Z, and hence normal. Now given F and H disjoint nonempty
closed subsets of Z, we choose N € N such that n(Ky) N F and n(Ky) " H
are nonempty and, using the normality of n(K,) for n 2 N we construct by
induction a sequence ( f )=y of functions such that, for each n 2 N:

1. f.:7m(K,)— [0,1] is continuous.

2. fa(m(Ky)NF)=0and f,(K,)NH)=1.

3. f .+ is an extension of f,.

Therefore we can define f : Z — [0, 1] such that

flag,y = fn forn=N.
It is clear that f(F) =0 and f(H) = 1; and, since

k, = fnom foreachn=N,

(fom

we have that f is continuous.

Following [8] we define a map ¢ : X — Y to be semiproper if for each
compact subset H C Y, there exists a compact subset K C X such that ¢(K) =
H N eX).

Now we examine the relationship between this property and properties of
corresponding induced homomorphisms.

ProrosITION 1.13. Let ¢ : X — Y be a continuous map, and let A : C(Y) —
C(X) be the induced homomorphism, with range A,. Then A : C(Y) — A, is
an open map if, and only if, p(X) is closed in Y and ¢ : X — Y is semiproper.

Proof. A : C(Y) — A, is an open map if, and only if, for each nonempty
compact subset H C Y, there exist a nonempty compact subset K C X and
€ > 0 such that, denoting

Ve ={f e€C¥):pu(f)S1} and Ux, = {g € 4, : px(g) S €},

we have that A(Vy) D Ug..

Suppose this is the case. First we show that ¢(X) is closed in Y. Indeed, if
there exists y € p(X)\p(X) we can consider H = {y}; for each nonempty
compact subset K C X, there exists f € C(Y) such that f(y) = 2 and
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f(p(K)) = 0; therefore, g = f o ¢ € Ug,; for every € > 0; but g & A(Vy),
for,if f op = f € C(Y), then :

fiom=flbm

and consequently py(f) = 2. In order to show that ¢ : X — Y is semiproper,
we consider a compact subset H C Y, and we can suppose that

H=HnNoeX) #4¢.

If the compact subset K C X and € > 0 are such that A(Vy) D Uk, then
A= p(K); indeed, it is clear that AH> ¢(K) and, if there exists y € Ifl\go(K),
we select f € C(Y) such that f(y) = 2 and f(¢(K)) = 0O; as before, g =
fow€ Uk butg €AVy).

Conversely, suppose that ¢(X) is closed in Y and ¢ : X — Y is semiproper.
Let H be a nonempty compact subset of Y; then there is a compact subset
K C X, such that ¢(K) = H N ¢(X). We consider two cases:

IfH =HN @(X) = ¢ then there exists # € C(Y) such that A(H) = 0 and
h(p(X)) = 1. Hence, for each f € C(Y) we have that f o p = (fh) o ¢ and
pu(f h) = 0; this shows that 4, = A(Vy).

IfH = HNpX) # ¢ we will see that A(Vy) D UK,1/2- Indeed, let f € C(Y)
such that f o ¢ € Uk ;/, and consider

HO:{Y eH:f(y).Z_%};

there exists # € C(Y) such that 0 = h = 1, h(Hy) = 0 and h(¢(X)) = 1. Hence,

fop=(flyop and pu(fWS 3 <L

CoROLLARY 1.14. Let ¢ : X — Y be a continuous map, such that p(X) =Y
and let A : C(Y) — C(X) be the induced homomorphism, with range A,. Then,
A:CY)— A, is a topological isomorphism if, and only if, ¢p(X) =Y and
@ : X —Y is semiproper.

Proof. This is a consequence of (1.13) (1.1) and (1.3).

Recall that a topological space T is said to be a K-space if a subset of T is
closed whenever its intersection with every compact subset of T is closed.

For normal K-spaces, we have a relationship between semiproper mappings
and closed composition subalgebras (compare with [8] and [5]).

ProposITION 1.15. Let Y be a normal K-space and let ¢ : X — Y be a
semiproper continuous map. Then, the composition subalgebra 4, is closed in
C(X).
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Proof. 1t is not difficult to verify that, if Y is a K-space and ¢ : X — Y is a
semiproper continuous map, then ¢(X) is closed in ¥ and ¢ : X — p(X) is a
quotient map. The result follows from (1.10).

The requirement of Y to be a K-space is essential in Proposition (1.15), as
the following example shows:

Example 1.16. LetY = (I}, bw). We know by [11] that Y is normal, but it is
not a K-space. Let X be the unit sphere of /;, as a subspace of Y. We consider
the inclusion map ¢ : X < Y and the corresponding induced homomorphism
A:CY)— C(X); that is,

Af = flx foreach f € C(Y).

Then:
1. ¢ : X — Y is semiproper.
2. X is not C-embedded in Y.
3. A4, is not closed in C(X).

Proof. 1. Let H be a compact subset of Y; then H is w-compact in /; and
hence, by Schur’s Lemma, H is ||-||-compact. Since X is || -||-closed in I/}, HNX
is || - ||-compact, and hence bw-compact.

2. Let B be the closed unit ball of /; and let f : B — R be defined by

[o¢]
fx)= Z 2_”x,?, for x = (x,)neN € B.
n=1

Then f is w-continuous on B: indeed, given x = (x,),eN € B and € > 0, we
consider N € N such that

1 €
ZQ—J<Z’ and

n2N

€ €
W= {)’:()’n)neNGBi|X1—y:]<m7--~»|xN—YN| < m},

which is a relative w-neighbourhood of x in B; then for every y = (y,)nen € W,
we have that:

N
|£ )= FOINED 27" n =yl ([l + [yn])
n=1
+y 27" (2] + y2l) <e.
n2N

Now we consider 4 : X — R defined by: h = 1/ f; it is clear that A is continuous
but, since f(0) = 0, k& does not have any w-continuous extension to B = X";
hence, / does not have any bw-continuous extension to Y.
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3. This is a consequence of (1.9).

Next we will see that in some cases the fact that the composition subalegbra
A4, is closed implies that the inducing map ¢ is semiproper. We need the
following result, due to Michael (see ([21], 12.5) for the proof in the complex
case; the proof in the real case is analogous).

ProposiTioN 1.17. Let X be a Lindeldf space and let A be a subalgebra of
C(X) satisfying:

1. If h € A and h(x) # 0 for each x € X then 1/h € 4.

2. If hy,...,hy, € A and they do not have any common zero, then there exist
&ly---,8n € A such that hygy +--- + h,g, = 1.

3. For each sequence (h,)neN C A, there exists a sequence (gn)neN C A
such that:

a) For every n € N, the zeros of h, and g, coincide.

) Y 27" €A

neN

Then, for each nonzero algebra homomorphism ¢ : A — R there exists x € X
such that ¢(f) = f(x), for every f € 4.

It is not difficult to derive, as a consequence of this result, the following
proposition:

ProposiTION 1.18. Let X be a Lindeldf space; let ¢ : X — Y be a continuous
map such that p(X) is C-embedded in Y. Then, every nonzero algebra homo-
morphism from A, into R is given by the evaluation at some point of X (in
particular, every such homomorphism is continuous).

PropoSITION 1.19. Let X be a Lindeldf space; let ¢ : X — Y be a continuous
map such that p(X) is C-embedded in Y , and let us suppose that 4, is barrelled.
Then p(X) is closed in Y, and ¢ : X — Y is semiproper.

Proof. For each completely regular Hausdorff space Z, we will denote by vz
the Hewitt-Nachbin realcompactification of Z (see [15], 8).
We consider ¢(X) CY C vY and let

——vY
M = pX) .
Since ¢(X) is C-embedded in Y, M = v(¢(X)). Now we define

P:XDpX)oM,
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and let A be the homomorphism induced by ¢, with range A4;. It is clear that

Ay = A, and that
A:CM)— 2, = 4,

is an algebra isomorphism (see (1.3)). A is also a topological isomorphism;
indeed, for each nonempty compact subset H C M, we consider

Ve ={f €CM):py(f)<1} and U =AVy),

and it will be sufficient to check that U is a barrel in A,; it is clear that U is
absorbing, balanced and convex; on the other side, for each y € H the algebra
homomorphism

6,0A71; 2, —R
is continuous, according (1.18); hence

U=(){hea,:l6,0A ()| =1}

yeEH

is closed in A4,. Now, since
A:CcM)— 4,

is a topological isomorphism, we get from (1.14) that p(X) =M and ¢ : X — M
is semiproper. Then the result follows.

In general it is not easy to know whether a composition subalgebra is barrelled,
in order to apply the preceding result. There is, however, an important and simple
case:

CoRrOLLARY 1.20. Let X be a hemicompact Kg-space and let ¢ : X — Y be a
continuous map such that A, is closed in C(X). Then, ¢ : X — Y is semiproper.

Proof. Since X is a hemicompact Kr-space, we have that C(X) is a Fréchet
space (see [7], 21 and 22). The result is then a consequence of (1.9) and (1.19).

Remark 1.21. In Proposition (1.19) X is Lindelof and hence realcompact;
then, according to Nachbin-Shirota theorems (see e.g. [7], 8.2) C(X) is bornolog-
ical and barrelled. Nevertheless, a composition subalgebra 4, of C(X) can be
closed in C(X) without being barrelled; in fact, as (1.19) shows, this will always
be the case if 4, is closed but ¢ is not semiproper; (1.8) provides an example
of this situation.

2. Homomorphisms between C,;,(E) and C(X). Let E be a real Banach
space and let X be a completely regular and Hausdorff topological space. As
we have seen in the Introduction, there is a topological algebra isomorphism:

e

— *k
Cwbu (E) (T C(Ebw‘ )
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where e(f) is the extension of f to E** and r(f) = f|g. This representation
allows us to apply the general results of Section 1 to the case of the homomor-
phism between C,,(E) and C(X)

ProposITION 2.1. Each continuous map ¢ : X — E;%. induces a continuous
homomorphism A : Cyp(E) — C(X) by the formula:

Af =e(flop (f € CuplE)).

Conversely, for each homomorphism A : C,p,(E) — C(X) there exists a contin-
uous map ¢ : X — E}%. inducing A by the above formula; and in particular, A
is automatically continuous.

Proof. Since E}. is o-compact, it is realcompact. The result is then a con-
sequence of (1.1).

ProposiTiON 2.2. Let ¢ : X — E};. be a continuous map and let
A Cypu(E) — C(X)
be the induced homomorphism, with range

A, ={e(frop: f € CunlE)}.

Then:
(1) A is one-to-one if, and only if, p(X) is dense in E};..
(2) A, is dense in C(X) if, and only if, ¢ is one-to-one.
3) ¢ : X — E}x. is semiproper if, and only if,

A: Cwbu(E) - /qga

is an open map.

@) If ¢ : X — E}y. is semiproper, then A, is closed in C(X).

(5) If X is a hemicompact Kg-space and A, is closed in C(X), then ¢ : X —
Epy. is semiproper.

Proof. The results follow from (1.3), (1.4), (1.13), (1.15) and (1.20).

Now we examine some specific situations for the space X:

(I) X = Fjx.; where F is a real Banach space.
In this case we have the homomorphisms between C,,(E) and C,,(F), and
we obtain the results of ([20], 4.6).

(II) X = (F,T;); where F is a real Banach space.
In this case we have the homomorphisms between C,,(E) and C,,,(F), which
are induced by the maps of the space:

C ((F,m1),Eppe) = C (Fp, Epia) = Cop (FLEfE.) .
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We will obtain a simpler description of inducing maps when the space F does
not contain an isomorphic copy of /. First we introduce the following classes:

Let T be a topological space; C,(F,T) denotes the space of all maps f :
F — T such that for each weakly compact subset K C F, f|g is weakly
continuous on K; and C,, (F, T) denotes the space of all maps f : F — T such
that for each weakly convergent sequence (y,)neN in F, ( f (¥2))neN is convergent
inT.

With the same proof that ([20], 4.45 and 4.47), we have:

Lemma 2.3. (a) Cyu(F,T) = Cy5e(F,T)

) IfF 21y, then Cyp(F,T) = Cyi(F,T).

Therefore, if F 2 [; the homomorphisms between C,,(E) and C,,(F) =
Cui(F) = Cy(F) are induced by the maps of the space:

th(Fy E;:;*) = ka(F7 E;:;‘) = Cws('(Fv E;:»') = Cws('(F7 E:t)

(IIT) X is a compact Hausdorff topological space.

Let T be a topological space; Cp(T) denotes the space of all bounded con-
tinuous real-valued functions on T, with the sup-norm || - || We will use the
following “‘simultaneous extension” theorem due to Arens (see [1], 5.2):

PropoSITION 2.5. Let H be a closed subset of a paracompact space T. Let
C be a separable closed linear subspace of C,(H). Then there exists a linear
isometry L : C — Cy(T) such that for each f € C, Lf is an extension of f.

PrOPOSITION 2.6. Let X be a compact Hausdorff space and let ¢ : X — E**
be a map.

(1) ¢ : X — E}. is continuous if, and only if, ¢ : X — E}% is continuous.

(2) If p : X — E};. is continuous, then ¢ : X — Ep¥. is semiproper and the
composition subalgebra

A, ={e(flog: f € CopulE)}
is closed in C(X).
(3) If X is metrizable, and ¢ : X — E}. is one-to-one and continuous, then
there exists a continuous linear section
S:CX)— Cyupu(E)
of the homomorphism

A thu(E) - C(X)

induced by ¢, and hence C(X) is linearly topologically isomorphic to a com-
plemented subspace of Cp,(E).
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Proof. (1) is immediate and (2) is a consequence of (2.2).
(3) If ¢ : X — E}». is continuous and one-to-one, obviously

X — (P00, W) =K

is a homeomorphism. Since E};. is Lindel6f and regular, it is paracompact; if X
is metrizable then C(K) is separable and we can apply the preceeding Theorem
(2.5), thus obtaining a linear isometry

L:C(K)— Cy(E)

such that for each f € C(K), Lf is a continuous (and bounded) extension of

f

We consider the following conmutative diagram:

CK) - CX)
\\
L R A \\S
\
R AN I
Cb(E;:,*) 1 C(E;:,*)Tcwbu(E)

where Tf = fopand Rf = f|k. Then T is a topological isomorphism and
the inclusion / is continuous. The section S is then defined by

S=roloLoT™\.
It is clear that
Alscony 1 S(C X)) — C(X)
is a linear topological isomorphism and
AoS : Cypu(E) — S(C(X))
is a projection.
3. Interpolation of bounded sequences by C,,,,—functions. We will state
a “global” formulation of interpolation problems, in order to apply the results

obtained before. In particular, for the real Banach space E, we consider the
topological algebra isomorphism:

e

B *k
Cupu(E) — C(Ep,-)

where e(f) is the extension of f to E** and r(f) = f|e, as we have seen in
the introduction.
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Let (an)nen be a bounded sequence in E, with pairwise different terms. It is
not difficult to check (see [20], 4.1.1) that for each f € C,.(E), the sequence
(f (@n))nen is bounded; therefore we can consider the “restriction homomor-
phism”:

R:Chp(E)—ly
f —(f@))nen

Our interest is to determine in which cases R is onto /,, and in which cases
it is onto the subspace c of all convergent sequences.

ProrposiTioN 3.1. The following conditions are equivalent:

(@) R is onto 1.

(b) M = {a, : n € N} is weak-discrete and its weak*-closure MY is weak*-
homeomorphic to the Stone-Cech compactification of N, AN.

Proof. Suppose R is onto /.. Then M is weak-discrete; for, if there exists
m € N such that a, is a weak-accumulation point of M, we can consider
A = (AneN € loo defined by A, = 1 and A, = O for n # m, and there exists
no continuous function f : (M,w) — R such that f(a,) = A, for each n € N.
Further, for every bounded function f : M — R, there exists & € Cyy,(E) such
that h(a,) = f (a,) for each n € N; hence

f=em|pe =M ,wH—R

is a continuous extension of f. Therefore (M*",w*) is homeomorphic to SN.
Conversely, suppose (b) holds. Then for every A = (A,)neN € loo We consider

f : (M,w) — R defined by: f(a,) = A,, for each n € N, and its continuous
extension

Fo,wh —R;
by the normality of Ej;. there exists a continuous extension

f:Egn.—R
of f‘; therefore,

r(f)= fle € Cup(E) and  flg(@a,) =\, for each n € N.

ProposITION 3.2. The range of R is contained in c if, and only if, the sequence
(an)nen is weak-Cauchy in E.

Proof. If (a,)nen is weak-Cauchy in E, then it is weak*-Cauchy in E** and,
as E% is sequentially complete (see [19], 9.3.1), (an)nen is wWeak*-convergent to
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some point ag € E**. Thus for each f € Cyp,(E) its extension e( f) € C(E}r.)
satisfies that

(e(f)an),en = (f(@0) ,cn

converges to e( f )(ao).

Conversely, if the range of R is contained in ¢, in particular we have that
for each ¢ € E* the sequence (Y¥(a,)).en is convergent. Therefore (a,)pen is
weak-Cauchy.

ProposiTION 3.3. The following conditions are equivalent:

(a) The range of R is the space c.

(b) (a@nnen is weak-Cauchy and, for each m € N, (a,)uen is not weak-
convergent to ay,.

c) M= {a,, : n € N} is weak-discrete and its weak*-closure M"Y is weak*-
homeomorphic to the Alexandroff compactification of N, aN.

(d) The range of R is contained in c, and there exists a continuous linear
section S : ¢ — Cypu(E) of R.

Proof. It is clear that (@) = (b) (see (3.2)) and, since E% is sequentially
complete, that (b) & (¢); (¢) = (d) is a consequence of (2.6) (here C(M Wy ~
C(aN) = ¢); and finally, (d) = (a) is obvious.

Remark 3.4. Every Banach space E contains sequences satisfying the con-
ditions required for (a,),en in (3.3); therefore, the space C,y,(E) contains a
complemented subspace isomorphic to cy.

Let us denote by Bg and Bg* the closed unit ball of E and E**, respectively.
We consider the “restriction homomorphism”

R: Cwbu(E) - loo

associated to a sequence (a,),en C Bg as before, and we also consider the
“restriction homomorphism”

R:CER) = I

associated to a sequence (a;*),en C Bg+ in the same way. Next we study the
existence of sequences in Bg or in Bg« for which R or R (respectively) are onto

loo.

ProPOSITION 3.5. According to the preceding notations, we consider the fol-
lowing conditions:

(a) E contains a subspace isomorphic to l;.

(b) There exists a sequence (a,),en in Bg for which

R: Cwbu(E) - loo
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is onto.
(¢) There exists a sequence (a,*)neN in Bew for which

R:CER)— I

is onto.

(d) (Bgw,w") contains a subspace homeomorphic to SN.

(e) E* contains a subspace isomorphic to 1,(2%).

Then:

(1) In general, (a) & (b) = (¢) & (d) & (e).

(2) If E is separable, the conditions are equivalent.

(3) The space E = co(2), which is not separable, shows that in general the
conditions are not equivalent.

Proof. (1) (@) = (b). Let T be an isomorphism from /; onto the closed
subspace F of E with ||T|| = 1; we consider

(@n)neN = (Tex)nen C Br C Bg,

where (e,)nen is the standard basis of /;. For each A = (Apnen € loo = I} we
have that ¢y = Ao T~! € F* and, if 1 € E* is an extension of 1), it is clear that

Y € Copu(E) and 4Na,) =\, for each n €N.

(b) = (a). If E contains no subspace isomorphic to /; and (a,),eN is a sequence
in Bg, from the characterization of Rosenthal ([22], Theorem 3) we obtain that
there is a weak-Cauchy subsequence (ay)jen of (an)nen; hence for each A =
(An)nen in the range or R, the subsequence (A, )jen is convergent, and therefore
R is not onto /.

(c) = (d). This can be derived as in the proof of (3.1).

(d) = (e). Talagrand showed in ([24], II) that for a Banach space X and a
cardinal number of the form 7 = 2%, X contains a subspace isomorphic to /;(7) if,
and only if, (Bx~, w*) contains a subspace homeomorphic to 3« (the Stone-Cech
compactification of a discrete space with cardinal k).

(2) If E is separable then card(3N) > card(E), and from the characterization
of Odell-Rosenthal ([22], Theroem 3) it follows that (d) = (a).

(3) The space £ = co(2%) is not separable and it contains no subspace
isomorphic to /; (see [22], Theorem 3). Nevertheless, E* = [,(2%), so (e) »
(a).

Now we present some examples of interpolating and non-interpolating se-
quences for the case £ = /;, showing a variety of situations:

Example 3.6. (1) For the standard basis (e,),en Of /i, the associated homo-
morphism R is onto /., and there exists a continuous linear section

S o — Cupu(ly)
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of R. This follows from the fact that RI,; is the natural isometry from /; onto
loo-

(2) For every bounded inconditional basis (a,),en of [, we obtain the same
result that in (1). For in /; every bounded inconditional basis is equivalent to
(en)nen (see [23], 11.18-2).

(3) The sequence (a,),en C /| defined by: a; = 2ey, a, = e,—; — e, (for
n 2 2) is a conditional basis of /| (see [23], I1.14.2); in this case the associated
homomorphism R is onto /,, and there exists also a continuous linear section
S : I — Copu(ly) of R.

Proof. Let

£€=1(0,1,0,1,...) €l =1 and

1
n= 5(1, I,1,..)€El,=1];
we define
1 1
hy = 5(1 +&+m) and hy = 5(1 —&—n);
it is clear that A}, h; € C\py(l1). Now for each A = (A\,),eN € [ We consider
f| = ()\1/2,0, —)\3,0, —)\5,...) s
f2=10(0,—-X2,0,=)X4,...) €l =1].
Then, the function
Fx=hfi+hf2€Cupull))
satisfies that
Fy(a,) = A\, foreach n € N.

In addition, the section

S: loo —_'thu(ll)
A —-—)F)\

is linear and, since for each r > 0:

sup |Fy(x)| = (1 +r+ %) r Moo,

llxlli=r

S is continuous.
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(4) Let b = (by)nen and d = (d,),en be bounded sequences in the Banach
space E, such that their respective associated restriction homomorphisms are
onto /. The restriction homomorphism associated to the sequence

(an)neN = (bn)nEN U (dn)neN

(the ordering is indifferent) is also onto /, if, and only if, the weak*-closures
in E** of {b, : n € N} and {d, : n € N} are disjoint. This is a consequence of

the normality of E;*.. A particular case of this situation appeared in Example

(3) with
b= (02n+l)n;0 and d= (a2n)n21 :

there are basic sequences equivalent to the standard basis of /; (so the associated
homomorphisms are onto /,,) and the weak*-closures

{ags1 :n 20} and {ap, :n=1}"

are separated in Ej;. by the extensions of &; and ;.
(5) The sequence (a,)n.en C /) defined by

1
ayp_1 = <1 + ;) e, ay=e, (fornz1l)

also satisfies that (a3,—1),>; and (a2,),>; are basic sequences equivalent to the
standard basis of /;. But in this case, for every £ € I, = I} we have that

(€ (@t — @),

is convergent to 0, and hence the associated homomorphism R is not onto /o.
(6) Let (a,).eN be the sequence in /; defined by

a, = e, + e,y for each ,en,

and let us consider M = {a, : n € N}. Then (a,),en has no weakly Cauchy
subsequence, M is weak-discrete and

in{||la, —an|| :n #m}=2>0.

However, the homomorphism R associated to (a,),eN is not onto /.

Proof. For each m € N we consider the weak-neighbourhood of 0

1 1
Vi = {x = (Xn)neN € Iy : Ixm| < Eylxmﬂi < E} 5
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if n #m,
((1,, + vn)m(am + Vm) = @,

so M is weak-discrete.
If (an)jen is a subsequence of (@,)nen, there exists 1 = (MuneN € loo = [}
such that

(M(an))jeN = (Mn; — Mn;+1)jeN

is not convergent; therefore (a,)jen is not weak-Cauchy.
In order to prove that R is not onto /,, we consider

B ={ay;n €N} and C = {azu :n €N},
and we show that
B NC™ #0;

indeed, given € > 0 and ny,...,nny € lo = [], there exist m,n € N such that
foreachi=1,...,N:

|77i(112n - a2m+l)| = |7]’2n + nénﬂ - nl2m - n5m+l| <€

hence 0 € B—C *" and then there is a net (b, — cq)q Weak*-convergent to 0
with (by)oe C B and (c,)q C C; since B is bounded, (by), admits a subnet (by)y
weak *-convergent to some point b € B; thus (cy)y is also convergent to b and
then b € B¥' NC"'.

(7) In a similar way to Example (6), it is not difficult to check that the
countable family {e, — e,, : n < m} in /| is weak-discrete and, if

P={em—em:2n<m} and I ={eys —em:2n+1<m},
we have that 0 € P* NI%. Therefore, the homomorphism R associated to this

countable family is not onto /.

We have been interested only in interpolation of bounded sequences of scalars.
For the case of arbitrary sequences, we just mention the following result, whose
proof will be omitted:

ProposITION 3.7. Let(an)nen be a sequence in E. We consider the associated
“restriction homomorphism”

R: Cyp(E) — RN
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defined by

Rf = (f(an))nEN-

Then:

(1) The range of R is contained in ly, if, and only if, (a,)neN is bounded.

(2) R is onto RN if, and only if, (||aal|) .y tends to +oo.

4. Continuous homomorphisms between C,,(E) and C,;(F). Let E and
F be real Banach spaces. In order to apply the general results of Section 1
to the case of homomorphisms between C,;,(E) and C,,(F), we consider the
topological algebra equalities

Cup(E) =C(E,71) and Cy(F) = C(F,7),

as we have seen in the introduction.

Remark. According to (1.2), if (E,7;) is not realcompact then there are dis-
continuous homomorphisms between C,(E) and C,,(F) (here F is arbitrary);
an example is E = C[0,{)], where ) denotes the first uncountable ordinal:
indeed, since Ep, and (E,7;) have the same continuous real functions, from the
proof of [10] it follows that (E,7;) is not realcompact.

On the other side, if (E,7;) is realcompact, every homomorphism between
C.p(E) and C,(F) is automatically continuous (see 1.1). Next we are going to
see that a wide class of spaces are in this situation. Recall that a Banach space is
said to be weakly compactly generated (W.C.G.) when it has a weakly compact
total subset. Then, we have the following result (see [20], 4.3.2 and 4.3.3 for
the proof):

ProposiTiON 4.1. (1) If E\, is normal and realcompact (in particular, if E is
W.C.G.) then (E,T;) = Ey,, is normal and realcompact.

(2) If there exists a sequence (£,),eN C Bg+ which separates the points of E
(in particular, if E is the dual of a separable space), then (E,T;) is realcompact.

As a consequence of (1.1) we have:

PRrOPOSITION 4.2. The space of continuous homomorphisms
A Cyp(E) — Cyp(F)
can be identified with the space C,,(F, (E, 1)) of continuous maps
¢ Fpy — (E,7)

(that is, the maps ¢ : F — E such that f o ¢ € Cy,(F) for each f € Cy(E)),
by the formula:

Af = fo(ﬂ7 (f ECwb(E))-
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In the same way as in (2.4) we obtain:

ProrosiTiON 4.3. If F 2 1y, the continuous homomorphisms between C,(E)
and Cp(F) = C(F) = Cyy5(F) are induced by the maps of the space:

Cuwp(F, Epy) = Cuk(F, Epy) = Cuse(Fy Epw) = Cose(F, Ey).
The following result about the range of homomorphisms is immediate:
PrOPOSITION 4.4. Let
¢ Fpy — (E, 1)
[respectively, ¢ : Fy, — Epv.] be a continuous map, and let
A 1 Cup(E) — Cyp(F)

[respectively, A : Cypu(E) — Cyup(F)] be the corresponding induced homomor-
phism, with range A,. Then:
(1) A, CCy(F) if, and only if,

' € Cw(Fv(E77-l))

[resp. ¢ € Cy(F,Epri)].
(2) A, C Cywpu(F) if, and only if, ¢ has an extension

p € C(F:. E,)

[resp. € C(Fpms  Epni)l.

Remark 4.5. (1) When F is infinite-dimensional we have (see [20], 4.1) that
there exists h € C,p(F)\C,,(F); we consider v € E\{0} and then

p=h®v:F—>FE
induces a homomorphism between C,,;,(F) [respectively, C,,(E)] and C,,,(F),
whose range is not contained in C,(F). On the other hand, when F is finite-
dimensional it is clear that

Cuw(F,(E, 1)) = Cyp(F, (E,T1))
[resp., Cw(F,Epr.) = Cup(F, Epya)].

(2) When F is not refexive we have (see [20], 4.1) that there exists h €

Cuwp(F)\Cypu(F); we consider v € E\{0} and then

p=hQv:F—E
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induces a homomorphism between C,,,(E) [respectively, Cyp,(E)] and C,p(F),
whose range is not contained in C,;,(F). When F is reflexive, it is clear that

Cup(F,(E, 1)) = Coupu(F, Ey)

[resp-, Cw[,(F,E;:,.) = thu(F7 E::)]

PropPOSITION 4.6. Let ¢ : Fy,, — (E,77) be a continuous map, and let
A Cyp(E) — Cyp(F)

be the corresponding induced homomorphism, with range A4, .

(1) A, is dense in C,,(F) if, and only if, ¢ is one-to-one.

(2) Suppose that Ey,, is normal and Fy,, is completely regular, and, in addi-
tion, either F,, is Lindeldf or there exists a sequence (§,)nen C Bg+ separating
the points of E. Then, the following conditions are equivalent.

(a) A, is closed in C,,(F) and Fy, / A, is completely regular.

(b) For each bw-closed and p-saturated subset C of F, ¢(C) is bw-closed
in E.

(3) Suppose that E,, is normal and E 2 1,. If

@:Fhw—'Ebw

is semiproper, A, is closed in C,(F).
(4) Suppose that F is reflexive. If A, is closed in C,,(F), then

¢ Fpy — Ep,

is semiproper.

Proof. (1) This is a consequence of (1.4).

(2) When Fy, is Lindelof (which is equivalent to F,, being Lindelof), the
result follows from (1.10). Now we suppose that there exists a sequence
(€2)neN C Bp+ separating the points of E. We claim that every C-embedded
subset of E,, is bw-closed; indeed, if M C E is not bw-closed we select
xo € M \M and we consider the function f : E — R defined by:

_ - —n Igﬂ(x—x())i .
f(x)—§2 e ol

f is w-continuous, and f (x) = 0 only for x = x¢; hence

1
h=—:M—R
f

is a bw-continuous function on M without bw-continuous extension to M. It
is now sufficient to apply (1.10).
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(3) From ([20], 4.4.10) and ([7], 2.2.1) we have that: E 2 [} & C,(E) is
complete ¢ (E,7;) is a K-space. Therefore the result follows from (1.15).

(4) If F is reflexive, then Fp, = F;r. is a hemicompact K-space, and the
result is a consequence of (1.20).

Remark 4.7. In relation with the preceding proposition (2) and (3), it is
interesting to point out that, by ([20], 4.3.1), Ep, is normal whenever E, is
normal (in particular when E is W.C.G.). On the other hand, we do not know
whether it is possible to remove the requirement of Fj, /4, being completely
regular in (2). When F is reflexive, then F, /4, is always normal (this follows
from (1.12): note that F,, is a hemicompact K-space < Fy,, is o-compact & F
is reflexive (see [9], 1)); and we will see in (4.8) below that the same is true in
some other situations. In these cases, (4.6.(2)) characterizes when 4, is closed
in Cyp(F).

ProposiTION 4.8. Suppose that E,, is normal and
"2 : Fhw - Ehw

is a continuous map such that, for each bounded and w-closed subset B of F,
©(B) is bw-closed in E. Then Fy,, [ 4, is normal.

Proof. We have the equivalence relation in Fy,, (see (1.6)):

xApy & fO)=fO), Vfe€A e p)=9(), @y€eF)

and we consider the corresponding canonical factorization:

@
Fhw a— Ebw

”\4 /¢ (where ¢ = @ o).
FroAy

For each n € N, let B, be the n-th closed ball of F. Then ¢(B,) is closed in
E4,., and hence normal. We claim that

@lra,) : T(Br) — p(Bn)

is a homeomorphism. Indeed, we have that ¢ is continuous; and, on the other
side, if C is a closed subset of 7(B,), as

m(B,) = ¢~ (p(B))

is closed in Fhw/%, we have that C is closed in F;,w/ﬂq,; then 7~ 1(C) is bw-
closed in F and 7~ !(C)N B, is a bounded and w-closed subset of F, so

P(C) = p(r (C)NBy,)
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is bw-closed in E. Therefore, w(B,) is normal for each n € N.
Now the proof can be finished following the same ideas used in (1.12).

The next example will show that the conditions in the preceding Proposition
(4.8) do not imply that 4, is closed:

Example 4.9. We consider the map ¢ : ¢y — ¢¢ defined by:

(P((xn)nEN) = (‘pn(xn))nel‘h for every (-xn)nEN € Co;

where each ¢, : R — R is defined by

1 ; fort2n

1 2t—1\. 1<, <
on(t) = s(1+3=): forySt=n

t cfor0< <1

(]

—pp(—t) ; fort =0.

Then:
1. The range of ¢ is the closed unit ball Bcy of ¢y, and

@ : (co, bw) — (co, bwW)

is continuous.
2. For each bounded and w-closed subset B of ¢g, ¢(B) is bw-closed in c¢y.
3. M = {ne, : n € N} is bw-closed in ¢y, but p(M) is not bw-closed in cy.
4. A, ={f op: f € Cuplco)} is not closed in Cyp(cp).
5. (co,bw)/ A, is normal.

Proof. 1. It is clear that the range of ¢ is Bcy. Now we are going to see that
¢ : (co,w) — (Bco, w)

is continuous (in fact, uniformly continuous):
Given £ = (§,)n € I; — ¢;; and given € > 0, we choose N € N such that

Dol <e.

n>N

Using the uniform continuity of ¢, ¢2,...,¢n, we can find some § > 0 such
that if x = (X,)nen, ¥ = VndneN € o With

|y —yal <& forn=1,2,...,N,

then

N
€0 () = o] = Y (&l [entin) = ealy) + D 20| < 3e.

n=1 n>N
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2. Let B be a bounded and bw-closed subset of ¢, and let

y € p(B)";

since (Bcg, w) is metrizable, there exists a sequence (x™),en C B such that
O"men = (9G™),en

is weakly convergent to y. Let N € N be such that |y,| < 1/2 for n 2 N, and
B C NBcy; for each n > N since

$n : [—I’l, n] — [—13 1]

is a homeomorphism, we have that (x).en is convergent to ¢, '(y,) = ya; on
the other side, there exists a strictly increasing sequence (my)ien C N such
that for n = 1,2,..., N, (x]*)ien is convergent, say to z,; defining z, = y, for
n > N, we obtain z = (z,),eN € co such that (x™* )N is weakly convergent to
z and (z) = y; therefore z € B and y € ¢(B).
3. It is clear that M is bw-closed and p(M) = {e,, :n € N} is not w-closed.
4. We consider the function % : ¢cg — R defined by:

[e¢] . 2 2
min{n?, x
h(x) E —{—nz—’—"— for x = (X,)neN € Co-
n=1

We are going to see that 4 € C(co) (in fact, 7 € Cyp,(co)):
Given R > 0 and € > 0, we choose N € N such that N 2 R and

Z nt< eR_z;

n>N

using the uniform continuity of the functions
t+—min{n?,’} (n=1,2,...,N),
we can find § > O such that, if
X = (Xp)neN, Y = (VndneN € co  With

llloos I¥llco SR and  |x, —yn| <& forn=1,2,...,N,

then

— min{r’, y7} 2R?
n2 | + Z 2

N ; 2 .2
o) — | < 57 Imintr ) < 3e.
n=1

n>N
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Furtier, h(x) = h(y) whenever ¢(x) = ¢(y); therefore by (1.6) we have that
¢ € A,. Nevertheless, h ¢ A4, for, if we suppose that &~ = f o ¢ some
f € Cyp(co), then

1 = h(mey,) = f (p(mey)) = f(em)

and (f (en))men is convergent to f(0) = f(p(0)) = h(O) = 0, which is a
contradition.

Next we obtain a sufficient condition for a composition subalgebra to be
closed, analogous to (4.6.(3)), but without the requirement of £ 4 [;. We will
see in (4.12) that this condition is not necessary.

ProrosiTiON 4.10. Suppose that Ey,, is normal and
p: F bw — Ebw

is a continuous map such that for each bounded and w-closed subset B C E
there exists a w-compact subset K C F such that ¢(K) = B N @o(F). Then the
composition subalgebra

A, ={f o¢: f €CuE)}

is closed in C,(F).

Proof. If M is a 1;-closed and p-saturated subset of F, we have that p(M)
is bw-closed in E: indeed, for each closed ball B of E there exists a w-compact
subset K C F such that ¢(K) = ¢(F) N B; hence

PM)NB = pM) N pK) = (M NK)

is w-closed in E. Note that in particular ¢(F) is closed in Ej, and therefore it
is C-embedded. The result is then a consequence of (1.10).

Remark 4.11. Let X be a completely regular Hausdorff space and let ¢ :
X — Ej, be a continuous map. Since the inclusion

*k
Ebw — bw*

is continuous, we have that
~. k%
@:X —Ep —E.

is also continuous. Let

A Cpw(E) — C(X)
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be the homomorphism induced by ¢, with range A, and let
A: Cupu(E) — C(X)
be the homomorphism induced by @, with range A;. We have that

A=A

Coney and Ay C A, C C(X).

Note that, according (1.4), 4, is dense in C(X) < A; is dense in C(X) & ¢
is one-to-one. On the other side, since A is continuous and C,,,(F) is dense
in Cy(E) (see [11], 4.12) we have that 4; is dense in A,; therefore if 4; is
closed in C(X) then 4; = A4,. In (4.12) we have an example for which 4, is
closed in C(X) but 4; is not.

Example 4.12. Let h : R — R be the function defined by:

0 ;forr = —1
1+t ;for —15¢50
l—¢t;for0=t =1

0 ;for1 =t

h(t) =

We consider /; = [(Z) and we define the map
P R— (lla bW)
by:
p(t) = (h(t — M)nez;
we also consider
@ : R — Uy, bw) — (1", bw").
Then
1. ¢ : R— (I}, bw) is bounded, continuous and one-to-one.
2. ¢ : R— (I;bw) does not satisfy the conditions of (4.10), and
@ :R— 7", bw")
is not semiproper.
3. A, ={f op: f € Cuu(l))} is dense, but not closed, in C(R).

4. ¢ : R— (I}, bw) is semiproper and

A, ={fop: f €Cul)=CR).
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Proof. 1. Let (en)ncz be the standard basis of /;. Note that given ¢, € R and
ng € Z with ny = ty < ng + 1 then for each r € (¢p — 1,19 + 1) we have that

no+2

p0)= > hit—ne,.

n=np—1

Therefore ¢ is bounded and continuous. On the other side it is clear that ¢ is
one-to-one.

2. We denoted by B and B** the closed unit balls of /; and /}* respectively.
For each n € Z, since e, € B C B** we have that

n=¢ (e, € ¢ '(B)
and also
nep '(B*™);

hence ¢! (B) and $~!(B**) are not bounded.

3. This follows from (2.2.(2)) and (2.2.(5)).

4. First we are going to see that p(R) is closed in (/;, bw) and ¢ : R — p(R)
is a homeomorphism. Since for each compact subset K C R we have that

elk : K — oK)

is a homeomorphism, it is sufficient to show that if (¢4), € R is a net such that
(¢(ta))a is convergent in (I}, bw), then there exists some o such that {z, : a 2
ap} is bounded. And indeed, if we suppose otherwise we have a net (f,)o C R
and x = (x,)nez € [; with (¢(t4)), being weakly convergent to x, but such that
for each n € Z and each « there exists o 2 a for which

h(ty —n) =0.
Since (h(t, — n)), is convergent to x, for each n € Z, we have that x = 0. But
if for each o we choose m, € Z such that

1
|ta—~mal = E

and we define £ = (§,)nez € loo(Z) by:

¢, = {O; if n # my, for every a
" 1; if n = m, for some «
we have that

(x7 ‘P(tar)) 2 h(ty — mgy) 2 ,1_’

[\
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for each «; this is a contradiction. Therefore, we have that

P R— (117bw)

is semiproper; and since (/;,bw) is normal (see 4.1), we have by (1.13) that

4, = C(X).
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