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COMPOSITION OPERATORS ON
WEIGHTED BERGMAN-ORLICZ SPACES

Ajay K. SHARMA AND S.D. SHARMA

In this paper, composition operators acting on Bergman-Orlicz spaces

AZ = {f € HD): Nfllag = /I;‘I’(log‘f(z)l)d"a(l) < OO}

are studied, where ¥ is a non-constant, non-decreasing convex function defined on
{(—o0, 00) which satisfies the growth condition tl_lglo ¥(t)/t = oo. In fact, under a mild
condition on ¥, we show that every holomorphic-self map ¢ of D induces a bounded
composition operator on AY and C,, is compact on AY if and only if it is compact on
AZ.

1. INTRODUCTION

Let D be the open unit disk in the complex plane C and ¢ be a holomorphic self-map
of D. Then the equation C,f = foyp, for f analytic in D defines a composition operator
C, with inducing map ¢. Amongst the nice composition operators on these spaces are
the compact composition operators. Much of the study of compact composition operators
on the spaces of analytic functions is motivated by the desire to relate the compactness
of C, with the geometric properties of ¢. Commendable work in this direction was done
by Schwartz 5], Shapiro and Taylor [7], MacCluer and Shapiro [4] and Shapiro [8)]. The
study of compact composition operators on H? was initiated by Schwartz (5] in his thesis
in 1969. Thereafter mathematicians developed elegent techniques to study composition
operators on different spaces of analytic functions. MacCluer and Shapiro [4] showed
that C, is not compact whenever @ has an angular derivative at some point of the unit
circle. Non-existence of the angular derivative condition is not a sufficient condition
for compactness of C, on Hardy spaces H? in general. However, the angular derivative
condition does characterise the compactness of C, on H? if the inducing map is univalent.
MacCluer developed a relationship between compact composition operators on H” spaces
of the unit ball of C* for n > 1 and special class of measures on the unit disk known
as Carleson measures. A connection between Carleson measure conditions for the pull-
back measures and composition operators on A% played an important role in the proof
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of MacCluer and Shapiro [4] in which they showed that the non-existence of the angular
derivative condition is a necessary as well as a sufficient condition for compactness of C,,
on AP. In 1987, Shapiro [8] was able to discover the connection between the essential
norm of a composition operator on the Hardy space H? and the Nevanlinna counting
function for ¢, and obtained the general expression

2 _ Ny(w)
ICelle =RimoiP fog 1/1ui
where by the essential norm of C,, we mean its distance, in the operator norm, from the
space of compact operators on H?. In particular, he proved that C, is compact on H?
if and only if N,(w) = o(log1/|w|) as |w| — 1, thus providing a complete function
theoretic characterisation of compact composition operators in terms of the inducing
map’s Nevanlinna counting function IV,. Another solution to the compactness problem
can be given by means of the positive measures A, that are defined on the unit circle D
by the Poisson representation

a+p(z
a—g(z

RS~ [ Pa.0d(0)

for each o € D). These measures are often called the Aleksandrov measures of ¢. In (2],
Cima and Matheson showed that the essential norm of C, on H? can also be expressed
as

IColl2 = sup [loall,
a€dD

where o, is the singular part of ),. In particular, it follows that C, is compact on the
Hardy space H? if and only if all the measures )\, are absolutely continuous. We are
inspired by the following results.

1. If C, is compact on one of the Hardy space H? for some p(0 < p < oc), then it
is compact on all of the Hardy spaces H? (0 < p < co) ([7]).

2. A holomorphic composition operator is compact on L if and only if it is compact
on H? ([6]).

3. For an arbitrary ¢ the compactness of C, on Hardy spaces H? is quite different
from the compactness of C, on weighted Bergman spaces A%. MacCluer and Shapiro [4]
gave a nice example of a holomorphic self-map of D which induces a compact composition
operator on weighted Bergman space but does not induce a compact composition operator
on the Hardy spaces. As a matter of fact they established the existence of an inner
function ¢ (holomorphic function on D with modulus £ 1 everywhere on D and radial
limit of modulus 1 at almost every point of D) such that C, is compact on A% for all
0 < p < 00 and a > —1. However, it is well known that no inner function can induce
a compact composition operator on any of HP spaces. In fact, they cited the following
example;
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Let
_ z+¢
¢(2) = exp /aD p Cdu(c),

where p is a Borel measure on 0D that is singular with respect to linear Lebesgue measure

and du()
S) _
./an I€ — wl? -

at every w € 0. Then g is a singular inner function which induces a compact composi-
tion operator on AP but not on the Hardy space H?.

Our goal in this paper is to characterise those holomorphic self-maps ¢ of D that
induce bounded and compact composition operators on the weighted Bergman-Orlicz
spaces AY. We shall show that like Hardy spaces and weighted Bergman spaces, every
holomorphic self-map ¢ of D induces a bounded composition operator on the weighted
Bergman-Orlicz spaces AY and that C, is compact on the Bergman-Orlicz spaces AY if
and only if it is compact on any of the weighted Bergman spaces A2(0 < p < 00).

2. PRELIMINARIES

In this section we review the basic concepts and collect some essential facts that
will be needed throughout the paper. Let H(D) denote the space of all holomorphic
functions in the unit disk D of the complex plane C and dA(z) = (1/7) dz dy, z = z + iy,
the normalised Lebesgue measure on D. Let o € (—1, 00) be a real number and v, be the
probabilistic measure on I given by dva(z) = (a + 1)(1 — |2]2)°dA(2). For 0 < p < o0
the weighted Bergman space A? is defined as

= {1 e D) Il = ([ If(Z)l”dva(Z))l/p <o},

Note that || f|| 4z is a true norm only if 1 < p < 0co. When 0 < p < 1, A? is a an F-space
with respect to the translation invariant metric defined by d3(f,g) = ||f — gll4z. The
growth of functions in the Bergman space is essential in our study. The following sharp
estimate tells us how fast an arbitrary function from A% grow near the boundary.

Let f € AP. Then for every z in D, we have

1] 4z
Vel =it

with equality if and only if f is a constant multiple of the function

1- |a|2 )2+a/p

ko(2) = (m

It can be easily shown that ||k,|l42 =~ 1 with constant depending only on « and p ([8,
p- 400]). Let ¥ be a non-constant, non-decreasing convex function defined on (—o0, 00)
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which satisfy the growth condition tlim ¥(t)/t = oo. The weighted Bergmah—Orlicz space
—00
AY is defined by

A% = {1 € HO): Ifllag = [ (gl 762} )va(e) < o0},

The Hardy-Orlicz space HY is as usual defined by

Y = {7 € HD): e = sup [ ¥(log|s(re®))ao(6)},

aD

where ¢ is the normalised Lebesgue measure on the unit circle 9D. It is clear that
HY c AY for every ¥ and for every a > —1. In particular, if ¥(t) = exp(pt), 0 < p < 0o
then AY is the usual weighted Bergman space A%, 0 < p < oo with parameter o whereas
HY is the usual Hardy space H?, 0 < p < co. Throughout this paper we also assume
that ¥ also satisfies the following property:

¥(2t) < CU(t)for allt > 0.

We next define generalised Bergman spaces.
Let w be a real-valued function, defined on [0, 00). If w satisfies the following condi-
tions.
(i) w(z+y) <w(z)+w(y), forallz,y € [0,00);

(ii) w is continuous at zero, from the right;

(iii) w(z)=0if and only if z = 0;
we say that w is a modulus function. Some examples of modulus function are z?, 0
< p £ 1 and log(1 + z). In fact, if w is a modulus function, then so is w/(1 + w). Let w
be a modulus function. The generalised weighted Bergman space A¥ is defined to be the
collection of all analytic functions f on D for which

1 fllag = /D w(|£()])dva(2) < oo.

The spaces A is not necessarily complete. However, if w(l f |) is subharmonic in D for
every f € H(D), then A% becomes an F-space. In view of Hasumi and Kataoka (3,
Lemma 5.1], the above condition on w is equivalent the following, ‘w(e’) is a convex
function’. Throughout this paper we shall assume that our modulus function also satisfy
the following properties.
(i) w(|f]) is a subharmonic function for every f € H(D)
(ii) w is strictly increasing;
(i) w(zy) < w(z) + w(y) for all z,y € [0,00);
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2.1 a-CARLESON MEASURE. For ( € dD and 0 < 6 < 2, let
S(6,¢) = {ze D:|z— (| <5}.

A positive Borel measure p on D is called a-Carleson measure if

JLCICXS))

sup sup ——=>X < o0,
§>0 ccop  0%+?

and it will be called a vanishing Carleson measure if

BS6.Q0) _,

lim sup jat2

60 )

We use the sets S(4,() as the Carleson sets along with a more convenient choice of
pseudohyperbolic disks. We now incorporate a few lines from Axler’s paper [1]. For any
fixed a € D, let 7, be the function defined by

a—=z

7a(2) = 1-az

for z € D. The function 7, is an automorphism of D. For a and z in D, the pseudo-
hyperbolic distance d between a and z is defined by

d(a, 2) = |ra(2)|-

For 0 < r < 1 and a € D, denote by D(a,r), the disk whose pseudohyperbolic centre is
a and whose pseudohyperbolic radius is r:

Dla,r) = {z €ED:da,z2) < r}.

Since 7, is a linear fractional tansformation, the pseudohyperbolic disk D{a,r) is also a
Euclidean disk. The Euclidean centre and Euclidean radius of D(a,r) are

1-r? and 1—|a|2r
—— -
1 - r2al? 1 - r2|a|?

respectively. The notation |D(a, r)| 4 Will denote the area of D(a,r). Forfixed 0<r <1
the area of D(a,r) has the estimation:

(2.1) |D(a, )|, ~ (1 - la|?)® ~ (1- |z|2)2 ~ |D(z,7)|,,

for z € D(a,r), where ~ means that the two quantities are bounded above and below by
the constants independent of a. For fixed 0 < 7 < 1, it is also known that for z € D(a, ),

(2.2) |1 - az| = (1 - |af?).
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Also for each D(a,r), there is a ( € D so that D(a,r) C S(6,¢) for 6 = 1 — |a| and for
fixed ,0<r<1

(a+1) /D B ~ (1 lal?)™*2.

The following Lemma was proved by Axler in [1].

LEMMA 2.2. Let 0 < 7 < 1. Then there is a sequence {a,} in D and a posi-
tive integer M such that U2 ,D(an,7) = D and each z € D is in at most M of the
pseudohyperbolic disks

(o0 147).D(on 147) (o 157 .

2.3. ANGULAR DERIVATIVE. ([9, p. 56]) We say that ¢ has a finite angular derivative
at a point ¢ € D if there is a point w € dD such that the difference quotient

plz) -w
z-¢
has a finite limit, as z tends non-tangentially to (.

The connection between composition operators and angular derivative is made by
the following classical theorem.

2.4. JULIA-CARATHEODORY THEOREM. (|9, p. 57]).) For ¢ € D, the following are
equivalent:
(1) ¢ has an angular derivative at (.
(2)  has a non-tangential limit of modulus 1 at ¢, and the complex derivative
¢’ has a finite limit at ¢. In this case, the limit of ¢’ is ¢'(().
(3) 11;;1_3?f(1 - |<p(z)|)/(1 —l2]) =d < oo.
(For more information on the Julia-Caratheodory Theorem and its connection with
composition operators see [4, Section 3], or [9, Chapter 4].)
The next criteria of compactness of C,, is due to MacCluer and Shapiro {4] and is
useful in the main result of this paper.
THEOREM 2.5. Let ¢ be a holomorphic self-map of D. Then the following condi-
tions are equivalent:
(1) C, is compact on A2.
(2) « has an angular derivative at no point on the boundary 0D of D.
(3) The pull back measure v, o ¢! is a vanishing Carleson measure on D.

LEMMA 2.6. Forafixedr ,0 < r < 1, there exists a positive constant C depending
upon r such that

¥ (toglw)]) < T—roms /. (gl et
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for f analytic in D, and z € D.
PROOF: Since D(0, r) is a Buclidean disk with centre 0 and radius r and ¥ (log| f(z) |)
is subharmonic for all analytic f, we have

¥ (1ogl£(0)]) < m /D ., ¥{logls(2)])aace

1
<7 foon \Il(log| f(z)l)dA(z).

Replacing f by f o1, and changing variable, we obtain

1 — |z|?)?
\Il(log|f(w)|) < T—D—(w—lﬂm/D(w,r)\P(log|f(z)|)(l_l__MdA(z).

Zwl|4

Since 0 < r < 1, (2.1) and (2.2) imply that there is a constant C > 0, depending upon r,
such that o

¥ (108l £ (w)l) < oy /. o ¥{losls2))wete)

The following lemma asserts that sequences that are norm bounded in AY are uniformly
bounded on compact subsets of D. In other words, for 0 < r < 1 there has to be a
uniform bound for all point-evaluations corresponding to points in rD. 0

LEMMA 2.7. Forz €D,
—1f Clfllag
1 a
|£(2)] < exp (¥ ((1 - |z|2)a+2))
for all f € AY.

Proof is an easy consequence of Lemma 2.6.

3. BOUNDEDNESS OF C, ON AY

In this section we show that every holomorphic self-map ¢ of D induces a bounded
composition operator on Bergman-Orlicz spaces AY.
We need the following lemma.

LEMMA 3.1. Ifpu is an a-Carleson measure on D, then there is a constant C such
that

[ ¥(tos(17 @) dutw) < € [ ¥ (1og(1w)]))dvalw)

for any f € AY.
PROOF: Fix 0 < r < 1. Pick a sequence {a,} in D satisfying the conditions of the
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Lemma 2.2. For f € AY, we have

[ w(tog(lw)))du(w)
D
Z / ey ¥ (loe(17@)D) ) dusew)

< Z“(D an, 7)) sup{\ll(log(lf(w)l)) : w € D(ap, r)}

n=1

1 A(D(an, 7))
s¢ VQ(D(a,., ) /D(,," sy (108(] £ (w)]) ) dva(w)

oo

1 w(S(A ~ laq),€))
scce Z (1 Z [a [)e+2 /D(a,.,(1+r)/2)\Il(k)g(l»f(w)l))dy"(w)

=1
< C'C"C’"E /

gCM/\I/ log |f(w)|))dua(w), where C = C'C"C".
D

¥ (log(|f (w)]) ) dva(w)

D(an,(1+r)/2)

The following theorem provides a necessary and sufficient condition for boundedness of
C,: AY - AY in terms of Carleson measure condition for the pull-back measure v, 0!
on D. 0

THEOREM 3.2. For a holomorphic self-map ¢ of D, C, : AY — AY is bounded if
and only if the pull-back measure pi,q = Vo 0@~} is an a-Carleson measure on D.

Proor: Suppose C, is bounded. We need to verify that the pull-back measure
Kpa = Vo © ¢ ! is a a-Carleson measure on D. Assume 0 < § < 1 and ¢ € OD. Let

a = (1 — §)¢ and consider the function

(1 - |a|2)a+2
(,1 —_ a‘eiﬂl2)2(a+2) .

ga(eiO) -

Then g, is non-negative and g, € L'(do). Let K(e) = (¥)~'(ga(e?)). Then K is well
defined, for ¥ is strictly increasing in the range of g,. Since ¥ is convex, ¥~! is concave
and so there is a constant C' > 0 such that ¥~!(z) < Cz for sufficiently large z. Thus
K € L'(do). We set

2

(3.1) h(z) = exp{ A H(z, e“)K(e“)da(t)},

where H(z,e") denotes the Herglotz kernel for D; namely, H(z, e*) = (e** + 2)/(e" - z),
z € D. Then

\Il(log|h(e‘9)]) = \Il(log(exp(\Il‘lga((e‘”))))) = g.(e*®) € L}(do).
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This means that h € HY and so also in AY.
lhll ag = / ‘P(10g|h(z)|)dua(z)
D
= [ #{los(exp (k) ) ao(c)
D

(1~ Jap
= D ll — az|2(a+2)

~ 1.

dve(2)

Since C,, is bounded, there is a constant C such that
ICohllay < Cllhllag < C.
That is
¢ > [ ¥(iogl(ho )2} da(2)
D
= / \Il(logl(h(z)l)duacp"l(z)
D
> /D\Il(log(exp(K(z))))duacp‘l(z)

> /D (K (2))dvap™(2)

(1 — |a]?)t=+?)
= Jo |1 = e tp.a(2).

On the other hand
— |g|2){a+2) — (112)(a+2)
0=l | (A= laP)erny

1—a@z[oet?) 7 T\(1 - gz)Ae+?)
I I ( )
_ (Lol 1~ afyess
T (1-a))XetD T\ — Gz
— 1gl2)(a+2) 1 = 20)\ ~2(a+2)
Il Z(m)%(u lal( ZO) ,(C _ i)
(1 —lal) (1 —lal) |al
(L= Jaf)*? 1
(1 _ ,a|)2(a+2) 2a+2
1

>
= (25)a+2

if (|1 - 2¢|)/(1 — |a]) < 7o for some fixed vy > 0; that is, if z € S(70,(). Hence for all
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¢ € D and 0 < § < 1, we have
(1= laf)=+?
C2 Amdﬂw'Q(Z)

1
> (2
/sms.o (20)+277% @)

P (25;-_a+2”¢'a (5(705, C)) )

that is, Yo }(S(7100,¢)) < C**? and hence vap~! is an a-Carleson measure on D.
Conversely, suppose v,0¢~" is an a-Carleson measure. Then by Lemma 3.1, we have for

fe Ay
I1Cellag = [ % (1o8((£ o 9)w))) dra(w)
= [ % (108 w))) dtnalw)
D
<C [ w(logl(w)])dva(w)
= C|fllag-
This completes the proof. 0

REMARK. In [4, Theorem 4.3] MacCluer and Shapiro assert that C, is bounded on A?,
if and only if p,o = v4 0 ¢~! is an a-Carleson measure on . Thus by Theorem 3.1
above C, is bounded on A} if and only if it is bounded on A2. But by (4, Theorem
3.4] of MacCluer and Shapiro, every holomorphic self-map ¢ of D induces a bounded
composition operator on A? for all 0 < p < co and & > —1. Hence every holomorphic
self-map ¢ of D induces a bounded composition operator on AY also.

4. COMPACTNESS OF C, ON AY

The following lemma characterises the compactness of C, on AY in terms of sequen-
tial convergence. It can be proved on similar lines as in [6, Proposition 3.11]. So we omit
the details.

LEMMA 4.1. Let ¢ be holomorphic self-map of D. Then C, is compact on A¥
if and only if for every sequence {f,} which is norm bounded and converges to zero
uniformly on compact subsets of D, we have | f, o ¢|| 43 — 0.

We now characterise compact composition operators on AY.

THEOREM 4.2. Let ¢ be a holomorphic self-map of D. Then the following are
equivalent:

(1) C, is compact on AY.

(2) The pull-back measure p, o = Vo0p~tis a vanishing Carleson measure on D.
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(3) C, is compact on AZ.
(4) ¢ has an angular derivative at no point on the boundary 0D of D.

PROOF: In view of Theorem 2.5, we need only to show that (1) = (2) and (4) = (1)
To prove (1) = (2), let us suppose that C,, is compact. Assume 0 < § < 1/2 and ¢ € 9D.
Let a = (1 — §)¢. Consider the family of functions

o {1~ lal)
“i=a)

where h is the same function as in Theorem 3.2. Then
allag = [ ¥ (10g|fa(a)]) a2
D
< / \Il(log(2|ha(z)|))dua(z)
D

=/D\Il(log2+log(exp(K(z)|))dVa(z)

(1 — |a|2)(a+2)
D |1 _ azl2(a+2)

fo(2) =

h(2),

¥(2log2) + = C dv.(z)

U(2log2) + = C'

wl»—-‘ er—t

Clearly f, — 0 uniformly on compact subsets of D as |a| — 1. Again, as in the proof
of Theorem 3.2, there exist v > 0 such that if z € S(v4, ¢), then
(1 _ Ia|2)(a+2) 1
1 —?iz|2(°‘+2) = (25)a+2'

Hence for z € S(74,¢),

\Il(loglfa(z)|) = \Il(log2§ |al;h( ))

log( exp(K(z))))

(
> (log(exp o ((-zg)laﬁ)))

_ 1
- (26)e+2

Therefore, we have for any ( € 0D and 0 < § < 1/2

> U

(2_5;:_4-2“”"’ (S(16,¢)) < / \Il(loglfa(z)|)d#w,a(z)

S(706,€)

< [ w(logl(f0 0)(a)])avatz
= Cyfullag-
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But compactness of C,, forces ||Cy fa||s¢ to tend to zero as § — 0, which implies that

. 1
¢lsl_l'ftl) Wgﬂ%a (5(706: C)) =0

uniformly in ¢ € 8D. Hence p, o = Ve 0 ¢~} is a vanishing Carleson measure on D.
(4) = (1) Suppose that v4p~! is a vanishing Carleson measure on ). Then

#w,a(s('ﬁ)‘sa C)

jat? — 0 uniformly in ( as § — 0

that is
oa(D(w, 1))
(1 = |w|)o+?

Fix any r > 0 and a sequence {w,} as in Lemma 2.2. Since |w,| = 1 as n — oo,

Koa(D(Wn,y 1))
2 (1 = [un])o?

Thus, for every € > 0, we can find a positive integer Ny such that

/‘tp,a(D(wm 7'))
(1= |wn|)e+?

Fix a sequence {fn,} that is bounded by a finite constant M in AY and converges to
zere uniformly on compact subsets of D. By Lemma 4.1, it is enough to show that
fm © @llag — 0. Now

Cotrmllaz = | (108(1(/m 0 £)(2))) va(c)
"ZI‘/D( o, IOg I(f"' z) I))dl‘w,a(z)
= z‘;/u(w.. , (log (fm(z))|))dp¢,a(z)
+ Z /

n=Np D(wn,r)

— 0 uniformly in w as |w| — 1.
=0

<e, n 2 Np.

¥ (1og(| (fm(2)]) ) dita(2)

Again as in the proof of the Lemma 3.1, there is a constant C > 0 such that

) R G |(fm(2)|))duw, )

n=No

Hap "\ Wn, T D(wy, 7
<oy s Dl [ (o)) dirale)

n=Np

£eC ‘I’(log(lfm(z)'))d/l'w,n(z)

D(wn,(147)/2)

= eCM/D ¥ (10g(| fm(2)]) )t
=eCMNP
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for all m > 1. Since {f,} converges to zero on each compact subset of I, we have

No
T O (log(|f.n dptalz) = 0.
i s

Since € > 0 was arbitrary, we see that ||C,fm||l4y = 0. Hence C,, is compact.

We are now going to see that our result also holds for generalised Bergman spaces
A“. Recently, Stevic in [10] have studied composition operators on generalised Bergman
spaces. He proved that like other spaces of analytic functions of the open unit disk, every
analytic self-map of D induces a bounded composition operator. He also provided several
necessary and suflicient conditions for C, to be compact. 0

The following lemma characterises the compactness of C, on A% in terms of sequen-
tial convergence (see [10]).

THEOREM 4.3. Let ¢ be holomorphic self-map of D. Then C, is compact on
AY if and only if for every sequence {f,} which is norm bounded and converges to zero
uniformly on compact subsets of D, we have || f, o ¢|| 44 — 0.

We now characterise compact composition operators on AY.

THEOREM 4.4. Let ¢ be a holomorphic self-map of D. Then the following are
equivalent:

(1) C, is compact on AY.

(2) The pull back measure v, 0 ¢~tis a vanishing Carleson measure on D.
(3) C, is compact on A2.
(4) o has angular derivative at no point on the boundary 9D of D.

PROOF: In view of Theorem 2.5, we need only to show that (1) = (2) and (4) = (1)
To prove (1) = (2), suppose that C, is compact. Assume 0 < § < 1/2 and ¢ € dD. Let
a = (1 — 8)¢, and consider the function

oy _ (L= laf?)>+?
9a(€¥) = (|1 — @e®|?)2a+2)”

Then g, is non-negative and g, € L!(do). Let K(z) = w(e®). By Hasumi and Kataoka in
[3, Lemma 5.1], K is convex. Let Q(e%) = (K)~!(go(€*)). Then  is well defined, for K
is strictly increasing in the range of g,. Since K is convex, K~! is concave and so there
is a constant C > 0 such that K~}(z) < Cz for sufficiently large z. Thus Q € L'(do).

We set on
h(z) = exp { H(z, e“)Q(e“)do(t)},
0
where H(z, €") denotes the Herglotz kernel for D; namely, H(z, e'*) = (et + z) /(" — 2),
z € D. Then

w(|h(e“’)|) = w(exp(ﬂ(e“’))) = g4(€”®) € L(do).
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This means that h € H¥ and so also in A¥. Consider the family of functions

o1~ Ial)

Then

llag = [ w(|fa(2)) a2
=Aw@hJ” )t
(

w(2exp( )dua( )

5\

<w(@)+ / (exp(0(2) ) dval2)

D

(1 — |a|2)(0+2)
Sw(2)+ /n Il_azwd"a(z)
Sw(2)+1.
Clearly f, — 0 uniformly on compact subsets of D as |a| — 1. Again, as in the proof
of Theorem 3.2, there exist 7, > 0 such that if z € S(4é, (), then

(1 _ |a|2)(°+2) 1
[1 — @z[2(e+2) = (26)&-&»2'

Hence for z € S(74, (),

0 (1og]a(2)]) = w(28 = 'C_;‘Z'; h(z))

>w ( (exp(€(z)) )

)

= @5
Therefore, we have for any ( € 8D and 0 < d < 1

1
—V, -1 S 06’ < w alZ dua -1 z
e (508.0) < [ w((f)]) vy

Lot oo@)]) ()
= Cy allas.

But compactness of C,, forces ||Cy, fall a4 to tend to zero as § — 0, which implies that

. 1 -1 -
<l$l—r>r(1) WVMP (S('YO(S, C)) =0

N

uniformly in ¢ € 8D. Hence v~ is a vanishing Carleson measure on . The proof of
(4) = (1) is similar to the proof of (4) = (1) of Theorem 4.2. So we omit the details. [
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