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NON-REGULARITY IN HOLDER AND SOBOLEV
SPACES OF SOLUTIONS TO THE SEMILINEAR HEAT
AND SCHRODINGER EQUATIONS

THIERRY CAZENAVE, FLAVIO DICKSTEIN
AND FRED B. WEISSLER

Abstract. In this paper, we study the Cauchy problem for the semilinear
heat and Schrédinger equations, with the nonlinear term f(u) = A|u|*u. We
show that low regularity of f (i.e., @ >0 but small) limits the regularity of
any possible solution for a certain class of smooth initial data. We employ two
different methods, which yield two different types of results. On the one hand,
we consider the semilinear equation as a perturbation of the ODE w; = f(w).
This yields, in particular, an optimal regularity result for the semilinear heat
equation in Holder spaces. In addition, this approach yields ill-posedness results
for the nonlinear Schrédinger equation in certain H®-spaces, which depend on
the smallness of « rather than the scaling properties of the equation. Our
second method is to consider the semilinear equation as a perturbation of the
linear equation via Duhamel’s formula. This yields, in particular, that if « is
sufficiently small and N is sufficiently large, then the nonlinear heat equation
is ill-posed in H*(R™) for all s > 0.

81. Introduction

This paper is concerned with regularity of solutions of two well known and
well studied semilinear evolution equations, the semilinear heat equation,

up = Au + Au|*u,
U(O’ ) = uO(')?

and the semilinear Schrédinger equation,

(1.1)

tup = Au + Nu|*u,

(12) u(0,) = un ("),
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in RV, where o >0 and A € C, X\ # 0. More precisely, we allow the initial
value ug to be infinitely smooth, and we study the loss of regularity due to
the nonlinear term. Therefore, we are particularly interested in small values
of a>0. Let f(u) = |u|*u, with 0 < a < 1. As a point function f is C! but
not C2. Formally, this might be considered to be an obstacle to the regularity
of solutions of (1.1) and (1.2). Indeed, in order to prove the regularity of
the solutions of (1.1) and (1.2) (for instance, by a fixed-point argument),
one uses the regularity of the nonlinear term. However, the relationship
between the regularity of f and the regularity of the solution is not a simple
one. To see this, suppose that u is C?(R™, C), u(zg) =0 and Vu(zg) #0
for some g € R, then f(u) ¢ C?(RY,C). In particular, if u is a solution
of, for example, (1.1), then also u; — Au ¢ C2(RY, C). On the other hand,
for any reasonable initial value, for example in Co(R"), the corresponding
solution of (1.1) will, in fact, be C? in space for ¢t > 0 by standard parabolic
regularity. Thus, the non-regularity of f(u) does not immediately imply the
non-regularity of u.

The question of regularity is strongly related to the question of well-
posedness. Recall that an evolution equation, such as (1.1) or (1.2), is locally
well-posed in a Banach space X if for every ug € X there exist T'> 0 and
a solution u € C([0, T], X) such that «(0) =0. In addition, the solution is
required to be unique in some sense, not always in C'([0, 7], X), and is also
required to depend continuously, again in some appropriate sense, on the
initial value ug. The key point for our purposes is that if X is a positive-
order Sobolev space, whose elements have a certain degree of regularity, the
resulting solution maintains this regularity.

Specifically, if we wish to use a standard perturbation argument to prove
that the Cauchy problem for either equation (1.1) or (1.2) is locally well-
posed in H*(RY) for some given s > 0, we are confronted with two different
requirements on «. On the one hand, we need that the nonlinear term be
controlled by the linear flow. This translates (formally) as the condition

4
0 < b N2)
(1.3) SaSyIgy <N
0<a<oo, s> N/2.

On the other hand, in order to carry out the perturbation argument in H?,
the nonlinear term must be sufficiently smooth. When « is not an even
integer, then a must be large enough so that f(u)= |u|*u is sufficiently
regular. In the case of the simplest perturbation argument requiring an
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estimate of |u|%u in H*(RY), this leads to the condition
(1.4) [s] < a.

(See, e.g., [20, 16] for the heat equation and [12, 13, 8, 11, 14, 17, 19, 22,
10] for the Schrédinger equation.)

Since the first condition (1.3) is related to scaling properties of the
equation (see [21, Section 3.1], and in particular the discussion on p. 118), it
can be considered as natural. In fact, in some cases it is known that if this
condition is not satisfied, then the problem is not well-posed in H* (]RN )
(see, e.g., [16, 9, 5, 6, 2]). On the other hand, (1.4) might appear as a
purely technical condition which one should be able to remove by a more
appropriate argument. Indeed, one can sometimes improve condition (1.4)
by using the fact that one time derivative is like two space derivatives, but
we are still left with the condition

(1.5) [s] < 2.

(See [13, 19, 22, 10].)

The purpose of this paper, as opposed to the above cited papers, is to
show that in certain cases “technical” restrictions such as (1.4) and (1.5) are
not purely technical, but impose genuine limitations on the regularity of the
solution. More precisely, we show that condition (1.3) is not always sufficient
to imply local well-posedness of (1.1) and (1.2) in H®. (See Remarks 1.3
and 1.6, and Theorem 1.10.) In fact, we prove under various circumstances
that there exist initial values ug € C2°(RY) for which (1.1) or (1.2) cannot
have a local solution with a certain degree of regularity. To the best of our
knowledge, there are no previous results of this type.

Our first result concerns the nonlinear heat equation (1.1), and is, in
fact, optimal. We recall that the Cauchy problem (1.1) is locally well-
posed in Co(RYN); that is, for any wuy € Co(RY), there exist a maximal
existence time Tyax >0 and a unique solution u € C([0, Tinax), Co(RY))
of (1.1). Let 0 < a < 1, let ug be smooth, and let u € C([0, Tinax), Co(RY))
be the resulting maximal solution of (1.1). It is known that, given any
0 < T < Tmax, Oru, VOuu, and all space derivatives of u of order up to 3
belong to C([0, T] x RY). Furthermore, the spatial derivatives of order 3
are a-Holder continuous; that is,

(1.6) sup |07 u(t)|a < oo,
0<t<T
|m|=3
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where |wl; is defined by

(1.7) ] 2 sup [42) — uly)] ”Ey”
THY ’.’L‘ - y|

for £>0 and w € C(RY) (see Theorem A.l in the Appendix for a precise
statement). The theorem below shows that the a-Hélder continuity cannot,
in general, be improved, in the sense that one cannot replace a by 8 > a.

THEOREM 1.1. Let 0<a <1, and let X€ C\ {0}. There exists an
indtial value ug € C°(RN) such that the corresponding mazximal solution
u € C([0, Timax), Co(RN)) of (1.1) is three times continuously differentiable
with respect to the space variable and

(1.8) / 10, Au(0) |5 = 400

foralla<B<1 and all 0 < s <t < Thax with t sufficiently small.

Theorem 1.1 has the immediate following corollary, by using Sobolev’s
embedding theorem (see (1.15)).

COROLLARY 1.2. Let O0<a<1. There exists an initial value
ug € CX(RN)  such that the corresponding mazimal solution wu €
C([0, Timax), Co(R™)) of (1.1) does not belong to L((0,T), HSP(RY))
ifs>3+%+oz, l<p<oo, and 0 <T < Tax-

REMARK 1.3. The initial value ug € C°(R”Y) can be chosen arbitrarily
small (in any space). See Remark 3.4. Corollary 1.2 therefore implies that
s<3+ % +a, 1 <p< oo is a necessary condition for (1.1) to be locally
well-posed in H*P(R"), even in an arbitrarily small ball.

REMARK 1.4. We should observe that formula (1.8) does not imply that
|0yAu(t)|s is infinite for any given value of 0 <t < Tiax. On the other
hand, it is stronger than saying that supyc,<r |0yAu(t)|g = oo. Similarly,
Corollary 1.2 does not guarantee that u(t) ¢ H*(R™) for any given value of
0 <t < Thax-

Before stating our next result, we make some comments on the proof of
Theorem 1.1. The key idea is to consider equation (1.1) as a perturbation
of the ordinary differential equation

(1.9) w = AMw|*w
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with the same initial condition w(0, -) = ug(-). As we shall see by a straight-
forward calculation (see Section 2), (1.9) produces a loss of spatial regularity.
For example, in dimension N = 1, if up(x) = = in a neighborhood of 0, then
the resulting solution w(t, z) of (1.9) will not be twice differentiable at = =0
for ¢t > 0. Moreover, for the perturbed equation

(1.10) we = ANw|*w + h

where h is sufficiently smooth, the same loss of regularity occurs (see
Theorem 2.1). Let now u be a solution of the nonlinear heat equation (1.1),
and set h = Au. It follows that w; = Au|*u + h. Thus, we see that for
appropriate ug, if h is sufficiently smooth, then u(t) is not C? in space for
small ¢ > 0. Since we know that u(t) is C? for ¢ > 0, this implies that h = Au
is not too regular. Applying the precise regularity statement of Theorem 2.1
gives the conclusion of Theorem 1.1.

It turns out that the same arguments can be used to prove ill-posedness
for the nonlinear Schrédinger equation (1.2). This yields the following
analogue of Corollary 1.2.

THEOREM 1.5. Let 0 <a <1, let A€ C\ {0}, and suppose that s >3 +
% + . There exists ug € C°(RYN) such that there is no T >0 for which
there exists a solution u € C([0, T], H*(RY)) of (1.2).

REMARK 1.6. Theorem 1.5 implies that s <3+ % + « is a necessary
condition for (1.2) to be locally well-posed in H*(RY), even in an arbitrarily
small ball (see Remark 3.4).

Theorem 1.5 turns out to be a specific case of an analogous result for the
complex Ginzburg—Landau equation (see Theorem 3.2 below).

As pointed out in Remark 1.4, Theorem 1.1 and Corollary 1.2 do not
guarantee the lack of spatial regularity of the solution u of (1.1) at any fixed
t > 0. The following theorem gives an example of loss of spatial regularity
for every t > 0.

THEOREM 1.7. Let 0<a <2, and let A€ C\{0}. There exists an
initial value ug € C(RN) such that the corresponding mazimal solution
u € C([0, Tmax), Co(RN)) of (1.1) satisfies u(t) € H*P(RN) for all suffi-
ciently small 0 <t < Thyax if 1 <p < oo ands>5—|—%.

REMARK 1.8. As observed for previous results, the initial value ug €
C>®(RYM) in Theorem 1.7 can be chosen arbitrarily small (in any space). See
Remark 4.3.
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Unlike the proof of Theorem 1.1, the proof of Theorem 1.7 treats the
nonlinear term |u|*u as a perturbation of the linear heat equation, via the
standard Duhamel formula. More precisely, for appropriate initial values we
show that the integral term

(1.11) I:/O eB9)8 u(s)[u(s) ds

can never be in H*P(RM) if s>5+ %. One key idea in the proof is
to express |u(t, 2, y)|*u(t, 2’  y) = C(2")y(t)|y|*y + w(t, 2, y), where 2’ €
RN=1 and y € R, with |w(t, 7', y)| < C|y|**2. This decomposition enables
us to explicitly compute ﬁgeEAI at y =0, which (if o <2) goes to oo as
e 1 0, uniformly for 2’ in a neighborhood of 0. This shows that Z cannot be
C® with respect to y, and the result then follows from the one-dimensional
Sobolev embedding theorem. We insist on this last point; since the proof is
based on a one-dimensional argument, the condition on s, p in the statement
of Theorem 1.7 is independent of the space dimension N.

On the other hand, in Corollary 1.2, the condition on s, p does depend
on the space dimension, since we deduce the result from Theorem 1.1 by
the N-dimensional Sobolev embedding theorem. This is perhaps only a
technical problem. Indeed, the proof of Theorem 1.1 is also based on a
one-dimensional argument. However, the structure of that proof, via an
argument by contradiction, does not seem to allow the application of the
one-dimensional Sobolev embedding theorem.

For our last result, we introduce a very weak notion of local well-posedness
for small data, which is weaker than the general notion described earlier
in the introduction. Recall that (1.1) is locally well-posed in Co(RY), and
Tmax(up) is the maximal existence time of the solution corresponding to the
initial value ug.

DEFINITION 1.9. Let s >0, let >0, and let A € C. We say that (1.1)
is locally well-posed for small data in H*(R") if there exist d, 7 > 0 such
that if ug € C(RY) and |jug||gs <J, then the corresponding solution
u € C([0, Tinax), Co(RY)) of (1.1) satisfies Tinax(ug) =T and u(t) € H¥(RY)
forall 0 <t <T.

THEOREM 1.10. Let 0 <a <2, and let A € R with A > 0. If
4
(1.12) N>11+ -,
@

then for every s >0, the Cauchy problem (1.1) is not locally well-posed for
small data in H*(RY).
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The rest of the paper is organized as follows. We recall below the defini-
tions of the various function spaces we use, and certain of their properties.
In Section 2, we study regularity of solutions to the ordinary differential
equation (1.9), and to the perturbed equation (1.10). In particular, we
show (Theorem 2.1) that if h is sufficiently smooth, then (1.9) produces
a singularity for a certain class of smooth data. In Section 3, we apply
this result to prove Theorems 1.1 and 1.5, as well as a similar result for a
complex Ginzburg-Landau equation (Theorem 3.2). In Section 4, we prove
Theorems 1.7 and 1.10.

We make one final remark about our results. Throughout this paper, we
consider small values of «, either 0 <a <1 or 0 <a < 2. It is likely that
analogous results can be proved for larger values of «.

Notation and function spaces. Throughout this paper, we consider function
spaces of complex-valued functions.

LP(RN), for 1 < p < oo, is the usual Lebesgue space, with norm || - ||z».
We denote by Co(RY) the space of continuous functions on RY that vanish
at infinity, equipped with the sup norm. H5P(R) and H*(RV) = H*?(RV),
for s > 0and 1 < p < 0o, are the usual Sobolev spaces, and the corresponding
norms are denoted by || - || gs and || - || gs». In particular,

(1.13) lallzzee = IF 7ML+ 16172 | 1

and ||ul|gsr & 3 <, [[0%ul|Lr if s is an integer (see, e.g., [4, Theorem 6.2.3]).
In the proof of Theorem 1.7, we use the property that if u=u(x, z2)
with 1 € R™, 29 € R, and if 1 < p < oo and s > 0, then

(1.14) lellze, @m mrer@y,)) < Clle] gop@men).

Inequality (1.14) with C' =1 is immediate when s is an integer. (The left-
hand side has fewer terms than the right-hand side.) The general case
follows by complex interpolation. Indeed, suppose that s is not an integer,
fix two integers 0 < sp<s<s; and let 0 <6 <1 be defined by s=(1—
0)so + 0s1. It follows that H*P(R™") = (H*OP(R™"), HWP(R™™))iy
and H*P(R"™) = (H*P(R"), H**P(R™))(g (see [4, Theorem 6.4.5]). This last
property implies that

LP(R™, H*P(R")) = (LP(R™, H*P(R™)), LP(R™, H*"P(R")))g

(see [4, Theorem 5.1.2]). Estimate (1.14) now follows by complex interpola-
tion between the estimates for s = sy and s = s;.
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We use Sobolev’s embedding into Holder spaces. Recall definition (1.7).
Given any j € N and 0 < £ < 1, the Holder space C7(R¥N) is the space of
functions u whose derivatives of order < j are all bounded and uniformly
continuous, and such that |07ul; < co for all multi-indices v with || = j.
CH(RN) is a Banach space when equipped with the norm |juyj.cc +
ZM:J- |07ul, (see, e.g., [1, Definition 1.29, p. 10]). Given j €N, 0 < /¢ <1
and s € ({+ 7,0+ j+ N), It follows that

(1.15) H?)(RN) 5 CH4(RN)

where p(s) = % € (1, 00). Indeed, we may assume j =0, as the general
oL
it follows from [4, Theorem 6.5.1, p. 153] that H*P()(RN) — HLPO(RN).
The result now follows from the embedding H'PM(RN) < COLRN)
(see [1, Theorem 4.12 Part II, p. 85]). Let now ¢ < s <1, and note that
HoPE)(RN) BiFe) (RN) (see [4, Theorem 6.2.4, p. 142]). Setting m =1,

we have m — 1 < 1% < s <m, and the result follows from the embedding

BEPO(RN) < CO4RN) (see [1, Theorem 7.37, p. 233]).

We denote by (e'®);>o the heat semigroup on RY and we recall that
et® is a contraction on LP(RYN) for all 1< p < oo. Using (1.13), it follows
immediately that (e/®);> is also a contraction semigroup on H*P(RY) for
all s>0and 1 <p< 0.

case follows by iteration. Suppose first s > 1. Since s — 1% ={=1-

§2. Spatial singularities and ordinary differential equations

In this section, we study how a certain class of ODEs lead to loss of
regularity. More precisely, we consider equations (1.9) and (1.10), which
are ODEs with respect to time, as acting on functions depending on a
space variable |z|<1. In particular, the initial value w(0,-) =wp(-) is
a function wg:[—1,1] - C. We wish to study the spatial regularity of
w(t,-) as compared with the spatial regularity of wg. This is a different
phenomenon from finite-time blowup. For example, consider the ODE initial
value problem

(2.1) {Wt = Aw|*w,

w(0,z) ==,

with A€ C, A # 0 and |z| < 1. If RA # 0, then the solution of (2.1) is given

by
X

(1 — at|x|*RN)MaRA

w(t, x) =
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It follows that
wa(t, ) = (1 + iat|z|"SN) (1 — at|z|*Rx)~(AraRr/afy)

Wiy (T, ) = at'ﬂﬁ — at]z|ORA)~A+20RV )
X (A4 aRX +ia(RA) (1 + At|z|Y)],

for  # 0, as long as these formulas make sense. If A = 0, then the solution
of (2.1) is given by

w(t, x) = exp(it|z|*I\)wo(x),
and so
wy(t, 2) = (1 4 ict|z|*IN) eI,
Wag(t, @) = 1at(SA) (1 +a + iat\x|0‘%)\)mw|aeitlwam’

for t > 0 and z # 0. In both cases, w(t) is C' in [~1, 1] as long as it exists.
However, if o < 1, we see that w(t) fails to be twice differentiable at x =0,
for t > 0.

Somewhat surprisingly, it turns out that this loss of spatial regularity also
occurs for regular perturbations of (2.1), as the following theorem shows.

THEOREM 2.1. Let 0<a<1, let ANe C\ {0}, let T >0, let wp€
C%([-1,1],C), and let h € C([0, T| x [-1,1],C), such that d,h € C([0, T x
[—1, 1], C). Suppose further that wy(0) =0 and h(t,0) =0 for 0 <t <T. By
possibly assuming that T’ > 0 is smaller, it follows that there exists a solution
w € CY([0,T)] x [~1,1],C) of the equation

w(0,y) =wo(y), —-1<y<l
If wi(0) #0 and
T h(t — Oyh(t
23) / wp DD MEOL
0 0<|yl<l |y

for some 0 <7< T and 8> «, then
(2.4) lim inf 1200 ¥) = 9w (t, 0)
ly[40 |yl

for all sufficiently smallt > 0. In particular, w(t, -) is not twice differentiable
at y =0 for any sufficiently small 0 <t < T.

>0,
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Proof. The existence of the solution w is straightforward, and
(2.5) w(t,0)=0

for all 0 <t<T. For the rest of the proof, we consider for simplicity
0 <y < 1; the extension to —1 <y <0 will be clear. Set f(t,y) = 9dyh(t,y)
and v(t,y) = dyw(t,y), so that v, v, f € C([0,T] x [0, 1]). Differentiating
equation (2.2) with respect to y yields

2
(2.6) v :A%M%H%mw—?w?m f.

pointwise in [0, T'] x [0, 1]. Integrating (2.6) and setting

(2.7) 9= wl* 20T + f,
we obtain
t
(2.8) o(t, y) = A0l (y) + /0 ACD-AGY) g5 ) ds,

pointwise on [0, 7] x [0, 1], where

2 t
Gl / (o, y)|* do.
2 0

We note that A(t,0) =0 by (2.5), so that

(2.9) A(t,y) =\

t
(2.10) v(t, 0) = w((0) + / g(s,0) ds,

0
for all 0 <¢ < T. Given y > 0, it follows from (2.8) and (2.10) that

v(t,y) —v(t,0)
= AW [l (y) — wh(0)] + [eAEY) — 1w} (0)

t
[ (A g, 4) g5, 0]+ A~ 1g(5,0)) s
(2.11)

Observe that, by assumption, wy(0) =0 and

(2.12) 2wl (0) £ 0.
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Thus, for every e € (0, 1) there exists 0 < §(e) < min{7, ¢} such that
(2.13) lu(t,y) — 2| <e

in the region

(2.14) A ={(t,y) €0, T] x [0,1]; 0<t<d(e), 0<y<d(e)}.
Estimates (2.5) and (2.13) yield

(2.15) lw(t, y) — 2yl <ey

in A.. Next, we observe that by (2.9), the inequality | |21|* — |22|¥| < |21 —
29| and (2.15),

a—+2
2
o+ 2
2
a+ 2
2

Aty) = XG2S WSS [ (el el o

< |A|

t
/ w(o,y) — y2|® do
0

(2.16) < A

tey“

in A.. In particular, A is bounded. Since wy is C?, it follows that
(2.17) |9 [ (y) — wp(0)]] < Cy

in A.. Moreover,

(2.18) A0 — 1 — A(t, y)| < CIA(L ) < CEy™

in A, where we use (2.16) in the last inequality. It follows from (2.18)
and (2.16) that

o+ 2
2

(2.19) [ — 1w (0)] = |A| |2[(2]* — M)ty — Ct?y*e.

Next, using again the boundedness of A in A., we deduce from (2.3) that
t

(2:20) | / ACNACI[f (s, y) = f(s, 0)]| < Cy”
0

in A.. Using (2.16), we see that

(2.21) |eAt =AY | <1 4+ Cty?,
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for 0 <s <t and (t,y) € A.. Moreover, it follows from (2.13) and (2.15)

that
(2.22) [|w]*2w?s] < (|2] + &) y”
in A.. We deduce from (2.7), (2.20), (2.21) and (2.22) that
[ e 2e9igis,y) - gts.0)| < €0”
(2.23) + |>\|%(1 + Cty®)(|2] + &)y,
Next,

t
‘eA(t,y)fA(s,y) - 1’ < C‘A(tv y) - A(Sv y)‘ < C/ |w(07 Oa y)’a

< Ot =)yl
where we use (2.15) in the last inequality. Since ¢ is bounded, it follows
that
(2.24) ‘/ (1) _ 1]¢(s, 0) ds’ < Oy,

Finally, we observe that the various terms on the right-hand side of (2.11)
are estimated by (2.17), (2.19), (2.23) and (2.24), and we deduce that

’U(t7 y) — U(t7 0)’ > ’)\|Ct—|-2
Yo

|2l(|2]% = )t = Cy" — Cy — Oy ~°

- \/\\5(1 + Cty®) (|2 + )Tt — Ct?
in A;. It follows that
ol y) — o6, 0)
y40 ye
> 1 (S22l (el — )~ 12l + ) — O
Choosing € > 0 and ¢ > 0 sufficiently small, we see that

o a+1
yl0 ye

from which estimate (2.4) follows. 0

REMARK 2.2. The assumption that wo € C?([0, 1], C) is used only once

in the proof (see (2.17)). It could be replaced by the weaker condition wg €
CH#([0,1], C) with a < pu < 1.
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83. Semilinear equations as perturbations of an ordinary differ-
ential equation

In this section, we show that Theorem 2.1 easily implies Theorems 1.1
and 1.5.

Proof of Theorem 1.1. We recall that if Aug € Co(RY), ug € C3(RY) N
W3°(RN), and |0"u|o < oo for all multi-indices v such that |y|=3,
then u is once continuously differentiable with respect to ¢, three times
continuously differentiable with respect to z, u; is §-Holder continuous in ¢
and supgcycr [07u(t)|o < oo for [y[ =3 and 0 < T’ < Tiax. See Theorem A.1
below for a precise statement. We write the variable in RY in the form
x=(2',y), 2’ ¢ RN71 y € R. Accordingly, we write ug(z) = ug(z’, y) and
u(t, ) =u(t, 2, y).

Let ug € Co(R™) with Aug € Co(RY). Suppose further that ug(z’, —y) =
—ug(2’,y) for all 2’ € RV~! and y € R, and 9y,up(0,0) # 0. Note that u
inherits the anti-symmetry of the initial condition; that is, u(t, 2/, —y) =
—u(t, 2, y) for all 0 <t < Tyax. Moreover, there exists 0 < tg < Tyax such
that dyu(t, 0,0) #0 for all 0 <t <tg. Thus, we see that for all 0 <t < t,
u(t) satisfies the same assumptions as ug. Therefore, it suffices to prove (1.8)
for s = 0. Assume by contradiction that

T
(3.1) /0 19, Au(t)]5 < 00

for some a < <1 and 0 < T < ty. We apply Theorem 2.1 with w(t, y) =
u(t,0,y) and h(t,y) = Au(t, 0, y). The anti-symmetry property of u implies
that w(t, 0) = h(t,0) =0 for all 0 < ¢t < Tinax- Moreover, it follows from (3.1)
that the assumption (2.3) is satisfied. Therefore, we deduce from (2.4) that
if tg > 0 is sufficiently small, then

Jimn sup |0yw(t,y) — dyw(t, 0)]

>0
ly|—0 ly|*

for 0 <t < tg. Since dyw(t,y) = dyu(t,0,y) is C! in y, this yields a contra-
diction. The result follows, since we can choose uy € C2°(RY) as above. []

REMARK 3.1. If A€ R\ {0}, then the statement of Theorem 1.1 can
be improved, in the sense that there exists an initial value ug € C°(RY)
for which (1.8) holds for all 0 < s <t < Tinax- (We do not require that ¢ is
small.) Indeed, let ug € Co(RY) with Aug € Co(RY). Suppose further that
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uo(z', —y) = —up(z', y) for all 2/ € R¥N"L and y € R, ug(a’, y) > 0 for all 2’ €
RN~ and y >0, and 9,u(0,0) > 0. Since u inherits the anti-symmetry
of the initial condition, that is u(t,2’, —y) = —u(t, 2/, y), it follows that,
restricted to the open half space Rf =R x (0, 00), u is a solution of the
Dirichlet initial value problem on RY. In particular, u(t, 2/, y) > 0 for y > 0,
and Oyu(t, 2, 0) > 0. Thus, we see that for all 0 <t < Thax, u(t) satisfies the
same assumptions as ug, and we can conclude as above.

We turn next to Theorem 1.5. Equation (1.2) is a particular case of the
following nonlinear complex Ginzburg-Landau equation:

(3.2) {ut = e Au + Au|*u,

u(0) = ug

in RV, where -5 <0< 3, and 0<a<1. Theorem 1.5 is therefore a

consequence of the following result.

THEOREM 3.2. Let 0<A<1, let AeC\ {0}, and let -5 <O<7F.

Suppose that s >3+ & +a. There exists ug € C(RY) such that there is
no T >0 for which there exists a solution u € C([0, T], H*(RN)) of (3.2).

REMARK 3.3.

(i) Suppose that s >3+ & (so that H*(RN) C C3(RN) n W3(RN)). If
u e C([0, T], H*(RY)), then

Au, [u|®u e C([0, T] x RV nc(jo, T], L*(RY))
and VAu, V(|u|%u) € C([0, T] x RY). Therefore, equation (3.2) makes
sense for such a u. Furthermore,
ur € ([0, T) x RY) N C([0, T], L*(&N))

and Vu; € C([0, T] x RY).

(ii) It follows from the preceding observation that it makes sense to talk of
a solution of (3.2) in C([0, T], H*(RY)) if s >3+ & Such a solution
satisfies the integral equation

t
u(t) = ePugy + i/\/ 98 (lu|®u)(s) ds.
0
Using the embedding H*(RY) < L®(RY), it follows easily that such

a solution is unique. In particular, if ug is anti-symmetric in the last
variable, then so is any solution u € C([0, T}, H*(RY)) of (3.2).
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Proof of Theorem 3.2. We write the variable in RV in the form z =
(2, y), ' €eRN=1 yecR. Accordingly, we write ug(z)=wug(z’,y) and
u(t, ) =u(t, 2, y).

Let ug € C°(RY), and suppose that ug(z’, —y) = —ug(2’, y) for all 2’ €
RN=1 and y € R, and 9,up(0,0) > 0. Assume by contradiction that there
exist 7> 0, s >3+ & + a, and a solution u € C([0, T], H*(RY)) of (3.2).
As observed in Remark 3.3(ii), it follows, in particular, that u(t, z’, —y) =
—u(t,2',y) for all 0 <t < T. We apply Theorem 2.1 with w(t, y) = u(t, 0, y)
and h(t,y) = e Au(t,0,y). The regularity assumptions on w and h are
satisfied by Remark 3.3(i). The anti-symmetry property of u implies that
w(t,0) = h(t,0) =0 for all 0 <t < Tnax. Moreover, it follows from Sobolev’s
embedding theorem (see (1.15)) that

|0y (t, y) = Dyh(t, 0)| < Cly|*=* (/2
for all t€[0,7] and y € R, so that the assumption (2.3) is satisfied.
Therefore, we deduce from (2.4) that if ¢y > 0 is sufficiently small, then
lim sup ’U(ta y) — ’U(t, 0)’
ly|—0 ly|*

>0

for 0 <t <to. Since v(t,y) = dyu(t,0,y) is C! in y by Remark 3.3(i), this
yields a contradiction. 0

REMARK 3.4. Observe that if ug is as in the proof of either Theorem 1.1
or Theorem 3.2, then so is eug for all € # 0.

84. Time-pointwise lack of regularity: the heat equation

In this section, we prove Theorems 1.7 and 1.10. As motivation for
the proof of Theorem 1.7, consider an initial value up € C°(RY) that is
odd with respect to the Nth variable y and such that ug(2’, y) =C(2')y
for small |y|, and write |u(t, 2, y)|*u(t, 2', y) = C(2")y(t)|y|*y + w(t, 2', y),
where |w(t, ', y)| < Cly|*™2. This decomposition makes it possible to
explicitly calculate OS[e(t*S)A\uP‘u}y:o. Incorporating this result into the
integral (1.11) yields the desired property.

The following two lemmas show explicitly how these ideas are imple-
mented.

LEMMA 4.1.  Let ¢ € C(R), such that |¢(z)| < C(1+ |z|™) for some
m > 0. Let 0 >0, and set

(4.1) z=el7/M2) e C2(R).
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It follows that

(42)  832(0) = 8x V27" / e V15 — 2047 + 44" (WD) (yVD) dy.

R

Proof. We have

2(z) = (wo) V2 / V7 () dy,

R

so that

(4.3) o 2(z) = (wo) V2 / o (@07 Y(y) dy.

R

We next calculate

5/ —(z—y)?/o —(z—vy)?/o 120(]: - y) 160(3: - y)3 32(1‘ - y)5

B (e~ @P/oy = _o=@=w)?/ [ Y = + =5
so that

o _ _ 20y% 4y
44 (e~ @vl/oy _=8e /7oy |15 — =L 4 =L
(44) e Jemo = 861700y 15 — = 4 U]
Thus, we deduce from (4.3) that
12— 2 20y% 4yt

(45)  922(0) =87 V20 T2 /R e 15— = 4 Vo Tyu(y) dy,
from which (4.2) follows.

LEMMA 4.2, If(z) = ||z with a > 0, then
(4.6) Rl VY] pg = —Coo 22,
for all 0 >0, where

_ 32a(2 — ) 2

47 Ca: 1/2/ Y Oé+6.
(4.7 T et L
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Proof. Considering (4.2), we must calculate

/R eV [15 — 202 + 4y |yv/a > dy
(4.8) = g1t+(e/2) /R eV’ [15 — 2092 + 4y*]|y|*2 dy.

Note that, given any £ > 0,

2 e lwlPyy 2 —y? |, 1842
eyyb’_/ey( ): e Uy ]
/R i R p+1 B+1Jr !

It follows that

2 2 2 4 2 >
eV ot+2 _ /e—y a+4 _ /e—y Oa—s—()7
/R e A el

and 5
_2 .2
/6 Y |y‘a+4:/e Y |y’a+6'
R Oé—|-5 R
Therefore,

- da(o —2) 2
4.9 V115 — 2002 + 4y |y T2 d :/ ey
(4.9) /R@ [ vyl dy = ceme e e

The result now follows from (4.2), (4.8) and (4.9). [

Proof of Theorem 1.7. We write the variable in RY in the form z =
(z',y), o eRN=1 yeR. Accordingly, we write wug(x)=wuo(z’,y) and
u(t, x) = u(t,2’,y). We note that

2

(410) etA — etAI’ etay’

!/
||

where e'®+' is the convolution in RY~! with the kernel (4’/Tt)7¥67 FE

and €% is the convolution in R with the kernel (471'25)_%6_%17.
Let ug € CX(RY), and let u € C([0, Tyax), Co(R) N LY (RY)) be the cor-
responding maximal solution of (1.1). Assume that

(4.11) up(z’, —y) = —up(a’,y) and  9yup(0,0) #O0.
Recall that w is C'! in time and C? in space, and that

sup [[u(t)[lyzee < oo
0<t<T
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for all 0 < T' < Thax (see, e.g., Theorem A.1). Under the assumption (4.11),
it follows that for all 0<t<T and 2/ € RN=!1 w(t,2/,-) is odd and
u(t, ', y) >0 for y > 0. Moreover, if we set

(412) Mo = ayUO(Oa O)a
(4.13) n(t, ') = dyu(t,2’,0), 0<t<T, 2 e RV7L

then 7 € C([0, Tax) x RV~1). Therefore, it follows from (4.11) that for
every 0 < e < 1 there exists 0 < 6. < Thax such that

(4.14) sup [n(s, z") — no| < elnol.
0<s<0,:
|$,|<5s

Let w be defined by

(4.15) u(s, ', y) =n(s, ")y +w(s, 2, y).
We claim that

(4.16) w(s, ', y)| < Cy?,

for all s €[0,7], 2’ € RV~1 and y € R, where C = 1 supgc;cp [|[u(t)|| 2.0
Indeed, fix 0 < s < T and 2/ € RV~ and set

h(y) =w(s, ', y) =u(s, 2’,y) — n(s, z)y.
We have R'(y) = dyu(s, 2, y) — n(s, 2') and h"(y) = dju(s, 2, y). In partic-
ular, h(0) =A/(0) =0, so that

y T
h(y) = / / 8§u(s, 7', o) do dr,
0 JO

and so
w(s, 2, y)| = |h(y)] < 592 [luls, -, w2,
which proves (4.16). Since u is bounded, we deduce easily from (4.15)—(4.16)

that

(4.17) [ul*ul(s, ', y) = [n(s, ")y|*n(s, ')y + @ (s, 2', y),
with

(4.18) (s, 2, y)| < Cly|**2,
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for all s € [0, T] and (2/, y) € RY. It follows from Lemma 4.2 that if ¢ (y) =
[y|*y, then

(4.19) O[N]y, g = —Coo 22

for all 0 >0, where C, >0 is given by (4.7). We deduce from (4.10)
and (4.19) that

012 (In(s, 2 )y|*n(s, 2")y)]jy=o
(420) = —Cald(t — 5) 2l (s af)[en(s, 2')].

On the other hand, it follows from (4.14) that there exists C' independent
of 0 <e <1 such that

sup (s, 2")|*n(s, x") — |no|“no| < C
0<s<0e
|2'|<0e

By possibly choosing §. > 0 smaller, we deduce that

(4.21) (S lel=9)8 (| (s, 2')|*n(s, )] — |1o|*no] < £C
S<IXX0¢
2] <o

It follows from (4.20) and (4.21) that

10512 (In(s, 2")y|*n(s, #")9)] jy=o + Ca(4(t — 5)) 2D g |“no|
(4.22) <eC(t—s)" 2@/

for all 0 < s <t <. and |2/| < J.. On the other hand, it follows from (4.2)
that

52T (s, ', )]yl = |72 ) [N (s, 2, y)]jyol

< C(t _ S)_5/2€(t_S)Az/
< ([ €1 = 2002 + 45! ol (s, o, /AT~ 5) | )
R

<Ot — 5) % 2et=5) A (/ e_y2/2]ﬂ7(s, 2,y /4t — s))| dy).
R
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Applying (4.18), we deduce that

’ag[e(t—s)A&;(S’ l‘,, y)]\y:O‘ < C(t o S)—(3/2)—i—(o¢/2) /R 6_y2/2|y‘a+2
(4.23) < Ot — 5)~B/2+/2),
It now follows from (4.17), (4.22) and (4.23) that

105192 u(s, 2/, y)|*uls, 2, y)]jy—=o + Cal4(t — 5)) 2D ng|“no|
(4.24) <eC(t — s)~2H(/2)

for all 0 < s <t <J. and |2/| < 4.

The point is that (£ —s)~>"% is not integrable in s at s =t under the
assumption 0 < a < 2. We now conclude the proof as follows. Fix 0 < 7 <
Tiax and, given any 0 <t < 7, set

t
(4.25) I(t, 7,2, y) :/ T8 u(s)|%u(s) ds.
0

Since T—s>717—t>0 for s€(0,t], the smoothing effect of the heat
semigroup implies that the integrand in (4.25) is integrable as a function
with values in H™(RY) for all m > 0. Choosing m large enough so that
H™RYN) c C5(RY), we see that the formula

(4.26) Lt 7, 2',0) = /0 t 1T u(s)*u(s)]jy—o ds

makes sense. Applying (4.24) with ¢ replaced by 7, we deduce that
5L (t, 7,2, 0)] > [Cad ™2 D |2 — £C /O t(T — 5)72H/2) g5

(127) = 2 [Ca AT g o (40 )

—

for 0 <t <7 <0 and |2/| < .. We now fix s, p such that 325—1—% and ¢

sufficiently small so that Cod™ 272 |n|*t! > £C, and we deduce from (4.27)
and the embedding H*P?(R) — W>%(R) that

(428) H:Z’-(ta T, I‘/, ')HHS’P(R) = CL(T - t)ilJr(a/z) - at*lJr(a/Z) — A,

https://doi.org/10.1017/nmj.2016.35 Published online by Cambridge University Press


https://doi.org/10.1017/nmj.2016.35

64 T. CAZENAVE, F. DICKSTEIN AND F. B. WEISSLER

for some constants a, A > 0 independent of 0 <t <7 < . and |2/| < d.. We
now use the property

luller, (glori<s.y,mery)) < lllee, @y-1 men@m,)) < Cllull g @y )

(see (1.14)), and we deduce from (4.28) that for some constant v > 0

(4.29) VIZ(t, T) | oy = alT — t)—1+(a/2) i CTC )
so that

Observe that

¢
ML(t, 1,2 y) = )\e(T_t)A/ e =8y (s)|“u(s) ds
0
= DA y(t) — ePug).

Hence,
IANZ(E, T s < (@)l sv + [luoll o

Note that ||lug||gse < 0o. Therefore, letting 7] ¢ and applying (4.30), we
conclude that ||u(t)|| s> = o0. [

REMARK 4.3. Observe that if ug is as in the proof of Theorem 1.7, then
so is eug for all € # 0.

REMARK 4.4. A careful analysis of the proof of Theorem 1.7 shows
that the property Cy, >0 (i.e., @ < 2), where C, is given by (4.7), could,
in principle, be replaced by the condition C, #0 (i.e., @ #2). On the
other hand, the condition « < 2 is crucial in proving (4.30) by letting 7 | ¢
in (4.29).

Proof of Theorem 1.10. We argue by contradiction. Suppose that for
some s >0 the Cauchy problem (1.1) is locally well-posed for small data
in H*(RY). Using Theorem 1.7 and Remark 4.3 with p =2, we see that
2s < 11. It follows then from (1.12) that

4
(4.31) N —2s> —.
«
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A scaling argument allows us now to conclude. Indeed, let ¢ € C®(RY),
¢ #0. Since A >0, for k>0 sufficiently large, the (classical) solution u
of (1.1) with initial value ugp = k¢ blows up in finite time, say at Tiax.
Given p > 0, let

(4.32) up(t, ©) = p *u(it, pa).
It follows that u, is a solution of (1.1) with the initial value
(4.33) uly () = p? g (pa),

which blows up at

Tmax
(4.34) Thax =5 52,0
On the other hand,
(4.35) || rs < pB/O+s= N2y s,

for ;1 > 1. Using (4.31), we see that

(4.36) il — 0.

Comparing (4.36) and (4.34), we conclude that (1.1) cannot be locally well-
posed for small data in H*(RY). [

Appendix A. Holder regularity for the heat equation

In this section, we state a classical regularity result for the heat equa-
tion (1.1). For completeness, we give the proof, which is based on classical
arguments.

THEOREM A.1. Let a>0, let A€ C, let ug € Co(RY), and let uc
C ([0, Trmax), Co(RN)) be the corresponding mazimal solution of (1.1).
Fir 0<a<1l with a<a, 0<T <Thnax, and assume further that Aug €
Co(RN), up € C3(RN) and

(A.1) sup |07ug(x)| + sup [07uplg < oo,
/<3 lv|=3
zERN

with the notation (1.7). It follows that Au € C ([0, Tinax), Co(R™)), that dyu,
Vo, and all space derivatives of u of order < 3 belong to C([0, T] x RY),
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and that

007 u(t, z) — 0LOLu(s, x)|
It — s|@F3—20=])/2

sup [|0;07u(t)llL~ +  sup
20+|v|<3 zeRN
0<t<T 0<t<s<T
2<20417|<3

(A2) 4+ sup [9707u(t)|g < oo.
ot<T
20+|y|=3

In particular,

(A.3) sup |0Ju(t)|z < oo.
0<t<T
Iv1=3
In the above estimates, Oy = 031 -+ N if y=(71,---,IN)-

Proof. We define the Laplacian A on Co(RY) by

(A4 {D(A) = {u e Cy(RN); Aue Co(RM)},

Au=Au, wueD(A).

We equip D(A) with the graph norm [[ul| p 4y = [|u| L= + [[Aul[ L. It follows
that A is m-dissipative with dense domain and that D(A) — C3(RY). More
precisely,

(A5) [V 2o < Cll Al 2l 2

for all uw € D(A). Indeed, consider the Bessel potential G5, o0 > 0 (see [3]).
If feCo(RY), then u=Gox f satisfies —Au+u=f, uec Co(RY) and
Au € Cy(RY). Moreover, since |G, |1 =1 (see [3, formula (4.6), p. 417]),
we see that if ue D(A), then |u|lp~ < || — Au+ u|/g~. By an obvious
scaling argument, we see that p||lu||p~ < || = Au + pu||z for all p > 0. Thus,
A is m-dissipative. Furthermore, C2°(RY) C D(A), so that D(A) is dense.
To prove (A.5), consider u € D(A). We have u = Ga x (—Au + u). Since
VGs € L'(RY) (see [3, formula (4.5), p. 417]), we deduce that |Vul|ze <
C(||Au||zee + [Ju]| L), from which (A.5) follows by scaling.

Let now ug € Co(RY), and let u € C([0, Tinax), Co(RY)) be the corre-
sponding maximal solution of (1.1). It follows from the above observations
and from Pazy [18, Theorem 1.6, p. 187] that u € C*([0, T], Co(RN)) N
C(]0,T], D(A)). In particular, using (A.5),

[[u(t) — u(s)]|z~

(A6)  sup ([[u(®)llz= + [[Vu(t)||z=) + sup < 0.
0<t<T 0<t<s<T |t — s
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Setting
(A.7) f=Aul*u
and using the formula
2
(A.8) V=22 ; 0" Vu+ A5 ul* 22V,

we deduce from (A.6) that
1f(t) = f(s)llz=

sup ([[f(t)[le + [[Vf(@)l[z) + sup
0<t<T 0<t<s<T It — s
(A.9) + sup [f(t)} < oo.
0<I<T

In particular,

(A1) sup [ O=+ sup O IONE ) < o
0<t<T o<t<s<T |t — s[9/2 0<t<T

We apply the estimate of Ladyzhenskaya et al. [15, Chapter IV, Section 2,

p. 273, estimate (2.1)] to the equations satisfied by the real and imaginary

parts of u, with [ = & and estimate (2.2) with [ = a + 2. It follows (among

other properties) that

[Vu(t) — Vu(s)| oo
A1l vV N Sult)l < e
( ) 052?@ [t — s|(@+1)/2 OZ‘ET [Vu(t)1 < oo

We next recall the elementary estimate

| 121]® = |22|®] + | |21]* 7227 — |22]* 223

{Czl—zﬂa, 0<a<l,
<

(A.12) : 1
C(lz|* " + |22 )]z — 22|, a>1

(see, e.g., [7, formulas (2.26) and (2.27)]). Estimate (A.9), formula (A.8),
estimates (A.12), (A.6) and (A.11) imply that

1/ (8) = ()l

e + [|VF()|ro) + =
OZIET(Hf( Nizee + [V F(E)llLee) oD (a2
t) — oo
(A.13) + sup IV/(©) Vf(;)HL + sup |V f(t)|z < oo.
0<t<s<T |t — s|o/ 0<t<T

This allows us to apply again the work of Ladyzhenskaya et al. [15,
Chapter IV, Section 2, p. 273], but this time we let [ =a + 1 in (2.1) and
l=a+ 3 in (2.2). The conclusion follows. [
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