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Abstract

Let R be a commutative ring. The regular digraph of ideals of R, denoted by Γ(R), is a digraph whose
vertex set is the set of all nontrivial ideals of R and, for every two distinct vertices I and J, there is an
arc from I to J whenever I contains a nonzero divisor on J. In this paper, we study the connectedness
of Γ(R). We also completely characterise the diameter of this graph and determine the number of edges
in Γ(R), whenever R is a finite direct product of fields. Among other things, we prove that R has a finite
number of ideals if and only if NΓ(R)(I) is finite, for all vertices I in Γ(R), where NΓ(R)(I) is the set of all
adjacent vertices to I in Γ(R).

2010 Mathematics subject classification: primary 05C20; secondary 05C69, 13E05, 16P20.
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1. Introduction

The investigation of graphs related to various algebraic structures is a very large
and growing area of research. Several classes of graphs associated with algebraic
structures have been actively investigated. For example, Cayley graphs have been
studied in [8, 11, 12, 15, 18, 20], power graphs and divisibility graphs have been
considered in [9, 10], zero-divisor graphs have been studied in [2–4, 6, 7], and cozero-
divisor graphs have been introduced in [1]. Also, comaximal graphs have been studied
in [13, 16, 19].

In [14], Nikmehr and Shaveisi defined the regular digraph of ideals of R, denoted

by
−−→
Γreg(R), as a digraph whose vertex set is the set of all nontrivial ideals of R, and,

for every two distinct vertices I and J, there is an arc from I to J, denoted by I −→ J,
whenever I contains an element x such that xy , 0 for all y ∈ J. In other words, I
contains a J-regular element. They studied and investigated some properties of this
graph. For simplicity of notation, we denote this graph by Γ(R).

In commutative algebra, regular elements play an important role in the structure
of rings (see, for example, [17, Sections 16 and 17]). Thus in this paper we study
some more properties of the graph Γ(R). In Section 2 we study the connectedness and
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diameter of Γ(R). Also, we give a very short proof of [14, Theorem 2.1]. Moreover,
we generalise [14, Proposition 2.1] and provide necessary and sufficient conditions
for connectedness of Γ(R), whenever R is an arbitrary commutative ring. Finally, we
completely investigate and determine the diameter of Γ(R). In Section 3 we determine
the isolated vertices in Γ(R), and we compute the number of edges in Γ(R), whenever
R is a finite direct product of fields.

We now recall some definitions and notation on graphs. We use the standard
terminology of graphs following [5]. Let G = (V, E) be a simple graph, where V is
the set of vertices and E is the set of edges. The graph H = (V0, E0) is a subgraph of
G if V0 ⊆ V and E0 ⊆ E. Moreover, H is called a subgraph induced by V0, denoted
by G[V0], if V0 ⊆ V and E0 = {{u, v} ∈ E | u, v ∈ V0}. The distance between two distinct
vertices a and b in G, denoted by d(a, b), is the length of the shortest path connecting a
and b, if such a path exists; otherwise, we set d(a, b) :=∞. The diameter of a graph G
is denoted by diam(G) and is defined as the supremum of the set of all distances d(a, b)
for all pairs (a, b), where a and b are distinct vertices of G. Also, for two distinct
vertices a and b in G, the notation a − b means that a and b are adjacent. A graph G
is said to be connected if there exists a path between any two distinct vertices, and it
is complete if it is connected with diameter one. We use Kn to denote the complete
graph with n vertices. We say that G is empty if no two vertices of G are adjacent. For
a vertex x in G, we denote the set of all vertices adjacent to x by NG(x), and the size
of NG(x) is called the degree of x in G, denoted by deg(x). A vertex x is isolated, if
NG(x) = ∅.

Let Γ be a digraph. An arc from a vertex x to another vertex y of Γ is denoted by
x→ y. We say that Γ is weakly connected if the undirected underlying simple graph
obtained by replacing all directed edges of Γ with undirected edges is a connected
graph. Also, the in-degree (out-degree) of a vertex x in a digraph G is the number of
arcs to (away from) x which is denoted by d+(x) (d−(x)).

Throughout this paper, all rings are assumed to be commutative with identity. We
denote by Max(R) and Nil(R) the set of all maximal ideals and the set of all nilpotent
elements of R, respectively. Also, the set of all zero-divisors of an R-module M, which
is denoted by Z(M), is the set

Z(M) = {r ∈ R | rx = 0, for some nonzero element x in M}.

An element r ∈ R is called M-regular if r < Z(M). An R-sequence is a d-tuple
r1, . . . , rd in R such that, for every i ≤ d, ri is R/(r1, r2, . . . , ri−1)-regular. We say
that depth(R) = 0, whenever every nonunit element of R is a zero-divisor.

2. Connectedness of Γ(R)

In this section we study the weak connectedness of Γ(R). We also completely
characterise the diameter of Γ(R).

For an arbitrary element r ∈ R, we set

Ann(r) = Ann(rR) = {s ∈ R | sr = 0}.

https://doi.org/10.1017/S0004972712000792 Published online by Cambridge University Press

https://doi.org/10.1017/S0004972712000792


[3] On the regular digraph of ideals of commutative rings 179

Also, for an ideal I of R we put Ann(I) =
⋂

s∈I Ann(s). Moreover, the set of all
associated prime ideals of R is defined as follows: Ass(R) = {p | p is a prime ideal of R
and there exists r ∈ R such that p = Ann(r)}.

R 2.1. If R is Noetherian and depth(R) = 0, then R contains a finite number of
maximal ideals and Ann(m) , 0, for all maximal ideals m in R.

The following lemma is needed in the rest of the paper.

L 2.2. Let R be a ring and m be a maximal ideal in R. If Ann(m) , 0, then
m = Z(Ann(m)).

P. Since mAnn(m) = 0, we have m ⊆ Z(Ann(m)). Now, suppose that x is an
arbitrary element in Z(Ann(m)). Then there is a nonzero element y ∈ Ann(m) such
that xy = 0. Assume to the contrary that x <m. So y ∈m and Rx +m = R. Therefore
rx + h = 1, for some r ∈ R and h ∈m, and hence rxy + hy = y. Now, since xy = 0 = yh,
we have that y = 0, which is a contradiction. �

The following corollary immediately follows from Lemma 2.2.

C 2.3. Suppose that R is Noetherian with depth(R) = 0 and Max(R) =

{m1, . . . ,mn}. Then we have the following statements.

(i) If n ≥ 2, then mi −→ Ann(m j) in Γ(R), for all i , j.
(ii) Z(

∑n
i=1 Ann(mi)) = Z(R).

L 2.4. Assume that R is a Noetherian ring with depth(R) = 0. Put n := |Max(R)|.
Then we have the following statements.

(i) If Ann(mi) ⊆mi, for all 1 ≤ i ≤ n, then Z(Nil(R)) = Z(R).
(ii) If R is reduced, then R is a finite direct product of fields.

P. (i) Since miAnn(mi) = 0 and Ann(mi) ⊆mi, for all 1 ≤ i ≤ n, we have
Ann(mi) ⊆

⋂
p∈Min(R) p, for i = 1, . . . , n. Hence

∑n
i=1 Ann(mi) ⊆ Nil(R). Now the result

follows from Corollary 2.3(ii).
(ii) If (R,m) is a local ring, then clearly Ann(m) ⊆ Nil(R). If m , 0, then Ann(m) ,

0, which implies that Nil(R) , 0. This violates our assumption. Therefore m = 0, and
so R is a field. Now suppose that R is not local. Then, by (i), there exists a maximal
ideal mi such that Ann(mi) *mi. Thus R � R/mi × R/Ann(mi). Now R/Ann(mi) is
also reduced, depth(R/Ann(mi)) = 0, and R/Ann(mi) has n − 1 maximal ideals. Now,
by using induction on n, the result holds. �

In the following theorem, we provide a very short proof of [14, Theorem 2.1].

T 2.5. Let R be a Noetherian ring. Then Γ(R) is an empty graph if and only if
R is either an Artinian local ring or a direct product of two fields.

P. First suppose that Γ(R) is an empty graph. If R contains a regular element, then
Γ(R) is a refinement of a star graph, which is impossible. So we have that depth(R) = 0.
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If R is a local ring with a maximal ideal m and p is a minimal prime ideal of R, then
p ∈ Ass(R), and so p = Ann(x), for some x ∈ R. Hence R/p � Rx and Z(Rx) = p. Now
since Γ(R) is an empty graph, we have that Z(I) =m, for all nontrivial ideals I in R.
In particular we have p = Z(Rx) =m, and this implies that R is Artinian. Hence, in
this situation, R is an Artinian local ring. Now, if R is not local, then there exist two
distinct maximal ideals m1 and m2. Since Γ(R) is empty, by Corollary 2.3, we have
Ann(m1) =m2. Also we have m1 +m2 = R. Therefore we can easily see that R is a
direct product of two fields.

Conversely, assume that R is either an Artinian local ring or a direct product of two
fields. Firstly suppose that R is an Artinian local ring with the maximal ideal m. Since
Ass(R) = {m}, we have that Z(I) = Z(J) =m, for all ideals I, J of R. This means that
Γ(R) is empty. Also if R is a direct product of two fields, then Γ(R) � 2K2. �

L 2.6. Let R be a nonreduced ring. Then Nil(R) ⊆ Z(I), for all nontrivial ideals
I of R.

P. Assume to the contrary that Nil(R) * Z(I), for some nontrivial ideal I of R.
Thus there is a nonzero element x in Nil(R) such that xy , 0, for all nonzero elements
y ∈ I. Hence x2y = x(xy) , 0, and so we can easily see that xny , 0, for all positive
integers n. But since xk = 0, for some k ≥ 2, we have that xky = 0, which is a
contradiction. �

L 2.7. Let R be a Noetherian ring. Then R is an Artinian local ring if and only if
the graph Γ(F × R) is disconnected, where F is a field.

P. First suppose that R is an Artinian local ring. If R is a field, then, by
Theorem 2.5, Γ(F × R) is an empty graph. So we may assume that R is not a field.
Then, for any nontrivial ideal I of R, the element (1, 0) ∈ F × I is (F × 0)-regular,
and so we have that F × I −→ F × 0 in Γ(R). Hence the induced subgraph of Γ(R)
with vertex set A = {F × 0, F × I | I is a nontrivial ideal of R} is a star graph. Also
(0, 1) ∈ 0 × R is a (0 × J)-regular element, for all nontrivial ideals J of R, and hence
0 × R −→ 0 × J in Γ(R). This implies that the induced subgraph of Γ(R) with vertex set
B = {0 × R, 0 × J | J is a nontrivial ideal of R} is a star graph. Now, by Theorem 2.5, it
is easy to see that Γ(F × R) is disconnected with connected components A and B.

Conversely, suppose that Γ(F × R) is disconnected. Assume to the contrary that R
is not an Artinian local ring. If R is a direct product of two fields, then Γ(F × R) �C6

(see [14, Proposition. 3.6]), which is impossible. So R is not a direct product of two
fields. Now, by Theorem 2.5, we have an edge I −→ J in Γ(R). Let A and B be the sets
as defined in the first paragraph in this proof. Then the edge F × I −→ 0 × J connects
the sets A and B. Thus Γ(R) is connected, which is a contradiction. �

In [14, Proposition 2.1], the authors establish a result on the connectedness of
Γ(R) for Noetherian local rings. In the following theorem, we generalise [14,
Proposition 2.1] and provide necessary and sufficient conditions for connectedness
of Γ(R), where R is an arbitrary commutative ring.
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T 2.8. Let R be a Noetherian ring. The graph Γ(R) is connected if and only if
one of the following statements holds.

(i) depth(R) , 0.
(ii) depth(R) = 0 and R = F × R′, where F is a field and R′ is not an Artinian local

ring.

P. Suppose that Γ(R) is connected and depth(R) = 0. If Ann(m) ⊆m, for all
maximal ideals m, then, by Lemma 2.4, we have Z(Nil(R)) = Z(R). Also, in view of
Lemma 2.6, Nil(R) , 0 is an isolated vertex which implies that Γ(R) is disconnected.
So there exists a maximal ideal m such that Ann(m) *m. Hence Ann(m) +m = R.
Also, since mAnn(m) = 0, we have that R = R/m × R/Ann(m). Moreover, by
Lemma 2.7, R is not an Artinian local ring.

Conversely, assume that one of the conditions (i) or (ii) is satisfied. Condition (i)
implies that Γ(R) is a refinement of a star graph, and so it is connected. If (ii) is
satisfied, then, by Lemma 2.7, the result holds. �

According to Theorem 2.8, Γ(R) has isolated vertices if Γ(R) is disconnected and R
is indecomposable. We denote the number of nonsingular connected components of
Γ(R) by π(R). In the next theorem we compute π(R).

T 2.9. Let R be a Noetherian ring. Suppose that Γ(R) is disconnected and
depth(R) = 0. Then the following statements hold.

(i) If |Max(R)| ≥ 3, or |Max(R)| = 2 and R is not Artinian, then π(R) = 1.
(ii) If R = R1 × R2, where R1, R2 are two Artinian local rings which are not both

fields, then π(R) = 2.
(iii) If R = R1 × R2, where R1, R2 are two fields, or R is a local Artinian ring, then

π(R) = 0.

P. (i) Suppose that |Max(R)| ≥ 3. Clearly, for each arc I −→ J in Γ(R), we have
m −→ J, for all maximal idealsm containing I. Hence, if C is a nonsingular connected
component of Γ(R), then it contains a maximal ideal. Thus it is enough to show that
there is a path joining any two maximal ideals of R. To this end, suppose that m1,m2

are arbitrary maximal ideals and m3 is a maximal ideal distinct from m1,m2 in R. By
Corollary 2.3, we have the path m1 −→ Ann(m3)←−m2. Thus all maximal ideals lie
in the same component, which implies that π(R) = 1.

Now suppose that Max(R) = {m, n} and R is not Artinian. We claim that Ann(m) ⊆
m and Ann(n) ⊆ n. Assume to the contrary that Ann(m) *m. Then we have R =

R/m × R/Ann(m). Since |Max(R)| = 2, the ring R/Ann(m) is local. Now, since Γ(R)
is disconnected, by Theorem 2.8, we have that R/Ann(m) is Artinian, and so R is
Artinian, which is the required contradiction. Now, by Lemma 2.4, it is easy to see
that Z(m ∩ n) = Z(R). This means that d+(m ∩ n) = 0. Hence if m ∩ n is an isolated
vertex, then m ∩ n ⊆ Z(I), for all nontrivial ideals I of R. Hence we deduce that
m ∩ n = Nil(R), and so R is an Artinian ring, which is impossible. Hence m ∩ n −→ J,
for some nontrivial ideal J of R. Now consider the path m −→ J←− n to deduce that
m and n lie in the same component, and hence π(R) = 1.
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(ii) Suppose that R = R1 × R2, where R1, R2 are two Artinian local rings at least one
of which is not a field. Without loss of generality, we may assume that R1 is not a field.
Consider two sets of edges

A = {R1 × J −→ I × 0}J,R2,I,0

and
B = {0 × J←− I × R2}J,0,I,R1 .

It is easy to see that Γ(R) has only two nonsingular connected components A and B.
Note that all other parts of Γ(R) are isolated vertices. Thus π(R) = 2.

(iii) By Theorem 2.5, the result holds. �

For any two subsets A and B of vertices in Γ(R), we use the notation d(A, B) to
denote the maximum distance between vertices in A and vertices in B.

T 2.10. Let R be a Noetherian ring such that Γ(R) is connected. Then the
following statements hold.

(i) diam(Γ(R)) = 1 if and only if R is an integral domain.
(ii) diam(Γ(R)) = 2 if and only if R is not an integral domain and depth(R) , 0.
(iii) If depth(R) = 0, then we have the following statements.

(a) diam(Γ(R)) = 3 if and only if R = F1 × F2 × R2, where F1 and F2 are fields
and Z(Nil(R2)) , Z(R2).

(b) diam(Γ(R)) = 4 if and only if R = F1 × F2 × R2, where F1 and F2 are fields
and Z(Nil(R2)) = Z(R2).

(c) diam(Γ(R)) = 5 if and only if R is non of the rings as in (a) and (b).

P. (i) The result follows by [14, Thoerem 3.1].
(ii) Firstly, suppose that R is not an integral domain and depth(R) , 0. Thus clearly

Γ(R) is a refinement of a star graph, and so diam(Γ(R)) = 2.
Conversely, suppose that diam(Γ(R)) = 2. By part (i), R is not an integral

domain. Now assume to the contrary that depth(R) = 0. Since Γ(R) is connected, by
Theorem 2.8, we have R = F1 × R1, where F1 is a field and R1 is a commutative ring
which is not an Artinian local ring. Then it is easy to see that d(F1 × 0, 0 × R1) = 3,
which is a contradiction.

(iii) Since Γ(R) is connected, by Theorem 2.8, we have that R = F1 × R1, where F1

is a field and F1 is not an Artinian local ring. We have two cases to consider.

Case 1. If there exists a field F2 such that R1 = F2 × R2 for some nonzero commutative
ring R2, then we claim that diam(Γ(R)) = 3 or 4. Whenever R2 is a field, then as we
mentioned in the proof of Lemma 2.7, the graph Γ(F1 × F2 × R2) is isomorphic to C6.
So we may assume that R2 is not a field. Now, we consider the following partition for
vertices of Γ(R):

C1 := {F1 × F2 × 0, F1 × 0 × 0, 0 × F2 × 0, F1 × F2 × I | I is a nontrivial ideal of R2},

C2 := {0 × 0 × R2, F1 × 0 × R2, 0 × F2 × R2, 0 × 0 × I | I is a nontrivial ideal of R2},
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F 1. A part of Γ(F1 × F2 × R2).

C3 := {F1 × 0 × I | I is a nontrivial ideal of R2},

C4 := {0 × F2 × I | I is a nontrivial ideal of R2}.

We need only determine d(Ci,C j) for 1 ≤ i, j ≤ 4. For an arbitrary nontrivial ideal I
of R2, consider Figure 1, which shows some parts of Γ(R). Now, it is routine to check
that

d(Ci,C j) =


1 or 2 for i = j = 1, 2, 3, 4

3 or 4 for i = 3 and j = 4

1 or 2 or 3 otherwise.

This implies that whenever d(C3,C4) = 4, then diam(Γ(R)) = 4. Otherwise
diam(Γ(R)) = 3. So we need only consider the situations in which diam(Γ(R)) = 4.
We claim that diam(Γ(R)) = 4 if and only if Γ(R2) has an isolated vertex and R2 is not
reduced. To prove the claim we consider the following situations.
(α) Γ(R2) has no isolated vertex. Let F1 × 0 × I and 0 × F2 × J be arbitrary vertices in
C3 and C4, respectively. Since I is not an isolated vertex in Γ(R2), there exists an ideal
I′ of R2 such that I −→ I′ or I′ −→ I in Γ(R2). Hence we have the paths

F1 × 0 × I −→ 0 × 0 × I′←− 0 × F2 × R2 −→ 0 × F2 × J

or
F1 × 0 × I←− F1 × F2 × I′ −→ 0 × F2 × 0←− 0 × F2 × J.

These imply that d(C3,C4) = 3.
(β) R2 is a reduced ring. Since depth(R) = 0, we have that depth(R2) = 0. Now, in view
of Lemma 2.4(ii), R2 is a finite direct product of fields F′1, . . . , F′n. Since R2 is not
a field, n ≥ 2. If n = 2, then V(Γ(R2)) = {F′1 × 0, 0 × F′2}. Now if I and J are vertices
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F 2. A part of Γ(F1 × F2 × R1) where J′ , 0 and J , R2.

in Γ(R2), then we have the following path in Γ(R):

F1 × 0 × I←− F1 × F2 × I −→ 0 × F2 × 0←− 0 × F2 × J.

This means that d(C3,C4) = 3. Also, whenever n ≥ 3, by Theorem 2.8(ii), Γ(R2) is
connected, and so it has no isolated vertices. Thus, by (α), we have that d(C3,C4) = 3.
(γ) R2 is not reduced and there exists an isolated vertex I in Γ(R2). Now consider the
vertices F1 × 0 × I and 0 × F2 × I in Γ(R). It follows from Figure 2 that d(F1 × 0 × I,
0 × F2 × I) = 4. This implies that d(C3,C4) = 4.

Case 2. R1 is indecomposable or R1 has no decomposition R1 = F2 × R2, for some
field F2. Now let m be an arbitrary maximal ideal of R1. If Ann(m) *m, then Ann(m)
and m are comaximal, and so R1 = R1/m × R1/Ann(m) which is impossible. Hence
Ann(m) ⊆m for all maximal ideals m of R1. Now, by Lemmas 2.4 and 2.6, Nil(R1) is
an isolated vertex in Γ(R1). Thus

d−(F1 × Nil(R1)) = d+(0 × Nil(R1)) = 1

and
d+(F1 × Nil(R1)) = d−(0 × Nil(R1)) = 0.

On the other hand, since the graph Γ(F1 × R1) is connected, there exists an arc
F1 × I −→ 0 × J for some ideals I and J of R1. Hence there exists a path (with
minimum length)

F1 × Nil(R1) −→ F1 × 0←− F1 × I −→ 0 × J←− 0 × R1 −→ 0 × Nil(R1)

in Γ(R). Therefore in this situation we have diam(Γ(R)) = 5. �

https://doi.org/10.1017/S0004972712000792 Published online by Cambridge University Press

https://doi.org/10.1017/S0004972712000792


[9] On the regular digraph of ideals of commutative rings 185

3. Degrees of the vertices and counting the edges

We begin this section with the following proposition which determines the isolated
vertices in Γ(R).

P 3.1. Let R be a nonreduced Noetherian ring with depth(R) = 0. Then I is
an isolated vertex in Γ(R) if and only if I is a nilpotent ideal and Z(I) = Z(R).

P. Let I be an isolated vertex in Γ(R). We claim that I ⊆ Z(I). Assume to the
contrary that I * Z(I). We consider the following cases.

Case 1. There exists an ideal J of R such that I ⊂ J. Thus J * Z(I). Hence there exists
an arc J −→ I in Γ(R). Since I is an isolated vertex, this is impossible.

Case 2. There exists an ideal K of R such that K ⊂ I. By using a method similar to
that used in Case 1, K −→ I, which again is impossible.

Now it follows from the above cases that I is both a minimal and maximal ideal
of R. Hence Ann(I) is a maximal ideal of R, and so R � R/I × R/Ann(I). This implies
that R is reduced, which is the required contradiction. Thus I ⊆ Z(I). Now it follows
from our claim that I ⊆ Z(J) for all ideal J of R. Hence I ⊆

⋂
JER Z(J). Moreover, for

any minimal prime ideal p of R, there exists an element x in R such that p = Ann(x).
Thus p = Z(Rx). Hence I ⊆ p, and so I ⊆ Nil(R). Also it follows from our claim that
m ⊆ Z(I) for all maximal ideals m of R. Hence

⋃
m∈Max(R) m ⊆ Z(I), which implies that

Z(R) = Z(I).
The converse implication follows from Lemma 2.6 �

C 3.2. If R is a nonreduced ring such that Γ(R) contains an isolated vertex,
then Nil(R) is an isolated vertex in Γ(R).

P. Suppose that I is an isolated vertex in Γ(R). Then, in view of Proposition 3.1,
I ⊆ Nil(R) and Z(I) = Z(R). This implies that Z(Nil(R)) = Z(R). Again, by
Proposition 3.1, Nil(R) is an isolated vertex in Γ(R). �

T 3.3. Suppose that R is a Noetherian ring such that depth(R) = 0 and that the
graph Γ(R) is not empty. Then the following conditions are equivalent.

(i) R has a finite number of ideals.
(ii) NΓ(R)(I) is finite, for all vertices I in Γ(R).
(iii) V(Γ(R)) − NΓ(R)(I) is finite, for all vertices I in Γ(R).

P. The implications (i) =⇒ (ii) and (i) =⇒ (iii) are trivial.
(ii) =⇒ (i) First note that if R is reduced, then, by Lemma 2.4(ii), R is a finite direct

product of fields, and so it has a finite number of ideals. So we may assume that R is
not reduced.

Now we claim that R has a decomposition as R � R1 × R2 for some nonzero rings
R1 and R2. We consider two cases.

Case 1. There exists a maximal ideal m of R such that Ann(m) *m. This implies that
R has the decomposition R � R/Ann(m) × R/m.
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Case 2. For all maximal ideals m of R, Ann(m) ⊆m. Hence, by Lemma 2.4,
Z(Nil(R)) = Z(R). Also, since Nil(R) ⊆ J(R), we have that Z(J(R)) = Z(R), and so, for
any ideal I of R, we have no arc I −→ J(R) in Γ(R). Now we show that J(R) is an
isolated vertex in Γ(R). To achieve this, assume to the contrary that J(R) is not an
isolated vertex. Hence there exists an arc J(R)→ I in Γ(R), for some ideal I of R.
Clearly IJ(R)i , 0 for all i ≥ 0. Moreover, by Nakayama’s lemma, IJ(R)i , IJ(R) j for
all i , j. But J(R) −→ IJ(R)i for all i > 0, which contradicts (ii). Thus J(R) is an isolated
vertex, and so, by Proposition 3.1, J(R) is nilpotent. This implies that the ring R is
Artinian, and so R � R1 × R2 for some nonzero rings R1 and R2. Now, clearly, for any
ideal I of R1, there exists an arc R1 × 0 −→ I × 0 in Γ(R). So, by using assumption
(ii), R1 has a finite number of ideals. Similarly R2 has a finite number of ideals. This
implies that the ring R has finite number of ideals.

(iii) =⇒ (i) Again we may assume that R is not reduced. We have two cases.

Case 1′. There exists a maximal idealm of R such that Ann(m) *m. Then R � R1 × R2

for some nonzero rings R1 and R2. Now, for any ideal K of R2, there is no adjacency
between two vertices R1 × 0 and 0 × K. Hence (iii) implies that R2 has a finite number
of ideals. Similarly, R1 also has a finite number of ideals, and so (i) is proved.

Case 2′. For all maximal ideals m of R, Ann(m) ⊆m. Again, by Lemma 2.4,
Z(Nil(R)) = Z(R). Hence, in view of Proposition 3.1, Nil(R) is an isolated vertex in
Γ(R). Thus, by (iii), R has only a finite number of ideals. �

C 3.4. The graph Γ(R) is finite if and only if R has a finite number of ideals,
and so R is an Artinian ring.

In the rest of the paper, we determine the number of edges in Γ(R), denoted by
|E(R)|, in the case where R is a finite direct product of fields. To this end, we first prove
the following lemmas.

We denote by I(R) the number of nontrivial ideals of R, and by r(R) the number
of nontrivial ideals I such that I * Z(I). Let R = R1 × · · · × Rn and I be an ideal of R.
We use πi(I) to denote the image of ideal I of R by the natural ring epimorphism
πi : R −→ Ri. Also, we use Supp(I) to denote the set of indices i such that πi(I) = Ri.

In the following lemma, we compute r(R), where R is an Artinian ring.

L 3.5. Suppose that R = R1 × · · · × Rn, where each Ri is an Artinian local ring,
for i = 1, . . . , n. Then r(R) = 2n − 2.

P. Set

Σ := {I | I * Z(I), for I < 0, R} and

Σ′ := {I | πi(I) = 0 or R, for i = 1, . . . , n}.

Clearly |Σ| = r(R) and |Σ′| = 2n − 2. So it is enough to show that Σ = Σ′. To do so,
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suppose that I ∈ Σ′. Consider the element x := (xi) ∈ R, where

xi =

1 if i ∈ Supp(I)

0 otherwise.

Clearly x is I-regular. Hence I ∈ Σ and Σ′ ⊆ Σ.
Now, if Σ * Σ′, then there exists I ∈ Σ such that I < Σ′. Without loss of generality,

we may assume that π1(I) is a nontrivial ideal of R1. Since I ∈ Σ, there exists an I-
regular element y = (yi) with y1 < Z(I1). Since R1 is an Artinian local ring, any nonunit
element in R1 is a zero-divisor. Also, by Proposition 3.1, Z(I1) = Z(R1), because I1

is an isolated vertex in Γ(R1). Hence y1 < ΓZ(R1) which is impossible, and so for a
maximal ideal m, we have Ass(R) = {m}. Thus Σ ⊆ Σ′ as desired. �

L 3.6. Assume that F is a field and R is an arbitrary ring. Then

|E(F × R)| = 3|E(R)| + 2I(R) + r(R).

P. For a subset C in Γ(F × R), we denote the induced subgraph of Γ(F × R)
with vertex set C by Γ(F × R)[C]. Now consider the collections A := {F × Ii}

I(R)
i=1 and

B := {0 × Ii}
I(R)
i=1 of vertices in Γ(F × R). It is not hard to see that

|E(Γ(F × R)[B])| = |E(Γ(F × R)[A])| = |E(R)|.

Also, clearly, for some ideals I and J of R, F × I −→ 0 × J is an arc in Γ(F × R)[A ∪ B]
if and only if we have one of the following conditions:

(i) I = J and I * Z(J);
(ii) I , J and I −→ J in Γ(R).

This implies that

|E(Γ(F × R)[A ∪ B])| = |E(Γ(F × R)[B])| + |E(Γ(F × R)[A])| + |E(R)| + r(R).

Thus
|E(Γ(F × R)[A ∪ B])| = 3|E(R)| + r(R).

Now, since all vertices in B are adjacent to 0 × R, the number of arcs from the vertex
0 × R to the vertices in B is equal to I(R). Similarly, the number of arcs from the
vertices in A to the vertex F × 0 is equal to I(R). Also, there exists no edge between
the vertices in A and the vertices in 0 × R. Therefore, we can easily check that
|E(F × R)| = 3|E(R)| + 2I(R) + r(R). �

T 3.7. Let R = F1 × · · · × Fn, where Fi is a field, for i = 1, . . . , n, where n ≥ 3.
Then |E(R)| = 3n − 3(2n − 1).

P. Since I(R) = 2n − 2, by Lemma 3.5, we have I(R) = r(R). We use induction
on n. Clearly, for n = 3, Γ(R) is isomorphic to C6, and so the result holds. Now,
suppose that n = k + 1 and the result holds for smaller values of n. Assume that
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R = F1 × · · · × Fk × Fk+1. By the induction hypothesis, |E(F1 × · · · × Fk)| = 3k −

3(2k − 1). Hence, by Lemma 3.6,

|E(F1 × · · · × Fk × Fk+1)| = 3|E(F1 × · · · × Fk)| + 2(2k − 2) + (2k − 2)

= 3(3k − 3(2k − 1)) + 3(2k − 2)

= 3k+1 − 3(2k+1 − 1).

This concludes the proof. �

R 3.8. We now provide another proof of Theorem 3.7. For this purpose, suppose
that I(k) denotes the product

F1 × · · · Fk × 0 × · · · × 0︸       ︷︷       ︸
n−k times

,

for k = 1, . . . , n − 1. First note that, for ideals Ji of Fi, I(k) −→ J1 × · · · × Jn is an arc
in Γ(R), if and only if Ji = 0 for all i = k + 1, . . . , n.Hence d+(I(k)) = 2k − 2. Similarly,
d−(I(k)) = 2n−k − 2, and so deg(I(k)) = d+ + d− = 2n−k + 2k − 4.

Now, if J is an ideal of R with |Supp(J)| = k, then, by using a suitable permutation
on {1, 2, . . . , n}, it is easy to see that the degrees of vertex J and I(k) are equal in Γ(R).
On the other hand, there are exactly

(
n
k

)
ideals J with |Supp(J)| = k. Thus we have the

equality

2|E(R)| =
n−1∑
k=1

(
n
k

)
(2n−k + 2k − 4).

Now, by using the expansion of the function f (x) = (1 + x)n − xn − 1, we can easily
see that 2|E(R)| = 2 f (2) − 4 f (1), and so |E(R)| = 3n − 3(2n − 1).
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