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Abstract. Let F be a p-adic field, let L be the completion of a maximal unramified extension of F',
and let o be the Frobenius automorphism of L over F'. For any connected reductive group G over F'
one denotes by B(G) the set of o-conjugacy classes in G(L) (elements z,y in G(L) are said to be
o-conjugate if there exists g in G(L) such that g~ 'zo(g) = y. One of the main results of this paper
is a concrete description of the set B(G) (previously this was known only in the quasi-split case).
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Let F' be a p-adic field, and let G be a connected reductive group over F'. We
write L for the completion of the maximal unramified extension F** of F' in some
algebraic closure F of F. We write o for the Frobenius automorphism of L over
F; it induces an automorphism of G(L) which we also denote by 0. We say that
two elements z, y in G(L) are o-conjugate if there exists g € G(L) such that
g~ 'zo(g) = y, and we write B(G) for the set of o-conjugacy classes in G(L).

In case F is Q, the set B(G) can be identified with the set of isomorphism
classes of isocrystals with G-structure. For example when G is G Ly, the set B(G)
can be identified with the set of isomorphism classes of n-dimensional isocrystals,
a set that can be easily described using the classification (due to Dieudonné and
Manin) of the simple objects in the category of isocrystals.

The set B(G) turns up naturally when one studies Shimura varieties over finite
fields [LR], [K5], and also plays a role in recent work of Rapoport and Zink [RZ]
on period spaces for p-divisible groups and Shimura varieties over p-adic fields.
Thus it is of interest to have a concrete description of B(G) for any connected
reductive group G.

For quasi-split groups such a description is given in [K]. The first step is to
associate to any element b € G(L) a homomorphism v: D — G over L, where D
denotes the diagonalizable group over F' with character group Q. The conjugacy
class of v under G(L) depends only on the class of b in B(G), and this conjugacy
class of homomorphisms is fixed by o. Let B be a Borel subgroup (over F) in the
quasi-split group G, let T' be a maximal F-torus in B, and let A be the maximal
F-split torus in T'. Let 2 denote the real vector space obtained by tensoring the
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cocharacter group of A with R, and let C denote the closed Weyl chamber in 2
determined by B. The homomorphism v is conjugate under G(L) to a unique
element 7 € C (a homomorphism from D to A determines a point in the obvious
Q-subspace of 2). Following [RR] we refer to the map b — ¥ from B(G) to C as
the Newton map.

The Newton point & determines a parabolic subgroup P = MN of G over
F. We write B(G)p for the subset of B(G) consisting of all elements for which
the associated parabolic subgroup is equal to P. The first main result of [K] is a
description of the subset B(G)¢ (elements in this subset are said to be basic). The
second main result of [K] is a description of B(G)p in terms of basic elements in
B(M), where M is a Levi component for P (see 5.1 for a precise statement).

One of the main results of this paper is a description of B(H) for any inner form
H of the quasi-split group G. In fact it is best to introduce a set B;(G), which,
loosely speaking, is the disjoint union of the sets B(H) as H ranges through the
inner forms of G (this point of view is suggested by work of Adams and Vogan
[AV] on representations of inner forms of real groups). It turns out that B;(G) has
a description (see 5.3) that is entirely analogous to the one for B(G) given in [K].

We continue to let H denote an inner form of G. In Section 6 we introduce a
subset B(H, u) of B(H). Here u denotes a dominant coweight of the maximal
torus 7" in the quasi-split group G. Pairs (H, ) as above arise naturally in the
study of Shimura varieties. Indeed, to get a (tower of) Shimura varieties one needs
to start with a connected reductive group Hg over Q and a minuscule coweight
po of Hg over C. We assume that F' is Q, and that Hg is a Q-form of H. Let
E C C be the Shimura field (the field of definition of the conjugacy class of uq).
Fix an embedding ¢ of E in Q. Then there is a unique dominant coweight p of T'
that is ‘conjugate’ to po. Thus we obtain a pair (H, 1) as above with u minuscule.
Given the conjectural interpretation of our Shimura variety X as a moduli space of
motives with H-structure, we expect the special fiber of any natural integral model
of X to decompose as a disjoint union of pieces indexed by the set B(H, u).

In Section 6 we find all pairs (H, p) for which the set B(H, u) has a unique
element. For pairs (H, u) arising from Shimura varieties it seems plausible that
B(H, i) has a unique element if and only if the Shimura variety admits p-adic
uniformization at the place of E determined by ¢. The results in Section 6 sup-
port Rapoport’s idea [R] that p-adic uniformization occurs only in very special
circumstances and always involves products of Drinfeld’s spaces Q¢.

The last main result of this paper is Proposition 13.4. It is too technical to discuss
in this introduction, but it is probably worthwhile to mention that this proposition
will be needed in order to prove that the transfer factors of [KS] for unramified
cyclic base change (use the Frobenius element as generator for the cyclic Galois
group) have the form given in Section 7 of [K3]. The point is that the transfer factor
in [K3] involves the groups B(T') while the one in [KS] involves hypercohomology
groups. In order to compare the two it is necessary to introduce a hypercohomology
variant B(T — U) of B(T') and prove a number of results about it; this is done
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in Sections 7-13. In particular a duality theorem for B(T' — U) is proved in
Section 11, a valuation mapping from B(T' — U) onto a finitely generated abelian
group is defined in Section 12, and an important compatibility between the duality
theorem and the valuation mapping is proved in 12.6 (this compatibility is needed
to prove Proposition 13.4).

One last point deserves mention as well. Although the set B(G) can be defined
forany linear algebraic group G over F, itis not the ‘right’ setunless G is connected.
For disconnected groups one should use instead the variant B(G) defined in 1.4.
The first three sections of the paper develop the elementary properties of B(G)
and also serve as a review of B(G). Following Rapoport and Zink [RZ], in 3.3 we
give a more natural definition of the group J appearing in [K] (the group J was
introduced by Langlands in the appendix to [L]).

It is a pleasure to acknowledge the influence of M. Rapoport, with whom I have
had many stimulating conversations on the material in Sections 1-6.

The following notation is used throughout this paper. We denote by Int(z) the
inner automorphism y +— zyz~!. For an abelian group X we denote by Xy the
group X ®z R. For a connected reductive group G we denote by G, the derived
group of G, by G the simply connected cover of Gger, and by G4 the adjoint
group of G.

1. Preliminaries

1. The following notation will be used throughout this paper. Let p be a prime
number and let F' be a p-adic field (a finite extension of Q). Let

val: F* - 7

be the usual valuation on F', normalized so that uniformizing elements have valu-
ation 1. Let o denote the valuation ring of F, let p denote its maximal ideal, let &
denote the residue field o/p, and let ¢ denote the number of elements in k.

Let F be an algebraic closure of F, let F'" denote the maximal unramified
extension of F' in F, let L denote the completion of F'", and let L be an algebraic
closure of L containing F. The Frobenius automorphism o of F"" over F' (which
induces = — z9 on the residue field of F““) extends continuously to an automor-
phism (also denoted o) of L over F. Let I denote the Galois group of F over F,
and let Wy denote the Weil group of F over F (the subgroup of I consisting of all
elements in I’ whose restriction to FU" is an integral power of o). Let Ir denote
the inertia subgroup Gal(F/F"") of I". We will often abbreviate Wg, Ir to W, I.
Of course I is also a subgroup of W, and we regard W' as a topological group in
the usual way, by requiring that I, with the Krull topology, be an open subgroup of
W . Thus we have an exact sequence of topological groups

I 5T W-= (o)1, (1.1.1)

where (o) denotes the infinite cyclic group generated by o (we give (o) the
discrete topology). It is not difficult to see that L = L ®pw F.Thus I is also equal
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to Gal(L/L), and we may regard elements of W (or even I') as automorphisms of
L over F'. Note that the fixed field of W in L is F'. For any finite Galois extension
K of F in F there is an exact sequence

1 » Wg = Wr — Gal(K/F) — 1. (1.1.2)

1.2. Let A be a group on which W acts. We assume that the W-group A is discrete,
by which we mean that the stabilizer of any element of A is open in W. This is
equivalent to the condition that the action map

WxA—A

be continuous when A is given the discrete topology. By a 1-cocycle of W in A
we mean a continuous map 7 +— a, from W to A (give A the discrete topology)
satisfying the usual 1-cocycle condition

arp =ar7(a,) foral 7,peW.

Note that an abstract 1-cocycle a, is continuous if and only if there exists an open
normal subgroup N of W such that a, = 1 for all 7 € N, in which case a, is the
inflation to W of an (abstract) 1-cocycle of W/N in AN Ifa, is a 1-cocycle of
W in A and b is an element of A, then b~ 'a,7(b) is a 1-cocycle of W in A and is
said to be cohomologous to a,. We define H'!(W, A) to be the quotient of the set
of 1-cocycles of W in A by the equivalence relation of being cohomologous. Then

H'(W, 4) = lim H' (W/N, A"),
N

where N runs over the directed set of open normal subgroups of W.

1.3. Let A be a W-subgroup of a discrete W-group B. Then there is an exact
sequence of pointed sets

1 = A" — BY 5 (B/A)W -2 H (W, A) —» H'(W, B) (1.3.1)

and if A is normal in B, this exact sequence can be prolonged by adding H'(W, B/ A)
at the right end. Of course the map 9 sends b € (B/A)"Y, represented by b € B, to
the class of the 1-cocycle 7 — b~'7(b).

1.4. Since the fixed field of W in L is F, the fixed point set of W in X (L) is X (F)
for any scheme X over F. Let G be a linear algebraic group over F'. Then G (L) is
a discrete W-group and G(L)" = G(F). We define a pointed set B(G) by

B(G) := H'(W,G(L)).

We define another pointed set as follows. Let B(G) be the quotient of G(L) by
the equivalence relation o-conjugacy (two elements z,y € G(L) are said to be
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o-conjugate if there exists g € G(L) such that y = g~'zo(g)). Clearly B(G) can
be identified with the pointed set

Hl(<a)a G(L)) = HI(W/Ia G(_E)I)a

which can be identified (by inflation) with a subset of B(G); in this way we will
always view B(G) as a subset of B(G). Of course there is an exact sequence of
pointed sets

| - B(G) = B(G) = H'(L,G) (1.4.1)

(here, as always, we denote the Galois cohomology set H'(Gal(L/L), G(L)) by
H'(L,@G)). If G is connected, then H'(L,G) is trivial [St], and the sets B(G),
B(G) are equal. For disconnected groups B(G), B(G) need not coincide, and it is
B(G) that is the more useful notion.

The inflation maps for the surjections W — Gal(K/F) appearing in (1.1.2)
yield injections

HY(K/F,G(K)) = B(G)

for every finite Galois extension K of F in F, and these fit together to give an
injection

HY(F,G) — B(G). (1.4.2)

1.5. Let
1 >G —-Gy,—>G3— 1
be an exact sequence of linear algebraic groups over F'. Then
1 = G|(F) = G2(F) = G3(F) = B(G)) = B(G2) — B(G»)

is an exact sequence of pointed sets. The group G3(F) acts on B(G)) in the
following way. Let g3 € G3(F’) and let g, € B(G)). Pick a 1-cocycle z, of W in
G () lying in the class g;, and pick an element g, € G»(L) mapping to g3 under
G2 — G3. Then the action

G3(F) X B(Gl) — B(G])

sends the pair (g3, g;) to the class of the 1-cocycle g,z,7(g2) " It is easy to see
that the orbits of the action of G3(F') on B(G) coincide with the fibers of the map

B(Gl) — B(Gz).

1.6. Let F’ be a finite extension of F in F. Let G be a linear algebraic group
over F', and let RG denote the F-group obtained from G by Weil’s restriction of
scalars. Then there is a Shapiro bijection

B(RG) ~ B(G). (1.6.1)
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2. o-L-spaces

2.1. Asin [K] we use the terminology o-L-space to refer to a pair (V, ®) consisting
of a finite dimensional vector space V over L and a o-linear bijection ®: V — V
(thus ®(aw) = o(a)®(v) for all @« € L, v € V). There is an obvious tensor
product on the category o-L-spaces of all such objects, and in fact o-L-spaces is
a Tannakian category over F'.

Of course in the special case that F' is Q, the category o-L-spaces is just the
category of isocrystals. Just as for isocrystals the category o-L-spaces is semi-
simple, and there is a natural bijection from Q to the set of isomorphism classes
of simple objects in o-L-spaces. Thus every object in o-L-spaces has an isotypic

decomposition
V= @ ‘/’r,
TEQ

and, as for isocrystals, we refer to V,. as the part of V having slope r. If V|, V; are
isotypic of slopes 7|, r; respectively, then V| ® V; is isotypic of slope r| 4+ 7. If
V is a simple object of slope r, then its endomorphism ring is a central division
algebra over F' whose Hasse invariant is the element —r of Q/Z. Note that in this
paper we normalize the Hasse invariant in the same way that Serre does in the
appendix to Section 1 of [S2]. This is also the normalization used in Section 2.6 of
[K], so that for consistency the homomorphisms

Q- Q/z

in Section 3 of [K] should all be replaced by their negatives (this inconsistency in
[K] affects none of the results of that paper).

2.2. There is a second way to look at o-L-spaces. By a Wg-L-space we mean a
finite dimensional L-vector space V equipped with a semilinear action of the Weil
group W for which V is a discrete Wr-module in the sense of 1.2 (semilinear
means that 7(aw) = 7(a)7(v) forall 7 € Wr, a € L, v € V). The category Wp-
L-spaces of all such objects has an obvious tensor product. There is an obvious
®-functor V = L ®; V from o-L-spaces to Wg-L-spaces, the action of Wr on
L ® V being given by the formula

(@ ®v) = 7(a) ® ¥’ (v)

foralla € L,v € V and 7 € Wy mapping to o/ € (o). There is an obvious
®-functor V + V7 (invariants of inertia) from Wp-L-spaces to o-L-spaces, and
by the usual Galois descent theory for L/L this functor is quasi-inverse to the
previous one. Thus both functors are ®-equivalences of ®-categories. We say that
a simple object in Wp-L-spaces has slope r if the corresponding simple object in
o-L-spaces has slope .
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Let F' be a finite extension of F in F. Then W is an open subgroup of
finite index in Wy, and any Wp-L-space V can be viewed as a Wp+-L-space by
restricting the action of Wg to Wrr. If V is isotypic of slope r as Wr-L-space,
then it is isotypic of slope r[F' : F] as W -L-space.

3. o-L-spaces with G-structure

3.1. Now let G be a linear algebraic group over F and let g, be a 1-cocycle of Wp
in G(L) (see 1.2). For any representation

p:G— GL(V)

of G on a finite dimensional vector space V over F we get a Wr-L-space structure
on L @F V by letting 7 € Wr act by the 7-linear automorphism

p(gr) o (T ®idy).

In this way we get an F-linear functor 3 from Rep(G) to Wg-L-spaces sending
V to L®F V, and this functor is a ®-functor in an obvious way (we denote by
Rep(G) the Tannakian category of representations of G on finite dimensional F'-
vector spaces). The Tannakian category Wg-L-spaces has an obvious fiber functor
w over L (forget the Wg-action). The Tannakian category Rep(G) also has an
obvious fiber functor wg over L, namely the functor V — L ®p V. Therefore
there is an obvious ®-isomorphism from w o (3 to wg (namely the identity map on
LerV).

We can turn this around. Suppose that (3, ) is a pair consisting of a ®-functor
/3 from Rep(G) to Wr-L-spaces and a ®-isomorphism a from w o 3 to wg. Then
for every representation V' of G the isomorphism « allows us to view 3(V) as a
discrete semilinear Wg-module structure on L ® 7 V. Thus for each 7 € W there
is a uniquely determined linear automorphism g, (V') of V' such that the action of
7on L ®F V is given by

g-(V) o (T ®idy).
There is a unique element g, € G(L) such that

p(gr) = g-(V)

for every representation (p, V') of G, and 7 + g, is a 1-cocycle of Wp in G(L).
The two constructions above are inverse to each other, so that we get a bijection
from the set of 1-cocycles of W in G(L) to the set of ®-isomorphism classes of
pairs (3, @) as above. Now suppose that we are given an exact ®-functor 8 from
Rep(G) to Wp-L-spaces (we include F-linearity in the definition of ®-functor).
Then w o S is a fiber functor on Rep(G) over L, so there exists a ®-isomorphism
a from w o B to wg. This isomorphism is well-defined up to a ®-automorphism
of wg, or, in other words, up to an element of G(L). Associated to (3, a) is a
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1-cocycle of Wg in G(L), and changing a by an element of G(L) replaces the
I-cocycle by a cohomologous one. In this way we get a bijection from the set of
®-isomorphism classes of exact ®-functors 3 as above to the set B(G) defined in
1.4.

3.2. Let G and g, be as above. Let D be the diagonalizable group over ' whose
character group X*(D) is Q (with trivial Galois action). Then, just as in [K, 4.2],
we get from g, a homomorphism v: D — G over L. Indeed, as we saw above,
for any representation (p, V') of G the 1-cocycle g, turns L ® V into a Wp-L-
space, so that L ® r V' acquires a Q-grading (its slope decomposition), which can
also be thought of as a homomorphism v, : D — GL(V) over L. The desired
homomorphism v: D — G over L is the unique one such that

vpo=pov forall (p,V).

Let z be an element of G(L). It is clear that replacing g, by the cohomologous
I-cocycle zg,7(z) ! replaces v by Int(z) o v.

Let F’ be a finite extension of F' in F. Then the restriction of g, to W is a
1-cocycle of Wg» in G(I) and therefore determines a homomorphismv/: D — G

over L. It follows from 2.2 that
V' = lF':F].

We claim that v is trivial if and only if the cohomology class of g, lies in the
image of the natural injection

H'(F,G) — B(G).

Indeed, if g, comes from H'!(F,G), then there exists a finite Galois extension
F' of F in F such that the restriction of g, to Wg is cohomologous to the
trivial 1-cocycle. Therefore ¥ *F1 is trivial, which implies that v itself is trivial.
Conversely, if v is trivial, then for every representation (p, V) of G the Wg-L-space
V ®p L has slope 0. Therefore

Ve (VerD)V

is a fiber functor on Rep(G) over F, and it follows that the functor
B: Rep(G) = Wg-L-spaces

determined by g, is ®-isomorphic to one of the form
V= wlV)®FrL,

where w is a fiber functor on Rep(G) over F'. To such a fiber functor corresponds
an element of H'!(F, G), and it is immediate that this element maps to the class of
g- in B(G).
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3.3. We continue with G and g, as above. We will again denote the Weil group
W simply by W. Since G is defined over F, the action of W on L induces an
action of W on G(L), which we refer to as the standard action. The 1-cocycle g,
determines a twisted action of W on G(L); for 7 € W this twisted action 7* is
related to the standard action 7 by

7% = Int(g;) o T. 3.3.1)

We want to define a linear algebraic group J over F such that J(F') is equal to
G(L)" (the fixed point subgroup of the twisted W -action on G(L)).

First let us define the functor J that we wish to represent by a linear algebraic
group; here we are following Rapoport-Zink [RZ, 1.12]. For any F-algebra R there
is a natural action of W on R ® L. This yields an action of W on G(R QF f),
and again the 1-cocycle g, determines a twisted action of W on G(R ®F L) (use
(3.3.1), as before). We define the functor J by

J(R) =GRerL)V. (3.3.2)
When R is an L-algebra, the canonical L-algebra homomorphism

R®rL— R
induces an injection

J(R)=G(R®r L)V — G(R)

(the injectivity of this map follows from Appendix A and the discussion below).
When R is L itself, the injection

J(L) — G(L) (3.3.3)

is W -equivariant for the standard W-action on J(L) and the twisted W -action on
G(L). Moreover the injections J(R) — G(R) defined above for each L-algebra R
identify .J;- with a closed subgroup scheme of Gz, namely the centralizer in G of
the homomorphism v : D — G defined in 3.2. In particular (3.3.3) identifies J(L)
with the L-points of the centralizer of v in G.

In order to define J we only need the functor 3 from Rep(G) to Wg-L-spaces
determined by g ; the choice of ®-isomorphism a (of fiber functors over L) needed
to determine a particular 1-cocycle serves to identify J(R) with G(R®F L)V . We
proceed as follows. Let R be an F-algebra. For any Tannakian category 7 over F’
we write 7 F for the category whose objects are the same as those in 7 and whose

morphisms are given by
Hom x(X,Y) := Homr(X,Y) ®F R.

Then there is an obvious structure of R-linear ®-category on 7 %, and there is an
obvious ®@-functor

T TF
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(given on objects by the identity map). We denote by 3% the composition of 8 and
the functor described above from Wg-L-spaces to Wg-L-spaces™. We then define
Jg(R) to be the group of ®-automorphisms of the ®-functor 3% (in particular
Jg(F') is the group of ®-automorphisms of 3 itself).

It follows from Appendix A that Jg is representable by an affine group scheme
over F, and that a choice o of ®-isomorphism of fiber functors over L determines
an isomorphism over L from Jg to the centralizer in G of the homomorphism
v: D — G. Let g, be the 1-cocycle associated to § and a. It remains to show that

Js(R) = G(Rer L)V
By definition an element z € Jg(R) is given by a compatible family of elements
Ty € (EndWFI(Z ®rV)®F R)x,

one for each representation V' of G, where compatible means functorial in V' as well
as compatible with all finite tensor products. It is obvious that for any Wg-L-space
U and any F-vector space T’ we have

U" @r T = (Ueg (LerT)"

(to prove this choose a basis for T'). Applying this to the W-L-space Endz(L®p V')
and the F'-algebra R (again V is a representation of (G), we see that

EndWF,f(f RF V) Rr R = (End—L-(f QF V) ®f (Z RF R))W

= (Endpg z(R®FLOr V)"

(the second equality follows from the finite dimensionality of V). Therefore z is a
compatible family of elements

zv € Autpy T(R®F LOr V)W.
Since a compatible family of elements of
Autpe T(R®F LOF V)
is the same as an element of
G(R®r L),
we conclude that
Js(R) = G(R®r L)V

(it is easy to see that the W -action is the twisted one described earlier).

3.4. We continue with G and g, as above. We letv: D — G be the homomorphism
over L determined by g, (as in 3.2), and we let J be the F'-group obtained from g,
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(as in 3.3). As in 3.3 we identify i over L with the centralizer in G of v. Since the
slope decomposition of any Wg-L-space is stable under W, the homomorphism v
satisfies

Int(g;)or(v) =v forall 7€ W. 3.4.1)

Since D is abelian, the homomorphism v factors through J (and even through the
center of J), yielding a homomorphism

v:D—-J

defined over F' (use (3.4.1) to see that it is defined over F).
Let z, be a 1-cocycle of W in J(L). Then gh := z.g, is a 1-cocycle of W in
G(L), and the map z, — g. on 1-cocycles induces a map
B(J) -Z B(G). (3.4.2)

Letv': D — G be the homomorphism over L associated to g/, and let p1: D — J
be the homomorphism over L associated to z,. Note that since v is central in J,
the product of 4 and v is a well-defined homomorphism D — J, and we claim that

v = . 3.4.3)

To check this, pick any faithful representation V of G. Put V := V ® L. Then
g- turns V into a Wg-L-space, which we still denote by V. Of course g’. also turns
V into a Wx-L-space, which we denote by V'. Now put

U := Endyy, z(V)

an F-vector space. The group J acts on U by left multiplication (note that J(F)
is a subgroup of Auty, £(V), and, more generally, that for any F-algebra R the

group J(R) is a subgroup of Aut;, 7o r(V ®F R)). Put
U =UQ®rL
= Endp(V),
and use the 1-cocycle z, to turn U into a Wg-L-space. The natural evaluation map
Endp(V) ®7V = V,
sending f ® v to f(v), yields a surjective map
T V-V
of Wg-L-spaces. Let fo € U be the identity endomorphism of V,andletv € V.
We write o' instead of v when we regard v as an element of V. Then for z € D(T)

we have
V(z)' = V() fo(v)
= (u(z)fo) (v(z)v)
= @)@,
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which shows that v/ = pv, as desired.

3.5. We continue to use the same notation. Restricting the map (3.4.2) to the subset
H'(F,J) of B(J), we get a map

HY(F,J) 25 B(G). (3.5.1)

We claim that this map is injective and that its image is the set of classes of
1-cocycles g!. (of W in G(L)) for which the associated homomorphism': D — G
is conjugate under G(L) to v. The analogous result for B(G) appears in [RR].

It is clear from 3.2 and 3.4 that (3.5.1) maps H!(F, J) into the subset of B(G)
described above. Now suppose that g/ is a 1-cocycle such that v/ is conjugate to
v; we must show that the class of g/ lies in the image of (3.5.1). Replacing g..
by a cohomologous 1-cocycle, we may assume that v/ = v. For 7 € W define
z, € G(L) by g = z,g,. Applying (3.4.1) to both g, and g’, we see that
Int(z,) o v = v, which means that z., lies in J(L). Moreover z; is a 1-cocycle of
W in J(L), and from (3.4.3) we see that the homomorphism : D — J associated
to z, is trivial. Thus (see 3.2) the class of z, in B(J) lies in the subset H!(F, J),
and this shows that the class of g/ in B(G) lies in the image of (3.5.1), as desired.

It remains to check that (3.5.1) is injective. Suppose that z.,, y, are 1-cocycles
of W in J(L) arising as the restrictions of 1-cocycles of I in J(F), and suppose

further that A is an element of G(L) such that

Yrgr = h:z:.,g.ﬁ'(h)“l }

It follows from this equation that

v =1Int(h) ov;

thus h € J(L) and

Yr = th(QTT(h)gr_l)_l,

which shows that y is cohomologous to z.

3.6. Let G be a linear algebraic group over F'. Let N be the unipotent radical of
G. We claim that the natural map

B(G) — B(G/N) (3.6.1)

is a bijection. Choosing a Levi factor M in G (see [BS, 5.1]), sothat G = M N, we
see immediately that (3.6.1) is surjective. Now we show that (3.6.1) is injective. Let
gr» g~ be 1-cocycles of W in G(L) whose images in (G/N)(I) are cohomologous;
we must show that g,, g/ are cohomologous. Without loss of generality we may
assume that the images of g, and g in (G/N)(L) areequal. Letv, v’ : D — G be the
homomorphisms associated to g, g/ respectively. Replacing g, by ng,7(n)~! for
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suitable n € N (L) (note that this does not change the image of g, in (G/N)(L)),
we may assume that v factors through M, and in the same way we may assume
that ' also factors through M. Since g;, g/ have the same image in G/N ~ M, it
follows that +’ and v are equal. Therefore (see 3.5) there exists a 1-cocycle z, of
W in J(L) such that

g‘lr = Tr9r.

Since g} and g, have the same image in G/N, the 1-cocycle z, takes values in the
unipotent radical of J. Thus we are reduced to proving that B(U) is trivial for any
unipotent group U. Since every homomorphism v: D — U is trivial, we see that
the natural map

H'(F,U) = B(U)

is bijective. It is well-known that H'!(F, U) is trivial, and this concludes the proof.

4. B(H) for connected reductive H

Let H be a connected reductive group over F'. In this case there is more to be said
about the objects v, J appearing in the previous section. The results in 4.6-4.18
will be used in the next section. We also need to review the notion of basic elements
in B(H). Since H is connected, the sets B(H) and B(H) coincide (see 1.4), and
therefore the results of [K] are valid for B(H).

4.1. Choose a quasi-split group G over F' and a I'-stable G,4(F')-orbit ¥ of
F-isomorphisms

v: G — H.
Thus, for any 1 € ¥ and any 7 € T the automorphism 1! o 7(3) of G over F

is inner. In other words ¥ consists of a Go4(F')-orbit in the set of inner twistings
G — H.

Choose a maximal split torus A in G, let T' be the centralizer in G of A (a
maximal torus of G since G is quasi-split), and let B be a Borel subgroup of G that
contains T and is defined over F'. Let Ny denote the unipotent radical of B. Put

QlQ = X*(A) ®zQ,
A=X,(A)®zR

Let C denote the closed chamber
{z € % | (a,z) > O for every root a of A in Lie(Np)}
in 2, and let Cg denote its intersection with the rational subspace g of 2. It is an

easy consequence of standard facts about root systems (see (K1, Lemma 1.1.3] for
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example) that there is a canonical bijection from C to the set of I-fixed points
in the set of G(L)-conjugacy classes of L-homomorphisms D — G (view 2q as
Hom(D, A) in order to obtain a homomorphism D — G from an element of Cg).

4.2. Leth, beal-cocycleof Win H(L).Letv : D — H be the J L-homomorphism
associated to h, in 3.2. It is obvious from (3.4.1) that the H(L)-conjugacy class
of the homomorphism v is fixed by W (and hence by I'). Composing v with the

inverse of any inner twisting 1 € U, we get an L-homomorphism
v lov:D— G,

whose G(L)-conjugacy class is fixed by I" and independent of the choice of ¢ in .
Let & be the element of Cg corresponding to the G(L)-conjugacy class of ¢ ~! o v
under the bijection mentioned above. Clearly ~ depends only on the class of A, in
B(H). Following [RR] we call this map

B(H) —» o @.2.1)

(sending the class of h; to ) the Newton map. We refer to  as the Newton point
of h,. Of course the Newton map takes values in the subset C'g of 2.

4.3. Let h, be a 1-cocycle of W in H(L), let v : D — H be the associated
L-homomorphism, and let 7 € Cq be the Newton point of 4. In 3.3 we used the
1-cocycle h; to define a linear algebraic group J over F’; recall that J3 can be
identified with the centralizer in H of v. Let M denote the centralizer in G of &
(view © as a homomorphism D — G factoring through A). Since ¥ is defined over
F,sois M.

We claim that J is an inner form of M. Indeed, let ¥ ; be the set of elements
1 in ¥ such that ¢ o o = v. It is evident that ¥ ; is non-empty, and that it forms
a single orbit under the action of the group M (L), where M denotes the image of
M in Gy4. Let ') denote the set of F-isomorphisms

M- J

for which there exists 9y € ¥; whose restriction to M is ¢';. Then ¥/, is non-
empty and forms a single orbit under My (F'). Moreover ¥, is I'-stable. Indeed, it
is enough to show that I, is stable under W, and for this one uses that & is defined
over F', that v is fixed by the twisted W-action (see (3.4.1)) and that the injection
(3.3.3) is W-equivariant. Therefore (J, ¥';) is an inner form of M.

4.4. Let h, be a 1-cocycle of W in H(L). As in [K] we say that h, is basic if the
associated homomorphism v : D — H over L factors through the center of H. In
this case the centralizer of v in H is H itself, so that J is an inner form of H (and
of G). If h; is basic, then so is every cohomologous 1-cocycle; we say that a class
in B(H) is basic if it consists of basic 1-cocycles, and we denote by B(H), the set
of basic elements in B(H).
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Let G be a (connected) Langlands dual group for G, and let Z(G) denote its

center. The Galois group I acts on Z(G), and the fixed point subgroup Z(G)T i
a diagonalizable group over C. Recall [K, 5.6] that there is a canonical leectlon

B(H), ~ X*(Z(G)") (4.4.1)

between B(H), and the character group of Z(G)T (of course we have used the
canonical T-equivariant isomorphism between Z(H) and Z(G)).

Let Ag denote the maximal split torus in the center of G. Then any element
v € X.(Ag) determines a homomorphism

v:G - C*
of algebraic groups, which we may restrict to Z (@)P, obtaining an element in
X*(Z(@)P). In this way we get a homomorphism

X.(Ag) = X*(Z(G)D), | (4.4.2)
and by tensoring with R we get from (4.4.2) an isomorphism

As = Xu(Ae)r ~ X*(Z(G)D)g. (4.4.3)
It follows from [K, 4.4, 5.8] that the restriction to B(H), of the Newton map is
equal to the composition of (4.4.1), the natural map

X*(Z(G)F) = X*(Z(G) e,

and the isomorphism (4.4.3) (we view 2¢ as a subspace of ).

4.5. Let Z be the center of G. Note that ¥ allows us to identify Z with the center
of H. There is an obvious action of the abelian group B(Z) on B(H) (the product
of 1-cocycles z, in Z(L) and h, in H(L) is defined to be the 1-cocycle 7 — z,h,
in H(L)).

It is clear that the stabilizer in B(Z) of the base point in B(H) is

ker[B(Z) — B(H)), 4.5.1)
and this group coincides with
ker[H'(F,Z) — H'(F, H)]

since the homomorphism p: D — Z associated to an element in (4.5.1) must be

trivial.

Now let h, be any l1-cocycle of W in H(L), and let h denote its class in B(H).
Let .J be the F-group associated to h. in 3.3. We claim that the stabilizer in B(Z)
of h is also the subgroup (4.5.1). Let z; be a 1-cocycle of W in Z(L). Then the
class of z, stabilizes h if and only if there exists z € H(L) such that

zrhe = cher(z) ™. (4.5.2)

https://doi.org/10.1023/A:1000102604688 Published online by Cambridge University Press


https://doi.org/10.1023/A:1000102604688

270 ROBERT E. KOTTWITZ

It follows from this equation (use (3.4.3), noting that Z can be identified with a
subgroup of J) that

pv = Int(z) o v, (4.5.3)

where pu (respectively, v) is the homomorphism D — Z (respectively, D — H)
associated to z, (respectively, h.). Projecting the equation (4.5.3) into the quotient
of H by its derived group Hyge,, we see that y factors through Z N Hye,, a finite
group. We conclude that g is trivial; looking back at (4.5.3), we now see that z
centralizes v and hence is an element of J(L). Rewriting (4.5.2) as

2z = ¢ he7(z) " hy!
=z-m(@)",
we now see that the stabilizer in B(Z) of h is
ker[B(Z) — B(J)],
which is also equal to
ker[H'(F, Z) — H'(F,J)]. 4.5.4)

Let 7: D — G be the image of h, under the Newton map, and let M be the
centralizer of ¥ in G, a Levi subgroup of G. It is well-known that

HY(F,M) — H'(F,G)
is injective (this is true for any field F', not just p-adic fields). Therefore the group
ket[H'(F,Z) — H'(F, M)]
is equal to
ker(H!\(F,Z) — H'(F,G)].
It is a special property of p-adic fields that the group
kerf(H!(F,Z) — H'(F,G)]
is equal to
ker[H'(F,Z) — H'(F, H))

for any inner form H of G. Applying this to the inner forms M, J as well, we see
that (4.5.4) coincides with (4.5.1), as desired.

The special property of p-adic fields stated above can be proved easily using the
methods in [K2, Sect. 1]. Indeed, if the derived group of G is simply connected,
then both

ker[H'(F,Z) — H'(F, Q)]
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and

ker[H'(F,Z) — H'(F, H)]
coincide with

ker[H'(F, Z) - H'(F, D)),
where

D = G/Ger = H/ Hger.

Using z-extensions as in the proof of Theorem 1.2 in [K2], one reduces the general
case to the special case just treated.

4.6. The group H,4(F') acts on H by F-automorphisms and therefore acts on
B(H). We claim that this action is in fact trivial (it is obvious that H(F') acts
trivially on B(H), but since

H(F) - Had(F)

need not be surjective, it is not obvious that Hyy(F') acts trivially on B(H)). Let

T € Hyy(F) and pick z € H(F') representing Z. Then
zr =z '7(x) 4.6.1)
isa I-cocycle of I'in Z(F'). The action of £ € Hyy(F) on B(H) takes the 1-cocycle

h, of W in H(L) into the 1-cocycle
T ghz”!,
and this 1-cocycle is cohomologous to
T hrzr.
Equation (4.6.1) shows that the class of z, in H!(F, Z) lies in
ker[H'(F, Z) — H'(F, H)). 4.6.2)

It follows from 4.5 that any element in (4.6.2) acts trivially on B(H). Therefore
h,z; is cohomologous to h,, as desired.

4.7. Let X — S be a map of sets, and let s € S. We write X for the fiber of
X — S over s. Recall that a commutative diagram

X Y

s—Ff .
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of sets and maps is said to be cartesian if the natural map from X to the fiber
product S X7 Y is an isomorphism (equivalently, if for every s € S the natural
map X — Yj(s) is bijective).

Consider a commutative diagram of the following type

X Y — 7

s—L .7 U.
Let us denote by (L) (respectively, (R)) the left-hand (respectively, right-hand)
square, and let us denote by (LR) the outer rectangle. If (L) and (R) are cartesian,

then so is (LR). If (LR) and (R) are cartesian, then so is (L). If (LR) and (L) are
cartesian and if f is surjective, then (R) is cartesian.

4.8. We say that a homomorphism f: H — H' from H to another connected
reductive group H' over F is an ad-isomorphism if f maps the center of H into the
center of H' and the induced map H,g — H}4 is an isomorphism (in which case
H,. — H. is also an isomorphism).

4.9. Recall from [K3, Sect. 6] (see also 7.5) that there is a canonical map
B(H) - X*(z(H)"), (4.9.1)

and that the restriction of (4.9.1) to B(H), coincides with the bijection (4.4.1)
(after identifying Z(H) with Z(G)). As Borovoi [B] has observed, the I'-module
X*(Z(H)) can be identified with

COk[X* (Tsc) — X* (T)]

for any maximal torus T" in H (where Ty denotes the inverse image of T' in H),
and since this cokernel is easily seen to be functorial in H, it follows that the
construction H — Z(H) is functorial in H for all connected reductive H and all
F-homomorphisms H — H'. It is easy to see that the maps (4.9.1) are functorial
in H as well. Thus, an F-homomorphism f: H — H' gives rise to a commutative

square

B(H)

B(H')
(4.9.2)

X*(Zz(@)") — X*(Z(H)).
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PROPOSITION 4.10. If f is an ad-isomorphism, then the commutative square
(4.9.2) is cartesian.

We will prove the proposition in 4.17, after proving Lemmas 4.15 and 4.16. At
the moment we are concerned with two useful corollaries of the proposition.

COROLLARY 4.11. The set B(H) is the fiber product of B(Hyq) and X*(Z(H)T)
over X*(ZL), where Z denotes the center of (H ).

To prove the corollary take H' = H,q in the proposition.

COROLLARY 4.12. Let A € X*(Z (I:.i )¥) and let h be a basic 1-cocycle of W
in H(L) whose class h in B(H) maps to \ under the bijection (4.4.1). Let J"
denote the inner form (see 4.4) of H determined by h, and let J. denote the simply
connected cover of its derived group; thus Jq’é is an inner form of H. Then the
composed map

B(Jit) — B(J") — B(H)
(see (3.4.2)) induces a bijection
B(J%) ~ B(H)y,
where B(H ), denotes the fiber over X of
B(H) — X*(Z(H)").
Consequently B(H) can be written as the disjoint union

BH)= [ B(R).
heB(H),

To prove Corollary 4.12 one begins by applying the proposition to the ad-isomor-
phism Hg. — H in order to conclude that there is a natural bijection

B(H,.) ~ ker[B(H) — X*(Z(H)T)).

This is the special case of the corollary in which A is trivial. Now consider the
diagram

B(J") — " . B(H)

X*(Z(H)T) 2+ X*(z(@)").
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This diagram commutes (use z-extensions to reduce to the case in which Hye, is
simply connected), and both horizontal arrows are obviously bijections. It follows
that

B(H)» ~ ker[B(J") — X*(Z(H)")]
~ B(J),
as desired.
4.13. Corollary 4.12 gives an even clearer picture of B(H) when it is combined

with the following observation: for any simply connected group H the Newton
map (4.2.1)

B(H) - 2
is injective. More generally, for any connected reductive group H the map
B(H) —» 2% x X*(Z(H)") (4.13.1)

is injective (the first component of the map (4.13.1) is the Newton map and the
second component is the map (4.9.1)).

Indeed, let h, h' be two elements in B(H) having the same image under the
Newton map. Pick a 1-cocycle i lying in the class h and let J be the group
associated to h in 3.3. In 3.5 we saw that h’ lies in the image of

H\(F,J) = B(H). 4.13.2)

Let M be the Levi subgroup of G associated to A in 4.3 (recall that J is an inner
form of M). The diagram

X*(Z(M)F) 22+ Xx*(Z2(Q))

commutes, where A denotes the image of hin X*(Z(G)T), and -\ denotes the map
obtained by composing the restriction map

X*(Z(M)") = X"(Z2(&)")

and the map from X*(Z(G)F) to itself given by multiplication by \. As before one
proves the commutativity of the diagram above by using z-extensions to reduce to
the case in which Hyge, is simply connected (which implies that G ger, Mger, Jger are
simply connected as well).

https://doi.org/10.1023/A:1000102604688 Published online by Cambridge University Press


https://doi.org/10.1023/A:1000102604688

ISOCRYSTALS WITH ADDITIONAL STRUCTURE. 11 275

Now suppose that h, h' also have the same image in X *(Z(H)") = X*(Z(G)).
Pick an element z € H'(F, J) that maps to h’ under (4.13.2). It follows that the
image of z under

H'(F.J) = X*(2(M)") = X*(Z2(G)F) (4.13.3)
1s trivial. Recall from [K2, 1.2] that
H'(F,J) ~ X*(mo(Z(M)V)),

where mo(Z(M)T) denotes the group of connected components of Z(M)F. More-
over Z(G)T meets every connected component of Z(M)T, since [Z(M)/Z(G)]T is

~

connected (reduce to the case in which Z(G) is trivial, and then note that Z (M) is
a torus whose character group has a basis permuted by I"). Therefore the composed
map (4.13.3) is injective, and we conclude that z is trivial. It follows that h = h/,
and this completes the proof that (4.13.1) is injective.

4.14. It remains to prove Proposition 4.10. We say that an ad-isomorphism f is
good if the conclusion of Proposition 4.10 holds for f; our goal is to prove that
every ad-isomorphism is good. To this end we must first prove two lemmas.

LEMMA 4.15. Let f : H — H' be a surjective ad-isomorphism whose kernel Z
is a torus such that H'(F, Z) is trivial. Then f is good.

Consider the exact sequence
|5 Z - H-2eH & 1,
as well as the associated exact sequence
| > Z(H') > ZH) > Z > 1.
We must show that the square

B(H) B(H')

X*(Z(H)') — X*(Z(H")")

is cartesian. Let h’ € B(H’) and let \' denote its image in X*(Z(H"T). We must
show that

B(H)y ~ X*(Z(H)")x
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(as before X, denotes the fiber of X — S over s € S). The group B(Z) acts
transitively on B(H ). Since Z is a subgroup of the center of H the discussion in
4.5 shows that the stabilizer in B(Z) of any point in B(H) is equal to the stabilizer
of the base point in B(H), namely

ker[B(Z) — B(H)],
which is also equal to
ker[H!(F,Z) — H'(F, H)].

Since H'(F, Z) is trivial by hypothesis, we see that B(Z) acts simply transitively
on B(H),,.

The group X *(ZT) acts transitively on X*(Z(H)T) . Since H'(F, Z) s trivial,
the group ZT is connected (K2, 1.2], whence

X*(Z") - X*(2(A)")

is injective. Therefore X*(ZT) acts simply transitively on X*(Z(H)T)y. Using
the canonical isomorphism

B(Z) ~ X*(Z")
of [K], we see that

B(H)y ~ X*(Z(H)")x,
as desired.

LEMMA 4.16. Let f : H — H' be an ad-isomorphism, and assume that Hge,
H}., are simply connected. Then f is good.

Put D = H/Hge and D' = H'/H},,. Recall that D = Z(H) and D' = Z(H').
The map (4.9.1) can be thought of as the natural map

B(H) — B(D),
using the identifications

B(D) ~ X*(DV) ~ X*(Z(H)N).
Thus our problem is to show that the square

B(H) — B(H')

B(D')

B(D)
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is cartesian. Let d € B(D) and let d’ be its image in B(D'). We must show that
B(H)q >~ B(H')g.

We claim that both of these fibers are in natural one-to-one correspondence with
the set B(J%), where h is a basic 1-cocycle in H(I) whose image in B(D) is d,
and where J" is the inner form of H obtained from h as in 4.4. Of course this
claim is a special case of Corollary 4.12, but in order to avoid circular reasoning,
we must establish Corollary 4.12 directly in the case that Hyge, is simply connected.
Looking back at the method used to derive Corollary 4.12 from Proposition 4.10,
we see that it is enough to show that

B(H) ~ ker[B(H) — B(D)].

It follows from the exactness of
|>H.—>H->D->1

that B(Hy.) maps onto ker[B(H) — B(D)]. The fibers of the map
B(H) — B(H)

coincide with the orbits of D(F') on B(Hy.) (see 1.5). It follows from the triviality
of H'(F, Hy) (see [Kn]) that the map H(F) — D(F) is surjective. Therefore the
orbits of D(F') on B(Hy.) coincide with the orbits of H(F) on B(Hj). Looking
back at 1.5, we see that the action of H(F') on B(H) is induced by the conjugation
action of H(F') on Hg. It follows from 4.6 that this action is trivial. We conclude
that B(H,.) — B(H) is injective, and our proof is complete.

4.17. Now we prove Proposition 4.10. Let f: H — H' be any ad-isomorphism. It
is easy to construct (see [K4, 2.4.4]) a commutative diagram

H —I .
p p'
H f Hl

in which the two vertical arrows are z-extensions. Clearly f| is an ad-isomorphism.
By Lemma 4.16 f| is good. By Lemma 4.15 p' is good. It is clear that the compo-
sition of two good ad-isomorphisms is good. Therefore p’ o f; = f o p is good. By
Lemma 4.15 p is good, and moreover

X*(z(H)") - X*(Z(H)")

is surjective. Therefore the fact that f o p is good implies that f is good (see 4.7).
The proof of Proposition 4.10 is complete.
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4.18. Let h, be a basic 1-cocycle of W in H(L), let J be the F-group associated
to h; in 3.3, and let v € 2 denote the Newton point of h,. As we noted in 4.4, J is
an inner form of H (and G), so that the Newton maps for J and H both take values
in 2. It follows from (3.4.3) that the diagram

B(J) —22— B(H)

(4.18.1)

v

2A

commutes, where -v denotes translation by v in the abelian group 2 and the vertical
arrows are Newton maps. Since A is basic, it is evident that the map

A

B(J) -2 B(H)

is bijective. Thus we conclude from (4.18.1) that the image of the Newton map
for H is the translate by v of the image of the Newton map for J. Note that if the
center of H is connected, then the natural map

B(H), — B(Hy), = H'(F, Hyg)

is surjective, so that every inner form of H is of the form J for a suitable 1-cocycle.
In particular the Newton maps for inner forms of an adjoint group all have the same
image, since the relevant Newton points v are trivial in this case.

5. Simple description of B(H) for connected reductive H

Let G be a quasi-split connected reductive group over F'. For such G a simple,
concrete description of B(G) is given in [K]. Our goal here is to give an analogous
description for all connected reductive groups over F'. This is best accomplished
by considering simultaneously all inner forms H of the given quasi-split group G.

5.1. We first need to recall from [K] the description of B(G) in the quasi-split case.
By a parabolic subgroup of G we mean a parabolic subgroup of G defined over F'.
Fix a Borel subgroup B of G over F'. As usual we refer to parabolic subgroups of
G containing B as standard parabolic subgroups of G. We fix a maximal torus T'
in B over F, and for any standard parabolic subgroup P of G we write P = M N,
where N is the unipotent radical of P and M is the unique Levi component of P
containing T'. We write Ap (or Ajs) for the maximal split torus in the center of M.
Let 2 p denote the R-vector space X,(Ap) ®z R. As usual P determines an open
chamber Q[]*; in ™A p, defined by

AL = {z € Ap | (a,z) > O for every root a of Ap in Lie(N)}.
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We also use the notation 4, 2, 2g, C and Cgq from 4.1 (4 is the maximal split
torus in T°).

Any element g in B(G) determines a standard parabolic subgroup Py, as follows.
Let 7 € C be the image of gunder the Newton map (see 4.2). The closed chamber C
in 2 is the disjoint union

C =]23,
P

where P runs over the standard parabolic subgroups of G (as usual we identify 2p
with a subspace of ). By definition Py is the unique standard parabolic subgroup
P for which v € 2[}5.

For any standard parabolic subgroup P = M N of G, we denote by B(G) p the
subset of B(G) consisting of all elements g for which Py is equal to P. Thus B(G)
is the disjoint union

B(G) = [[B(G)p, (5.1.1)
P

where P runs through the set of standard parabolic subgroups in G. Of course
B(G)g is simply the set B(G), of basic elements in B(G) (see 4.4). For any basic
element m in B(M), the image of m under the Newton map (for M) lies in Ap.
We write B(M); for the subset of B(M),, consisting of all m whose image under
the Newton map lies in the subset QlJIS of Ap.

It follows from [K, Sect. 6] that the canonical map

B(M) — B(G)
induces a bijection

B(M); ~B(G)p. (5.1.2)
There is a nétural homomorphism

X*(Z(M)T) - 2p (5.1.3)
obtained by composing the natural map

X*(Z(M)") = X*(Z2(M)")x
with the isomorphism (4.4.3)

Ap ~ X*(Z(M)")g.

Let X*(Z(M)T)* denote the subset of X*(Z (M)T) consisting of all elements
whose image in 2 p lies in Q(};. Combining (5.1.2) with the bijection (4.4.1)

B(M), ~ X*(Z(M)"),
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we get a bijection
B(G)p ~ X*(Z(M)")*. (5.1.4)

Moreover the composition of the maps (5.1.4) and (5.1.3) gives the restriction to
B(G)p of the Newton map (view 2p as a subspace of ).

5.2. An inner form of G is a pair (H, ¥) consisting of a connected reductive group
H over F and a I'-stable Gpq(F)-orbit ¥ of F-isomorphisms

¥:G— H.

Let (H,,¥;), (Hz, ¥7) be two inner forms of G. An isomorphism from (H;, ¥;)
to (H,, ¥) is an F-isomorphism o.: H; — H carrying ¥; into ¥,. The group of
automorphisms of (H, V) is equal to H,q(F'). There is an obvious bijection from
the set of isomorphism classes of inner forms of G to the set H! (F, G,4), obtained
by sending (H, ) to the class of the 1-cocycle 7 + 1~! o 7(1)), where % is any
element in W.

Consider triples (H, ¥, h) consisting of an inner form (H, ¥) of G and an
element h € B(H). An isomorphism from one triple (H;, ¥,h;) to another
(H7,¥5,hy) is an F-isomorphism o.: Hy — H, carrying ¥ into ¥; and h; into
h;. Let B;(G) denote the set of isomorphism classes of triples (H, ¥, h). Note that
any ad-isomorphism G — G’ (see 4.8) induces a natural map

B,;(G) — By(G'). (5.2.1)
There is an obvious map
B,(G) - H'(F,Gu), (5.2.2)

sending (H, U, h) to the element in H'(F,Gyq) determined by the inner form
(H,¥) of G. Let (H, ¥) be an inner form of G, and let x denote the corresponding
element in H'!(F, G4). Then there is a canonical bijection from B(H) to the fiber
of (5.2.2) over x; to prove this use that Hyq(F) acts trivially on B(H) (see 4.6).
Speaking loosely, B (G) is the disjoint union of the sets B(H) as H runs through
the inner forms of G.

Let (H, ¥, h) be a triple as above. The map (4.9.1) for H produces from h an
element A in X*(Z(H)T), which we regard as an element of X*(Z(G)T). We
define a map

B,(G) = X*(Z(Q)) (5.2.3)
by sending (H, ¥,h) to A.

5.3. We are going to give a simple, concrete description of B;(G) that is quite
analogous to the one we already have for B(G). Let (H, ¥, h) be a triple as above.
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The Newton map for H produces from h an element 7 € 2. We define a map (still
called the Newton map)

B;(G) >« (5.3.1)

by sending (H, ¥, h) to 7. Again the Newton map takes values in the subset Cg of
A.

Just as in 5.1 we use the Newton map to associate a standard parabolic subgroup
P(H.¥,h) to (H, ¥,h), and for a given standard parabolic subgroup P of G we
write B;(G)p for the subset of B(G) consisting of all (isomorphism classes of)
triples (H, ¥, h) such that P(H, ¥ h) is equal to P.

Let ZC denote the center of (G)sc, the simply connected cover of the derived
group of G. Of course T operates on Z4e, and as usual we denote by Z. 7L the group
of fixed points. There is a canonical bijection [K2, 1.2]

H'(F,G.) = X*(ZL). (5.3.2)

Recall that we have chosen a maximal torus 7" of G contained in the Borel
subgroup B. Let Ty (respectively, T,4) denote the inverse image (respectively,
image) of T' in G (respectively, G,4). There is a surjective homomorphism

T — Tad-
Dual to this is the surjective homomorphism

(T)ec ( )ada

whose kernel is ZSC. Thus (f)SC is an extension of (f)ad by the finite abelian group
Z.. Since the group X*((T)aa) = X.(Tic) has a basis that is permuted by T (for
example the basis of simple coroots of Ty), the group (f’)fd of I'-invariants in
(T)ad is connected; hence the homomorphism

(T)% — (1)
is also surjective. Thus we get an extension
1= Zg = (D = (D) — 1 (53.3)

of (f){d by ZIZ '
Dual to Tyc — T is a surjective homomorphism

T — (T)aas
which induces a surjective homomorphism

~

" > (1)L (5.3.4)
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Pulling back the extension (5.3.3) by means of the homomorphism (5.3.4), we
obtain an extension
15 Z8 5 TF 5T > 1 (5.3.5)
of TT by ZSPC, where we have written T for the fiber product of T and (f)Sc over
(T)ad-
For any standard parabolic subgroup P = M N of G, the group T' is a maximal
torus in M, and therefore there is a canonical I"-equivariant embedding

Z(M) T,
which induces an embedding
Z(M)T - T, (5.3.6)

Pulling back the extension (5.3.5) by means of the homomorphism (5.3.6), we
obtain an extension

1- 25 - Zy(M)° — Z(3) - 1, (5.3.7)
where we have written Z S(ZT/I\ ) for the inverse image under
T, —T
of the subgroup Z(M) of T.
Since Z(G)T is the kernel of (5.3.4), there is a canonical isomorphism
Z,(G) = Z2(G)F x ZE,
and hence there is a canonical embedding
Z(@A)F — Z,(G)'.
Combining this with the obvious embeddings
Z(G)T — Z,(M)T,
we obtain embeddings
Z(G)T — Z,(M)T. (5.3.8)

Let f: G — G’ be an ad-isomorphism. There is a unique Levi subgroup M’ of
G' such that f~!(M’) = M, and there is an obvious cartesian diagram

ZJ(M"T — Z,(M)F

(5.3.9)

—

Z(M")T — z(M)T.
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Since 2& is a finite abelian group, we see from (5.3.7) that there is a canonical
isomorphism

X*(Zo(M)P)r = X*(Z(M) ),
which we compose with the isomorphism (4.4.3)

X*(Z(M)")w = 2p,
obtaining an isomorphism

X*(Zs(M)F)g ~ p. (5.3.10)
Thus we have a canonical map

X*(Z,(M)T) - up. (5.3.11)

We denote by X *(Zs(M)T)* the subset of X*(Z,(M)T) consisting of all elements
whose image under (5.3.11) lies in the subset 21; of Ap.

THEOREM 5.4. There is a canonical bijection
Bs(G)p = X*(2Z,(M)")*,

and this bijection is functorial with respect to ad-isomorphisms f: G — G'. The
composition of this bijection with the map (5.3.11) coincides with the restriction to
B,(G)p of the Newton map. The composition of this bijection with the map

X*(Zs(M)T) = X*(Z2(3))

dual to (5.3.8) coincides with the restriction to Bs(G)p of the map (5.2.3). The
composition of this bijection with the map

X*(Z,(M)T) — X*(ZL)

dual to the inclusion of ZL, in Z, (IT/I\ )T coincides with the restriction to Bs(G) p of
the map

B,(G) & H'(F,Ga) ~ X*(ZL)

obtained by composing (5.2.2) and (5.3.2). The bijection is characterized by the
last three properties.

It follows from 5.2 and 4.13 that the obvious map
B,(G) = % x X*(Z(G)') x X*(ZL) (5.4.1)

is injective. Therefore there can be at most one bijection satisfying the last three
properties stated in the theorem.
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We begin by constructing the desired bijection in the case that G is an adjoint
group. Let (H, ¥) be an inner form of G. Choose ¢ € ¥ and let g, := Y loT(v)

be the associated 1-cocycle of I in Ga4(F) = G(F). Of course we can restrict g,
to W, obtaining a 1-cocycle of W in G(L). As in (3.4.2) we have the map

B(H) — B(G) (5.42)

sending the class of a 1-cocycle h, of W in H(L) to the class of the 1-cocycle
1~ !(h;)g,. It is obvious that the map (5.4.2) is bijective and independent of the
choice of ¢ in ¥. Looking back at (4.18.1), we see that the diagram

B(H) B(G)

(54.3)

2(=2l

commutes, where the two vertical arrows are Newton maps (from 3.2 we know that
the Newton point of g, is trivial).

Let \g € X *(Zsr;) be the image under the map (5.3.2) of the class of g.. We
have already noted (see the proof of Corollary 4.12) that the diagram

B(H) B(G)

(5.4.4)

*x( 7 ‘A * (7
X*(Zs) - X*(Zg)
commutes, where the vertical arrows are of type (4.9.1).
Let P be a standard parabolic subgroup of G. Viewing B(H) as a subset of
B;(G), we define B(H)p to be the intersection of B(H) and B;(G)p. It follows
from the commutativity of (5.4.3) that the bijection (5.4.2) induces a bijection

B(H)p — B(G)p. (5.4.5)
Combining the bijections (5.4.5) for varying (H, ¥), we get a bijection

B,(G)p = B(G)p x X*(ZL), (5.4.6)
the restriction to B(H)p C Bs(G)p of (5.4.6) being given by

hr — (".b—l (h‘r)g‘ra /\H)
Combining (5.4.6) with the bijection (5.1.4), we get a bijection

B,(G)p — X*(Z(M)T)* x X*(ZL). (5.4.7)
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Since G is adjoint, there is a canonical splitting of the extension (5.3.5), obtained
as follows: in this special case T~ is the fiber product of T'T with itself over (T')L;,
and therefore the diagonal map from TT to that fiber product provides the desired
splitting. Since the extensions (5.3.7) are obtained as pull-backs from (5.3.5), they
all have canonical splittings as well. Thus

Zy(M)" = Z(M)" x ZL (5.4.8)
in our special case, and we can view (5.4.7) as a bijection
B,(G)p — X*(Z,(M)")*. (5.4.9)

It is easy to check that (5.4.9) has the three desired properties.
Now we consider the general case. There is a commutative square

Bs(G) B;(Gad)

(5.4.10)

X*(Z(G)) — X*(Z%),

where the vertical maps are of type (5.2.3). It follows from Proposition 4.10 that
the square (5.4.10) is cartesian. Let P = M N be a standard parabolic subgroup
of G and let P;, M, denote the images in G4 of P, M respectively. The inverse
image of B;(Gaq)p, under

Bs(G) - Bs(Gad)
is B;(G) p; therefore the square

B,(G)p — Bs(Gu)p,
(5.4.11)

X*(2(@)F) — X*(Z5)
is cartesian as well. Using the bijection (5.4.9), we see that there is a canonical
bijection

B,(G)p — X*(Z,(M\))* xy X*(2(G)), (5.4.12)

where we have written Y for X *(251;) The target of (5.4.12) is a subset of the
abelian group

X*(Zo(M)F) xy X*(Z(G)T),
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and this abelian group can be identified with X*(A), where A is the group
A= (Z,(M)" x 2(G)")/ 2,

(251; is embedded in the product as follows: the first component of the embedding
is the inverse of (5.3.8) for G4 and the second component is the canonical map

from ZL to Z(G)T).
There are natural homomorphisms
Zy(M))T = Z,(M)T (5.4.13)
and
2(G)" = Z,(M)", (5.4.1)

the first coming from (5.3.9) and the second from (5.3.8). Together these yield a
homomorphism

Z,(M)" x 2(G)" — Z,(M)"
and this homomorphism yields an isomorphism
A~ Z (M), (5.4.15)

In this way the target of (5.4.12) can be viewed as a subset of X*(Z,(M)F) and
this subset is easily seen to be X*(Z(M )T)*. Thus we get a canonical bijection

B,(G)p ~ X*(Z;(M)")", (5.4.16)
as desired. It is routine to check that this bijection satisfies all the properties stated
in the theorem.

6. The Subset B(H, 1) of B(H)

In this section we define certain subsets B(H, x) of B(H). Motivation for intro-
ducing these subsets is given in the introduction.

6.1. Let G be a quasi-split connected reductive group over F, and let (H, ¥) be an
inner form of G. We use the same notation as in the last two sections. In particular
B denotes a Borel subgroup of G over F', and T' denotes a maximal F'-torus in B.
Let u € X.(T) and suppose that p lies in the closed Weyl chamber in X, (T)g
determined by B. Of course we may also regard 4 as a character on T, which we
can restrict to the subgroup Z(G)'' of T, obtaining an element

w € X*(Z(@)) = X*(2(A)D).
We can also restrict p to TT'; then, applying the homomorphism

X*(T") » 2
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(a special case of (5.1.3)) to this element of X * (’fr), we obtain an element

po €A
Equivalently, viewing 2 as the subspace of I'-invariant elements in X, (T)g, we
have

pa=[C:Tu™ Y (), (6.1.1)

T€EL/T,

where ', denotes the stabilizer of p in T'.

6.2. Let B(H, u) denote the subset of B(H) consisting of all h € B(H) such that
the image of h under the map (4.9.1) is equal to ; and such that the image 7 € 2
of h under the Newton map (4.2.1) satisfies

7 < . 6.2.1)

Here < is the usual order on 2; thus ¥ < p» means that u, — ¥ is a nonnegative
linear combination of positive coroots in X, (T")g, or, equivalently, a nonnegative
linear combination of positive relative coroots in . Let Q2 be the relative Weyl
group of the maximal split torus A in T'; recall that 2 can be identified with the
fixed points QF of T in 2, where Q denotes the absolute Weyl group of T in G. It
is known (see [A]) that (6.2.1) is equivalent to the following condition:

D lies in the convex hull of the orbit Qf - y; of uy under Q. (6.2.2)
6.3. Since uj, p2 depend only on the restriction of u to TT, the subset B(H, i)

depends only on this restriction, or, equivalently, only on the image of y in the
group X, (T')r of coinvariants of I in X, (T').

6.4. It follows easily from Theorem 5.4 that B(H, ) is a finite set. It is clear that
B(H, 1) contains the unique basic element in B(H) whose image under (4.4.1) is
equal to up, and it is clear that B(H, 1) contains no other basic element. We say
that the pair (H, p) is uniform if B(H, 1) has exactly one element, namely the basic
element we just described. Again motivation for making this definition is given in
the introduction.

6.5. Let T,q denote the image of T" in G4, and let u,q denote the image of y under
X (T) = Xu(Tad)-
Then the natural map B(H) — B(H,q) induces a bijection
B(H, p) ~ B(Had, Had)- (6.5.1)
Indeed, this follows immediately from Corollary 4.11. In particular (H, y) is uni-

form if and only if (H,q4, ftad) is uniform.
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Suppose that H is a product
H=H; x Hy
and that 1, u, are the two components of . Then there is an obvious bijection
B(H,u) = B(Hy,p1) x B(Hp, p2). (6.5.2)

In particular (H, ) is uniformif and only if (H), 1) and (H3, p») are both uniform.

Let E be a finite extension of F in F, and let G be a quasi-split connected
reductive group over E. We use R(G)) to denote the F-group obtained from G by
Weil’s restriction of scalars from E to F. Suppose that G = R(G)y). By Shapiro’s
lemma every inner form (H, ¥) is isomorphic to one of the form (R(Hy), R(¥o)),
where (Hp, ¥p) is an inner form of Gg. Of course T', B are of the form R(Tp),
R(By) for a maximal torus T and Borel subgroup By in G containing Tp. The
dominant coweight p lies in

X.(T) = Ind(X.(Tp)),

where Ind(X.(Tp)) denotes the ['-module induced by the I g-module X (Tp) (we
denote by I' g the Galois group of F over E). Thus u can be thought of as a function

¢: T = X.(To)
satisfying
d(pr) =p-¢(r) forall pel'g, 7€l

Pick a set I'g of coset representatives for the cosets I'g\I" and form the sum

po= Y (1) € Xu(To),

7€l

noting that each ¢(7) is dominant in X, (7)), so that g is dominant as well. Of
course the image of 1 in the group of coinvariants X, (Tp)r is well-defined. It is
easy to see that there is a canonical bijection

6.6. If p = 0, then (H, p) is uniform. Indeed, in this case the Newton point  of

any h € B(H, 1) must be 0. Therefore B(H, 11) consists of basic elements, and as
we have seen, B(H, 1) contains exactly one basic element.

LEMMA 6.7. Suppose H is an F-simple adjoint group, and suppose that i is

nonzero. Suppose further that H is not anisotropic over F. Then (H, u) is not
uniform.
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By hypothesis H contains a proper parabolic subgroup @. Choose a Levi sub-
group L of Q. Let P = M N be the unique standard parabolic subgroup of G such
that 4(P) is conjugate to @ under H(F') for all b € W. Let ¥, be the set of
% € ¥ such that ¢)(P) = Q and ¥(M) = L; then ¥ is (the set of F-points of)
an F'-torsor under M. In particular L is an inner form of M.

Now let w be an element of the relative Weyl group QF of A in G. Restricting
the character wy on T to the subgroup Z (M )T, we get an element of X*(Z (M )5,
which by means of the canonical bijection

B(L), ~ X*(Z(M)")

determines a basic element x(w) in B(L). Let h(w) € B(H) denote the image of
x(w) under the natural map

B(L) — B(H).

The elements h(w) all belong to B(H, iz). Since H is adjoint, the element h(w)
is basic in B(H) if and only if its image under the Newton map is trivial, which
happens if and only if the restriction of wy to the identity component of Z (ﬁ ) is
trivial. Therefore h(w) is basic in B(H) if and only if wy; lies in the kernel K of
the natural surjection 2 — 2y (dual to Z(M)T — TT).

Note that our hypothesis that p is nonzero implies that yj is nonzero (this
is clear from (6.1.1) since p is dominant and I preserves the cone of dominant
coweights). Since G is F-simple and adjoint, the relative root system of A in G
is irreducible (since G is quasi-split its relative Dynkin graph is the quotient by I'
of its absolute Dynkin graph [T, 2.5.3]). Therefore the representation of Q¢ on 2
is irreducible, and hence ) - s spans A. We conclude that there exists w € Qp
such that wu, ¢ K. The corresponding element h(w) in B(H, 1) is not basic, and
therefore (H, p) is not uniform.

6.8. Using (6.5.1), (6.5.2), (6.5.3), we see that in order to classify all uniform
pairs (H, p) it suffices to classify the ones for which H is an absolutely simple
adjoint group. By Lemma 6.7 we may further assume that H is anisotropic over
F (otherwise (H, p) is uniform only for p = 0). Any absolutely simple, adjoint,
anisotropic group over F is an inner form of PGL,, [Kn]. Therefore we may assume
that G = PGL,, for some n > 2 and that H = D;/n /F*, where D;,, denotes a
central division algebra over F' having dimension n? and Hasse invariant j /n (of
course j must be relatively prime to n). We denote the algebraic group DJ?‘ ol F*

We make the usual choices for T', B (diagonal matrices and upper triangular
matrices, taken modulo scalar matrices), and we represent coweights u € X, (T) as
n-tuples (i1, - - -, 4n) of integers, modulo constant n-tuples (a, . .., a). Of course
 is dominant if and only if

B2 2 (6.8.1)
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For any integer k between 1 and n we write (k) for the n-tuple (1,...,1,0,...,0)
in which 1 is repeated k times and O is repeated n — k times.

LEMMA 6.9. The pairs (Hy jn, p(1)) and (H(n_1y/n, (n—1)) are uniform. There

are no other uniform pairs of the form (H; /ns @) except those for which p is 0.

It is more convenient to work with GL,, and D;‘/n rather than their adjoint groups,

and by (6.5.1) it is harmless to do so. We must show that the only uniform pairs
(D;f/n, p) with g nonconstant (in other words, not of the form (a,...,a)) are
obtained by taking 7 = 1 and p of the form

(1,0,...,0) + (a,...,a)
or by taking 5 = n — 1 and p of the form
(1,...,1,0) + (a,...,a).

6.10. We begin the proof of the lemma by working out the image of the Newton
map for D;f/n. Of course Cgq consists of all n-tuples v = (v, ..., vy) of rational

numbers satisfying
ViU >... 2y (6.10.1)

For such an n-tuple and a rational number = we say that the multiplicity of = in v
is the number of indices 7 for which v; is equal to z, and we write m,, (z) for this
multiplicity.

It follows from 5.1 that the image of the Newton map for GL,, is the set E
consisting of all elements v € Cg such that

my(v) v, €Z fori=1,...,n.

Let g, be a basic 1-cocycle of W in GL,, (L) whose image under the Newton map
is

(—j/’fl, _j/n""v_j/n)'

Let J be the inner form of G associated to g, (see 4.4). Then J is isomorphic to
D;/n (see 2.1). It follows from 4.18 that the image E; of the Newton map for D;/n
satisfies

(=j/ms =i/, —j/m) + E; = E.

Therefore E; consists of all elements in Cq of the form

(3/n,i/n, .54 /n) +v

for some element v in F.
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Let (p1,..., n) be a dominant coweight for the diagonal torus in G = GL,,.
Thus ,u satisfies (6.8.1). We assume that y is nonconstant, so that u; > py. Since
Z(G)T = C*, the group X*(Z(G)T) is torsion-free. Therefore the Newton map

B(D*

J/n)—)EjZE

is bijective, and under this bijection the subset B(D Jx/ » 1) corresponds to the subset
of E consisting of all elements v such that

v+ (§/n,...,7/n) < p. (6.10.2)
Recall the explicit form of the order < on % = R*: z = (z),...,z,) and y =
(y1,-..,yn) satisfy z < y if and only if

T < Y1,

T+ 22 £ Y1 +y2,

Ty+Z2+ +Tno) S YITY2+ 0+ Yn—1y
Ti+I2+ -+ T+ =Yttt Yn1 + Yn.
The unique basic element in B(D ¢ i ) corresponds to the constant solution
v=(a,...,a)
of (6.10.2), where a is determined by the condition
na+j=p+-+ pn.

In order to prove the lemma we must show that the inequality (6.10.2) has a noncon-
stant solution v € E exceptin the two special cases specified in the statement of the
lemma. We can simplify this task considerably by means of the following remark.
If (6.10.2) admits a nonconstant solution v € E, then it admits a nonconstant
solution in E of the special form

V' = (a/r,...,a/r,b/s,...,b/s), (6.10.3)

where r, s are integers between 1 and n — 1 such that r + s = n, and where a/r
is repeated r times and b/s is repeated s times. Indeed, if v = (vy,...,v,) € E'is
nonconstant and satisfies (6.10.2), we let r be the multiplicity of v, in v and define
a,b € Zby

a=ry = =",

b = V7v+]+"‘+V11,-
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It is easy to see that v/ € F, and that v’ < v; thus / is a nonconstant solution of
(6.10.2) of the desired form.
An n-tuple v/ of the form (6.10.3) is nonconstant and lies in E if and only if

as > br, (6.10.4)
and it satisfies (6.10.2) if and only if

at+b+j=pi+-+pn (6.10.5)
and

an+rj <n(p + -+ pr)- (6.10.6)

Using (6.10.5) to eliminate b, we see that (6.10.2) has a nonconstant solution of the
form (6.10.3) if and only if there exists a € Z satisfying

r(pp 4+ -+ pn) —rj <an<n(up+ -+ ) — 1. (6.10.7)
It is obvious that (6.10.7) has a solution whenever the difference between
n(ui+ -+ pr) = 1j
and
r(pi+ -+ pn) =17

is greater than or equal to n. Therefore, if (6.10.7) has no solutions we conclude
that

n(ui+ -+ pr) —r(p 4+ pn) <mo (6.10.8)

Now suppose that (6.10.2) has no nonconstant solutions in E. Then (6.10.8)
holds for each r between 1 and n — 1. Adding the inequalities (6.10.8) forr = 1
and r = n — 1, we find that

:u'l_;u'n<2-

Since ), o are integers satisfying py > pp, we conclude that py — u, = 1. Up
to the addition of a constant vector (which is of no importance), 11 must be equal
to p(k) for some k between 1 and n — 1. Taking r = k in (6.10.8), we find that

nk—k><n
which is equivalent to
(k=1)(k—n+1)>0

and implies that k = 1 or k = n — 1. Thus p is equal to (1) or u(n — 1) (up to
constant vectors).
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Suppose that g = p(1). Then (6.10.7) reduces to
r—rj<an<gn-—rj. (6.10.9)

If (6.10.2) has no nonconstant solutions in E, then (6.10.9) has no solution for
r = 1, which can happen only if j is congruent to 1 modulo n. Conversely, if
7 = 1, then (6.10.9) reduces to

O<angn-r,

which has no solutions (no matter what r is). Similarly, if g = u(n — 1), then
(6.10.2) admits nonconstant solutions in E except when j is congruent to n — 1
modulo n. The proof of the lemma is now complete.

6.11. Now we classify all uniform pairs (H, 1) with u nonzero and H adjoint and
F-simple. By Lemma 6.7 H is necessarily anisotropic over F', and hence we may
assume that there exists a finite extension E of F' and a central division algebra D
over F such that H = R(H)) (as in 6.5 we use R to denote Weil’s restriction of
scalars from E to F'), where Hy is the E-group D* / E*. Write the Hasse invariant
of Dasj/nwithl <j<n-—1and(jn) =1.0f course Gy = PGL,(F) is a
quasi-split inner form of Ho, and R(Gy) is a quasi-split inner form of H.

Giving a dominant coweight p for R(Gy) is the same as giving a family of
dominant coweights p(¢) for Gy, one for each embedding .: E — F over F. We
saw in 6.5 that (H, p) is uniform if and only if (Hy, o) is uniform, where

po =Y u(t).

Clearly ug is nonzero if and only if p is nonzero. Therefore, by Lemma 6.9 either
j=1land yo=p(l),orj =n—1land po = p(n —1).

Suppose that j = 1 and po = p(1). Since there is no nontrivial way to decom-
pose p(1) as a sum of dominant coweights, the coweights x(¢) must be 0 except
for one embedding 1o, for which u(ip) = p(1). Similarly, if j = n — 1, then the
coweights u(¢) must be 0 except for one embedding ¢, for which p(10) = p(n—1).

7. The map wg: G(L) = X*(Z(G)")

7.1. Let H be a connected reductive group over L. Recall from 1.1 that we denote
by I the group Gal(L/L). In this section we are going to construct a natural
surjective homomorphism

wy: H(L) - X*(Z(H)"). (7.1.1)

We will also see that when H is defined over F, the map w¢g can be used to
construct the map (4.9.1)

B(H) —» X*(Z(H)F).
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7.2. We begin by constructing wg in the case of tori. Let T be a torus over L. Then
the natural map

X(T) = X*(T) — X*(T")

identifies X*(T) with X, (T');, the group of coinvariants of I in X, (T'). Thus we
seek to define a functorial surjection

wr: T(L) = X.(T)r. (7.2.1)
Of course there is a natural surjection
gr: X.(T); — Hom(X*(T)!, z) (72.2)

(an element  in X, (T) determines a homomorphism A +— (), u) from X*(T)! to
Z,where (-, -} denotes the canonical pairing between X *(T') and X, (T')). There is
an obvious functorial map

vr : T(L) = Hom(X*(T)!, z), (7.2.3)
sending t € T'(L) to the homomorphism
A = val(A(t))

from X *(T)I to Z. Here val denotes the usual valuation on L, normalized so that
uniformizing elements have valuation 1. We are going to define wr in such a way
that

qT © WT = VT (7.2.4)

Note that v is always surjective. Indeed, let T,, denote the maximal anisotropic
subtorus of T and put S = T'/T,. Consider the commutative diagram

T(L) S(L)

Hom(X*(T),2) — Hom(X*(S),z).

The bottom arrow is an isomorphism, and the top arrow is surjective since H'(L, T, )
is trivial. Moreover vg is obviously surjective, since S is split. Therefore v is sur-
jective.

The map gr is an isomorphism whenever X, (T'); is torsion-free, and in this
case we define wr to be the unique map satisfying (7.2.4); since vr is surjective,
so is wp. Of course wr is functorial in T for such T'. Recall that a torus T" over L
is said to be induced if X, (T') has a Z-basis that is permuted by I. If T' is induced,
then X, (T'); is torsion-free, so that wr has been defined.
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For any torus T there exists an induced torus R and a surjective map
X.(R) = X.(T)
of I-modules. Moreover there exists another induced torus S and an I-module map
X.(S) = X.(R)
such that
X.(S) = X.(R) - X.(T)—>0
is exact. In this way we get an exact sequence
s LR 2eT 1
in which the kernels of f and g are tori. The diagram

S(L) R(L) T(L) ——— 1

ws R (7.2.5)

0

X*(S)I - X*(R)I - X*(T)I

is commutative and has exact rows (use that H!(L, ker f) and H!(L, ker g) are
trivial). We define w$. to be the unique map from T'(L) to X, (T'); making

R(L) T(L)

9

wr wp (7.2.6)

X.(R)y — X (T)1

commute (the existence and uniqueness of wé’w follow from (7.2.5)).
Let T — U be a map of tori. Choose an induced torus @ and a surjection

X.(Q) = X.(U)
of I-modules, and let A: Q — U be the corresponding map of tori. We claim that

T(L) U(L)

w. w (7.2.7)

X (T)p — X (U)r
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commutes. Indeed, it is easy to construct an induced torus R’, a surjective I-map
X.(R') = X.(R)

and an I-map

X.(R) = X.(U)

such that
R R T
R Q U

commutes. The surjectivity of R'(L) — T'(L) together with the functoriality of w
for the maps R’ — R and R’ — Q of induced tori establishes the commutativity
of (7.2.7).

It follows from the commutativity of (7.2.7) that w# is independent of the choice
of g. Thus we may define wr to be any one of the maps w#.. The commutativity
of (7.2.7) further implies that wr is functorial in T'. The map wr is surjective and
satisfies (7.2.4) (use (7.2.5) to deduce these statements from the corresponding
ones for the induced torus R).

7.3. Let L' be a finite extension of L in L, and let I denote the subgroup Gal(Z/ L)
of I. Then the diagrams

T(L') — X, (T)p
N a (7.3.1)

T(L) —— X«(T)1

and

T(L) —+ X,(T)y
A N (73.2)

T(L) ——~ X.(T);
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both commute. In (7.3.1) N is the norm map from T'(L') to T(L) and « is the
obvious surjection (induced by the identity map on X, (T')). In (7.3.2) G is induced
by the embedding L — L' and N is given by

N(@)= ) 7p

TelI'\I

for an element i € X, (T'); represented by an element u € X, (T). It is easy to
prove the commutativity of these diagrams by reducing to the case in which T' is
an induced torus and then using (7.2.4).

Diagram (7.3.1) suggests a shorter way to define the map w, as the referee
pointed out. Choose a finite Galois extension L' of L in L that splits T. The
norm map N identifies T'(L) with the coinvariants of Gal(L’/L) on T'(L') (see the
appendix to Chapter 1 in [S1]). It is clear how to define w for T'(L'), and we define
w for T'(L) to be the unique map making the diagram (7.3.1) commute. It is easy
to see that the resulting map is independent of the choice of L'.

7.4. Now we define the surjection wy for any connected reductive group H. We
begin with the case in which the derived group Hger of H is simply connected.
Then we put

D = H/Hger-
Recall that
D = Z(H).
We define wy to be the unique map making the diagram
H(L) = X*(Z(H)")
(74.1)

D(L) 22 x*(D')

commute. Note that wy is surjective since wp and the map
H(L) - D(L)

are both surjective.
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Now consider the general case. Pick a z-extension H' — H with kernel Z. The
map wy has already been defined. We define wy to be the unique map making

H'(L) =2 x*(Z(H"))
(7.4.2)
H(L) ~2%+ x*(Z(H)")

commute. Of course uniqueness follows from the surjectivity of H'(L) — H (L)
and existence follows from the commutativity of

H'(L) — X*(Z(H"!).
The map wg is surjective since the maps wg and
X*(Z(H)) - X*(Z(H)")

are surjective. Using [K4, 2.4.4], one sees easily that wy is independent of H' and
that wy 1s functonial in H.
There is an obvious homomorphism

vg: H(L) - Hom(X,(Z(H))!,z), (7.4.3)
sending h € H(L) to the homomorphism
A = val(A(h))

from X, (Z(H))! to Z (we view elements of X, (Z(H))! as homomorphisms from
H to Gy, defined over L). There is an obvious surjective homomorphism

qu: X*(Z(H)!) - Bom(X.(Z(H))!,z), (7.4.4)
whose kernel is the torsion subgroup of X*(Z(H)?). It is not hard to check that

Qg owy = VH (7.4.5)
(reduce first to the case in which Hge, is simply connected and then to the case of

tori).
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7.5. Now suppose that H is a connected reductive group over F'. Then the surjection
wy commutes with the action of the Frobenius element o. Therefore wy induces

a map
B(H) - X*(Z(H)")(s), (7.5.1)
where the subscript (o) indicates that we are taking coinvariants for the group

(o). Since X*(Z(H)!) can be identified with the group of coinvariants of I in
A*(Z(H)), we see that

X(Z(H) oy = X1 (Z(H)r

= X*(Z(H)).
Moreover B(H) can be identified with B(H). Thus (7.5.1) can also be viewed as
a map
B(H) - X*(Z(H)"). (7.5.2)

We claim that the map (7.5.2) coincides with the map (4.9.1). As usual one uses
z-extensions to reduce to the case in which H is a torus. Then by [K, 2.2(b)] one
reduces to the case H = G, which is easy to treat directly.

7.6. Let T be a torus over F'. We write T'(L), for the kernel of
vr: T(L) — Hom(X*(T)!,7)

and we write T'(L), for the kernel of
wr: T(L) = X.(T);.

Obviously T'(L) is a subgroup of finite index in T'(L)o. Moreover T'(L); is equal
to T'(L)o if X, (T); is torsion-free, which happens whenever T is an induced torus.
We claim that

H'((0),T(L)1) = {1}. (7.6.1)
Choose induced tori R, S over F and an exact sequence

X.(S) - X«(R) = X.(T) =0
of I'-modules. The diagram

S(L) R(L)

T(L)

wg WR wr

X(8)r — X (R); — X(T): 0
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is commutative with exact rows, and all the vertical arrows are surjective. Therefore
the map

R(L); = T(L)
is surjective, and hence the map
H'((o), R(L)1) = H'({0), T(L)1)

is surjective as well. Therefore it suffices to prove (7.6.1) for induced tori T'.
We may assume that T' = Rg/pGp, for a finite extension E of F' in F'. Then

T(L)y=M* x...x M*,
where M is the compositum of E and L in F, and
T(L)y =of X ... X opp,

where o, denotes the valuation ring in M. By Shapiro’s lemma we reduce to the
case in which there is only one factor M * (this occurs when F is totally ramified
over F'), and then by replacing L, F' by M, E we reduce to the case in which T is
Gy, - Thus we must show that the map

Lo X X
o—1:0; 2o

is surjective. This is an easy exercise (see the proof of Proposition 2.3 in [K]). We
are done proving the claim.
Now consider the exact sequence

1 > T(L); - T(L) - X,(T); — 1.

We see from the associated long exact cohomology sequence of (o)-cohomology
that

T(F) = (X.(T)) (7.6.2)
is surjective, and that
B(T) = X.(T)r

is an isomorphism. We already knew the second fact, but this alternative proof
provides additional insight.

7.7. Again let H be a connected reductive group over F'. The restriction of wy to
H(F) provides a homomorphism

H(F) = X*(Z(H)")!. (7.7.1)

We claim that (7.7.1) is surjective.
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Fortori (7.7.1) can be thought of as (7.6.2), which we already know is surjective.
If the derived group Hger of H is simply connected, the surjectivity of (7.7.1)
follows from the surjectivity of the map (7.6.2) for the torus H/H4e,. For arbitrary
H choose a z-extension

1 Z->H -5 H-1.
Consider the commutative square

a'(F) Y2 x+(z(@nhe

H(F) LI x*(z(@)1),

We know that (7.7.1)’ is surjective. Moreover, since Z' is connected, the sequence
1= X*(Z') - x*(2#)) - X*(Z2(H)) =1
is exact. Taking invariants under (o), we find that
X*(Z2(H) - X*(2(H)H")
is surjective; here we used that the group
H'((0), X*(2")) = X*(Z")0)
= X*(2)r
is torsion-free. We see from the commutative square above that (7.7.1) is surjective,
as desired.
8. Algebraic 1-cocycles

Let T be a torus over F' and let K be a finite Galois extension of F' in F that
splits T'. Let Wi, be the Weil group associated to K /F (see B.3 for a review of
Wk ). In this section we will define a group

Hz:lg(WK/F’ T(K))
and a canonical isomorphism

Haye(Wk/r, T(K)) ~ B(T).

8.1. Let T — t, be an abstract 1-cocycle of Wi in T(K) (of course W acts
on T(K) in the obvious way, through its quotient Gal(K/F')). We say that ¢, is an
algebraic 1-cocycle if there exists an element p € X, (T') such that

tr = p(z)

https://doi.org/10.1023/A:1000102604688 Published online by Cambridge University Press


https://doi.org/10.1023/A:1000102604688

302 ROBERT E. KOTTWITZ

for all z in the subgroup K of W, r. The cocharacter v is uniquely determined
by the 1-cocycle and is fixed by I'. We write Zz}lg(WK/ r, T(K)) for the group of
algebraic 1-cocycles of Wi in T(K). Any abstract 1-coboundary 7 t~1r(t)
is obviously algebraic (the associated p is trivial). We define Hilg(WK/ m T(K))
to be the quotient of Z, ,g(WK/ r, T(K)) by the subgroup of 1-coboundaries.
Let & ['( /F be the extension of I' by K obtained from the extension W /p of

Gal(K/F) by K* by pulling back along the surjection

' » Gal(K/F);
thus 8}(/1, is the fiber product of WK/F and I" over Gal(K/F). As in B.3, we let
&k r denote the extension of I by F> obtained from &1 K/F by pushing out along
the injection

KX —F".
Thus & I'( /F and F* can be identified with subgroups of £x/r; the product of

these two subgroups is £, and their intersection is K *. Recall that £ K/F 182
topological group (see B.3). .
Let t, be an abstract 1-cocycle of Egp in T'(F). We say that ¢, is an algebraic

1-cocycle if the map 7 + ¢, is continuous for the discrete topology on T'(F) and
there exists u € X, (T') such that

te = k(z)

for all z in the subgroup F*of€ k/F- Again p1 is uniquely determined and invariant
under I, and again 1-coboundaries are algebraic. We write

Zye(Exp T(F))
for the group of algebraic 1-cocycles of i/ in T(F), and
Hyo(Ex/p, T(F))

for its quotient by the subgroup of 1-coboundaries.
There is an obvious map

ZagWip, T(K)) = Zye(Ex/p, T(F)), (8.1.1)

defined as follows. Let ¢, be an algebraic 1-cocycle of Wi, in T(K), and let p
be the associated cocharacter. We inflate ¢, using the canonical surjection

6[‘(/1;‘ — WK/Fa

obtaining a 1-cocycle ¢, of £} /F in T(K) whose restriction to the subgroup K *
of £} /p is given by . We let t7 be the unique 1-cocycle of £/ in T(F) whose
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restriction to £} /F is equal to ¢ and whose restriction to F* is given by p. Note

that ¢! is algebraic. The map t, — t',’_is the desired map (8.1.1).
Let I' ¢ denote the subgroup Gal(F/K) of I'. We use the canonical splitting of
the extension

| > F* = Eg/p =T — 1

over the subgroup I' to identify I'x with an (open) subgroup of £x/p. Since T
splits over K, the group H' (K, T) is trivial. Therefore the restriction to I'x of any

algebraic 1-cocycle a, of £k /r in T(F) is a 1-coboundary. Therefore there exists
a cohomologous 1-cocycle b, whose restriction to I is trivial. It then follows
easily that (8.1.1) induces an isomorphism

Hayy(Wi/p, T(K)) = Hyy(Ex/r, T(F)). (8.1.2)

8.2. Put s = [K : F]. Choose a uniformizing element = in F. Recall from B.2

that the choice of 7 determines an extension D, of I' by F' . We define the notion
of algebraic 1-cocycle of D; in T'(F) in the same way we did for £/ (impose
continuity and the existence of an appropriate cocharacter u of T'); in this way we
get groups

Zag(Ds, T(F)),
Hyo(Ds, T(F)).
The isomorphisms (B.3.2) induce isomorphisms
Zye(Ds, T(F)) = Zyyo(Ex/p, T(F)),
and the induced isomorphisms
Hy (D, T(F)) = Hjg(Ex/p, T(F)) 82.1)

all coincide.

Let t, be an algebraic 1-cocycle of D; in T'(F). For any representation p: T —
GL(V) of T on a finite dimensional vector space V' over F' we get a representation
of D, on F @ V by letting 7 € Ds act on F @ V by the 7-linear automorphism

p(tr) o (T ®idy)

(we are also denoting the image of 7 in I' by 7). Recall (see Appendix B) that
giving a representation of D, is the same as giving an object in 7y, the category of
o-L-spaces whose slopes lie in the subgroup éZ of Q. In this way ¢, determines
a ®-functor 8 from Rep(Z') to 7. Let wr denote the obvious fiber functor (over
F)V — F ®pr V on Rep(T), and let wf be the fiber functor (over F)) on T,

constructed in B.2. There is an obvious ®-isomorphism from wf o 3 to wr.

https://doi.org/10.1023/A:1000102604688 Published online by Cambridge University Press


https://doi.org/10.1023/A:1000102604688

304 ROBERT E. KOTTWITZ

As in 3.1 this construction yields a bijection from Z;,g(Ds, T(F)) to the set of
®-isomorphism classes of pairs (3, ), where 3 is an exact ®-functor from Rep(T')
to T;, and « is a ®-isomorphism from wX’ o B to wr. This in turn yields a bijection
from Hy,,(Ds, T(F)) to the set of ®-isomorphism classes of exact ®-functors 3
from Rep(T') to 7.

We claim that any exact ®-functor 3 from Rep(T") to o-L-spaces factors through
the full Tannakian subcategory 7. In other words we claim that the image of the
Newton map

B(T) - X.(T)' ® Q

is contained in the subgroup X, (T')" ® (1Z). Since this image is the same (see
[K]) as that of the map

X.(T) = X.(T)' ®Q
sending u to

! S 7w,

5 reGal(K/F)

we see that the claim is true. Therefore we get a bijection from Hzf,g(’Ds,T(?))
to the set of ®-isomorphism classes of exact ®-functors 5 from Rep(T") to Wg-
L-spaces. Comparing this with what was proved in 3.1, we obtain a canonical
isomorphism

Hy,(Ds, T(F)) ~ B(T). (8.2.2)

Let ¢, be an algebraic 1-cocycle of Dy in T'(F). Composing 7 +— t, with the map
(B.2.5) from Wr to D5, we get a (continuous) 1-cocycle of Wr in T(F), which
we can regard as a 1-cocycle of W in T'(L). This map on 1-cocycles induces the
map (8.2.2).

Let ¢ be a positive integer such that s divides ¢. Recall from B.2 that there is a

canonical surjection

Dt _) Ds,
which gives rise to an inflation map
Hyg(Ds, T(F)) —— Hig(Dr, T(F)). (82.3)

It is easy to check the commutativity of the diagram

H)) (D, T(F)) —~ Hby(D,, T(F))
(8.2.4)

B(T) =—————=B(T),
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in which the vertical arrows are isomorphisms of type (8.2.2).

8.3. Combining (8.2.1) and (8.2.2), we get an isomorphism
Hyo(Ex/r, T(F)) ~ B(T). (8.3.1)

Let ¢, be an algebraic 1-cocycle of £k p in T(F). Then by composing 7 + t,
with the map (B.3.3) from WF to £k, we get a (continuous) 1-cocycle of Wr

in T(F). which we view as a 1-cocycle of Wg in T'(L). This map on 1-cocycles
induces the isomorphism (8.3.1). It follows from the discussion at the end of B.3
that the isomorphism (8.3.1) is independent of the choice of uniformizing element
TT.

8.4. Combining (8.3.1) and (8.1.2), we get a canonical isomorphism
Haye(Wir, T(K)) ~ B(T). (8.4.1)
It is easy to see that the diagram

H'(K/F,T(K)) — Hy(Wk/r,T(K))

(8.4.1) (842)

(1.4.2)

H'(F,T) B(T)

commutes, where the top arrow is the inflation map for the surjection
Wgp — Gal(K/F)

and the left vertical arrow is the inflation map for the surjection
' —» Gal(K/F)

(the second inflation map is an isomorphism since H' (K, T) is trivial).

9. Hypercohomology

Let f: T — U be a map of F-tori. We regard T — U as a complex of length 2,
concentrated in degrees O and 1. Let K be a finite Galois extension of F' in
F that splits T and U, and put s = [K : F]. In this section we will define
hypercohomology groups B(T' — U) and Hzf,g(WK/F,T(K) — U(K)) and show
that they are canonically isomorphic.

9.1. First we define B(T — U). By a 1-hypercocycle of Wr in T(L) — U(L)

we mean a pair (t,u) consisting of a 1-cocycle t of Wr in T'(L) and an element
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u € U(L) such that f(t) = du (here du denotes the coboundary of u, namely the
l-cocycle 7 — u~!7(u)). By a 1-hypercoboundary we mean a pair of the form
(8t, f(t)), where t is an element of T'(L). We let

B(T — U)

denote the group of 1-hypercocycles modulo 1-hypercoboundaries.
There is an exact sequence

1 = cok[T(F) - U(F)] - B(T = U)
— ker[B(T) - B(U)] — 1. 9.1.1)

Let C (respectively, W) denote the kernel (respectively, cokernel) of f: T — U.
Of course W is a torus, but C' need not be. There is a second exact sequence

1 - B(C)—>B(T ->U) > W(F), (9.1.2)
and if C is connected then the map
B(T - U) —» W(F)

is surjective.

9.2. Now we define H;lg(WK/F, T(K) — U(K)). By a 1-hypercocycle we now
mean a pair (t,u) consisting of an algebraic 1-cocycle ¢ of W/ in T(K) and an
element 4 € U(K) such that f(t) = du. By a 1-hypercoboundary we mean a pair
of the form (9t, f(t)), where t is an element of T'(K). We let

Hhy(Wy/p, T(K) = U(K))

denote the group of 1-hypercocycles modulo 1-hypercoboundaries.

9.3. There are also hypercohomology groups
szlg(gK/Fa T(F) - U(F))v
H;Ig(DSaT(F) - U(F))

(define these in the obvious way, using algebraic 1-cocycles). There are canonical
isomorphisms

H)y(Wir, T(K) = U(K)) ~ Hy(Ex/r, T(F) - U(F))
~ H,,(Ds,T(F) - U(F))
~ B(T = U) (9.3.1)

analogous to (8.1.2), (8.2.1), (8.2.2). Indeed, the maps on 1-cocycles defining
(8.1.2), (8.2.1), (8.2.2) can be used to define maps between the hypercohomology
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groups above, and these maps on hypercohomology are all isomorphisms since the

maps (8.1.2), (8.2.1), (8.2.2) are isomorphisms (use the exact sequence (9.1.1) and
its analogs for the other hypercohomology groups). The resulting isomorphism

Hye(Wi/p, T(K) = U(K)) ~ B(T = U) 9.3.2)
is independent of the choice of .

9.4. The diagram analogous to (8.4.2)

H'(K/F,T(K) = U(K)) — Hug(Wg/r, T(K) = U(K))

(93.2) (9.4.1)

HY(F, T - U) B(T — U)
commutes, where we have written H'(K/F,T(K) — U(K)) for
H'(Gal(K/F),T(K) = U(K))

and H'(F,T — U) for H' (', T(F) — U(F)), as in [KS]. Note that the left
vertical arrow in (9.4.1) is an isomorphism since T" and U split over K. The bottom
arrow is analogous to (1.4.2).

10. Hyperhomology

As in Section 9 let f: T — U be a map of F-tori and let K be a finite Galois
extension of F' in F' that splits T and U. Let X, Y denote the cocharacter groups
X.(T), X.(U) respectively. We regard

x Loy

as a complex of length 2 placed in degrees 0 and 1. In this section we will define
an isomorphism

HoWg/p, X = Y) = Hy,(Wg)r, T(K) = U(K)).

10.1. The group Ho(Wk/p, X — Y) is the hyperhomology group studied in
Section A.3 of [KS], and our discussion here closely parallels the one there. For
m > 0 we write Cp,(X) for the group of (abstract) m-chains of Wi /p in X, so
that Hy, (Wg p, X) is the m-th homology group of the complex

Lo G(X) -2 X)) L op(X).
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We then get a double complex

o (X) 2 1 (X) —2— Co(X)

Co(Y) —2— Ci(Y) —2— Co(Y)

with vertical maps induced by f.: X — Y, and from this double complex we get
the complex

= CIX) @ Co(Y) =2+ Co(X) @ CL(Y) -2+ Co(Y),
with o given by

a(z1,1y2) = (971, fez1 — Ona)
and [ given by

B(zo,y1) = fszo — Oy1.
Then Ho(Wk,r, X — Y) is the quotient

ker(8)/im(a)

and we refer to elements of ker(3) as O-hypercycles.

We write CO(T) for the group of O-cochains of Wg/p in T(K) and Z;]g(T)
for the group Z;,g(WK/F,T(K)) of algebraic 1-cocycles of Wk r in T(K); of
course

We are going to define maps

¢: C1(X) = CUT),
p: Co(X) = Zy(T),

making the diagram

Ca(X) —2—~ C1(X) —2— Cy(X)
¢ » (10.1.1)

CcT) -2~ z},(T)
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commute. Both ¢ and % will be functorial in T'. Just as in [KS], we will use ¢, 9
to define a homomorphism

Ho(Wyp, X = Y) = Hy (W p, T(K) = U(K)) (10.1.2)

sending the class of the 0-hypercycle (zo,y,) to the class of the 1-hypercocycle

(¥ (o), b(y1))-

It remains to define ¢, ¥. We fix a (set-theoretic) section
s: Gal(K/F) —» Wg/p
of the canonical surjection
Wi r — Gal(K/F).

As usual this section gives us a 2-cocycle a, » of Gal(K/F) in K*, defined by the
equation

s(p)s(T) = aprs(pT).

We now define ¢ exactly as in [KS, A.3]. It sends a 1-chain w — z,, of Wk, p
in X to the element

v =[] p(@asir))(ayrola)™"), (10.1.3)

p,T,a
of T(K), where the product is taken over all
(0,7,a) € Gal(K/F) x Gal(K/F) x K*.
We define 1 as follows. Let

p€ Co(X) =X
and put
v= Z T(1)-
T€Gal(K/F)

Define a map
t: Wgp = K*
by the equation
w = t(w)s(p),
where p denotes the image of w € W under

WK/F' — Gal(K/F)
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Then 1 sends p to the algebraic 1-cocycle

wervtw) - [ er(w)(eps) (10.1.4)
T€Gal(K/F)

of Wk in T(K), where w € Wk and p denotes the image of w in Gal(K/F).
A direct calculation [L, A.1] shows that the 1-cocycle condition is satisfied, and it is
obvious that this 1-cocycle is algebraic. It is not hard to check that the cohomology
class of the 1-cocycle is equal to the corestriction of the element of

H'(K*,T(K)) = Hom(K*,T(K))

determined by p.

If v = 0, or, in other words, if u lies in the subgroup Co(X)o of Co(X) (the
notation Co(X )¢ comes from [KS]), then the first factor in (10.1.4) is 1, and the
second factor coincides with the one used to define the map

¥: Co(X)o = ZY(T)

in [KS]. Thus the map 9 used in this paper extends the one in [KS]. In particular
(10.1.1) commutes, since @ maps C}(X) into Cy(X)o and the analogous diagram
in [KS] commutes.

10.2. The maps ¢, ¢ have all the desired properties, and thus the map (10.1.2) has
now been defined. However we chose a section s of

Wi /r — Gal(K/F)

in order to define ¢, ¥, and we need to check that the map (10.1.2) is independent
of this choice.

Let s’ be another section and let ¢, 9’ be the corresponding maps. Let b, be the
1-cochain of Gal(K/F') in K* defined by

s'(1) = brs(T)
for 7 € Gal(K/F). Define a homomorphism
k: Co(X) = CYT)

by sending an element i € X to the element

k(w) = [ (rw)(br)

T€Gal(K/F)

of T(K) (this map is the obvious extension of the one in [KS]). Clearly k& is
functorial in T", and a routine calculation shows that

¢ — ¢ =kd
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and

P — ¢ = k.
It then follows easily that the homomorphism (10.1.2) does not change when s is
replaced by s'.

10.3. We now show that the homomorphism (10.1.2) is an isomorphism. Using the
S-lemma as in [KS], we see it is enough to prove that (10.1.2) is an isomorphism in
the special case in which either T or U is trivial. Thus we must show that the maps

H\(Wg/p, X) = T(F)
and
Xr = Hyj,(Wg/r, T(K))

are isomorphisms. The first map is the usual Langlands isomorphism (see [KS]
for a review). Composing the second map with the isomorphism (8.4.1), we get a
functorial homomorphism

Xr — B(T), (10.3.1)

which we must show is an isomorphism.

In fact (10.3.1) is equal to the isomorphism [K, 2.4.1]. By [K, 2.2(b)] it is
enough to prove that (10.3.1) coincides with the map in [K] in the special case
T = G, (more precisely we use the obvious variant of [K, 2.2(b)] that applies to
the category of tori over F' that are split by K).

In order to prove that (10.3.1) coincides with the map in [K] in the special
case T = G,,, we need to introduce some homomorphisms taking values in
Q. Put s = [K : F] and consider the extensions D;, Ex/p of ' by F*. Let
vp (respectively, vg) denote the unique continuous homomorphism from D;
(respectively, Ex /F)t0Q extending the valuation map

val: F~ —Q

on the subgroup F - (we normalize the valuation on F so that it takes the value 1
on uniformizing elements for F'). The existence and uniqueness of vp, vg follow
from the triviality of H*(T', Q) for 7 > 1. Clearly the isomorphisms (B.3.2)

Ds =~ EK/F
carry vp into vg. Looking back at the definition of the homomorphism (B.2.5), we
see that the composition

(B.2.5)

Wr D, 2+ Q (10.3.2)
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sendsT € Wrtoj /s, where j is the unique integer such that the restriction of 7 to
F'" is equal to ¢7; of course the composed map (10.3.2) is also equal to

B.3. v,
we B2 g p Q. (1033)

Now let 4 € X, (Gy,) be the identity map on G, . Let ¢, be the corresponding
algebraic 1-cocycle of Wi /p in K X (defined by the formula (10.1.4)), and let ¢,

be the algebraic 1-cocycle of £ /r in F™ obtained from ¢y by means of (8.1.1).
The map w — val(c),) is a continuous homomorphism from Ex /F to Q extending

the homomorphism s - val on the subgroup F*of € k/F» and therefore
val(cl,) = s - ve(w).

Let ¢’ be the 1-cocycle of W in F < obtained from ¢!, by means of the homomor-
phism (B.3.3). It follows from the discussion above that

val(c!) = s- (j/s) = 7,

where j is the unique integer such that the restriction of 7 € Wr to F"" is equal to

o’. Pick a cocycle ¢ of (o) in (F"")* whose inflation to W is cohomologous to
/!

c. Then

val(c)) = 1.

Of course ¢ is an element of T'(L) whose class in B(T) = B(T) is equal to the

o

image of 4 € X.(Gy,) under (10.3.1). Comparing with [K, 2.4], we see that this
class in B(T) is also the image of u under the isomorphism

Xr — B(T)

defined in [K]. This completes our proof.

10.4. Combining the isomorphisms (9.3.2) and (10.1.2), we obtain an isomorphism
Ho(Wg/p, X = Y)~B(T = U). (10.4.1)

11. Duality for B(T — U)

Welet f: T — U, fs: X = Y and K/F be as in Section 10. In this section we
use (10.4.1) to prove a duality theorem for B(T — U).

I'1.1. First we must topologize B(T' — U). Recall the exact sequence (9.1.1). We
put the unique topology on B(T' — U) for which B(T' — U) is a topological group
and the canonical map

U(F) - B(T - U)
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is open. We write
Homeon (B(T' = U),C*)

for the group of continuous homomorphisms from B(T' — U) to C*.

11.2. Dualto f: T — U is a homomorphism
F:U0-T.
The hypercohomology groups H'(Wg,U — T) and HI(WK/F,(} - T) are

defined in [KS, A.3], using continuous I-cocycles of Wr and Wk, in U. The
inflation map

H'Wg/p, U = T) —» H(Wp,U - T) (11.2.1)
is an isomorphism. Recall from [KS, (A.3.8)] that there is a canonical isomorphism
Hom(Ho(Wk/p, X = Y),C*) = HYy (Wi p,U = T),

where the subscript abs indicates that we regard Wy, as an abstract group
when forming the hypercohomology group. Combining this with the isomorphism
(10.4.1), we get an isomorphism

Hom(B(T — U),C*) ~ Hy (Wy/p,U — T),
and it is clear that this isomorphism restricts to an isomorphism
Homeom (B(T = U),C*) ~ H'(Wy/p, U — T),
which we combine with (11.2.1) to get an isomorphism
Homeom (B(T = U),C*) ~ H' (Wg,U — T). (11.2.2)

In 11.5 below we will prove that the isomorphism (11.2.2) is independent of the
choice of K. Combining (11.2.2) with the canonical injection

H'(F,T - U) - B(T - U)
(the bottom arrow in (9.4.1)), we recover the surjection
H'(Wg,U = T) = Homeon (H' (F, T — U),C*)
of [KS, Lemma A.3.B].

11.3. We are going to prove a rather technical lemma that will be used in 11.5
to prove that (11.2.2) is independent of the choice of K. The lemma will be used

again in Section 12.
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Let R denote the torus Rg/rG, obtained from Gy, by Weil’s restriction of
scalars from K to F'. The group G(K/F) := Gal(K/F) acts on (the left of) R
by F-automorphisms; for 7 € G(K/F) we write 6, for the corresponding F-
automorphism of R. Put

Ri= [ R

TEG(K/F)
and consider the homomorphism
R+ Ry (11.3.1)

whose projection to the factor R indexed by 7 € G(K/F) is givenby ;! —idp €
End(R).

Of course X, (R) is the left regular representation of G(K/F) on the group
ring Z[G(K/ F)]. We write p for the element of X, (R) corresponding to the unit
element 1 € Z[G(K/F))]. Then (R, px) represents the functor T — X, (T') on the
category of F'-tori split by K. Note that

T(pk) = 07 ' (uK)

for any 7 € G(K/F). It follows that the class of ug in X, (R)r lies in the kernel
of

X (R)r - X.(Ri)r-
Now let Cx denote the category whose objects are homomorphisms
[T —-U

of F'-tori split by K and whose morphisms are given by commutative diagrams

T— 1 .y

)
Let f: T — U be an object in Cg. Then giving a morphism from n: R — R, to

f:T — U is the same as giving an element p € X, (T') and a family of elements
wur € X.(U), one for each 7 € G(K/F), satisfying

flw) = > (7= 1D)(ur) (11.3.2)

TEG(K/F)
The class of 4 € X, (T) in X, (T)r lies in the kernel of

X.(T)r L+ X.(U)r.
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Moreover, it is clear that for any element u € X, (T') whose class in X, (T)r lies
in the kernel of

Xo(T)r L~ X, (U)r

there exists a morphism fromn: R — R to f: T — U that carries ug € X.(R)
into 1 € X, (T).

We are almost ready to state the technical lemma. For any object 7' — U in Cx
put

H(T — U) = H()(WK/F,X 4 Y)

(asusual X = X, (T),Y = X.(U)). Of course H is an additive functor from the
additive category Ck to the category of abelian groups. Suppose that we are given
an additive functor I from Ck to the category of abelian groups, and that we are
also given two natural transformations «, 3 from H to I.

LEMMA 11.4. Suppose that the maps
a,B: HT - U)—= I(T - U)

are equal whenever T is trivial or U is trivial. Suppose further that the obvious
map

I(R— Ry) > I(R— 1) x I(1 = R,/n(R))

is injective. Then « is equal to (.

First we note that the maps
a,B: HR— Ry)) - I(R — Ry)

are equal. Indeed, this follows immediately from the hypotheses of the lemma
(apply the first hypothesis to both R — 1 and 1 — R, /n(R)). It follows that the
maps

o,B:H(T -U)—->I(T->7U) (114.1)
are equal on all elements of H(T — U) that arise as the image of an element in

H(R — R,) for some morphism fromR — RjtoT — U.
There is an obvious exact sequence

.= H1-T)->H(1-U)—->HT->U)
> Xr—>Yr— - (11.4.2)

Let z € H(T — U). We want to show that a(z) = B(z). It follows from the
discussion in 11.3 that there is a morphism ¢ from R — R, to T — U and
an element y € H(R — R;) such that z and {(y) have the same image in
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ker[XT — Yr]. Since we have already seen that «, 3 have the same value on £(y),
we are reduced to the case in which z lies in the image of H(1 — U). Therefore
the first hypothesis of the lemma, applied to 1 — U, implies that a(z) = §(z).

11.5. Now we use the lemma to prove that the isomorphism (11.2.2) is independent
of the choice of K. As in [KS, A.3] the only nontrivial fact that we need is the
commutativity of

HO(WK’/FaX — Y) _— B(T — U)
- (11.5.1)

Ho(Wg/p, X =Y) — B(T - U).

Here K is a finite Galois extension of F in F containing K, and the map p, is
induced by the canonical surjection

p. WK’/F — WK/F

The horizontal maps are of type (10.4.1).

Note that the map p, is an isomorphism (use the exact sequence (11.4.2)).
Therefore (11.5.1) gives us two natural transformations «, 8 from H to I, where I
denotes the functor on Cx that sends T — U to B(T — U). We claim that o, 8, T
satisfy the hypotheses of Lemma 11.4. The first point to check is that

H\(Wgip, X) — T(F)
(11.5.2)

H\(Wgp, X) — T(F)

commutes. This is standard (and also follows from the commutativity of (A.3.11)
in [KS]). The second point to check is that

Xr B(T)

Xr B(T)

commutes. This follows from the fact, proved in 10.3, that both horizontal maps
agree with the canonical map

Xr = B(T)
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defined in [K]. The third point to check is that the natural map
B(R — R|) » B(R — 1) x B(1 - R,/n(R))
is injective.
More generally let us find a sufficient condition for the injectivity of
B(T —L- U) - B(T = 1) x B(1 = W), (11.5.3)

where W = U/ f(T). It follows from (9.1.1) that the kernel of (11.5.3) is equal to
the kernel of

cok[T(F) = U(F)] —» W(F),

whichisequalto V(F)/f(T(F)), where V is the subtorus f(T") of U. Let C denote
the kernel of T — U. Then T(F) — V(F) is surjective if H!(F,C) is trivial.
Therefore we conclude that (11.5.3) is injective whenever H'(F, C) is trivial. This
condition is satisfied by n: R — Ry, since C' is G, in this case.

12. A valuation map on B(T — U)

Welet f: T — U, f.: X — Y and K/F be as in Section 10. In this section we
are going to define a surjection

B(T —» U) = H'((0),X; = Y7)

and study its properties.

12.1. We need to review group cohomology and homology for the infinite cyclic
group (o). Let Z[(o)] denote the integral group ring of (o). There is an exact
sequence

0 - z[(0)] T Z[(0)] =+ Z — 0,

where o — 1 denotes multiplication by o — 1 and « is defined by
o Smje) = Sm;
J J
Thus we get a projective resolution

z[(o)] <= Z[(0)]

of the trivial (¢)-module Z.
Let A be an abelian group on which (o) acts. Then H*((o), A) is the cohomol-

ogy of the complex

AZL A
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and H,({c), A) is the homology of the same complex. Therefore H™({c’), A) and
Hp,((o), A) vanish form > 2 and

H'((0),A) = A“) = Hy((0), A),
Hl(<0)’A) = A(U) = H0(<U>’A)’

(as usual the superscript (o) indicates invariants and the subscript (o) indicates
coinvariants).
Now let ¢: A — B be a map of (¢)-modules. From ¢ we get a double complex

A—""L .4
¢ [
B o—1 B,

which in turn gives rise to a complex

o—1)

The cohomology (respectively, homology) of this complex is the hypercohomology
(respectively, hyperhomology) of A — B. Therefore

H\_m({o),A = B) ~ H™((5), A = B) (12.1.1)
for all m € Z.Moreover H™((0), A — B) vanishes unless m = 0, 1,2, and

H'((s),A = B) = ker[A") — B,

H'((c),A = B) = ker(¢ — (o — 1))/im(c — 1, ¢), (12.1.2)

H*((0), A = B) = cok[A(s) = B

We refer to elements of ker(¢p — (o — 1)) as simplified 1-hypercocycles (and also as
simplified 0-hypercycles), and we refer to elements of im(c — 1, ¢) as simplified
1-hypercoboundaries (and also as simplified O-hyperboundaries).

There is an exact sequence

I = cok[A') - B » H!((s), A - B)
— ker[A(gy = Byl = 1 (12.1.3)
generalizing (9.1.1), and there is an exact sequence

I = (ker{A — B]),y = H'({0),A = B)

— (cok[A = B])' = 1 (12.1.4)
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analogous to (9.1.2) (it generalizes (9.1.2) in case C is connected).

12.2. We define B(T' — U) to be the hypercohomology group

B(T - U) := H'((0),T(L) = U(L)). (12.2.1)
The inflation map for the surjection Wr — (o) yields an isomorphism

B(T -U)~B(T - U). (12.2.2)
Recall the canonical surjection (7.2.1)

wr: T(L) = X;.

Together the maps wr and wy induce a map of complexes from [T'(L) — U(L)]
to [X; — Y7], and this in turn induces a map

B(T - U) = B(T - U) = H'((0), X1 = Y7). (12.2.3)

We claim that the map (12.2.3) is surjective. Since wr, wy are surjective, it
suffices to show that

H*((0), T(L)1 = U(L)) (12.2.4)
is trivial, where T'(L), denotes the kernel of wr. But (12.2.4) is equal to
cok[(T(L)1) 5y = (U()) )],
which is indeed trivial (see (7.6.1)).
12.3. Consider the canonical surjection g: Wi /p — (o). There is a natural map
(analogous to inflation for hypercohomology)
Ho(Wk/p, X — Y) = Ho({o), X1 = Y1) (12.3.1)
obtained as the composition of
Ho(Wkp, X = Y) = Ho(Wkp, X1 — Y1)
and

Ho(WK/F,X[ i Y[) LN H()((O),X[ — Y[).

12.4. Consider the diagram

10.4.1
Ho(Wg/p, X 2 Y) oD

B(T = U)
(12.3.1) (12.2.3) (12.4.1)
(1211 4
Hy({o), X1 = Y]) ——— H ((0), X1 = YI).
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We are going to use Lemma 11.4 to prove that (12.4.1) commutes. We take I to be
the functor sending T — U to H'({0), X; — Y7), and we take o, 3 to be the two
natural transformations from H to I given by the two paths in the diagram (12.4.1).

Let V denote the image f(T') of T in U, let W denote the quotient torus U/V,
and let C denote the kernel of f. We are interested in the kernel of the map

H'({o), X1 = Y1) = H'((0), X1) x (X, (W)){, (12.4.2)

since we must check that (12.4.2) is injective for n: R — R,. It is easy to see that
the kernel of (12.4.2) is equal to

(im[X, (V)1 = Y1) /im[X {7 = v, (12.4.3)

Now suppose that C is connected. Then X, (T) — X, (V) is surjective, as is the
induced map on I-coinvariants, so that in this case (12.4.3) is equal to

(im[X; — ¥7))‘ /im[X{" = ¥{7). (12.4.4)
The group (12.4.4) is trivial if
H'((o), ker[ X1 — Y7]) (12.4.5)

is torsion-free.

Now suppose that f: T'— U is n: R — R,. Then C is G,, so that the kernel
of (12.4.2) is equal to (12.4.4). It is easy to see that the kernel of X; — Y7 is Z
(with trivial action of (o). Therefore the group (12.4.5) is torsion-free (isomorphic
to Z), and we conclude that (12.4.2) is injective for n: R — R, as desired.

The next point to check is that

X; (10.4.1)

(12.3.1) (12.2.3)

Ho((o), X1) L2 B (o), X))

commutes. We identify H'({c), X;) with X1. Then we must show that the com-
posed map

(10.4.1) (12.2.3)

Xr B(T) Xr

is the identity map on Xr. This follows from 7.5 and 10.3 (see the discussion of
the map (10.3.1)).
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The final point to check is that

(10.4.1)

H\(Wk/p, X) T(F)
(12.3.1) (7.6.2) (12.4.6)
H((0), X1) === (X))

commutes. Let
& T(F) - (X))

be the homomorphism obtained by going the long way around (12.4.6) (remember
that (10.4.1) is an isomorphism). We want to show that £ is equal to (7.6.2).

Observe that € is independent of the field K (use that the diagram (11.5.2)
commutes). Of course £ is functorial in T'. Let E be a finite unramified extension
of F in F. Let Rg denote the F-torus R /r(TE), obtained by Weil’s restriction
of scalars from the torus Tk over E. The map £ for the torus Rg can be thought of
as a map

T(E) = (X)!78), (12.4.7)

where o denotes the Frobenius automorphism of F"" over E (we used that
X.(Rg)y is the (o)-module induced by the (og)-module X7).

Suppose that E’ is a finite unramified extension of F in F containing E. Then
there is a canonical embedding

RE — REI
and the functoriality of ¢ implies that the diagram

T(E) — (X){7®)

T(B') — (Xp)lo=!

commutes. Thus these maps fit together to give a functorial map
wr: T(F'") = X;.

We must show that Wy is the restriction to T'(F“") of the map
wr: T(L) > Xr

defined in 7.2.
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Choose an induced torus R over F' and a surjection
X.(R) = X.(T)
of I'-modules. Then there is an exact sequence
1-C—>R—-T->1,
where C is a torus. Since H! (F"*, C) is trivial, the map
R(F"™) — T(F"")

is surjective. Therefore it is enough to prove that wr restricts to wr in the case that
T is an induced torus. Then X is torsion-free, and by using elements of XT we
reduce to the case in which T is G,,,.

Thus we must show that for T' = G, the map (12.4.7)

E*X 517
is the usual valuation map on E. Using the norm map Rg/rGm — Gp, we see
that it is enough to show that the map

& F*—>17

for G, is the usual valuation map on F'.
Thus it is enough to show that the diagram

H\(F*,Z) —— F*
qu val (12.4.8)

H,({0),2)

commutes, where ¢ is the canonical surjection F'* — (o) (uniformizing elements
in F* mapto o). Let z be an element in H,(F*,Z). Choose a 1-cycle a — z,
of F* in Z representing z. Then (see (10.1.3)) the top horizontal arrow maps z to
the element

H a % ¢ F*

a€FX

Z

and the valuation of this element is

Z —val(a) - z,. (12.4.9)

acF'x

The map ¢, sends z to the class of the 1-cycle

e Yz, (12.4.10)

val(a)=n
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of (o) in Z (the sum is taken over all a € F'* satisfying the stated condition).
Let A be any abelian group on which (o) acts. Let Cy,(A) be the group of
standard m-chains of (o) in A, so that H,({c), A) is the homology of the complex

o Ca(4) =2 01(4) =2+ oo(A).

The diagram

Ca(4) —2— Ci(4) —2— Co(4)

0 A—2L .4
commutes, where the vertical arrow C;(A) — A sends a 1-chain ¢™ — a,, to the
element
Z Yn(an) € 4,
nez

where <y, denotes the unique element in the integral group ring of (o) satisfying
the equation

M- (0—1)=0""—1

Therefore the bottom horizontal arrow in (12.4.8) maps the 1-cycle (12.4.10) to the
integer

D D Ta (12.4.11)

n€Z  val(a)=n

The element v, acts by multiplication by —n on Z. Therefore (12.4.11) is equal to
(12.4.9), and we are done.

12.5. We return for a moment to the cohomology of the group (o). Let X, X,
be finitely generated abelian groups on which (o) acts and let h: X| — X, be a
homomorphism. Dual to X, X, are diagonalizable C-groups

Di = Hom(Xi,Cx) (’L = 1,2)

on which (o) acts. Of course X; is equal to X*(D;). There is a map h: D, — D,
dual to h. Since C* is an injective abelian group, there is a canonical isomorphism

Hom(Ho((o), X1 = X3),C*) ~ H'((0), D, = D)), (12.5.1)
analogous to [KS, (A.3.8)]. This gives us a C* -valued pairing between

Hy({o), X1 = X3)
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and
H'((o), Dy = Dy).

As in [KS] we have the following explicit formula for this pairing in terms
of standard chains and cochains. Consider a 0-hypercycle (z1,z2(w)) and a 1-
hypercocycle (dy(w),d;). Thus z; € X, and z; is a 1-chain of (o) in X, such
that

hz) = Y (w 'z (w) — z2(w));

we (o)

similarly d| € Dy, and d; is a 1-cocycle of (o) in D, such that
h(dy(w)) = di ' w(di)

for all w € (o). Then the value of the pairing on the classes of these two elements
is given by
(zi,d) [[ (z2(w),da(w))™". (125.2)

we (o)

In 12.4 we saw how to convert from standard 1-chains for (o) to the simplified
1-chains we used in 12.1. Of course it is obvious how to convert a standard 1-
cocycle of (o) to a simplified 1-cocycle: take the value of the 1-cocycle at o € (o).
Converting (12.5.2) into the language of simplified chains and cochains, we find the
following alternative description of our pairing. Consider a simplified O-hypercycle
(z),z2) and a simplified 1-hypercocycle (dy,d;). Thus z; € X, and 7z, € X,
satisfy

h(z1) = (o — 1)z2;
similarly d| € D, and d; € D, satisfy
h(da) = (o = 1)(d).
Then the value of the pairing on the classes of these two elements is given by
(z1,d1){o(72),da). (12.5.3)
Recall the canonical isomorphism (12.1.1)
Ho({0), X = X2) ~ H'((0), X1 = Xa).
Using this isomorphism, we get a pairing between
H'((o), X1 = X,)
and

H'((o), D, = Dy).
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It is also given by the formula (12.5.3) (recall that a simplified 0-hypercycle is the
same as a simplified 1-hypercocycle).
12.6. We return to f: T — U and the canonical surjection (12.2.3)

B(T = U) = H'((0), X1 = Y7). (12.6.1)
There is an injective inflation map

H'((6), 0" 5 T") o H'(Wr,U - T). (12.6.2)
There is a C* -valued pairing (see (11.2.2)) between

B(T - U)
and

HY(Wg,U = T),
and by applying 12.5 to X1 — Y; we get a C* -valued pairing between

H' (o), X; = Y7)
and

H'((o), U = TN).

We claim that these two pairings are compatible, in the sense that
(b,z') = (¥, z)

foranyb € B(T — U) andz € H'((c), U — T), where b’ denotes the image of
b under (12.6.1) and z’ denotes the image of z under (12.6.2). The only nontrivial
fact needed to prove this claim is the commutativity of the diagram (12.4.1), which
we have already established.

13. Canonical splittings

Let E be a finite unramified extension of F in F and put r = [E : F]. Thus 0" is
the Frobenius automorphism of F“" over E.

13.1. We return once again to the cohomology of the group (o). Let A be an
abelian group on which (o) acts. Restricting A to the subgroup (¢”) of (o) and
then inducing back up to (o), we obtain a (o)-module

I(A) = Indgi)(A).

We can identify I(A) with the r-fold product A x ... x A (as an abelian group).
The action of o on an r-tuple (ay,...,a,) € I(A) is given by

o(ay,...,ar) = (o(az),...,0(a;),0(ar)). (13.1.1)
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There is a canonical automorphism 6 of the (o)-module I(A), given by

0(ay,-..,a;) = (ar,ay,...,ar—1). (13.1.2)
There is an obvious injective (g)-map i: A — I(A), defined by

i(a) = (a,...,a) (13.1.3)
and an obvious surjective (o)-map m: I(A) — A defined by

m(ay,...,ar) =aj---ap. (13.1.4)

The sequence

1o A—w1(4) =% 1) 2o a1
is exact, and therefore the exact sequence (12.1.4) for the complex I(A) Ry (A)
becomes

1= Ay = H' ((0), I(4) =% 1(4)) » A©) 5 1. (13.1.5)

We claim that there is a canonical splitting of the exact sequence (13.1.5). We
write J(A) for the subgroup

A x . x A9

of I(A). On the subgroup J(A) the automorphisms o and 6 of I(A) are inverse to
one another. Recall from 12.1 that a simplified 1-hypercocycle of (o) in

1(4) =% 1(4)
is a pair (z,y) € I(A) x I(A) satisfying
(1-0)(z) = (o — D(y).
For any z € J(A) the pair (o(z), z) is a simplified 1-hypercocycle of (o) in
1(4) =% 1(4).
We denote by
H' ((0), 1(4) — 1(4)),

the subgroup of H' (o), I(A) = (A)) consisting of the classes of all simplified
1-hypercocycles of this special form. We claim that the surjection

H'((0), I(4) =% 1(4)) —» A©@ (13.1.6)
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induces an isomorphism
H'((0), I(4) =% 1(4)), —» A@. (13.1.7)

This will provide the desired splitting. Let z € J(A). The map (13.1.7) sends the
class of (o(x),z) to m(z). Since m maps J(A) onto A(?), we see that (13.1.7) is
surjective. Suppose that the class of (o(x), z) maps to the identity element of A(?).
Then there exists y € J(A) such that z = (1 — 8)(y); therefore (o(z), z) is equal
to the simplified 1-hypercoboundary

((o = ) (y), (1 = 6)(y)),

and we see that (13.1.7) is injective as well.
We also need the following variant of the discussion above. Now we consider
the complex

1(4) =2 1a).

The sequence

)

1 A

1
I(4) =+ A1
1s exact, so that we get an exact sequence

—p-!
1= Ay — H'((0), I(A) =+ I(4)) = A®) = 1. (13.18)
This exact sequence also has a canonical splitting. As the complementary subgroup

H' (o), 1(4) =2 1(4)),

we now take all classes that can be represented by simplified 1-hypercocycles of

the form (z~!, z) for some z € J(A).

13.2. We continue to use the notation of 13.1. We now let X be a finitely generated
abelian group on which (o) acts, and let Dx = Hom(X, C* ) be the diagonalizable
C-group dual to X. There is a canonical isomorphism of (o)-modules

Dyxy =~ I(Dx), (13.2.1)
where I denotes the induction functor Ind(gz ,as in 13.1. We denote the automor-

phism 6 of 13.1 for the group I(X) (respectively, I(Dx)) by 0x (respectively,
6p). Dual to

Ox:I(X) - I(X)
is the automorphism

5)(: DI(X) — DI(X)-
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Since the functor X — Dx is contravariant, the isomorphism (13.2.1) identifies
0x with the inverse of 0p.
From 13.1 we get an exact sequence

1= Xy = H'((0), I(X) =2 I(X)) = X9 = 1 (13.2.2)
and a subgroup
H' ((0), 1(X) =2 I(X)), (13.23)

complementary to X ). We also get an exact sequence

1 —’H\X

1 = (Dx)(a) — Hl((0>,D1(X) — DI(X)) - (Dx)(a) -1 (13.2.4)
and a subgroup

l—ax

H'({0), Dyx) —> Di(x)) (13.2.5)

complementary to (D X)<¢,) (since ) x = 05', we are using the variant discussed at
the end of 13.1).
Recall from 12.5 the canonical pairing (-, -) between the groups

H'((0), I(X) =2 1(X))

and

~

1-9
H'((o), Drxy —> Di(x))-

The pairing is given by the formula (12.5.3). We claim that the subgroups (13.2.3)
and (13.2.5) annihilate each other under this pairing. In other words we claim that

{(o(z),2),(d™",d)) =1 (13.2.6)
forany z € J(X) and any d € J(Dx). By (12.5.3) the left-hand side of (13.2.6)
is equal to

(o(z),d){o(z),d™") = 1,

which proves the claim.

13.3. Now let T" be a torus over F, and put X := X, (T'). Let R denote the F-torus
Rp/p(Tg) obtained from Tk by Weil’s restriction of scalars. The Galois group
Gal(E/F') acts naturally (on the left of) R by F-automorphisms, and we denote by
6 the F-automorphism of R by which the Frobenius element o/ in Gal(E/F)
acts. Under the canonical isomorphism

R(F) =T(E),
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the action of 6 on R(F') goes over to the action of o5/ on T'(E).
There is a canonical isomorphism of (o)-modules

R(L) = I(T(L)), (13.3.1)
obtained as follows. We have
R(I) = T(E®r L),

I(T(L)) = T(L) x ... x T(L)
=T(Lx...x L),

and with these identifications (13.3.1) becomes the map
T(E®rL) > T(Lx...xL)

induced by the L-algebra isomorphism
FQrL—>Lx...xL

sending e ® [ to the r-tuple
(o7 (e)l,...,o%(e)l,o(e)l).

Note that (13.3.1) carries the automorphism of R(L) induced by 8 € Autg(R)
over to the automorphism of I(T'(L)) denoted by € in 13.1.
Consider the exact sequence

| - B(T) = B(R "% R) » T(F) > 1 (13.32)
(a special case of both (13.1.5) and (9.1.2)). From 13.1 we get a canonical subgroup
B(R > R),

of B(R = R), complementary to the subgroup B(T').
Consider the Langlands dual complex

R R

There is an obvious identification (of C-groups) of R with the r-fold product
Tx..xT.

Let 7 € I and suppose that the restriction of 7 to F'"" is equal to 0. Then
(... 8) = (1(8), ..., 7(t), T(t1)).

Moreover the action of 8 is given by

a(i\la"'aa‘) = (?2)"'*;?1‘,{1)'

https://doi.org/10.1023/A:1000102604688 Published online by Cambridge University Press


https://doi.org/10.1023/A:1000102604688

330 ROBERT E. KOTTWITZ

The sequence

1T SRR ™ F (13.3.3)
is exact, where ¢ is defined by

t (4,...,1)
and m is defined by

(a,...,fr) Hfl---fr.

Let f: T — U be a map of F-tori, let C be the kernel of f, let W be the
cokernel of f, and let V be the image of f. Assume that C' is connected. There is
an exact sequence

12T -V T->Ul-[1loW]>1 (13.3.4)

and the obvious map from [C' — 1] to [T' — V] is a quasi-isomorphism. Applying
B to (13.3.4) we get the exact sequence (9.1.2)

1-B(C)—>B(T —->U)—>W(F)->1. (13.3.5)
Dual to (13.3.4) is the exact sequence
15 [Wo1=[0-T = [V-T) -1 (13.3.6)

Since C is connected, the map Vo Ti is injective with cokernel C, and hence
the obvious map from [V — T]to [1 — C] is a quasi-isomorphism. Applying the
functor H*(WF, -) of [KS, A.3] to (13.3.6), we get an exact sequence

| > H'(Wp, W) 5 H' (Wp,U - T) - CT > 1 (13.3.7)

(use that H?(Wp, 1717) vanishes), and this exact sequence is obtained from (13.3.5)
by applying the functor Homeope (-, C*) (see Section 11).

Taking T S, Utobe R 1= R, the exact sequence (13.3.7) becomes

1= H'(Wp,T) » H' (We, R =% R) 5 TF 5 1, (13.3.8)

and this sequence is obtained by applying Homgop (-, C*) to (13.3.2).
There is a commutative diagram with exact rows

I H'((o), Ty — H'((o), R4 R’) " 1
| — H'(Ws,T) — H'(Wr, R28R) 7T 1
(13.3.9)
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in which the vertical maps are inflation maps for the canonical surjection Wr —
(o). Note that

T! = Hom(X;,C*),

and hence that the top row in (13.3.9) is the exact sequence (13.2.4) for the finitely
generated abelian group X. Therefore 13.2 gives us a subgroup

Hl ((O’), RI 1_—0; 'RI)J
of
H'((6),R Rl 2 7 RI)
complementary to the subgroup H'({(c), 7). By inflation we identify
H'((0), BT =% RY),
with a subgroup of
H' (Wp, R =% R);

obviously this subgroup is complementary to H' (W, ) so that we have produced
a canonical splitting of the exact sequence occurring as the bottom row in (13.3.9).

PROPOSITION 13.4. The subgroup B(R 19, R) of B(R — R) and the
subgroup H' ({0}, R 2% RT) ; of H' (W, R4 R) annihilate each other

under the C* -valued pairing between B(R 19, R) and H' (Wp, R L0 R)
obtained from (11.2.2).

We have the following commutative diagram with exact rows
1 B(T) B(R=4R) T(F)

1,

(X1)(0) —= H'({0), Y13Y7) — (X))

(13.4.1)

where Y denotes the cocharacter group X,(R). The vertical maps are of type
(12.2.3), and the bottom row is of type (13.2.2) (for the finitely generated abelian
group X); of course we are using the obvious identification

Yr = Ind{0), (X7).
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In 12.6 we proved the compatibility of two pairings. This compatibility implies
that the diagram (13.3.9) is obtained by applying Homgop(-, C*) to the diagram
(13.4.1). ) R

Since H!((o), R! L8 RT), is a subgroup of H'((o), R! 1 RY) it is
enough to show that H' ((c), B! =% gr ) ; annihilates the image of B(R Ed R),
in

H'((0), Y1 =% v7). (13.4.2)

But this image is contained in the canonical subgroup of (13.4.2) complementary
to (X71)(s). Therefore the desired annihilation was proved in 13.2 (apply 13.2 to
the finitely generated abelian group X7).

Appendix

A. Automorphism groups of ®-functors

A.l. Let k be a commutative ring with 1. Let G = Spec(A), X = Spec(B) be
affine schemes over k, and suppose that we are given a morphism

a:GxX—->X

of schemes over k (the product is taken over Spec(k)). We think of G, X as set-
valued functors on the category of k-algebras and define a subfunctor X € of X as
follows: for any k-algebra R the set X(R) consists of all elements z € X (R)
such that

a(gaxS) =Zs

for every R-algebra S and every g € G(S) (we use zg to denote the image of z
in X (S)). If G is a group scheme and a is an action of G on X, then we refer to
points in X (R) as G g-fixed points in X (R) (G denotes the group scheme over
R obtained from G by extension of scalars).

Now assume that k is a field. Then we claim that X is represented by a closed
subscheme of X . Let

a*:B— A®; B

be the k-algebra map induced by a. The set X (R) can be identified with the set
of k-algebra homomorphisms f: B — R such that the map

da®f: A B > ARt R

vanishes on the subset M of A ®; B consisting of all elements of the form
a*(b) — 14 ® b for some b € B. Pick a basis {a;};cs; for A as k-vector space.
Any element z € A ®; B can be written uniquely as };c; a; ® b;(z) andid4 ® f
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vanishes on z if and only if f(b;(z)) = O for every i € I. It follows that id4 ® f
vanishes on M if and only if f vanishes on the set N of elements in B of the form
bi(zx) for some £ € M and some i € I. Therefore X ¢ is represented by the closed
subscheme of X defined by the ideal in B generated by N.

A.2. Let k be a field, and let T, U be Tannakian categories over k (see [D], [Sa]).
Let 3: T — U be an exact ®-functor. For any k-algebra R we define an R-linear
®-category UF as in 3.3. Recall that {® has the same objects as U, and that for
objects .X, Y in U one has

Homyr(X,Y) = Homy(X,Y) ® R.

As in 3.3 there is an obvious ®-functor
Uu—-ut.

Composing this functor with 3, we get a ®-functor
BE: T - Ux.

We then let J5(R) denote the group of ®-automorphisms of 3%.

We claim that the functor Jjs is representable by an affine group scheme over
k. Suppose that I/ has a fiber functor wy; over a nonzero k-algebra S. We define a
fiber functor wr on 7 by

wT = wy o L.

Then wr, wy determine k-groupoids G, H acting transitively on Spec(S) (see [D]),
and the pullbacks of G, H along the diagonal map

Spec(S) — Spec(S) X spec(k) Spec(S)
are affine group schemes G, H over S. The ®-functor 3 induces a homomorphism
viH—-G

over S, and we denote by G, the centralizer of v in G, by which we mean the
subfunctor of H-fixed points in G (see A.1) for the conjugation action of H on G.
We claim further that there is a canonical isomorphism

(Jg)s =~ G,

where (J3)s is the group scheme over S obtained from J by extension of scalars.

In fact the first claim follows from the second. Indeed, U has a fiber functor
over some field S containing k. It is easy to see that Jg is a sheaf for the faithfully
flat topology (on the category of affine schemes over k). Therefore it is enough
to prove that (Jg)s is representable by an affine group scheme over S, and this
follows from A.l (assuming the truth of the second claim).
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Now we prove the second claim. Let R be any S-algebra. From w7, wyy we get
fiber functors wﬁ, wﬁ on 7, U over R, and the corresponding groupoids Gr, Hr
(respectively, group schemes) Gr, Hg are obtained from G, H (respectively, G,
H) by extending scalars from S ®;, S to R ®j R (respectively, from S to R).

Giving an element a € Jg(R) is the same as giving a compatible family of
elements

ax € (Endy, (wEBX) ®k R)™,

one for each object X in 7 (compatible means functorial and compatible with all
finite tensor products). But wﬁﬂX = w#X and

Endy, (wEX) ® R = Endg, (wEX),

since the action of the groupoid Hg on w%‘iX determines descent data (from R to
k) on Endg, (wEX), and Endy, (wEX) is equal to the k-vector space obtained
from Endy, (wX) by descent. Moreover Endg, (W X) can be identified with
the fixed points of the action of Hg on the R-module Endg(wEX). Therefore
giving a € Jg(R) is the same as giving an H p-fixed point in the set of compatible
families of elements

ay € Endp(wlX)>

and this in turn is the same as giving an Hg-fixed point in G(R). Therefore Jz(R)
is equal to G (R), where H acts on G by conjugation, which proves the second
claim.

B. The Galois gerbs D,

B.1. Let 7 be a Tannakian category over F' (see [D], [Sa]). We suppose that T
admits a fiber functor over F, and we fix such a fiber functor w. Then in the usual
way w determines an affine group scheme G over F. We assume further that G is
of finite type over F, so that G is a linear algebraic group over F. Of course G(F)
is equal to the group of ®-automorphisms of the fiber functor w.

Let 7 € . By a 7-linear ®-automorphism of w we mean a family of 7-linear
isomorphisms

gx  w(X) = w(X),

one for each object X in 7, functorial in X and compatible with finite tensor
products. Let G, be the set of all 7-linear ®-automorphisms of w, and let G be the
disjoint union

G = HgT

7€l
Then G is a group (under composition) and there is an exact sequence

1 -GF) =63 -1, (B.1.1)
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the fiber of q over 7 € I" being G, (to prove that the map G — T is surjective use
that any two fiber functors for 7 over F are isomorphic).

The extension G of ' by G(F) is called the Galois gerb associated to 7" and w
(see [LR]). There is a natural topology on G making G into a topological group.
The induced topology on the subgroup G(F) is discrete, and the induced topology
on the quotient group I" is the usual Krull topology. The topology is defined as
follows. There exists a finite Galois extension K of F in F and a fiber functor
wo on T over K. Choose a ®-isomorphism between w and the fiber functor w{’
obtained from wy by extension of scalars from K to F. Let ' denote the subgroup
Gal(F/K) of . Our choices determine a section of G — I over the subgroup I'x
of T" (since each w(X) has acquired a K -structure and hence a canonical 7-linear
automorphism for each 7 € I'r). Any two sections of this type become conjugate

under G(F) after restricting to a suitably small open subgroup of I'. Using our
chosen section we express ¢~ ! (') as the semidirect product

¢ '(Tk) = G(F) xTk.

We put the discrete topology on G(F'), the Krull topology on I', and the product
topology on ¢~ ! (T'x). We give G the unique topology for which it is a topological
group and the inclusion

g '(Tk) > G

is an open mapping. It is easy to see that this topology is independent of the choices
we made.

By a representation p of G we mean a discrete, semilinear, algebraic action of
G on a finite dimensional F-vector space V' (discrete means that the stabilizer in
G of any vector in V' is an open subgroup of G, semilinear means that elements in
G, act by 7-linear automorphisms of V', and algebraic means that the restriction
of p to G(F) is a representation of the algebraic group G). For any object X in
T there is an obvious representation of G on w(X), and the resulting ®-functor
X — w(X) from T to the ®-category of representations of G is a ®-equivalence
of ®-categories.

B.2. Let 7 be the Tannakian category o-L-spaces (see Section 2). Let s be a
positive integer. We denote by 7 the full Tannakian subcategory of 7 consisting
of all o-L-spaces (V, ®) whose slopes lie in the subgroup %Z of Q.

Let F, denote the fixed field of ¢° on F'"; of course Fj is the unique unramified
extension of F' in F having degree s. The Tannakian category T has fiber functors
over Fy, and any two such fiber functors are isomorphic. We can single out one
such fiber functor by choosing a uniformizing element 7 for F. Then the desired

fiber functor w; is given by

we(V,8) =PV™ " (B.2.1)
nez
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together with the obvious isomorphism
on (@ V) = Qs (V)
i€l i€l
The group of automorphisms of wy is G, (Fs) (an element z € Gy, (Fs) acts on

V™" by M),
By considering semilinear ®-automorphisms of w, as well, we get an extension

1 = G (Fs) = D% — Gal(F;/F) — 1. (B.2.2)

Extending scalars from F; to F' we get a fiber functor wf on T; over F, and thus
we also have the extension

1l 5> Gn(F)—>Ds;—>T -1, (B.2.3)

where D, denotes the Galois gerb associated to 7 and wf. Of course the extension
(B.2.3) is obtained from the extension (B.2.2) by pulling back along the canonical
surjection

T — Gal(F,/F)

and then pushing out along the canonical injection

G (Fs) — G (F).

For any o-L-space (V, ®) the o-linear automorphism & preserves the subspace
wr(V, @) of V. Since the resulting o-linear automorphism of w, (V, @) is functorial
and compatible with tensor products, there is a canonical element ¢, € D? lying
over the Frobenius element in Gal(F/F’), namely the unique element that acts by
® onw, (V, @) forall (V, ®). Note that the s-th power of ¢, isequalto 7w € Gy, (F5).
The element o, € DY determines a homomorphism

(o) = DY, (B.2.4)

namely the unique one that sends the generator o of the infinite cyclic group (o)
to the element ¢, in DY. We now define a continuous homomorphism

Wgr — Ds (B.2)5)
as follows. Let Iy denote the group Gal(F/F'). Then the fiber product
'D? X1, r

is a subgroup of D,, and the homomorphism (B.2.5) factors through this subgroup,
its first component being the map

Wp = (o) = D°
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obtained by composing the canonical surjection Wr — (o) with the map (B.2.4)
from (o) to DY, and its second component being the canonical injection

Wp — I
It is clear that the map (B.2.5) is a section of

D, —-»T

over the subgroup Wr of I'. The pair consisting of the extension Dy of I" by Gy, (F)
and the section (B.2.5) over W has no nontrivial automorphisms.

Now suppose that ¢ is a positive integer such that s divides ¢, say t = su. For
any object (V, ®) in 7T, (which also can be regarded as an object in T) there is a
canonical isomorphism

Fi ®F, (69 V"‘"“”) - Pvr (B.2.6)
nez mezZ

(to prove this use descent theory for F};/F;). The isomorphism (B.2.6) determines
a map of extensions

1 Gm(F) D; T 1
u (B.2.7)
1 Gm(F) D, r 1,

where the left vertical arrow is the map = — z". It is easy to see that the diagram

Wg Dy

WF Ds

commutes, where the horizontal maps are of type (B.2.5).

B.3. Now let K be any finite Galois extension of F in F. Put s = [K : F).
Let Wk, denote the Weil group of K/F. Recall that W is the subgroup of

Gal(K®/F) consisting of elements that induce on F'" an integral power of o
(here K denotes the maximal abelian extension of K in F'). Obviously Wk/F is
a quotient of W, and there is an exact sequence

Il & K* = Wg/r — Gal(K/F) — 1, (B.3.1)
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in which we use the reciprocity isomorphism for K to identify K * with a subgroup
of Gal(K /K. We normalize the reciprocity isomorphism in the same way Serre
does [S2], so that Frobenius elements in Gal(X*/K) correspond to uniformizing
elements in K.

Pulling back the extension (B.3.1) along the canonical surjection

' - Gal(K/F)
and then pushing it out along the canonical injection
G (K) <= G (F),

we get an extension g p of T' by Gp (F). The surjection Ex/p — T has a

canonical section over the subgroup I'c := Gal(F/K) of I'. We use this section
to topologize £k p in the same way that we topologized G in B.1. The induced
topology on the subgroup G, (F) of £ k/F 18 discrete, and the induced topology
on the quotient group I' is the Krull topology.

The extensions £k, r and Ds are isomorphic (both correspond to ;' € Q/Z

under the canonical isomorphism from H?(F, G,,) to Q/Z), and the isomorphism
between them is unique up to an inner automorphism of £g,r coming from an

element in G, (F) (since H'(F, Gy,) is trivial). Using one of these isomorphisms

Ds ~ Ek/F, (B.3.2)
the map (B.2.5) gives us a section

Wr = Ek/rp (B.3.3)
of

Exip o T

over the subgroup W of I', and if we make a different choice of isomorphism
(B.3.2) the section (B.3.3) is replaced by a conjugate under some element of
Gy (F). Suppose that we make a different choice of uniformizing element .
Then the section (B.3.3) is multiplied by a 1-cocycle of Wr in Gy, (F) that is
cohomologous to one obtained by inflation from a 1-cocycle of (o) in the group of
units in F*. Note that the isomorphism (B.3.2) is an isomorphism of topological
groups and hence that the map (B.3.3) is continuous.
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