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i . INTRODUCTION

This paper is concerned with certain problems which arise in the
course of rate fixing for a portfolio comprising a large number of
direct risks.

This is, of course, the traditional territory of the actuary and
there is no lack of papers discussing specific aspects of the subject,
such as the analysis of claim frequency, or the fitting of distribu-
tions to claim amount data. Equally there is a literature which
discusses in general terms the philosophy which it is suggested
should be followed by the non-life insurance ratemaker. It is when
one tries in practice to follow a logical and consistent path through
from portfolio records to rates that gaps in the literature become
apparent and it is with covering these gaps, or at least some of
them, that the present paper is concerned.

It is not the concern of the author in this paper to attempt to
describe the entile ratemaking process. That there is no reference to
the analysis of office expenses, commissions, or to the application
of "judgment" or "experience" should not be taken to imply that
these aspects are not susceptible to the kind of approach advocated
here. Attention here is focused upon what might in a sense be
regarded as the most basic aspect: the claim process or experience.

In many insurance operations the position which seems to be
developing is that there is no lack of necessary computer hardware,
and in principle, of data: the difficulties arising relate more to the
form in which data should be retained and extracted, and the man-
ner in which it should be used to assist in rate-making.

One point which might perhaps usefully be made here and from
which confusion may have arisen in the past concerns the question
of simplicity in analysis. Several authors have remarked upon the
need for simplicity in any analysis of claims experience in order that
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the resulting premium structure may be simple enough for practical
use. There are really two separate points here: even though an
analysis may be relatively complex its results may be capable of
expression in simple terms and it is clear from what has been said
above that claims experience is only one of several ingredients each
of which may require definition in relatively complex terms. The
requirement for simplicity, therefore, may be regarded as a need for
simplicity in the final stages of the rate-making process. This, in
turn, may be visualised as the deliberate fitting of a simple structure
to the perhaps relatively complex structure of premiums deter-
mined up to that stage. Once again, the increasing impact of com-
puters and associated hardware is having an impact upon the
simplicity which was at one time a pre-requisite of clerical sys-
tems.

In this paper no account is taken of the time dependence of claim
experience (the "tail" of the account). It is assumed that a suf-
ficient period will have elapsed since the time of exposure to risk that
claim distributions will for practical purposes be complete. Since
the primary concern here is the analysis of the structure of claim
experience rather than its absolute level, this is in practice not a
severe limitation.

The subject under consideration, variously described as "factorial
analysis" or "classification of risks", has been treated by many
authors. Bailey & Simon (i) and Mehring (2) develop an iterative
approach to the fitting of multiplicative models to claim frequency
and Seal (3), more recently, describes another approach to the
analysis of claim frequencies based upon the use of the "logit"
transformation. Johnson & Hey (4) also briefly describe a method
of approach to the analysis of claim frequencies. What the present
paper attempts to do is to look at the whole problem of analysing
claim experience and to set it into a context of established statistical
methodology.

2. GENERAL APPROACH

In analysing claim experience the conventional approach is to
separate claim frequency and measures of claim amount and to try
to analyse each of these quantities. Experience has shown that the
following difficulties arise:
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(a) Frequencies may be correlated with average amounts both
over the portfolio at a given time and through secular time for
a given risk class. Thus, risk classes having an additional share
of nil claims but otherwise comparable costs to other risk
classes have both distorted frequencies and average claim
costs. Clearly this kind of correlation should be taken into ac-
count but there is a danger that whilst frequency may be quite
readily examinable average claim cost may be much less so,
with the result that misleading inferences may be drawn.

(b) The separation of claim frequency and amount leads to dif-
ficulties in establishing significance and in view of the cor-
relation noted above these difficulties can be so serious as to
make the precise assessment of risk factors by this approach
virtually impossible.

(c) Considerable difficulties may arise in analysing claim costs.
Typically no one theoretical distribution is particularly ap-
plicable and there are in any case great difficulties in finding
probability models of claim amount which when applied to
component risk groups aggregate into recognisable distribu-
tions. Even if such distributions could be found, there is not
usually sufficient information to construct them for individual
risk classes.

(d) If in consequence of (c) the attempt is made to analyse average
claim costs these may be found to have a very substantial
variability for the skew claim distributions often encountered
in practice. This can lead to difficulties in detecting the pattern
of the claims experience.

(e) It may be suspected that the incidence of large claims is
unduly heavy in certain parts of the portfolio. Whilst it may
be possible to examine such a hypothesis by tabulating ex-
perience of large claims, it is difficult, if not impossible, to
integrate this experience in a consistent way with, for example,
an analysis based upon average claim amounts.

(f) All of these points are particularly relevant to collective risk
statistics which collate the experience of several insurers who
may have different claim recording practices, leading to
differing claim frequencies from one company to another and
associated differences in average claim amounts.
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This paper proposes an alternative approach to the analysis of
claims experience which is a natural one if the artificial device of
splitting claim frequency and claim amount by the introduction of
the question "has a claim occurred ?" be dropped. If the methods of
the theory of random variables are considered it will be recalled that
for continuous variables the approach is based upon the dissection
of the real axis into intervals which in the limit may be regarded as
vanishingly small. There is no reason why the same approach
should not be adopted in looking at claims experience in relation to
the exposure to risk for unit time of a unit of risk. Omitting the final
step of progression to the limit yields the method developed below.

Extending this approach slightly we may consider analysing
claims by type as well as by size for those portfolios where different
types of claim may be recorded. The results of this process may be
visualised in the following form for a particular period of exposure to
risk. Associated with each individual risk will be a vector of observed
numbers of claims, analysed both by type and by size interval. As
we are considering in the following development that risks are
grouped into classes defined by combinations of risk factors, such a
vector could describe aggregate claim experience for the risks in
each factor combination.

In order to reduce space it is convenient in this paper without loss
of generality to regard claims as being of only one type so that the
components of the vector are distinguished only by the ranges of
claim size to which they relate.

3. METHOD OF ANALYSIS

3.1 The Problems

It is convenient here to repeat in more detail the problems with
which we are concerned. We are given a risk portfolio comprising
risk units each classified by a number of risk factors. The structure
of the risk factors is that of a complete cross-classification—each
level of each factor may be associated with each level of the others:
the portfolio may, of course, have no risks falling into a particular
factor combination.

The questions with which we are concerned are the following:
(a) The estimation of expected claim cost for each risk group and

the attaching of some kind of estimated accuracy to this.
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(b) The examination of the risk factor classification in order to see
whether this might be simplified with no loss of ability to
discriminate differences in claims experience, or, if, on the
other hand, it should be elaborated.

3.2 Notation

The data resulting from this approach may be described with the
following notation. Risk factors r in number are denoted by / , / ,
K, . . . . (thus, for example, / might represent age of policyholder),
with associated numbers of factor levels %%, fij . . . . A particular
combination is denoted by i, j , k, . . . . and a particular risk within
that factor combination by superscript (t).

It is assumed to be possible to define a meaningful "exposure to
risk" which might be regarded as measured in terms of unit risk
exposed for unit time. Exposure to risk is denoted by e. Thus,
<1>ei2 . . . . denotes the exposure to risk of the first individual risk of
the factor combination / at level one, / at level two, etc.

Claims are classified into mutually exclusive and exhaustive
categories by size which are indexed by (k): the number of claims
arising is denoted by y. Thus, for example, ^y(il .. denotes the
number of claims falling into the £th size range arising from the
tth risk in factor combination / at level one, / at level two . . . .

3.3 The Model

In order to proceed it is necessary to set up some kind of model of
the data, and a natural model to choose might be one which rep-
resents the numbers of claims arising on an individual risk in unit
time as the sum of a number of elements. One element would
represent the supposed effect of each risk factor and a further
element would represent an error term. Numbers of claims here, of
course, refers to the numbers of claims analysed by size range.

The difficulty with this approach is that in many practical situa-
tions the numbers recorded would almost certainly take values o
or 1 and so have a standard deviation almost, if not precisely,
functionally related to the mean. Thus, the assumption of homo-
scedasticity usually made in fitting such linear models is not ap-
plicable and conventional methods of analysis lose much of their
attraction.
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In order to proceed use may be made of a variance-stabilising
transformation. The natural choice here appears to be the inverse-
sine transformation which possesses the considerable advantage that
the variance of the transformed variable depends only on the
exposure to risk being inversely proportional to it. See e.g. Cox (4).
This transformation will, therefore, be adopted in the following
development although the logit transformation could be used in a
similar way. The model now becomes

an-ysMy«r:./S<%... == *«.. . , say
C) (1)

where now {s[f. ..} are assumed to be uncorrelated with zero
means and with variances proportional to {2wey. . . } ~ \ and
^(k) ^ aUc) ̂  Q (A;) _ _ _ a r e c o n s t a n t s . '

3.4 Estimation of Parameters

The conventional least squares approach proceeds by considera-
tion of the quantities (z<*) — X0W)' V'1 (£<*) — X 0 « ) , where
0 W is the row vector {^k), « P . . . 04/^, (3|fc), ), X = (xt})
has elements of zero except where

Xu = 1, or Xij = 1 (j ^ 1),

the latter case occurring when the factor level corresponding to
position j of the vector 0<fc) of factor effects is present in the factor
combination corresponding to the ith position of the vector zW.
.zW represents the observations^*. . . taken in a convenient order.

It will be observed that X is not dependent upon (k). V'1 is the
diagonal matrix diag ({2(t) £y ...}) taken in the order correspond-

C)
ing to vector zW. Then we have the least squares estimates of
Q(ft) a s Q(ft) =~(X' V~x X)-1 X'V'1 zW.

Note that the number of parameters chosen to represent the
levels of each factor is at least one less than the corresponding
number of factor levels in order to secure full rank of the matrix X.

3.5 Estimates of Cost

If Cj; represents the mean cost^of claims in size range (k) the
estimated claim cost is C-(sin2 #-0W) for the factor combination
represented by row x of X.

16
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If S2
(k) is defined as - r ^ — {£<*>' F" 1 £<*) — Q'X' V

where N is the number of elements of z<*) and w6 the number of
elements of 0<*), then the variance—co-variance matrix of 0W may
be estimated by S2^(X'V~1X)~1 so that the sampling variance of
the above estimated cost is approximately x'(X'V~1X)~1 x 2 S2

k)

C\{ sin 2X • 0W}2, assuming that the elements Cj; are assumed
known. This can be modified to incorporate estimated variances of
the terms C# (assuming also zero correlation of the numbers of
claims falling in different size ranges for a given factor combination:
this point is discussed further in paragraph 4)

3.6 Tests on Risk Factors

Question (b) of paragraph 3.1 related to whether the inclusion of a
particular risk factor was justified by its power of discrimination,
and this question may be re-phrased in the context of the simplified
model under consideration here as one of testing the significance of
the groups of parameters corresponding to each risk factor. At the
same time the question of the overall significance of the model at
each level of claim, which more properly should have been discussed
earlier, can be dealt with.

Thus, following convention, if it were desired to investigate
whether a particular factor whose effects were represented in the
vectors 0<*) by T<&> (a subset of 0(*>) were worth including in the
analysis, the approach would be as follows, assuming that the usual
normality assumptions were met:

Taking the matrix (X' V~x X)'1 the sub-matrix A<\i of elements
corresponding to the position of JJ in 6 is selected. From this is
formed the quantity ^^'(A7)-1 JjW, which is then divided by
its number of degrees of freedom and compared with the residual
mean square from the earlier analysis (S*k)) against an ap-
propriate F distribution. This process would be performed
consecutively for each value of k, i.e. each level of claim cost,
significance at any one level indicating the probable justification
of that factor's inclusion in the rating process.

The other part of question (b) of paragraph 3.1 concerns the as-
sessment of the sub-divisions within a particular risk factor. Once
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again, within the model proposed here, this assessment would be
made separately at each claim level by setting up an appropriate
comparison. Normally this would be done in the course of the
analysis and after the opportunity was available for inspecting
results: in this case care is required in assessment of parameter
differences and the appropriate method is one of assessing "multiple
comparisons".

Scheffe [6] supplies the details and it is merely noted here that if
\ represents the estimated value of the comparison under considera-
tion and if Sj? represents its estimated standard deviation then ac-
cording to Scheffe the confidence interval is given by

where
s = (?*"«: 8, n-*)H>

Fr : vi, va is the upper a point of an F distribution with vi, V2 degrees
of freedom, q is the dimensionality of the space of estimable func-
tions of which ^ is a member, and n — r represents the number of
degrees of freedom of the residual variance.

4. MORE PRECISE SPECIFICATION

The formulation and methods proposed in section 3 may appear
somewhat unnatural when the problem is viewed ab initio. Essen-
tially we are concerned with a set of vector variables which we are
trying to model by a linear combination of parameters 0W, k = 1,
2 ... p. The problem might be regarded simply as one of multi-
variate multiple regression or rather multivariate analysis of
variance and might be reformulated as follows:

7" % Z = V~* X® + E,

where Z is the matrix with columns £<fc>,

0 e<*>,

and E is an error matrix, assumed to represent a sample from the
multivariate normal distribution with mean 0 and var-covariance
matrix D.

It will be observed that the formulation is now more general in
that specific account is taken of potential correlations between the
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different levels of claim amount. As in the univariate case, the
matrix 2 is assumed constant and unrelated to 0.

Models of this kind are extensively investigated by Anderson [7]
who shows that the estimates of the parameters are identical to
those derived by the approach of Section 3. The advantage of this
approach however, is that it enables estimates which are in principle
more precise to be made of the variance of claim cost. Indeed,
Anderson shows that the row vector (6W, 0<2)', . . . Q(P)') has co-
variance matrix

where (ay) = S,

estimated by S = S £ | a — Q'X'V^X®,
a

where £a represents the ath row of V~% Z.

The estimated claim cost is C. (sin2

and if we write vjc = #.6(fc> we have

cov (vk, Vj) = E {x. (8(&) — E[8<*>]) (0«> — £[6W)])' x'},

= ajkx(X'V-1X)-1x,

and since cov (sin2^, sin2 Vj) r^> sin 2v^ sin 2Vj cov (v^, Vj), (see
e.g. Rao [8]), the estimated variance of the estimated claim cost may
readily be determined. This approach may be extended along
similar lines to that of paragraph 3.

5. AN EXAMPLE

The following example is based upon a survey of part of a U.K.
private car portfolio in which the total units of exposure amounted
to 289,853. The rating factors selected are:

geographical area (4 levels)
type of vehicle (3 levels)
date of birth of policyholder (3 levels)
no-claims-bonus % at last renewal (3 levels)
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The levels of claim size (k) selected are:
(k) 1 2 3

range (£) o—10 10—75 75 +
Cfc (£) 1-55 3i-°4 251.15

A sample of the input data is shown in Appendix I, exposure and
claim vectors associated with factor levels being displayed. The
derived matrix X' F" 1 X is shown in Appendix II and its inverse in
Appendix III. The values of certain derived quantities are as
follows:

(A) 1 2 3

^(ft)'V-!•£<*) 1242O I26IO I323O
.2611 -2615 -3381

and the values of 6<&> are:

(k) i 2 3

[/,<*> .217 .218 .218

area —'.018 —.017 —.007 —.018 —.017 —.007 —.018 —.017 —.007
vehicle —.034 —.022 —.035 —.022 —.035 —.022
age +-°35 +-oi8 +-°°2 +.018 +-°92 +.018
N.C.B. +.059 +.030 +-H5 +-O29 +-°62 +.030

Tests

The overall significance of the factors for k = i is tested by
213.75

referring /.2611 i.e. 90.96

to an F distribution with 9 and 98 degrees of freedom. The result is
significant at the 0.1% level and similar results are obtained for the
other values of k.

The results of tests carried out on the factors singly, doubly, and
triply are shown in Appendix IV for k = 1. The extreme right-
most column headed T represents the quantity to be compared
with an F distribution with N and 98 degrees of freedom: in each
case the results are highly significant. Similar results apply for
other values of k.

Estimation of Costs

For each of a selection of incidence vectors x the estimated costs
with associated approximate variances (as paragraph 3) may be
derived as follows:
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Incidence Vector
IIOOOOOIOI

roioiooooo
IOOIOOIOIO

Cost Estimate
16.94
7.71

33-6i

(£) Variance

•33

•°5
i.04

Corresponding results for all factor combinations are readily
calculable.

6. CONCLUSION

This paper is intended to be provocative rather than definitive.
It is clear that the statistical analysis of claim experience provides
an area in which there is much scope for research and the application
of ingenuity. Nevertheless it seems to the author that an approach
along the lines described in paragraph 3 may be expanded to deal
with most of the problems arising in practice. The other thesis
presented here is that an undue emphasis may have been placed on
the representation of claim experience by claim frequency and
distributions of claim size. It appears to the author that there is
much to be gained by looking at experience from a viewpoint other
than this, and it is this conviction which has provided the impetus
for the development described above.
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APPENDIX I

Nos. of Claims
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256 REPRESENTATIONS OF CLAIMS

SR = 2.559E+01
Degrees of freedom =

APPENDIX 4

Generation and analysis of subsets

Factor Subscripts

1

2

3

4

1

1

1

2

2

3

1

1

1

2

Factor Subscripts

2

3

4

3

4

4

2

2

3

3

Factor Subscripts

3

4

4

4

S N

+ 1.66785E + 01

+ 4.4onoE + oi

+ 3.24313E + 01

+ 8.00488E + 01

+ 6.11027E + 01

+ 4.78715E + 01

+ 9.83488E + 01

+ 7-3I233E + OI

+ 1.19203E + 02

+ 1.65321E + 02

+ 8.90585E + 01

+ 1.37814E + 02

+ 1.8198TE + OZ

+ 1.96748E + 02

3

2

2

2

5

5

5

4

4

4

7

7

7

6

T

+ 2.i29o6E4-oi

+ 8.42719E + 01

+ 6.20992E + 01

+ 1.53276E + 02

+ 4.67995E + 01

+ 3-66655E + OI

+ 7.53269E + 01

+ 7.00079E + 01

+ I.14124E + 02

+ 1.58278E + 02

+ 4.87223E + 01

+ 7-5396IE + OI

+ 9.95591E + 01

-I-1.25576E + 02
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