A STIELTJES-VOLTERRA INTEGRAL
EQUATION THEORY

D. B. HINTON

Suppose S = [a, 8] is a number interval and F is a function from S X S to
a normed algebraic ring N with multiplicative identity I. We consider the
problem of finding, for appropriate conditions on F, a function M from S X S
to N such that for all ¢ and x,

M@, x) =T+ (L) flds F(t,s). M(s, x)

where the integral is a Cauchy-left integral.

In §2, a class § of functions F is defined in which the above homogeneous
equation is uniquely solvable. This gives rise to a mapping € on § defined by
G(F) = M where M is the unique solution of the above integral equation.
The mapping € has the property that €(E(F)) = F, which implies that it is
one-one and onto. The non-homogeneous equations

Y(¢) =G@) + (L) ftds F(t,s5).Y(s)

and
20 =60+ M) [ 26).4, 76,0

have solutions that are representable in terms of M and G. Moreover, the
solution M of the homogeneous equation has representations in terms of
solutions of non-homogeneous equations.

This paper is a continuation of an integral equation theory studied by H. S.
Wall (10) and developed extensively by J. S. MacNerney (5-8). Wall’s theory
has been expanded by T. H. Hildebrandt (3), where a Lebesgue-Stieltjes
integral is used. A non-linear version of Wall’s work has been developed by
J. W. Neuberger (9). The principal distinction between the equations here
and the other linear theories is that in the above references the function F is
a one-place function, i.e., a function M on § X S is sought such that

M, x) =1+ ftdF(s).M(s,x).

The connection with the previous work is primarily with the mapping
developed by MacNerney in (7). For the application of MacNerney'’s theory
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to number intervals, the class §§ contains properly the multiplicative functions
OIM and additive functions OU (under a trivial embedding) used in (7). An
approximation theorem proved in §5 gives as corollaries the existence of a
continued sum for members of O and a continued product for members of
OA. This, coupled with properties of €, gives as a further corollary parts (i)
and (ii) of Theorem 3.3 and Theorem 4.3 of (7).

1. Cauchy left and right integrals. Hereafter let @ and b denote numbers,
¢ = min{a, b}, d = max{a, b}, S = [c, d],

and let NV be a non-degenerate ring, with additive identity element denoted

by 0 and multiplicative identity element denoted by I. Suppose || -|| is a norm
for N, i.e., a function from N to the non-negative numbers such that for all
xand yin N,

(i) [|x]} = 0if and only if x = 0,

(i) [lx + vl < [lxl| + []y]|, and

(iif) [leyl] < fll] 1],
and suppose that N is complete with respect to this norm. The norm of I is
then >1since 0 < ||I|| = ||I?|| < ||I||* A function F from the number interval
S to N is quasi-continuous if it has left and right limits at each interior point
of S and one-sided limits at each end point of S; and F is of bounded variation
on S if there is a number K such that

iZ::l [|F(s:) — F(sien)|| < K

for all sequences {s;}" increasing from ¢ to d. The least such number K is
denoted by VI[F, a, b] or V[F, b, a]. A function of bounded variation is also
quasi-continuous.

A number sequence is monotone if it is either non-decreasing or non-increas-
ing, and a chain {s;}§ from the number x to the number y is a monotone
sequence such that s, = x and s, = y. The chain {¢;}5 is a refinement of the
chain {s;}§if {s;}0 is a subsequence of {¢;}7.

If both F and G are functions from S to N, then

(1) the Cauchy-left integral

L) J;b dF(x).G(x)

denotes an element ¥ of N with the following property: for each positive
number ¢, there is a chain s = {s5,}7 from a to b such that if £ = {£,}7 is a
refinement of s, then

1Y — (L) X,dF.G|| < e
where (L)Y ,dF -G denotes the sum

3 1F() = PG ).
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(i1) the Cauchy-right integral

(R) f dF(x).G(x)

denotes an element ¥ of NV with the following property: for each positive
number ¢, there is a chain s = {s;}7 from a to b such that if ¢t = {¢,]7 is a
refinement of s, then

1Y — (R)XZ,dF-G|| < ¢
where (R)Y,dF.G denotes the sum

é [F(t) — F(tii)G(ty).

The Cauchy-left and right integrals

(L) J.UG(x).dF(x) and (R) J.DG(x).dF(x)

are defined similarly. For each integral, classical arguments show that if the
integral exists it is unique.
The Cauchy-left and -right integrals are simply related by

@) f dF(x).G(x) = —(R) J: dF(x).G(x)

and
L) J; G(x).dF(x) = —(R) J;HG(x).dF(x).

If Fis a bounded function from a set K to N, then |F|x denotes the number
sup{||F(X)||:x € K}. In particular, a quasi-continuous function from a
number interval to NV is bounded. If F is a function of bounded variation
from S to N and G is a quasi-continuous function from S to N, then s = {s,}¢"

is called an (F — G — €)-chain from a to & if € is a positive number and s is

a chain from a to b such that forz =10,...,n — 1,
i) ||G(x) — G()]| < eif x and y are between s2;;1 and ss2 or equal to
S2i41, and

(i) VI[F, x, s2:41) < ¢/2n if x is between s2; and s3441.
The existence of such chains is easily established by using the following theorem
about quasi-continuous functions. The theorem is a consequence of (4, Lemma

4.1b).

THEOREM 1.0. If F is a quasi-continuous function from S to N and € is a
positive number, then there is a chain s = {s;}% from a to b such that

Fx) — FOIl < e

if x and vy are between adjacent terms of s.
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To construct an (F — G — ¢)-chain, first choose a reversible sequence
Soy S2y « - - 4 S2, from @ to b so that if x and y are between s,; and 55,42 for some 1,
then ||G(x) — G(¥)|| < e. Then choose s2;+1 between ss; and sgiq2 so that
condition (ii) will hold. The Cauchy integrals defined above are known to
exist if F 1s of bounded variation and G is quasi-continuous (2). The following
approximation theorem will be of use, however.

THEOREM 1.1. If F s of bounded variation from S to N, G is quasi-continuous
from StoN,s = {s;}o"isan (F — G — €)-chain from a to b, and t = {t;}0 1s a
refinement of s, then

H)2X dF.G — (L)X, dF.G|| < €(|G|s + V[F, a, b]).

Remark. 1t follows that, under the assumptions of Theorem 1.1,

H(L) jb dF(x).G(x) — (L) X, dF.G
Since for‘ a chain s from a to b,
(L)X, dF.G + (R)X, F.dG = FB)G(H) — F(a)G(a),
we have the equality
L), dF.G — (L)X dF.G|| = [[(R)T, F.dG — (R)Y. F.dG||,

and hence an approximation theorem for right integrals.

In addition to the linearity and additive properties of the Cauchy integrals,
a few other properties are needed and these are stated below without proof.
The use of an integral symbol in the conclusion of a theorem implies the exist-
ence of the integral.

< €(|G|s + VIF, a,b]).

TaeoreM 1.2. If F and G are functions from S to N and

L) fbdF(s).G(s) or (R) fb F(s).dG(s)
exists, then
(L) j dF(s).G(s) + (R) j; F(s).dG(s) = FO)G(®) — F(a)G(a).

THEOREM 1.3. If F is of bounded variation from S to N, G is quasi-continuous
from Sto N, f and g are real functions on S such that for x < y,

VIF, x, 3] < f(y) — f(x)
and ||G(x)|| = g(x), then

<

i;[(L) f:dm).G(s)i @) fabdf(s)g(s)

The following theorem is a generalization of a well-known inequality in
differential equations (1, p. 107): it is useful in deriving properties of solutions
of the integral equations studied here.

< V[fy a, b]|g|S~
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TaeoreM 1.4. If K is a non-negative number, h is a real function on S non-
decreasing in the order from a to b, and m is a real function on S bounded above
by the positive number T and such that for each x,

(11) ) <K+ @) [ mem),
then m(x) < K explh(x) — h(a)] for each x.

Proof. 1t is sufficient to suppose that k(e) = 0. If ag,..., @, is a non-
decreasing sequence of non-negative numbers and p is a non-negative integer,
then
> dba(a; — ai1) < ———Z @+ a7 e+ .o+ dh) (e — )
=1 P+ 14

p+1 1y p+l _  ptl
p+12(a a’l—l) p+1(a’ )-

Hence if x isin S and s = {s,}} is a chain from « to x,

(L) 22 Wdh = 2 h(sia)’[h(ss) — h(sim0)] < —= h(s)"™,

$ i=1 P + 1
from which we conclude that
(1.2) W) [ hrans) < g hert.
’ a p+1

By replacing m(s) by 7"in (1.1), it follows that
m(s) < K + Th(x).

Assuming that for some positive integer 7,

m(x) < K + Kh(x) + ...+ [K/(n — D)!Th(x)" + [T/n!]h(x)",
then substitution of the above 1nequality into the right side of (1.1) for s = x
and applying (1.2) yields

mx) < K+ Kh(x) + ...+ [K/nh@x)" 4+ [T/(n + 1) )h(x)"t1,
Hence, m(x) < K explh(x)].

2. The kernel functions. Let § be the set of all functions F from.S X .S to
the complete normed ring NV such that (i) F(x, x) = I for all x, (ii) F is quasi-
continuous with respect to its first place, and (iii) there is a real non-decreasing
function g on S such that g(¢) = 0 and '

[|F(t,x) — F(t, )| < |gx) — g(y)|  forallt, x,and y.

Such a function g is called a super function for F.

For F in § let G be the collection of all super functions for F and let gz
be defined on S by:

gr(x) = inf{g(x):g € Gr}.
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TaEOREM 2.1. If F € §, then gr is a super function for F.

Proof. For x < yand gin Gp, gr(x) < g(x) < g(y). Hence
gr(x) <infl{g(y):g € Gr} = gr(y)
and gp is non-decreasing. For x < y, g € Gp,and ¢t € §,
1Fy) — Fi o)l < g0) — g) < g(y) — gr()
since gp(x) < g(x). Thus
I|F@y) — Ft,x)|| <inf{g(¥):g € Gr} — gr(x) = gr(¥) — gr(®).
THEOREM 2.2. If F € §§, then F is bounded.

Proof. Since a one-place quasi-continuous function on S is bounded, there
is a number L such that ||F(¢, ¢)|| < L for all . Hence

[E@ [ <[|FE %) — Ftoll + ||F¢ ol < gr(d) + L.

THEOREM 2.3. (1) If F in § is continuous with respect to its first place and
has a continuous super function g, then F is continuous. (i) If F is continuous,
then gr is continuous.

Indication of proof. (i) The continuity of F at (¢, x) follows from the in-
equality
”F(T, S) - F(tv x)” < HF(T, S) - F(T, x)” + HF(?’, x) - F(ty x)“
< lg(s) — g@| + [|F(r, x) — Ft, »)]l.

(ii) If gr has a discontinuity at x, then the function % defined below is a
super function for F.

gr(y) iy <uw,
h(y) = <k is defined by continuity at x,

gr(¥) — [gr(x+) — gr(x—)] if x < .
But then i(d) < gr(d), which contradicts the minimality of gp.

THEOREM 2.4. [f F € §, Q s quasi-continuous from S to N, X = L or
X = R, and P is defined on S by:

PO =0 [ 4L FGS). 00,

then P is quasi-continuous. Moreover, if F is continuous with respect to its first
place, then P is continuous.

Indication of proof. To prove P has a left limit at the number ¢, let {s;}¢"

bea (gr — Q — €)-chain from a to ¢ such that ss,—1 # ss,. For » and vy between
Son—1 and s, define the chains #w and v by #; = v, = 5;if 0 < 7 < s»w — 1 and
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Ua, = 7 and vy, = y. Then both u and v are (g — Q — ¢)-chains; by Theorem
1.1, the sums

2n

; [F(r,us) — F(ryui1)]1Q@ui-1)

= ;1 [F(?’, Si) - F(T, 81;1)]@(81-1) + [I - F(T7 S2n—1)]Q(s2n—l)
and

Z [F(yrvl) - F(yrviﬂl)]Q(vi—l)

= 3 (PG, 5) = FOy 010G 1) + [ — F(, s20)10(s1)

i=1

are approximations to the integrals

W [ aFe .00 ad @) | dFe,9.00

respectively. Since F is quasi-continuous in its first place, each of the differences
[|F(r,s) — F(y,s:)]|| can be made as small as desired by choosing r and y
sufficiently close to t. Hence, P has a left limit at the number ¢. The other cases
are proved similarly.

THEOREM 2.5. If F € §, Q s of bounded variation from S to N, X = L or
X = R, and P is defined on S by:
t
PO = X) | d0s). £ G,
then P is of bounded variation.

Proof. lf a <x <y<bdbord <y<«x<a,then

PO) = P@) = @) [ d06).1F6 ) — Fe0 + @) [ d06).Fs,).

Hence, by Theorem 1.3,
|(P(y) — P@)|| < VI[Q, a,x]VIgr, x, ¥] + VIQ, x, ]| Flsxs < KVIL, x, y]

where K = VI[Q, a, 8] 4+ |F|sxs and L(S) = V][0, a, s] + Vg, a, s]. Hence P
is of bounded variation. The proof for X = R is similar.

THEOREM 2.6. If P € §, Q is of bounded variation from S to N, and K 1s
quast-continuous from S to N, then

(2.0) (L) f dQ(s). (R) fo(s, v).dK (v)

= (R) f {(L) J;bdQ(s)‘P(s, v)}.dK(v).
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Proof. First suppose that @ < b and e and f are numbers such that
a < e <f<b K has value T on (e, f), and K has value zero elsewhere.
Let

D@) = —(R) j;de(s).P(s, v)

and
E(s) = (R) fsP(s, v).dK (v)

= K(s) — P(s,a)K(a) — (L) j;stP(s, 2)K (v).

Then by Theorem 2.4 £ is quasi-continuous and by Theorem 2.5 D is of
bounded variation. A calculation of E(s) gives 0 if s <e, P(s,e+)T if
e<s<fand P(s,e+)T — P(s,f)T if f < s. An additional calculation gives
(1]
®) | Dw).dKG) = De+)T ~ DT

Hence,

[ [ 20056 - ®) [ pe).axe)
e+o b

o [T a0 m6 + W) [ 106106, e4) - Pl + ot
¢ e+

—[D(e+) — D(e + 6)17'“

for every 6 > 0. Considering the approximating sums, we obtain

< V[Q) e+v € + 6]IEIS

e+9d
w [ a00.20

By Theorem 1.3, we have

H(L) f 4Q(s). [P(s, e4) — Ps, e + ‘WH

< VI[Q, a, bllgele + 8) — grleH)]||T|.

Thus equation (2.0) holds for K. The proof is similar for & < @ and K constant
on a segment of [b, a! with value zero elsewhere.

The proof that equation (2.0) holds for a function K that has value zero
on S except possibly at one point is similar to the proof above. Since a step
function is a finite sum of functions of the above two types, and the integrals
of (2.0) are additive with respect to K, we have equation (2.0) for step

functions.
An application of Theorem 1.0 proves that if K is quasi-continuous, then
it is the uniform limit of a sequence Ki, Ko, ... of step functions. After an
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integration by parts (i.e., Theorem 1.2), equation (2.0) is seen to be equivalent
to the equation

@1) L) f:dQ(s).(L) J 4.p6.0) K@
- [ a0 xo+n) bd,,{(L) J;bdQ(s).P(s,v)}‘.K(v).

Application of Theorem 1.3 yields
| [fa00.0) [ P60 - K0

< V[Qy a, b] V[gPy a, b”K - Ki[Sv
< V[Qy a, b”K - Ki181

Ki(s)]

V[D, a, b]lK - KlIS

bd,,{(m S bdQ(s»P(s,v)}.[K(v)—Ki(m <

Hence the uniform convergence of the sequence Ky, Ko, . . . implies that (2.1)
and hence (2.0) holds for K.

3. The mapping €. Let F € §. In this section we construct a function M
from .S X S to N such that
1
3.1) M@,x)=1+ (L) f d, F(t,s). M(s, x) for all ¢ and «.

THEOREM 3.1. Given F € §, there is one and only one function M that is
quasi-continuous with respect to its first place and that is a solution of (3.1).
Moreover, if F is continuous with respect to its first place, then so is M.

COROLLARY 3.1. If M is the solution of (3.1) which is quasi-continuous in its
first place, then

M@ )| < [[]] exp [gr(t) — gr()].

Proof of uniqueness. Suppose M, and M, are solutions of (3.1) and are quasi-
continuous in their first places. Let P = M, — M, and p(¢, x) = [|P(¢, x)]|.
Then

P, x) = (L) J:ds F(t,s).P(s,x)

and by Theorem 1.3 (for x < ¢),

pex) <0+ M) [ dges). 00,

thus p(f, x) <0 by Theorem 1.4. Similarly, p(¢,x) < 0 for ¢t < x. Thus
M, = M,.
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Proof of existence. By Theorem 2.4, there is a sequence of functions M,
M, ... such that each M, is quasi-continuous in its first place, and for all
tandxinSandz =0,1,..., Mo, x) = I and

M) = T+ @ [ d. P, ). 3,6,

By the definition of My and M},
[[M1(t, %) — Mot x)|| = [[F(t,8) — F(t, 0[] < lge®) — gr(®)].
If » is a positive integer and
Mot %) — Maa, 2)|| < [1/nl]jgr(®) — gr()]",
then by Theorem 1.3 and inequality (1.2) respectively (for x < £),

| Mara(t, %) — Ma(t, %)|] = ||(L) J; ds F(t, s)[My(s, &) — Mya(s, %))

<O/m@) [ dg©le) ~ @l

<[/ + Dge(t) — grx)[™.
Then, for p > =,

62 M0 — M@ < 3 (M) — Meal, )]

i=n+

<Y [Willerlt) — g’

i=n+1

< w@/i

i=n+1
Similarly, the above inequalities follow for ¢ < x. Inequality (3.2) ensures that
the sequence M,, M, ... converges uniformly on S X S to a function M
since N is a complete metric space. Since each M ; is quasi-continuous with
respect to its first place and the convergence is uniform, M must be quasi-
continuous with respect to its first place. The uniform convergence implies
that M is a solution of equation (3.1). If F is continuous with respect to its
first place, then by the second part of Theorem 2.4, M is continuous in its
first place.
From equation (3.2),

1M, %) < 1Mot ]| + |[ME %) — Mo, )]
<+ 3 1/iller () — e @)

< ]| exp |gr(t) — gr(x)]
since 1 < ||I]]. The corollary implies that M is bounded.
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THEOREM 3.2. If F € § and M is the solution of (3.1) which 1s quasi-con-

tinuous in its first place, then M € F. Moreover, if F is continuous, then M is
continuous.

Proof. To prove M has a super function, let ¢, x, and y be in S, x < ¥ < ¢.
Define m on S by:

m() = [|M(v,y) — M, %)

From equation (3.1), we obtain for y < v

M, y) — M@,x) = (L) f 4, F, s).[M(s, ) — M(s, )]

— (L) fy dy F(v,s). M(s, x).

Hence, by Theorem 1.3,

m() < Lige®) — go()] + (L) f dge(s)m(s)

where L is a bound for M. Let K = L exp[gr(d)]. Then applying Theorem
1.4 to the above inequality we obtain m(v) < K[gr(y) — gr(x)] for y < v and
thus for v = t. The same result follows if ¢t < x. For x < ¢ < y, the result
follows by applying the first two cases in conjunction with the triangle in-
equality. Thus Kgy is a super function for M.

If F is continuous, Theorem 2.3 implies that gr is continuous. Hence by
Theorem 2.3 and the second part of Theorem 3.1, M is continuous.

If Fe §, then §(M) is defined as the unique member M of § which is a
solution of equation (3.1). Let I* denote the member of § which has value I
everywhere. Then G(I*) = I*.

TueoreM 3.3. If € (F) = M, then €(M) = F.

Proof. Define Z on S X S by:

(3.3) Z(,x)=1—- (R) ftM(t, s).ds F(s, x).

Integrating the right side of (3.3) by parts, we obtain by Theorem 2.4 that
Z is quasi-continuous with respect to its first place. By Theorem 2.6,

{€L) ftds F(t, s).Z(s, x)

= [I — F(t, x)] — (R) J:{(L) J:ds F(t,s). M(s, v)}.d,, F(v, x).

https://doi.org/10.4153/CJM-1966-035-3 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1966-035-3

STIELTJES—VOLTERRA INTEGRAL EQUATIONS 325

Since M is the solution in § of equation (3.1), the above reduces to

It

L) J‘lds F(t,s).Z(s,x) = [I — F(t,x)] — (R) J‘t [M¢,v) — I].d, F(v, x)

= — (R) J‘tM(t,v).dz,F(v,x) =Z(t x) — L.

Thus Z is a solution of equation (3.1), and hence Z = M. We now integrate
the right side of (3.3) by parts obtaining

F(t,x) =1+ (L) J”dsM(t, s).F(s,x)
or F = G(M).

4. The non-homogeneous equations. Two non-homogeneous equations
are solved below. The proofs are similar and only the second is given.

THEOREM 4.1. If M = €(F) and G is a quasi-continuous function from S to
N, then there is a unique quasi-continuous function Y on S such that

(4.1) Y@) =G@) + (L) ftds F(,s).Y(s).
Moreover,
Yit) =G@) — (L) ftdsM(t, $).G(s).

THEOREM 4.2. If M = G(F) and G is a function of bounded variation from
S to N, then there is a unique function Z of bounded variation on S such that

(4.2) Z(t) =G@) + (L) J.l Z(s).ds F(s, ).

Moreover,

Z¢) =G@¢) — (L) J”G(s).ds M(s, t).

Proof. 1f both Z, and Z, are solutions of bounded variation of the above
equation and P = Z; — Z,, then P(a) = 0 and

Py = (L) J:P(s).ds F(s, t).

An integration by parts gives, for each ¢,

0= —(R) J:dP(s).F(s, t) = (L) J:adP(s).F(s, £).

https://doi.org/10.4153/CJM-1966-035-3 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1966-035-3

326 D. B. HINTON

Hence by Theorem 2.6, for each x,
0= (R) f {(L) J‘ dP(s).F(s, t)}.d,M(t,x)
x t

- L) f "aP(s). (R) f Fs, 0).d M, ).
Interchanging the order of integration in equation (3.1), we obtain
(R) f: F(s,t).d, M(t,x) = I — F(s,x)
so that

0= (L) j;adP(s).[I — F(s,x)] = P(a) — P(x) — (L) J;adP(s).F(s, x)

and hence P(x) = 0.
If Z is defined by:

Z@) = GO — (L) J;tG(s).ds MG, t)

=G@)M(@,t) + (R) fth(s).M(s, t),

then Theorem 2.5 shows Z to be of bounded variation. Interchanging an order
of integration, we obtain

@) ft Z(s).d;F(s,t) = G(a)(L) ft M(a,s).d, F(s, t)

+ (L) fta dG().(R) J:u M(v,s).d; F(s, t).

Utilizing the equations of which M and F are solutions, the right-hand term
is reduced to

G@)[M(a,t) — Il + (L) fta dG@).[I — M@, t)].= Z(@¢) — G(@).
Thus Z is a solution of (4.2).

The following two theorems give representations in § of solutions of
homogeneous and non-homogeneous equations. The proofs are similar to that
of Theorem 4.2.

THEOREM 4.3. If M = G(F), J = G(E), and P is the function gquasi-con-
tinuous in its first place such that

P(t,x) = E@t x)+ (L) ftds F(,s).P(s,x) for all t and x,
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then

P, x) = E(t,x) — (L) ftds M(,s).E(s,x)

and

M@, x) = J(s,x) — (L) J”dsP(t, s). J(s, x).

THEOREM 4.4. If M = G(F), J = C(E), and P is the funciion of bounded
variation in its second place such that

P@,x) = E@t x) — (R) JUP(t, s).ds F(s, x) for all t and x,

then

P, x) = E(t,x) + (R) f:E(t, s).ds M (s, x)

and
M@, x) = J@¢ x) + (R) ftf(t, s).ds P(s, x).

5. An approximation theorem. The homogeneous equation (3.1) is
solvable by a Cauchy polygon process. In this process the integral equation
(3.1) is replaced, for a chain {r,}5 from x to ¢, by a system of m + 1 equations
in m + 1 unknowns.

If Fe g, {70 is a chain from the number x to the number ¢ and

qig = F(ri,ry) — F(ry, r-1) for¢,j=1,...,mn,

then P,(F) denotes the element z, in N where 2y, 21, ..., 2, are defined re-
cursively by 2o = I and
Zy =1+ gudo+ @21+ ...+ Gp2pa forl1 < p < m.
TueoreEM 5.1. If M = G(F), A(y) = M(y,a) for each y, s = (s} is a

(gr — A — €)-chain from a to b, r = {r.;}y is a refinement of s, and

6, = 26('14'3 + V[gF: a, b)]y
then

1PA(F) = MG, ] < ¢ TL I+ lgr ) — gl

Proof. Let q;; and z; be defined as in the definition of P,(F) and let
ds = |gr(ry) — gr(ri-1)| for each 4. Let k& be an integer 0 < k£ < m. Let p be
the least integer 7 such that 7, < s;. The chain s’ is defined as sq, s1, . . . , Sp—1, 72
if pis even and as so, S1, ..., Sp_1, 71, 7z if pisodd. Then s’ isa (gr — 4 — ¢)-
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chain from a to 7. The chain v/ = 7y, ..., 74, 7 is a refinement of s’. Hence,
by Theorem 1.1,

3Tk k
6. ©) J 4 Peu A6~ dCo)] < <.
We shall prove by induction that
(5.2) A (r,) — 2| < e'I_:II 14 d)]
for v = 1, ..., m. First suppose v = 1. Then by equation (5.1), for & = 1,

e - il = |0 [ 6P 46) - gz

Then if # — 1 is a positive integer and equation (5.2) holds for v < u — 1,
we have by equation (5.1) for & = «,

<€ <A+ dy).

U

e =2l = |0 [ 4 F6.40) - 3 gz

i=

<d+ ; il (i) — 2]l

Using ||gu:|| < d; and the induction hypothesis, we obtain

A () — 2] < €(1+dn) + gdlj (1+d) = I=I 1+ d).

Thus (5.2) holds for » = m. Since A(r,) = M(b,a) and z, = P,(F), this
completes the proof.

In (7), MacNerney defines a function V from S X S to NV to be O-additive
if and only if

Vix,y) + V(y,2) = Vix,2) and V(zy) + V(y,x) = V(z x)

for all x < ¥ < 2. For such a function V there is a unique pair (V1, Vi) (7,
p. 149) with the following properties:
(i) Viand Vg are from S to N and satisfy Vi(e) = Va(a) = 0.

. _ 7)) = ix)  ifx <y,
(if) Ve = {vl(w — Valw)  ify <

The set OU is the set of all O-additive functions ¥ such that, if
(x,9) € SXS,

there is a number m such that

3 VG sl < m

https://doi.org/10.4153/CJM-1966-035-3 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1966-035-3

STIELTJES—VOLTERRA INTEGRAL EQUATIONS 329

for every chain {s;}" from x to y. This condition on V is equivalent to both
V1 and V. being of bounded variation. Thus if V € O, then I* — V € §.
Moreover, if F € § and V = I* — Fis D-additive, then V € O¥ since
V@, 0] =T = Fle, DI = [[Flx,%) — Flx, M| < [grx) — grO)].

MacNerney defines a function M from S X .S to N to be O-multiplicative

if and onlv if
M, )M (y,2) = M(x,2) and M(z y)M(y, x) = M(3 x)

forallx <y <z

The set O is the set of all O-multiplicative functions M such that, if
(x,y) € S X S, there is a number m such that

Zl [[M (54 s0-1) — I|| < m
for every chain {s;}7 from x to y. Such an M satisfies M (x, x) = I for all x;
cf. (7, p. 152).

Let I+ denote the set of all O-multiplicative functions u from S X .S to
the ring of real numbers such that u(¢, x) > 1 for all £ and x. Then M € OM
if and only if there exists a u € OIMM* such that |[|M ¢, x) — I]| < w(tx) — 1
for all ¢ and x; cf. (7, Lemma 3.2).

If p € OMt, then u is bounded since for x < v,

pd V@, e, ¢) _ _ wldc)
(@, y)u(x, c) r(d, y)u(x, c)

and for y < x we have u(y, x) < u(c, d). Let
h(x) = ulc, %) — ulc, ¢) — u(d, x) + u(d, c)

for all x. Then % is non-decreasing since for x < y,

w(y,x) = < u(d, ¢),

w(c,y) — ulc,x) = p(x, x)[plx,y) —1] >0
and
ﬂ(dr y) - l‘(d! x) = #(dv y)[l - ,U,(y, x)] <

0.
The function 4 is a super function for u. For the case x < y < ¢, this follows
from

0< ,u'(ty X') - P"(t9 y) = D“(dr x) - #(dy y)]/l‘(dr t)
< u(@d, x) — u(d, y) < h(y) — h(x).

The other cases are similar. The function u has the additional property that
w(x, x) = 1 since

1< plr,x) = ulx, x)%
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From (7, Lemma 3.2), it follows that if M ¢ O, then M is bounded. If
L is a bound for M and x < y < ¢, then
|M (¢, %) — M )| = 1[ME DMy, x) — 1]|] < Llu(y, ) — 1]

= L(u(y, x) — u(, 3] < L{A(y) — h(x)]
and

< L{a(y) — h(x)].

The same inequalities follow for ¢ < x and x < ¢ < . Thus M € §.
If M € § is O-multiplicative, then M € OIN since

1= M, 3)|| = [|M(x, %) — Mx, )| < lgu(x) — g2}

If x and y are in S, {s;}% is a chain from x to y, V € O and M = OM,
then we compute inductively

P(I*— V)= 1[I+ V(sy Sacn)] ... [+ V(s1, s0)]

and
P(M) =1 — [M(sy,s0) — I — ... — [M(sq $n1) — I.

MacNerney defines the continued sum ,2_* [k] and the continued product
L1*[#] for a function % from S X S to N as the o-limit over chains {s,}% from
x to ¢ of sums

Z_:lh(si, 5i-1) = (S0, $1) + .+« 4 h(s,_1, 5,)

and products

I_II h(ss, sic1) = h(so, 1) ... h(Su_1, Sn),

respectively. Standard arguments show that the continued sum .Y ‘%] is
©-additive and the continued product JJ1*[#] is O-multiplicative.

As a consequence of Theorem 5.1 and the above remarks we have the
following two corollaries.

CoROLLARY 5.1. If V&€ ONand M = §(I* — V), then
M(t, x) = JI=[I* + V] for each t and x.
Moreover, M € OIN.
COROLLARY 5.2. If M € OM and I* — V = G(M), then
V(t, x) = 2% [M — I¥ for each t and x.
Moreover, V € .
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The mapping * from O into OM is defined by:
(V) = C(I* - 7).

Corollaries 5.1 and 5.2 and Theorem 3.3 yield Corollary 5.3, which is identical
with the parts (i) and (ii) of Theorem 3.3 and with Theorem 4.3 of (7).

COROLLARY 5.3. The mapping &* is reversible from OU onto DM and each
of the following is a necessary and sufficient condition that M = G*(V):
(G) M, x) = JI=[1* + V] for each t and x.
1) V@, x) = 2 *[M — I*] for each t and x.
(iii) For each t and x,

M%) = T — (L) fthl(s).M(s,x) it <

and
M@,x)=1- (L) J:dVg(s).M(s, x) ifx <t
(iv) For each t and x,
M x) =I— (R) ftM(t, 5).dVi(s) ift < x
and I

M, x) =1— (R) ftM(t, 5).dVa(s) ifx < &
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