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RINGS OF CONVERGENT POWER SERIES AND
WEIERSTRASS PREPARATION THEOREM
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§0.

Let B be a B-ring with a nonarchimedean valuation | |, i.e., B is
an integral domain satisfying the following conditions: (i) B is bounded
(la| £ 1 for every a < B), (ii) the boundary 3(B) = {a € B; |a| = 1} forms a
multiplicatiVe group. Let Z, denote the set of all nonnegative integers.
Let neZ,. Let x,---,x, be n variables over B. We denote by A, =

Blx,, ---,x,> the set of all elements which can be written in the form
Z avxv b
where g, B for all ve Z2? and |a,|]— 0 as v,+ - -+ 4y, —> c0o. We define a

norm | || on A,: For g = Za,x” €A, let |g|| = max {a,}. Let m be the
maximal ideal of B and k& = B/m be the residue field. Let r be the canonical
mapping of B onto k. Then z can be extended to an epimorphism from
A, to a polynomial ring k[x,, ---, x,] in the usual manner. We assume,
throughout this paper, the B-ring B is complete. We shall identify A,_,{(x,>
with A, so that each element g of A, has an expression ) g,x, where g; ¢
A,  for all ieZ, and ||g;]|-—> 0 as i — o. For any seZ,, let P, denote
the set of all polynomials of A, ,[X,] of degree <s. One can see several
properties on a B-ring in [2], [4].

In this paper, we shall prove Weierstrass Preparation Theorem for A,.
We shall obtain Weierstrass Form Theorem and Scherung Theorem for A,
also.

Before going into discussions, the author wishes to express his thanks
to Professor Hisasi Morikawa for his valuable suggestions and constant
encouragement in the presentation of this paper.
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§1.

To consider Weierstrass Preparation Theorem we need some informa-
tion on unit elements of A,. We prove

ProrositioN 1.1. Let g = > ax"c A,. Then g is a unit element of A,
if and only if

Iao,...,ol == 1 Py
Ly {

la,| <1 for each v + (0, ---,0).

Proof. Let g be a unit element of A, then there exists an element u
of A, such that gu = 1. It follows

1= o(gu) = ©(g)c(w) € klx,, - - -, x,] .

Hence (1.1) holds. Conversely, suppose g satisfies (1.1). Then it can be
seen that the inverse element of g is given by

(12) g = (@..9 1+ 5 ("7,
where

—g" =(a,..0)"" >, ax.
v (

0,00

With this the proof is complete.
From this proposition, we have the followings:

Remark 1.2. If n =1, then A, is not a quasi-local ring.

Proof. For a contradiction, we assume A, is a quasi-local ring. Then
it follows the set M of all nonunit elements of A, forms a maximal ideal.
By Proposition 1.1, for instance, x, and 1 + x, belong to M. Then 1 belongs
to M, a contradiction.

Let g =2 gxiecA,_(x,>. Let seZ,. We say that g is general
(allgemein) in x, of order s if g, is a unit element of A,_; and ||g;|| <1 for
all i >s.

Remark 1.3. ge A, is general in x, of order s > 0 if and only if

(1.3) 7(g) = ©(8) + =(g)x, + --- + 7(8)x;,
for which <(g)) € k[x,,-- -, x,_,] for each i =0, ---,5s — 1, and =(g,) e k* =
k — {0}
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Proof. By Proposition 1.1, it is clear g, is a unit element of A,_, if
and only if z(g,) is in k*. It is easy to verify the other conditions on the
coefficients of g.

§2.
In this section we shall show Weierstrass Form for A,, which is a
generalization of the result of Grauert-Remmert [1].

THEOREM 2.1 (Weierstrass Form for A,). Let ge A, be general in x,
of order s = 0. Then for each fe A, there exists a unique pair ge A,, re
P, satisfying

(2.1) f=aqg+r.
Further, we have

2.2) £l = max {{[q]l, [~} -

In order to prove this theorem we need the following lemmas. Lemma
2.3 is established for K{x, ---,x,> (Satz 2.1 of [1]). But in our case it
cannot be assumed that for a nonzero element f of K{x, ---,x,> there
exists a nonzero element ¢ in K satisfying ||af|| = 1, because we take an
arbitrary B-ring B as a coefficient ring. So, we prove at first Lemma 2.2
analogous to Theorem 3.20 in [3].

LemmA 2.2, Let ge A, be general in x, of order s > 0. Then for q¢
A, and re P, we have

23) llgg + rll = liqll -

Proof. Let g =3 bx'cA, Letpu= (4, --,pt)eZ" be the heighest
indexterm of v such that |[q|| = |b,|. If qg¢ = > cx* € A, then |q| = |qg]
=|c,|, where g/ = (uy, -, tta_s, tn + 8). If re A, such that the coefficient
of x* vanishes, then [[gg + r|| = ||g|. In particular this is true for all re
P, and now (2.3) follows.

LemMma 2.3. Let ge A,_\[x,] be of degree s and the leading coefficient
be a unit element of A,_.. Then for each fe A, there exists a pair qc A,,
re P, satisfying

(2.9 f=qg+r.
Proof. Let f=> faxle A, {x,)>. It follows for each i > 0 there exist
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g, and r, € A,_[x,] such that r, is of degree < s and fix{ = q,g + r,. Then
(2.3) implies

2.5 7l = max {llq.ll, 7.} .

Let r= >7r, and ¢ = 27 g;. Then we see that ge A, and re P,, With
these ¢ and r we obtain the equation (2.4).

Proof of Theorem 2.1. If re gA, N P, then by Lemma 2.2, 0 = ||r — r||
= |Ir]l. Therefore we have

gA, NP, =0,

which shows the uniqueness of a pair g, r of (2.1).
We next prove '

A, =gA, + P,,

by using Grauert-Remmert’s method in [1]. In fact, let g = > gxie
A, (x> and let g = g™ + g®, where g = > s gxi. Then we have § =
lg®|| < 1. We define a set of elements f,, ¢, and r, of A, in the following
way: Let f, = f = q.8© + r,, where r,e P,. For jeZ, we put fin=1f —
4,8 —r;=q;..8" + 1y, where r,,,&P,. This procedure is possible by
Lemma 2.3. Then it follows

fion = —q,89

whence, by (2.5)

Hfj+x“ = 0llq;ll = 5[|fj|l s

therefore we have
Ifsell < S1IF
By ihduction on j >0, we have
71 < NfIL gt < oI
and
| Iyl < #1111 -

Putting ¢ = > ¢ g, and r= > 5 r;,, we have g€ A, and r € P, satisfying (2.7)
as required.

By the definition it is clear ||q|| < ||f|. Then we see ||r|| = ||f — qg| <
max {|f], llgl} = Ifl- Therefore we have ||| = max {lgl, |]}. This proves

https://doi.org/10.1017/5S0027763000019164 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000019164

CONVERGENT POWER SERIES T

half of (2.2) and the other half is obvious. Thus our theorem is completely
proved.

§3.

TrEOREM 3.1 (Weierstrass Preparation Theorem for A,). Let gc A, be
general in x, of order s = 0. Then there exist uniquely u, a,, -+ -, a,_, and
a,_, satisfying the following conditions: u is a unit element of A,, a,, -+ -, a,_,
are in A,L__1 and

(3.1 g =ux + a,_ x4 - e, + a) .

Proof. By Theorem 2.1 there exists a unique pair g€ A,, r € P, satis-
fying

X, =q8+Tr.

Applying Theorem 2.1 again, this time with x{ — r instead of g, we obtain
a unique pair ¢’ € A,, r’ € P, satisfying

g=q@—nr+r.
Then
g=4qqg+r1,
therefore we must have ¢/g =1 and ¥ = 0. In particular we have
(3.2) g=qx—r1).
Put —a,, —a, ---, —a,., as the coefficients of r and u = ¢’. The uni-

queness follows from the choice of r, which shows our assertion.

§4.
In this section we prove Scherung Theorem for A,.
THEOREM 4.1. Suppose the residue field k of B is infinite. Let f be

in A, and ||f|| = 1. Then there exists a B-automorphism ¢ of A, such that
o(f) is general in x,.

Proof. Let f= >5[, where each f; is the j-th homogeneous part of
f- Then there exists f, such that ||f,]| = 1 and ||f;|| <1 for all j >s. Let

t(f) = f,. Then f, is a nonzero element of k[x,---,x,]. If n =1 then
the assertion is clear. Assume n > 2. By our assumption that k& is infinite,
we can choose an element (@, ---,a,_,, @,) € k" satisfying

https://doi.org/10.1017/50027763000019164 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000019164

78 TAKASI SUGATANI

fc(‘—il’ v '16n) ek* »

where @, = z(a;) for a;€B, j=1,...,n. Here we may assume |a,| = 1.
Put b=f(a, ---,a,). Then|b]=1. We define a B-algebra endomorphism
¢ such as

o.(xj)zxj""ajxm j=1,"'>n_1,

a(x,) = x, .
Then ¢! is given by

a_l(xj)zxj—ajxm j=1""9n"’1,

al(x,) =x,.

It can be seen by easy calculations
o) = 3 frat,

where each f¥€ A,_, and ||f¥|| <1 for all i >s. In particular f} is a unit
element of A,_,, for the constant term is equal to b and the norm of the
part of terms of degree > 11is less than 1. Therefore o(f) is general in x,
of order s. Thus ¢ is the B-automorphism to be desired.
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