
ON BANACH LIMIT OF FOURIER SERIES 
AND CONJUGATE SERIES I 

S. Dayal 

( rece ived July 15, 1967) 

1. Le t (x ) be a sequence of r e a l n u m b e r s , (x ) c o r r e s p o n d s 
n n 

to a n u m b e r L im x called the Banach l imi t of (x ) sat isfying the 
n n 

following condi t ions : 

( 1 ) L im ( a x + b y ) = a L i m x + b L im y 
n n n n 

(2) If x > 0 for eve ry n, then Lim x > 0 
n — n — 

(3) L i m x t = L i m x 
n +1 n 

(4) If x = 1 for e v e r y n, then L i m x = 1 
n n 

The ex i s t ence of such l imi t s i s p roved by Banach [ l ] . 

The object of this p a p e r i s to obtain c e r t a i n c r i t e r i a for the 
ex i s t ence of unique Banach l imi t of F o u r i e r s e r i e s and conjugate s e r i e s 
which gives a new c r i t e r i o n for the conve rgence of F o u r i e r s e r i e s and 
conjugate s e r i e s . 

Def in i t ions : A sequence (s ) i s said to be a l m o s t convergen t 

to a l imi t s if 

n+p 
(1 .1) l im 1 2 s = s 

n-»-oo n + 1 k = p 

un i formly with r e s p e c t to p . 

The following functions a r e f requent ly used : 

g (t) = {f(x + t) + f(x-t) - 2f(x)} , 

*\> (t) = {f(x + t) - f (x - t)} 
X 
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G (t) - f |g (u ) |du , 

t 
^ ( t ) = J i|, (u) du. 

Lo ren tz [2] has p roved the following t h e o r e m s : 

THEOREM A. A sequence (x ) has unique Banach l imi t if and 
n 

only if i t i s a l m o s t conve rgen t . 

THEOREM B a = 0 ( c ) i s a T a u b a r i a n condi t ion for an 
n n 

a l m o s t conve rgen t s e r i e s 2 a if and only if, for eve ry e > 0, t h e r e 

ex i s t s a l a cuna ry sequence ( n ) with c < e for n ^ n > 
_ 1 n VJ n v 

v = 1, 2, 3, 

We p r o v e the following t h e o r e m s : 

THEOREM 1. Le t f(x) be a L - i n t e g r a b l e and 2TT p e r i o d i c 

funct ion. The a s soc i a t ed F o u r i e r s e r i e s 

oo 

(1 .2) 1/2 a + 2 (a cos nx + b sin nx) 
o t n n 

n=l 
has unique Banach l im i t f(x) p rov ided the following condi t ions hold 

T 

(1) f | g ( t ) | d t = o ( T ) a s T -> 0 + 
J „ X ' 

(1 .3) 
1 

(2) f | g ( t ) | / t d t = o( l ) as n tends to oo . 

_ ! _ X 

n+p 

uni formly with r e s p e c t to p . 

As the t e r m s of the F o u r i e r s e r i e s tend to z e r o , t h e o r e m s A 
and B imply that (1 .3) a r e the sufficient condi t ions for the c o n v e r g e n c e 
of F o u r i e r s e r i e s . 

It i s i m p o r t a n t to note that the above condi t ions (1 .3) do not imply 
the Dini condit ion of conve rgence of F o u r i e r s e r i e s . The following 
example i l l u s t r a t e s the above fact : 

Cons ider the function 
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2 2 2 
f(x) = x s in 1/x - cos 1/x , x ^ 0. 

f(0) = 0 , 

g^t) = {f(0+t) + g ( 0 - t ) - 2f(0)} 

2 2 2 
= 2t sin 1/t - 2 cos 1/t > 0. 

Evident ly (1.3) (1) holds for above g n ( t ) , and for (1 .3) (2) we have 

1 1 
n+1 n+1 

/ ! | g 0 ( t ) | / t d t = [ t 2 s in 1/ t2] 1 

n+p+1 n+p+1 

which tends to z e r o as n tends to infinity uni formly with r e s p e c t to 
p , w h e r e a s 

1 
f | g n ( t ) | / t dt = oo. (*) 
0 ° 

This shows that Din i ' s condit ion does not hold. 

THEOREM 2. Let f (x) be_a L - i n t e g r a b l e and p e r i o d i c 2 TT 
function. The a s soc i a t ed conjugate s e r i e s of (1 .2) 

(1 .4) S (a s in nx - b cos nx) 
n=l 

has unique Banach l imi t f(x) provided it ex i s t s and the following 
condit ions hold: 

f \ \\> (t) | dt - o(T) as T tends to 0 + 

1 
n+1 

(1.5) J \i\j (t) | / t dt = o( l ) as n tends to co 
1 

n+p+1 

uni formly with r e s p e c t to p . 

2 . Before proving the t h e o r e m s we p rove the following 

(*) T i t c h m a r s h , E . C. : Theory of functions p . 342 
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LEMMA 

u
 NP(t) = -±- n ? s i^k + 1/2 ) t 

n n+1 , sin t /2 

then 

(i) NP(t) = 0 (1/nt2) , 0 < t <TT 
n 

(2.1) (ii) NP(t) = 0 (n+p+1) 

(iii) NP(t) = 0( l / t ) 0 < t < -rr 
n 

+TT 
(iv) f NP (t)dt = IT 

J n 

Proof of the l emma. 

( i ) NP( t) = -±- {cos pt - cos(p+n+l)t} 
n n+1 . . 2 

(2 sm t/2) 

NP(t) = 0 ( l / n t 2 ) , ° < t < T r 

c-\ Q- -n m - s in(k+l/2)t 
(n) Since D (t) = — ; — -

k 2 sm t /2 

= 0 (k+1) 

ve have NP(t) = 0 (n+p+1) : 

p 2 sin(p+(n+l)/2)t s in(n+l)t /2 
(m) N (t) = — 

n (n+l)(2 sin t/2) 

= 0( l / t ) 0 < t <TT 

+TT n+p IT 

(iv) 1/TT f NP(t) dt = " I T S - f D_(t)dt 
J n n+1 . TT

 J k 
- T T k = p -TT 

n+p 

= _ J _ S 1 = 1 
n + 1 k=p 

This proves the l emma. 
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P r o o f of t h e t h e o r e m 1 . 

L e t s (x) b e t h e n t h p a r t i a l s u m of t h e s e r i e s ( 1 . 2 ) . I t i s e a s y 

to s h o w t h a t 

TT 
f \ ff \ A io C /4-\ s m ( n + l / 2 ) t 

s (x) - f(x) = 1/2TT / g (t) : — d t 
n J x o 

n+p 

s i n t / 2 

t P ( x ) - f(x) = - 7 7 2 { s (x) - f(x)} 
n n + l k 

k=p 

= 1/2 TT f g (t) N P ( t ) d t 
J x n 

n+p+1 n + l TT 

n + p + l n + l 

g (t) N P ( t ) d t 
x n 

= P + Q + R . 

P = o ( l ) u n i f o r m l y w i t h r e s p e c t to p , b y t he h y p o t h e s i s ( 1 . 3 ) (1) and 

( 2 . 1 ) ( i i ) . 

U s i n g ( 2 . 1 ) (i) 

77 | g j t ) | 
R = 0 (1/n J± ~Y~ dt) • 

n + l 

A p p l y i n g i n t e g r a t i o n b y p a r t s and ( 1 . 3 ) (1 ) , 

R = 0 ( 1 / n 

G (t) 
x 

TT G (t) 

_!_ + 2/n -LL -T 
n + l n + l l 

dt) 

= o ( l ) u n i f o r m l y w i t h r e s p e c t to p , and 

1 

_ 1 r n + 1 s i n ( p + ( n + l ) / 2 ) t s i n ( n + l ) t / 2 
Q " 2(n+l)TT J 1 g x ( t ) d t . 

n+p+l 
2 ( s i n t / 2 ) 
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Using the well known inequality |sin(n+l)t | < ( n + l ) | s i n t | , 

1 

n+1 | g (t)| 

Q = 0(1/2*- / 1 -~~ dt ) 

n+p+1 

= o(l) uniformly with respect to p, by (1.3)(2). 

~ th 
Proof of the theorem 2. Let s (x) be the n part ial sum of 

(1.4). 

^ 2 """ ^ 
We have s (x) = - - f d; (t) D (t) dt 

n TT ^ x k 

where D (t) is Dirichlet 's conjugate kernel . 

A n + P 
^ P 1 „ ~ / v 
t ~77 E s v ( x ) 

n n+1 , k 
k=p 

^ 2 7 , . 1 n _ P , cos t/2 cos(k+l/2)t , 

Z = " * /<A ( t ) (ÏÏTT) , s t 7TIT7I " sin t/2 } dt 

k=p 

^ p - ( - - r , ^ (t) cot t / 2 dt ) 
n TT J 1 x 

n+p+1 

1 
n+p +1 n+p 

" TTH Jn * (t) Z ^ (t) 

Tr(n+1) J o x , k 
k=p 

, _J / * + P cos(k+l/2) 
+ rr(n+l) J 1 + x ( t ) , S sin t/2 d t 

^ 7 1 k=p 

A + B. 

1 

2 n+p+1 
A = 0 (- f k ( t ) | (n+p+1) dt , 

TT J O X 

= o(l) uniformly with respect to p, by (1.5); 
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TT(II+1) 

c o s ( p + n + l ) t s i n n t / 2 
n+1 — 

(f, + (t) - dt 
î J 1 x 

n + p + 1 
( s i n t / 2 ) 

c o s ( p + n + l ) t s i n t / 2 

+ / , + (t) 

n+1 

= B 1 + B 2 . 

( s i n t / 2 ) 

1 
n+1 

B = 0 ( J \ty ( t ) | / t d t ) = o ( l ) u n i f o r m l y w i t h 

—;—"— r e s p e c t to p . b y ( 1 . 5 ) . 
n+p+1 

0 ( 1 / n J |ij, (t) | / t d t ) 
1 ' Tx% 

n+1 

I|J ( t ) TT 
1 / r x -, 

n+1 

2 / , 
f + (t) 

n+1 

d t )} 

2 - ° ( 1 ) u n i f o r m l y w i t h r e s p e c t to p , u s i n g ( 1 . 5 ) . 

2 2 
- f d; (t) c o t t / 2 d t + - f k ib (t) c o t t / 2 d t 
IT J 1 X. T T - ' l x 

n+1 n+p+1 

1 
n+1 

- f lib (t) I / t d t = o ( l ) a s n 
' 7T J 1 X 

t e n d s to oo 

n+p+1 

u n i f o r m l y w i t h r e s p e c t to p , w h i c h p r o v e s t h e t h e o r e m . 

T h e a u t h o r i s i n d e b t e d to D r . J . A . S i d d i q i f o r h i s h e l p and a d v i c e 

and to t h e r e f e r e e f o r h i s s u g g e s t i o n s i n p r e p a r i n g t h e m a n u s c r i p t . 
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