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Tree structure of spectra of spectral Moran
measures with consecutive digits

Cong Wang and Feng-Li Yin

Abstract. Let {b, } 2, be a sequence of integers larger than 1. We will study the harmonic analysis of
the equal-weighted Moran measures B{b,3.{D,} with D, = {0,1,2,...,qs — 1}, where g, divides b,
forall n > 1. In this paper, we first characterize all the maximal orthogonal sets of L* (p1 (4,3, (»,} ) Viaa
tree mapping. By this characterization, we give some sufficient conditions for the maximal orthogonal
set to be an orthonormal basis.

1 Introduction

Let u be a compactly supported Borel probability measure on R, We say that y is a
spectral measure if there exists a countable set A of R such that E(A) = {e?™/{4%) :
A € A} forms an orthonormal basis for L*(). In this case, A is called a spectrum of y.
Spectral theory for the Lebesgue measure on sets has been studied extensively since
it is initialed by Fuglede in 1974 [16].

There exist probability measures that are not the restriction of the Lebesgue
measure to bounded sets, but they admit spectra. In 1998, Jorgensen and Pedersen
[18] constructed the first example of a singular, non-atomic spectral measure pi4 (9,2}
(i.e., the one-fourth standard Cantor measure) and proved that the set

A= {I;4kdk:dk c {0,1},7120}

is a spectrum of yy (o). Following this discovery, more interesting spectral mea-
sures were found and new spectra for pg (o, were found (see [2, 5, 6, 8, 10, 19,
20]). Subsequently, some singular phenomena different from the spectral theory of
Lebesgue measures were discovered. For example, there exists only one spectrum
with containing 0 for L?[0,1], while a given singular spectral measure y has more
than one spectrum which is not obtained by the translations of each other [10,
14]. Another surprising and interesting difference is that the Fourier expansions
of functions in L?(py,10,2y) Wwith respect to different spectra may have different
convergence properties. Strichartz [22, 23] proved that for any continuous function

Received by the editors May 29, 2023; accepted December 10, 2023.

Published online on Cambridge Core December 22, 2023.

This work was supported by the National Natural Science Foundation of China (Grant No. 12101196)
and the Natural Science Foundation of Henan Province (Grant No. 212300410323).

AMS subject classification: 28A80, 42C05, 42A65.

Keywords: Spectral measures, spectra, Moran measures, orthonormal basis.

/- 3

Check f
https://doi.org/10.4153/50008439523000991 Published online by Cambridge University Press Updates.


http://dx.doi.org/10.4153/S0008439523000991
http://crossmark.crossref.org/dialog?doi=https://doi.org/10.4153/S0008439523000991&domain=pdf
https://doi.org/10.4153/S0008439523000991

2 C. Wang and E-L. Yin

on R, its Fourier expansion with respect to A is uniformly convergent; but Dutkay
et al. showed in [11] that there exists a continuous function on R whose Fourier
expansion with respect to the spectrum 17A is divergent at 0. Based on the above
exotic phenomena, a natural question is raised:

For a given spectral measure, can we find all spectra?

It is quite challenging to “characterize” all the spectra (no example is known
with this property). Motivated by the above problem, many researchers concentrated
their work on investigating self-similar/self-affine/Moran spectral measures and the
construction of their spectra from various aspects (see [1, 3, 4, 7-10, 12, 14, 17, 21, 25]
and the references therein).

Nowadays, there are a few of literature on this topic to construct new spectra. Most
of this literature deals with the issue of self-similar/self-affine measures. Various of
new spectra have been constructed for the measure p4 19,23 by Dutkay et al. [10],
for self-similar measure with consecutive digits by Dai et al. [7], Dai [5], for infinite
Bernoulli convolution by Li [20], Fu et al. [14], for certain self-affine measures on R4
by Deng et al. [9], etc. Besides these results, some answers for spectral Moran measures
have been given in [15, 24]. Motivated by these, the main focus of this paper is to study
the classification of spectra of the so-called Moran measures with consecutive digits,
where pi4 10,3 and Cantor measures with consecutive digits are special cases.

Let {b,}32, be a sequence of integers larger than 1and D, = {0,1,2,...,q, - 1}
for each n > 1, there exists a Borel probability measure pi(; 1 (p,;, which is defined
by the following infinite convolutions of finite measures:

(1.1) ‘bl{bn},{an} = 8;]1—1@1 * S(blbz)_lgz X,

where rE = {rx : x € E}, 0 = # > eer 0 (#E is the cardinality of the finite set E, &,
is the Dirac measure at the point e € R) and the convergence is in a weak sense. Note
that D, = {0,1,2,...,g, — 1}, we call the measure y(;,} (p,} @ Moran measure with
consecutive digits. In particular, when b, = b and D,, = {0,1,...,9 -1} := D for all
n €N, then the measure y(; y (p,} is reduced to the self-similar measure py, p (see
(13]).

Let us first recall the known results on the spectrality of the measure yy, 1 (p,}-
In the self-similar case, Dai, He, and Lai [7] showed that the measure y, 1 is spectral
if and only if g|b. Recently, An and He [2] proved that if g,|b, for all n > 1, then
H{b,},{D,} is a spectral measure. Continuing the above research, the main goal of
this paper is to investigate the structure of spectra for the Moran spectral measure
H{bu} (D}

The starting point of our approach is to analyze the precise structure of the zero set
of the Fourier transform §(;,,(, > and then we introduce the maximal orthonormal
sets, as candidates for the spectra of the measure p(;,},(p,1- We shows that there is
one-to-one correspondence between a maximal orthonormal set and a tree mapping
(Theorem 1.2). More precisely, we decomposed the maximal orthonormal sets of the
measure (s 1 p,} using C;-adic expansion and put them into a labeling of the tree.

Definition1.1 Letb, = q,r, for all n > 1, we say that 7 is a tree mapping if it is a map
7: Dy« — 7 which satisfies:
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(i) 7(0") =0foralln > 1,

(i) foralln > 1, 7(01...0,) € (00 + g4 Z) N{-1,0,1,...,qnTns1 — 2},

(iii) for any word o € Dy, (n > 1), there exists 0’ € D, o such that 7((a0")|;) = 0
for all j sufficiently large.

Given a tree mapping 7, we define the following sets:
D(7)={0€Dg,c0: T(0|m)=0forall m large enough}

and

A7) = { i t(olg)reby ... bk_1|a € @(‘r)}.

k=1

It will play a special role in the following theorem, which gives a characterization of
the maximal orthogonal set of L*(i(p,1,(p,1)-

Theorem 1.2 The set A with 0 € A is a maximal orthonormal set of py,y,(p, if and
only if there exists a tree mapping T such that A = A(7).

While a maximal orthonormal set is not necessarily a spectrum since it may lack of
completeness in L*(pi(p,,(p,})- So what we need to do is to investigate under what
conditions on 7 such that the set A(7) to be a spectrum for the measure y ¢,y (p,}-

We first introduce a good path to ensure the above maximal orthogonal set E(A(T))
to be a complete set in L*(p(p,1,(p,})-

Theorem1.3  Let {qu,b, >, be asequence of positive integers larger than 1 with q,|b,,
foralln e Nandsup,,, {b,} < co. Let T be a tree mapping of i1y, 3,(D,}- Suppose there
is a constant integer N > 0 such that for any word o € Dy (k > 1), there exists o’ €
Di.oo such that oo’ € D(7) and one of the following two conditions is satisfied:

(i) 7((00")|k+j) = 0 forall j > 1;

(i) 7((00")|k+j) = 0 forall1 < j < n, 7((00")|ksn+1) € Qkrnn1Z\{0} and

(1.2) max {j>1: 7((00")|krnsj) # 0} < N.
Then A(T) is a spectrum of gy (D, -

We remark that (1.2) shows that the efficient length of the word oo’ is uniformly
bounded, that is to say, ¢’ is crucial in the proof of the completeness. However, the

length of 0o’ i.e., max {j >1:7((00")|ks) # 0} may be not uniformly bounded since

it also depends on the choice of # in 0”.

Next, we consider other digits that can be used for the base expansion of the
integers in the candidate set A, and give a sufficient condition when these will generate
spectra for the measure p(p 1 (p,}-

Definition 1.4 We say that 7 is a generalized tree mapping if it is a mapping 7:
Do,« — Z, which satisfies:

(i) 7(0102...0,) =0if o, = 0;

(ii) (0103 ...0y) € 0, + g, Z if 0, % 0.
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We say that 0 € Dy o is a useful word about the generalized tree mapping 7 if there
exists an integer 7° (o) € Z satisfying

n
°(0) = Y, 1(0olk)rkBier (mod r,41B,), foralln > 1.
k=1

Given a generalized tree mapping 7, we let

A°(7) = {1°(0)|0 is a useful word}.

Theorem1.5 Let{qu,b, ;> be asequence of positive integers larger than 1 with q,|b,
foralln e Nandsup,,,{b,} < co. Let T be a generalized tree mapping,

(i) A° (1) is a maximal orthogonal set of gy y (D15

(ii) if sup,em, , [7(0)[ < oo, then A°(7) is a spectrum of p(p,} (D, }-

The paper is organized as follows. In Section 2, we recall some preliminary results
on basic criterion for spectral measures to prove our main results in the sequel, and
characterize all the maximal orthonormal sets A for L*(p,},(p,} ). Theorem 1.3 is
proved in Section 3. In Section 4, the proof of Theorem 1.5 is given.

2 Preliminaries and maximal orthogonal set

In this section, we first give some necessary definitions and facts that we need in the
proof of the main theorem. Subsequently, we characterize all the maximal orthogonal
sets A for L*(p(p,},(»,}) via a tree mapping (see Definition 1.1).

2.1 A criterion for spectral measures

Let y be a probability measure with compact support on R. As usual, we define the
Fourier transform of the measure 4,

Q1) 2(8) = f e G ().

A countable set A CR is called an orthonormal set/ maximal orthonormal
set/spectrum, respectively, of u if E(A):={e?"™*:1e A} is an orthonormal
set/maximal orthogonal set/orthonormal basis, respectively, for L*(y). It is easy to
show that A is an orthogonal set of ¢ if and only if @(A; = A;) = Oforany A; # A; € A,
which is equivalent to

(A=A)~{0} = 2(3),
where Z(f) := {&: f(&) = 0} is the set of the roots of the function f(£).
Combining (1.1) and (2.1), we can conclude that

— = E
= M NT——— ),
B(b,y,(0.3 (&) g Di(blbz...bj)

where

1 ; .
Mp,(§) = ;(1 ey o)
J
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A direct calculation shows that
a
Z(Mp,)={—:q;+a, acZy,
j {q] J }

where q; + a means that g; does not divide a. Hence, the zero of ti(;,},(p,) is given
by

(2.2) Z(Bp,y,0,)) = U{riBja:acZand g; + af,
21

where rj= b]/q] for all] >1and B] = b()blb] with b() =1
To this end, we introduce a fundamental criterion for spectral measures, which
is a direct application of Stone-Weierstrass Theorem and Parseval’s identity. For any

& e R, denote
Q&) = Y [m(E+ )P

AeA

Theorem 2.1 [18]  Let u be a Borel probability measure with compact support on R,
and let A € R be a countable subset. Then:

(i) A is an orthonormal set of u if and only if Q(&) <1forany & e R;

(ii) A is a spectrum of p if and only if Q(&) =1 forany £ e R;

(iil) Q(&) is an entire function in the complex plane if A is an orthogonal set of u.

2.2 Maximal orthogonal sets

We start with some notations for simplicity. Fix such an integer n > 0, let
Dok ={0ns10p42... Opsr 10 €Djyn+1< j<n+k}

be the set of all words with length k. We adopt that D, . = U2, D, U{@} is
the set of all the finite words beginning with D,,; and D, e = {On+10n+2...:
0 € D,k >n+1} is the set of all the infinite words beginning with D,.;.
For any 0 = 0,410,442 ... 054k € Dy «, we use |0 =k to be its length and o |j:=
On410n42 .- Onyj(1< j<|o]). For any 0 €D, , and 0’ € Dy x UDy o0, the word
o’ is their nature conjunction. In particular, @I = I and 0%° = 000....

For simplicity, we set by =1 and By = bob1b,...by for all k > 1. Given a tree
mapping 7, recall that

(2.3) D(r) = {a € Do,co : 7(0] ) =0 forall m large enough}.

For any 0 € D(7), we let

(2.4) (o) = > 1(olk)rkBk1 and  A(7) = {7(0)|o € D(7)},
k=1

which plays a special role in Theorem 1.2.
Before giving a proof of Theorem 1.2, we give the following lemma.

Lemma 2.2 Let C, ={-1,0,1,...,qn7ns1—2} and C, = Cy x ---x C, forall n > 1.
Then for any k € Z(k + 0), there exists a unique word 0 = 6103 . .. 0, € C, with 0, # 0,
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such that
k=o01+0r2q1+ -+ 0urnqibz ... by_1 = 7(0).

Moreover, if k = 0, then 0 = 0, = 0.

Proof Forany k € Z and |k| < g112, let

1(-1), k=—-(qr2-1),
B (qura +k)(-1), —(qurz-1)<k<0,
7 k, 0<k<qr-1,
-11, k=qr,-1,

then k = (o). When |k| > qi72, then k can be decomposed uniquely as k = ¢; +
kiqira, where ¢; € Cy. If |k;| < 273, then k; has to be decomposed as in the previous
step. Otherwise, we further decompose k; in a similar way and we get |k, | < qn+17n+2
after finite number k steps. The expansion is unique since each decomposition is
unique. [

Now, we can give the proof of Theorem 1.2.

Proof of Theorem 1.2 Suppose A = A(7) for some tree mapping 7. We show that
it is a maximal orthogonal of p (3 1 (1, - To see this, we firstly show the orthogonality
of A. Pick two distinct A, A € A, by the definition of A(7), we can find 0 # ¢’ € D(7)

such that
A=>1(ol;)rjBj-y and A =) 7(0"|;)r;Bj1.
= =

Let k be the first index such that 0| # o'|x. Then, for some integer M, we can write
A=A = reBiy(2(ole) - 7(o']i) + May.).

By (ii) in Definition 1.1, (o) and 7(0’|x) are in distinct residue classes of gy. This
implies A — A" € Z(#{p,1,¢p,1) and then A(7) is orthogonal.

With respect to the maximality of the orthogonal set A, the proof is by contradic-
tion. Suppose 6 € R\A and 0 is orthogonal to all elements in A. Since 0 € A, it gets that
0 =6 -0e2Z(H,.{p,}) Hence, by (2.2), there exists k € Z such that 6 = r¢B;_,a,
where a € Z and g does not divide a. By Lemma 2.2, it yields that

a =& + k1 QkThet + o + Ert qrTkr1bir1biaa - - brriots
where ¢; € Cj(k < j < k + 1) and g does not divide ;. Consequently, it can infer that
0 = rBi_1a = g1k By + ekp1Tks1Br + -+ + Exqi Tk 1 Braio1.
Note that there exists unique o;(0 < 05 < g5 — 1) such that

& =0s(modgs) V1<s<k+l
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Denote s = 0, = 0foralls > k + . Since 6 ¢ A, we can find the smallest integer & such
that 7(0; ... 0,) # &4. By (iii) in the definition of 7, we can find

«
A= Z T(O’|j)l’ij_1 + MBoc
j=1

for some integer M. Then there exists M’ such that
0-1= raBa_l(ea —1(0ly) + M’qa).

By (ii) in the definition of 7, 7(0|y) = 0, (mod g, ), which is also congruent to &,
by our construction. This implies 6 — A is not in the zero set of fiy;,y,(p,} since gy |
(e« = 7(0]a)). It contradicts to 6 being orthogonal to all A € A.

Conversely, suppose we are given a maximal orthogonal set A of p ;3,1 With
0 € A. Then A c Z(§(p, 1., )- Hence, we expand A/r; (A € A) with Lemma 2.2 and
get

k (o]
(2.5) A=Y "enjriBj1i= ) exjriBjo,
=i =

where ¢, ;€ Cj(1< j< k) with &34 #0 and ¢,; = 0 for all j> k +1. Note that all
€o,n are zero. We first consider ¢, ; the first coefficients of A’s. As ¢, ; can be written
uniquely as ig + g, € C; for some iy € Dy ={0,1,...,q; — 1}, we claim that

{exihrea={i+qa;:ieD} cC.

(Here a; depends only on i but not on A, hence the set has g; elements.) In fact, the
orthogonality of A implies that {&);}1ea S {i + qu; : i € D;}. On the other hand, if
{ex1}ren & {i + quai i € Dy}, then there exists 0 < i’ < gy — 1 such that g; + (&), —
i') for all A € A, which contradicts the maximality of A. This proves the claim.

From the claim, we can define 7 on Dy by 7(01) = 01 + q104, (01 € D;) and in
particular 7(0) = 0. Similarly, we can show, for each 0 < i; < g1 — 1, that

{eraen1= i1+ Qo frea = {iz + qaats, i € Dy} C Gy

and define 7(0102) = 02 + q20t4, (02 € D5 ). Inductively, we can define a mapping 7 on
Do, .. By the construction of 7, it is easy to see that (i) and (ii) in Definition 1.1 are
satisfied. For any ¢ = 010, ...0,, € Do, «, again by the construction of 7, there exist
infinitely many A such that € ; = 0¢ + q; a4, for1 < t < m. Together with (2.5), fix such
ak, if m > k, then we have A = Y72, €3 j7jBj_1 = 7(00%); If m < k, there exists 0’ =
Om+10m+2 - - - 0k such that ey , = 7(01...0,0me1...0,) forall m +1< n < k. Then

A= Zsl,jerj—l = T(O'UIOOO).
j=1

This implies that (iii) in Definition 1.1 holds. Hence, 7 is a tree mapping and A c A(7).
Conversely, A(7) c A since A is a maximal orthogonal set. And then A = A(7). m
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3 The proof of Theorem 1.3

Theorem 1.2 shows that a countable set is a maximal orthonormal set of the measure
H{b,},{D,} if and only if it can be labeled as a tree. In this section, we will give a
sufficient condition for a tree mapping to generate a spectrum. In the remainder of this
paper, we always assume that the measure y;, 3 ¢,y satisfies P = sup, ., {b, } < 0.
Given a tree mapping 7 for y(; .y, (p,}> we recall that

D(1) = {0 € Dg,00 : 7(|m) =0 for all m large enough}
and
(o) = ir(ah)rkBk_l, vV oeD(7),
where B, = bob; ... b, with by = 1. Similarly, for any ¢’ € Dy ,, we define
(0" = kzn:lr(a’|k)rkBk_1.
We list some propositions, which will be useful in the sequel. Recall that

‘u{bn}»{Dn}(.) = 6b1*1'D1 * 6(;,11,2)—1@2 * ...
= ["n() * H>n(b1b2 .. bn‘),

where y,, is the convolutional product of the first n discrete measures and

HU>n = é\b;}H’DVHI * 8(bn+lbn+2)7l®n+2 ..

Proposition 3.1  Let T be a tree mapping. Then, for any & € R and for any 0 € D(7),
we have

ﬁ{bn},{pn}(er T(U)) = lim /Tk(f+ T*(0|k))-

Proof Since

(o) = > 1(o|;)rjBjo1 = *(alk) + Y. 7(0l;)riBj-1,
=t iok41

it follows from the periodicity of |Mp, (x)]| that
k k
€+ 7(0)) = [ Mo, (€+7(0)) = T Mo, (§+ 7" (ale)) = T (& + T (0l1)-
s=1 s=1
And then the result follows. |

Proposition 3.2 Let 7 be a tree mapping. Then, for all k € N, we have
Dok ={0olx:0€D(1)}.

Proof Clearly, {o|;: 0 € D(1)} c Dy . Conversely, it follows from (iii) of Defi-
nition 1.1 that for any word ¢’ € Dy , there exists ¢’ € Dy o, such that ¢’c” € D(7).
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This implies Do x € {c|x : 0 € D(7)} since (¢'0")|x = 0’ € Dy x. Hence, we finish the
proof. ]

Proposition 3.3 Let 7 be a tree mapping. Then, for all k > 1 and for any £ € R, we have

Z |ﬁk(£+ T*(o))|2 =1

g€Dg i

Proof ~ We claim that {7*(0)}sep,, is a spectrum of L*(u). We can then use
Theorem 2.1 to conclude our lemma. Since this set has exactly g1, ... gx elements,
we just need to show the mutual orthogonality.

For any two distinct words o, ¢’ € Dy x, we have

k k
T*(U) = ZT(O’|J')T’]'B]'_1 and T*(O',) = ZT(U,|]')T]'B]'_1.
= =

Let s (1< s < k) be the first index such that o|; # ¢’|;. Then we can obtain that

(o) -1"(0") =rib:s— I(T(O"S) -1(o'ls) + qu)

for some integer M. It follows from the periodicity of the exponential function e 2"

that
i (CO T g ()

where the last equation holds because (ii) in the definition of maximal mapping
implies that g, does not divide 7(0o]|;) — 7(0’|5). Since

k
o ;
ZORY! | M, Bj)|,

it follows that @i (7*(0) — 7% (0”)) = 0. And thus the desired result follows. |

We divide the proof of Theorem 1.3 into several lemmas.

Lemma 3.4  Assume that for any 1< j<t,cpyj € {=1,0,1,..., qksjlk+js1 — 2} satis-

fies
Ck+1 € ik Z\{0} and cgyp % 0.

Let |&| <t —1/qk, 1 = &/bgsr and

Hn = ﬁ(ﬂml +

>

Ck+n-1 )
Gk+n-1

then one has

1 1 1
g <l < (1 5)

forall2 < n <t, where P = sup,,{b,} < co.
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Proof  With an easy calculation, it can infer that

n-1
§+ ChprTher + Zj:z Ck+jrk+jbk+l e bk+j—1

Nn = , V2<n<t.

bk+1 e bk+n

On the upper bound, it follows ¢y, € {-1,0,1,..., ks jrksjr1 — 2} forall 1< j < m,

then
n-1
&+ Craalhsr + Zj:z Ck+jrk+jbk+1 e bk+j—1
1al =
bk+1 cee bk+n
rk+1_1/‘Zk+(¢Zk+1rk+2_2)rk+1 T+t (Qk+n—17’k+n _2)7k+n—1bk+1 o brin—2
- bk+1bk+2~ . -bk+n
Tkinbkst - Okon1 = Tkan-1bker .. brina
B bk+1 e bk+n
1 1 1 1
Gy =—(1- )s—(1-2)
dk+n Gk+n-1Tk+n dk+n P

where the last inequality holds since P = sup,,., {b, }.
On the lower bound, for #;, a direct calculation shows that

ml < ——(1- ).

qk+1 p?

_ 1 Ck+1 :
For n, = s (111 + e ) , since

Cke1 € Gk Z\{0} and ¢k €{-1,0,L,...,qx17ks2 — 2},

it follows that

||>1 ] 1(1 1)>1>1
T I S X0 AT =

For 13 = ﬁ (172 + ﬁ) , where cgyz € {-1,0,1,..., gxs27k+3 — 2}, one has the fol-
lowing two cases:

(i) if cx42 = 0, then 53 = Wlﬁﬂz, and hence

1
>—2 —
|73 Pb,, P

(ii) if cg42 # 0, then

ins| > 1 ( 1 1 (1 1 )) 1 "
3 - == 2 71-
: brss dk+2  Gk+2 p? qk+2bk+3pz p4

. 1 1 1
Noting that 57 < a(l - ﬁ). Then we get that

i<| |<L(1_L)
T S 2
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Continuing the above procedure several times, we can obtain, for all 2 < n < t, that

1 1 1
pn+l = <l < Qksn (1_ ﬁ)
Hence, the lemma is proved. |

Since sup,,,,{b,} < co and q,|by,, there are only finitely many (b,,D,), say that

(6(1), D)), (b(2),D(2)),...,(b(N), D(N)) with D(i) = {0,1,...,q(;) — 1} for
some N € N. Hence, it is easy to show that

. H e (oL
(3.2) €= m1n{|M'D(i)(f)| €] < a0 (1 p2 )} >0,
and
(3.3)

c(t):min{|MD(i> (f+ 7')|. fe([prwﬁ(l—ﬁ)] h:,,)(l_%),—ﬁ]) }>0.

(i) vje{0,L,...,q(i) -1}

The following lemma will be use to prove Lemma 3.6, which is crucial in proof of
completeness of the maximal orthogonal set.

Lemma 3.5 Assume that for any 1< j<t,cpyj € {=1,0,1,..., Qs jTksjs1 — 2} satis-
fies

Crk1 € qrnZ\{0} and cpis #0.
Let |&] < re1 —1/qx, and let

t
N=&+ Charlher + Z Ck+jrk+jbk+1 _ bk+j—1)

=2
then there exists a constant C(t) € (0,1) (only depending on t) such that | (n)| >
C(t).
Proof =~ We define 7, = 7>~ and

n—1
&+ Craalhsr + Zj:z Ck+jrk+jbk+1 ‘.- bk+j—1 Vi<n<t
5 Snsit.

= bk+1'--bk+n

According to the fact that

/7>k(’l)‘ = g ‘MDkﬂ(ﬁ) ’

it follows from the periodicity of |[Mo,,,(x)| and cx41 € gx1Z\{0} that

I1 o

where ay,s = cys (mod gpys) with ag,s € {0, L...,qgss -1} for2<s<t.

Ak+s )

I

ok ()] = [ Moy, ()| 1‘[ \M%(ﬂs e
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We estimate the products one by one. From the proof of Lemma 3.4, it can infer

that
(1-5)

Im| <
qk+1

And thus we have, together with (3.2), that
(3.4) Moy, ()] 2 e > 0.

For any 2 < s < t, using Lemma 3.4 again, we also have that

<yl < L(l—i).

Pps+l Qs p2
It follows from (3.3) that
Afts
(3.5) | Mo, (115 + ~ )|z e(t) > 0.
Fors >t +1, we set
_ n
Y bk+1 cee bk+t

for convenience. Thus, we conclude that

e
brrts1! Grren p2J
Using (3.2) again, it gets that
sgl ‘MDHS ( bk+l ;1 bk+s ) h |M®k+t+l (ﬁ)‘ . rl,:[z |M'Dk+:+s( bk+t+1 . y bk+t+m >|
1 5in Grsram Ty (Brsrst - bisrom) !
= [0 bkiﬂ )I Py | ;lknqkm smzx(bill . him)l )
(3.6) > — |Sin Qk+t+m7TY(bk+t+1 cee bk+t+m)71 )‘

m=2 6]k+t+m”)/(bk+t+1 cee bk+t+m)71

On the other hand, for any m > 2, it can be easily checked that

1 1
Gk+t+mTTY ‘ < m(l- ﬁ) < m(1- ﬁ)
bsrsr - Oksrsm Gkrt+1bk142 -+ Dkstem—1Tks t4m 2m-1

Combined this with (3.6), we can obtain from the monotonicity of | sin x/x| in [0, 7]
and sin x/x >1- 6"x2 for x € [0, /2] that

7_[2(1_ #)2

67 I Mo (— )z e [T (1-—2) =<' >0

s=t+1 bk+1 e bk+s 1

Combined with (3.4), (3.5), and (3.7), we get that

[Tk (1)] 2 crc(t) 1" > 0.

Therefore, the desired result follows from C(t) = c;c(t)"'¢". |
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Lemma 3.6  Foranyword o € Dy y(k 2 1), let 00’ € D(7) satisfying (1.2) given as in
Theorem 1.3. Let |&| < 1441 — 1/qx, and let

Z;:l T((UU,)|k+j)rk+jBk+j—l
By '

=&+
Then there exists a constant ¢ such that |iisx(n)| > c.

Proof  We distinguish two cases to prove it.

Case I. When ¢’ = 0% with 7((00”)|;) = 0 forany j > k +1, thus # = £ and
< =
N s Tkt CIk.

It is easy to check that [fisx(#7)| > ¢’ > 0, where ¢’ is given as in (3.7).
Case II. When ¢’ = 0"8(n € N, 8 € Dyyy,00) with 7((00")[5+j) =0 (V1< j < n),

7((00")|ksns1) € qrenn1Z\{0} and max {] : T((oo')|k+,,+j) 0, j> 1} < N.

Together with the periodicity of | M, (x)], it implies that

k()] = ﬁ ‘Mﬂkﬁ(ﬁ)

.
o (g g )l I o ()

(3.8) H Mo, (5 H”f‘bkﬁ)\-I@km(y)I,

where

=hﬂfbhn=hﬂfﬁﬂn (@v»Hwoqﬂﬂ+gﬂownhwomﬂﬂmwﬂ bemsjn.

Since max {j : T((acr’)|k+n+j) #0, j> 1} < N, it follows that y can be rewritten
as

5 N
+ T((UOJ)|k+n+1)Ck+n+1 +ZT((00,)|k+n+j)rk+n+jbk+n+1~ . hk+n+j—1~

Y= bk+l' . 'bk+n j=2

Using Lemma 3.5, there exists a constant C(N) € (0,1) (only depending on N) such

that
(3.9) |[7>k+n(y)| > C(N)
Note that |&| < 741 — 1/qx, we also have
n E oo E ~ ,
310 Mo (NS Tl (& - »
I L oo i (L o) LR

where the last inequality holds from Case I.
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Combined with (3.8), (3.9), and (3.10), we get that
|k ()] > C(N)c" > 0.
Let ¢ = C(N)c’, we can obtain the desired result. [
Now, we have all ingredients for the proof of Theorem 1.3.

Proof of Theorem 1.3. ~ Since 7 is a tree mapping, it follows that A(7) is a maximal
orthogonal set. By Theorem 2.1, we have

QY= Y [Fw o€+ T(I))r

IeD(7)

= i > ‘F{bn},{'Dn}(var(I))‘ZSL v EeR.

n=01eD(7),l;(I)=n

Here, 1,(I) is the smallest integer # such that 7(I|;) = 0 for all k > n. Moreover, fixed
£ € (0,1), for any € > 0, there exists an integer N, such that

2
(3.11) Y |Ew.mn (8 1) <e

1eD (1)1, (I)2N,

From Theorem 2.1, we only need to show that Q(&) > 1 for all £ € (0,1). Together
with Proposition 3.1, it can infer that

Qo> Y |Fuwa(E )

IeD(1),l;(I)<N,

. —_ * 2
- IED(T)%;(Ist ]}LIEO |,uk(f+ T (I|k))|

=lim Y @& )|

k=00 e (+), 1 (1)<N,

2

Using the condition of Theorem 1.3, it follows that

. —~ * / 2
Q(g) § khll; aeDo,k,er(:aa’)<N£“uk(f+ T ((00 )|k))‘

(3.12) = lim » &+ T*(o))r,

k=00 ey 1lr(007) <N,

where ¢’ are given as in the theorem. It can easily be checked that

o+ o )|+ ) s
§+7(0) | ZET((00)lkes)rice B
(B B e,
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and

£+ (o) (§+ S r(ol)r;By- ]
‘ +;k0|:| ]lBk] ]]l‘grkﬂ—a.

Therefore, combining with Lemma 3.6, we get

|!7{hn},{93,,}(f+ T(Uff'))| > C|ﬁk(f+ T*(U))|’
where c is given in Lemma 3.6. Together with (3.11), it yields that
2 2
B PETON 5 | B P @) <&

Applying Propositions 3.2 and 3.3, we infer that
2 2
> ‘ﬁk(€+r*(0))‘ + > ‘ﬁk(£+r*(a))| =1
€Dy k,l:(00")<N, €Dy ,l:(00")2N,
Then using (3.12), we obtain that
2 €
Q(&) > lim (1- el &+ (0 >1-—.
koo ( ae’Do,k,l,Z(mf’)zN£ | k( ( ))| )

Hence, Q(£&) > 1and this completes the proof of Theorem 1.3. |

4 The proof of Theorem 1.5

The aim of this section is to prove Theorem 1.5. Recall that ¢ € Dy o is a useful word
about the generalized tree mapping 7 if there exists an integer 7°(0) € Z satisfying

°(0) = Y, 1(0olk)rkBii  (mod 1,41 B,), foralln > 1.
k=1

It is easy to see that if 0 € Dy o, is a useful word, then the associated 7°( o) is unique.
Given a generalized tree mapping 7, we let

D°(7) = {0 € Dy,c0 : 0 isauseful word} and A°(7) = {r°(0)|o € D°(1)}.

Proof of Theorem 1.5. (i) We first show that A°(7) is an orthogonal set of
H{b,}.{D,}- For any two distinct words o, 0" € D°(7), we let n be the first index
such that |, # o’|,,. Since

°(0) = > 7(0ol)reBir  (mod rnaBy) and 7°(0") =) 7(0'|k)reBior  (mod ruiiBy),
k=1 k=1

it follows that

7(0) = 1°(0") = ruByoa (r(ala) - 7(0'1,) + 4. M)
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for some integer M. Using the definition of the generalized tree mapping, we know
that

gn + (7(ol) = 7(0"]))-
Together with (2.2), we also have that

°(0) = 1°(0") € Z(Fip, 3,100} )-

Hence, A°(7) is an orthogonal set of iy, 3 (D, }-

Next, we show the maximality of A°(7) by contradiction. Suppose that there
exists a 6 € R\A®(7) such that 6 is orthogonal to all elements in A°(7). Note that
0 € A°(7), we have that 6 € Z(@ip,1,¢p,})- Hence, by (2.2), there exists k € Z such
that 0 = r;Bx_1a, where a € Z and g does not divide a. By Lemma 2.2, it yields that

a =€+ e qkTisr + o + €kl QT k1 bks1bkaz - . Oieri1s

where ¢; € Cj = {-1,0,1,...,qjrjs1 -2} (k< j< k+1) and qi does not divide &.
Consequently, it can infer that

(4.1) 0 = rBr_1a = ekt By + ek B + - + €kt k1 Bra1-15

where g, does not divide ;. Note that there exists unique o; (0 < 0; < g; — 1) such
that

gj=0; (modg;) Vk<j<k+l

Denote gj = 0 for all 1< j < k and let 0 = 010, ... 0x,;. By the definition of useful
words, it can be easily checked that 00* is a useful word.

Since 6 ¢ A°(7), we can find the smallest integer « such that 7(0;...0,) # €.
Hence,

0-1°(00%) = r,xBa_l(e“ - T((00°°)|,x) + Mqa),

for some integer M. Using the definition of the generalized tree mapping again, we
know that (60°°)|, = 0, (mod g, ), which is also congruent to ¢, by our construction.
It implies that

4o | (20 = 7((007)1a)),

and thus 6 — 7°(00°) ¢ fiys,},(D,}- This contradicts the assumption and the maxi-
mality of A°(7) follows.

(ii) Together with the conclusion (i) and Theorem 1.2, there exists a tree mapping
71 such that A°(7) = A(7). For any ¢’ € Dy (k > 1), by the definition of the tree
mapping 7, there is an infinite word ¢”' € Dy o, such that o’¢” € D(1;). Since
A°(7) = A(11), it follows that there exists o € D°(7) such that °(o) = 71(0’0").
Note that ¢[,0% is a useful word, we can find ¢’ € D(1;) such that 7°(g[0%°) =
71(0”"). Hence, one has that

(4.2)
11(0'0") =1°(0) = 1°(0[0%°) = 11(¢"’) (mod r,41B,) foranyl<n<k.
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A direct calculation shows that

n
|7 ((6"0")|u) = 71 (6"[u) 1< D2(qjrjs1 = 2)7jBjot < st By
=1

Together with (4.2), it implies that 7; ((a’a”)|n) =17 (¢"'|,) foralll < n < k and thus
we have that

O_Nl|k _ (O_IO_II)|k — OJ.

Hence, we rewrite ¢’ as 0" = ¢/ with § € Dy . Since sup ., [7(0)| < oo, there
exists a constant M such that |7(c)| < 2™ for all ¢ € Dy ... Then

k

(4.3) 111(0"8)| = [7°(0]x0)| < 2™ > 7By < 2M* 1y By
j=1

Repeating the procedure of (4.1), we also have that

(4.4) 2" By = 9kriBioy + Tkt Be + - + ket Thrt Braoons

where 9; € C; forall k < j < k + £. Then it is easy to check that

M+1
27k Bior = |9k Bioy + Sksak1 B + - + Tk Brao|
k+£-1
> rkeeBraer = ), (q7j01 = 2)7iBj
j=k

> Tkst-1Brre-2-

Consequently, it can infer that

M+1 -1
277 2 Fhrem1Qr bk bisn oo brap2 2277,

and thus £ < M + 2.
We let m be the largest order of the expansion of 7(¢’d) with respect to the base
{Gj}]?'zl. Using (4.3) and (4.4), it can obtain that

m<k+0<k+M+2.
Therefore, it follows from the definition of m that
max{j >1:11((0"8)|ksj) # 0} <M+2.

Hence, the conclusion (ii) follows form Theorem 1.3. [ |
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