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Abstract. We study the possibility of constructing a Frobenius manifold for the
standard Landau—Ginzburg model of odd-dimensional quadrics 0,41 and matching
it with the Frobenius manifold attached to the quantum cohomology of these quadrics.
Namely, we show that the initial conditions of the quantum cohomology Frobenius
manifold of the quadric can be obtained from the suitably modified standard Landau-—
Ginzburg model.
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1. Introduction. The idea of the Landau—Ginzburg model, LG model from now
on, of a variety originated in the work of physicists. In studying conformal field
theories over projective hypersurfaces, the zeros of a certain function, they noticed
that the function itself can be used to calculate various quantities in the theory of the
hypersurface. This revealed a mysterious relation between smooth projective varieties
and functions with isolated singularities, the superpotentials, as they are called in the
literature. We cite, out of many references, the work of D. Gepner, E. Witten, and
T. Eguchi and his school as being very influential for mathematicians [10, 11, 31].

The LG models appeared in the mathematics literature for the first time probably in
the work of A. Givental [12]. He has introduced the notion of the quantum differential
equation associated to a smooth projective variety, and expressed its solutions for some
classes of Fano varieties as oscillating integrals of a certain function, the “LG model”
of these Fano varieties.

Later, the concept of the LG model became a part of the Homological Mirror
Symmetry Conjecture, which is due to M. Kontsevich [17].

Despite a large volume of serious work of many people there is no commonly
accepted definition of the LG model for a given Fano variety. There are a number of
examples of a LG model for Fano varieties but they are examples each in its own sense.

In developing the theory of Frobenius manifolds, B. Dubrovin used two main
sources of examples. The first is the quantum cohomology of a smooth projective
variety, just a variety from now on, and the other is the work of K. Saito [28], an
important development of singularity theory, which produces a non-trivial example
of a Frobenius manifold associated to a polynomial superpotential with an isolated
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singularity. This suggests another natural approach in finding the LG model for
a variety X: one could look for a function on a non-compact manifold such that
some generalization of K. Saito’s construction would produce a Frobenius manifold
isomorphic to the one the quantum cohomology of X produces. This approach to the
LG model was detailed in the book of Yu. Manin [18]. It was actually made to work
for the weighted projective spaces in the papers of A. Douai, C. Sabbah, and E. Mann
[7, 8, 19].

In this note we expand [8] by considering varieties which are not toric. Namely,
we take one of the Laurent polynomials known in the literature which is believed to
be the LG model for an odd-dimensional quadric (see [13, 16, 24]), and investigate
the possibility of making it an example of a LG model to the quadric in the sense of
the Frobenius manifold structure. From now on we will refer to this potential as “the
standard potential”.

We attempted to formulate a rule for finding such a potential in general. It is well
known that being an LG model in the sense of Frobenius manifolds requires, at the very
least, the Jacobi ring of the potential to be isomorphic to the quantum cohomology
ring. In the case of the quadric as well as in some other examples available in the
literature, the partial derivatives of the standard potential reproduce partially the
relations generated by the multiplications by the generator of the second cohomology.
But, here, a problem arises: the standard potential may have fewer critical points than
the rank of the cohomology of the variety it supposedly models, as it is observed in
the quadric setting. Therefore, this LG potential has the wrong Jacobi ring and in
terms of the corresponding Frobenius manifolds cannot be the correct LG model.
This problem for the LG model of the Grassmannians was pointed out in the paper
[10] (see [20] for recent results in this direction). In the same paper it was suggested
how to remedy the situation. One needs to search for a partial compactification of the
domain of the standard potential to gain the required number of the critical points.
There is no procedure for doing this in general, at least, as far as we know, but in the
examples we have looked at, including the quadric, it was always possible to find such
a compactification by trial and error. The compactification of the domain changes the
superpotential and it is no longer a Laurent polynomial.

We follow the generalization due to C. Sabbah and A. Douai of K. Saito’s work.
This reduces the problem of constructing a Frobenius manifold to studying the Gauss-
Manin system associated to the potential. The first step is to solve the Birkhoff problem
(see Section 4.2) for the Gauss-Manin system at one point of the parameter space for the
potential, to make sure it matches the initial conditions of the quantum cohomology
Frobenius manifold of the appropriate variety. In the case of the quadric this can
be done but with bit of an effort. With the kind help of C. Sabbah and A. Nemethi
we check a certain property for our potential, the so-called cohomological tameness,
which helped a lot with solving the Birkhoff problem.

For the final step, we need to build the Frobenius manifold in the neighbourhood of
that one point in the parameter space which would automatically match the Frobenius
manifold of the quadric. This amounts to finding a good deformation of our potential,
and this in turn requires one to have a good hold on the behaviour of the potential
at the infinity. It is not clear at the present time what the best method is to handle
this purely analytic problem in its most general setting. There are, however, some
sufficiency conditions — for example the so-called M-tameness of the potential — that
guarantee such behaviour. In the case of Laurent polynomials this property can be
checked and is used in [7, 8]. For a general regular function it appears to be a difficult
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analytical problem. We fail to check the M-tameness for our potential; however, it
seems interesting to us that proving the existence of the LG model hinges on delicate
analytical properties of the potential.

Putting it all together, in this note we prove that after a suitable modification
the standard potential for the quadric defines the initial conditions of the quantum
cohomology Frobenius manifold of the quadric.

Throughout the whole text we restrict ourselves to the case of a three-dimensional
quadric Q3 for the sake of making the exposition compact. In fact, all the results hold
for an arbitrary odd-dimensional quadric.

REMARK. After the first version of this preprint was posted on the arxiv, an interesting
preprint by C. Pech and K. Rietsch [22] appeared where it is shown that the
superpotential considered in this paper for an odd-dimensional quadric is a particular
case of a general construction proposed by K. Rietsch [25] for a homogeneous space
G/ P. Some results of Section 4 are used in [22] to establish a part of a conjecture made
in [25] (see loc.cit. for details). It would be interesting to further bridge the work done
in this preprint with the approach initiated by K. Rietsch.

2. Background and notation.

2.1. Quantum cohomology. Here, we very briefly recall some facts about quantum
cohomology. For the general theory of Frobenius manifolds we refer to [18, 15], and
references therein.

Let X be a smooth projective complex algebraic variety and QH(X) its big

quantum cohomology. If Ay, ..., A, is a graded basis and x, . . ., x, dual coordinates,
then the quantum product is defined as
AioAj = Zcby-kgklAl, 2.1)
k.l
where @ is the Gromov-Witten potential, ®j = %, and g is the Poincaré pairing

on H = H*(X, C). The full structure of the quantum cohomology of X endows H with
a structure of a Frobenius manifold. In fact, one needs to work with formal manifolds
because @ is not known to be convergent.

Disregarding convergence issues one can think of QH(X) as a family of
multiplications on H parameterized by H itself, i.e. it is a multiplication on 7y, where
we consider H as a complex manifold. Poincaré pairing on H defines a constant pairing
on 7y which is multiplication invariant and flat.

Under small quantum cohomology one means the restriction of the above picture
to H*(X,C) C H. In terms of coordinates it means that we reduce all our formulas
modulo an ideal generated by coordinates dual to A;’s not lying in H>(X, C).

2.1.1. Spectral cover. Assume that H = H*(X, C) is of dimension one in each
even degree and zero otherwise. In this situation, one can consider an algebraic torus
T C HY, which is a locally closed subvariety of H". Here, H" is the dual of H.

Namely, let Ay, ..., A, be a graded basis of H, such that A is the identity element,
and consider

H" = Spec (S*(H)) = Spec(C[A, .. ., A,]).
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In HY we have an affine subspace {Ag = 1} >~ Spec (C[A1, ..., A,]), and inside this

affine subspace we have the torus T = Spec (C[Ai“, ..., A=), This torus does not
depend on the choice of Ay, ..., A, and will play an important role in construction of
LG models.

Equations that define the spectral cover Spec (QH (X)) as a subvariety of H x HY
are given just by the multiplication table. One of the equations is always Ay = 1. Hence,
the spectral cover always lives inside the affine space {A¢g = 1} >~ Spec(C[Ay, ..., A,]).

One can summarize it in the diagram

Spec(QH(X)) —> H x HY = H x T,

T~

H

where i and j are embeddings.

In some cases Spec (QH(X)) lies in H x T. For example, it is true for projective
spaces (at least in the small quantum cohomology). It is not true for the case of
odd-dimensional quadrics that we consider.

2.2. Landau-Ginzburg models. Let X be a Fano variety and QH(X) its quantum
cohomology.

A Saito’s framework (see [18, II1.8]) is called a LG model for X iff it is isomorphic
to QH(X) as a Frobenius manifold.

Consider a pair (U, f) consisting of a smooth complex affine variety U and a
regular function f on it. It is called a LG model for X iff there exists a deformation
of (U, f) and a Saito’s framework attached to it which is isomorphic to QH(X) as a
Frobenius manifold.

These definitions are quite restrictive. One can relax both of them as follows. We
require the existence of a point in QH(X) and a point in Saito’s framework such that
the germs of Frobenius manifolds at these points are isomorphic.

2.3. Gauss-Manin systems. Here we will give a brief account on Gauss-Manin
systems, Brieskorn lattices, higher residue pairings and Birkhoff problems. Mainly, we
will be setting up notation that we will use in Section 4 and refer to [5, 6] for details.

Consider a projective line with a chosen coordinate 8. We will denote it by P}).
Let P} = Uy U Uy be the standard open cover, i.e. Uy =A}, Uy =A] |, and W =
UyNUy = Aé — {0}. Here, A} stands for Spec(C[#]) and {0} for {# = 0}. Sometimes
we will write 7 for #~'. We will use this notation when working with Gauss-Manin
systems throughout the paper.

2.3.1. Definition. Let X be a smooth affine variety of dimension # with a regular
function / on it. The main example relevant for mirror symmetry: X = (G,,)" and / is
a Laurent polynomial. To such a function / one can attach its Gauss-Manin system

G = Q" (X)0,071/(0d — dhr)Q" L (X)[6, 0671,
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which is a free C[#, 6~']-module of finite rank with a flat connection V defined as
follows. Let ), w;6' be a representative of some class y € G,i.e.y =[)_; w0']. Then

QZV% (y)= |:Z hew0 + Ziwi9i+]:| ,
i i

where the brackets [ ] denote taking class in G.
It is a general fact that (G, V) always has a regular singularity at § = oo and
possibly irregular singularity at 6 = 0 of rank 2 (see [6]).

2.3.2. Brieskorn lattice. At 6 = 0 the Gauss-Manin system (G, V) has a natural
lattice

Gy = Q"(X)[0]/(0d — dh A" (X)[H], (2.2)

the Brieskorn lattice of h. This means that Gy is a C[#]-module such that Gy ®cpg
Cle,67 '~ G.
The connection V naturally restricted to Gy has a pole of order 2 at 6 = 0, i.e.

92v%(G0) c Go.

Abusing notation we will denote this meromorphic connection again by V.

In general, Gy does not have torsion but may be not finitely generated. If 4 is
cohomologically tame (see Section 2.3.6 and [27]), then it is finitely generated and free.
Therefore, in the cohomologically tame case the pair (Gy, V) gives a meromorphic
extension of (G, V) to A} with a pole of order 2 at the origin.

2.3.3. Extension to P). The aim is to find an extension of (Gy, V) to a free Opé -

module with a meromorphic connection on P} with a pole of order less or equal to 1
at infinity. We will denote such an extension (F, V). This type of question is known as
the Birkhoff problem (cf. [26, Chapter 4]).

More concretely it means that we need to find a C[#~!]-module G, C G such that:
* Gy Qcpe-1 (E[@, 9_1] ~G
* Gy=(GyNGux) ®OGy
. ‘L'V% (Go) C G

(recall that T = 67 ").
Even more concretely, and this is the way we will do it in Section 4, it can be done
as follows. We need to find a C[f]-basis of Gy such that the connection matrix in this

basis takes the form
Ay do
i N [y 2.3
(5 +42) 5 (.3
where Ay and 4, are constant matrices. To get the desired extension one just needs to

consider these basis elements inside G and define G, as a C[6~']-submodule generated
by them.
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2.3.4. Pairing. If /1 is a cohomologically tame function, then there exists a non-
degenerate bilinear pairing (cf. [7])

Sw:G®jG— C[h,07"], (2.4)

where j: W — W is given by 6 > —6.!
It satisfies

d
%SW(gl, g2) = Sw(9sg1,82) + Sw(gi, 922), (2.5)

i.e. it is a horizontal section of the sheaf Homp, (Fw & j*Fw, Ow) equipped with its
natural connection, and

Sw(g1. g2) = (—=1)"Sw(g2. g1). (2.6)

where we used the notation P(0,6-!) := P(—6, —6~") for a Laurent polynomial
P®,07").
Moreover, (2.4) has the property

Sw(Go.j*Go) C 6"C[A] c C[6, 671, (2.7)
and, therefore, we get a natural extension
Sv,: Go ® j* Gy — C[O]. (2.8)

On G, we can write

Sv, =Y St

i>n

where S;: Gy ® j*Gy — C6' are higher residue pairings of K. Saito; S, is the
Grothendieck residue pairing. For a modern overview of K. Saito’s works on this
subject we refer to [29].

Let (F, V) be an extension as in Section 2.3.3. We would like to extend (2.8) to a
pairing

S FRJF — Op.

There exists d € Z such that Sy/(G, j*Goo) C 7¢Oy, and, therefore, (2.8) always
extends to

S:FQJF — Opi(—n-{0} +d - {oo}). (2.9)

Here, Op;(—n - {0} + d - {oo}) is an invertible subsheaf of Kp: which consists of rational
functions of P}, generated by 6" and ~¢. It is isomorphic to OP; if and only if d = n.
The choice of d in (2.9) is not unique but there exists a minimal possible d.

By (2.7) we know that d > n and therefore (2.9) produces a pairing with values
in Opy iff d = n. The latter condition is equivalent to the existence of a global basis
e, ..., e, of F such that Sy, (e; g, eleO) e 6"C.

!'The morphism j extends uniquely to a morphism P} — P}. Abusing notation we will denote this morphism
again by j, and we will use the same notation for its restrictions if it does not lead to confusion.
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2.3.5. Vfiltration. Let X be a smooth algebraic variety, Y its closed smooth
subvariety of codimension one, and / the ideal sheaf of Y in X. First define an

increasing filtration V,Oyx by putting V;Oxy = Oy if i >0 and V;Ox =17"if i < 0.
Now let V, Dy be an increasing filtration defined as

ViDy ={P € Dx | P(VinOx) C ViuyiOx, VmelZ}.

One can locally describe it more explicitly as follows (cf. [23]). Let (y1, ..., yn, x) be
a local coordinate system on X such that in this neighbourhood Y is given by the
equation x = 0. Then VyDy is a subsheaf of rings of Dy locally generated by Oy,

vector fields % o % and x-- . If we denote 9, = -, then V;Dy is a VyDy-module

generated by X3, with i —j > —k.
Let M be a (left) Dxy-module and ¥V, M a discrete exhaustive increasing filtration
indexed by Q. It is called V-filtration iff
(1) it is compatible with the filtration V, Dy, i.e. (V;Dy) (VoM) C VyyiM for all o
and 7; furthermore, the inclusion I (V, M) C V,,_1M should be an equality for
a < 0.
(2) the action of xd, + « on Gr! M is nilpotent.
If such a filtration exists, then it is unique (cf. [3]).
The Gauss-Manin system G considered as a C[t](d,)-module’ always has a V-
filtration along {t = 0}, and pairing (2.4) satisfies

Sw(VoG, V<1G) C Cl[t]. (2.10)

For more details we refer to [7].

2.3.6. Tameness. Let X be a smooth algebraic variety and h: X — Al a
morphism. By a partial compactification we mean a commutative diagram

x—1>7%
lh/
h
Al

where X is an algebraic variety(not necessarily smooth), j is an open embedding, and
h is proper.

The morphism /4 is called cohomologically tame iff there exists a partial
compactification such that the support of ®;_ (Rj.Cy) is finite and contained in X,
for all « € A'. We refer to [27] for more details.

2.4. Initial conditions. Let (M, o, e, g, E)bea Frobenius manifold with an Euler
field. In this setting one defines two endomorphisms of 7;, as

UX)=EoX, V(X):VX(E)—gX, (2.11)
where D is defined by Lieg(g) = Dg (see [18, I1.1]).

2This just means that we consider not G itself but its push-forward as a D-module with respect to the open
inclusion Uy N Upo — Uxo.
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If p € M is a semi-simple point of M, i.e. the algebra (7, M, o,) is semi-simple
(isomorphic to C"), then in a neighbourhood of this point the tuple (M, o, e, g, E) is
uniquely determined by the data

(T, U, V, g, e), (2.12)

where T'= T, M, U and V are endomorphisms of 7" induced by (2.11), g is a non-
degenerate symmetric bilinear pairing on 7 induced by the metric, and e is an element
in T induced by the identity vector field. This follows from [9, Main Theorem, p. 18§]
or [26, Theorem VII.4.2].

3. Construction of Landau—Ginzburg potentials. We start by summarizing some
facts about quantum cohomology of a smooth three-dimensional quadric Qj (see [1]
for details). Then we explain how to obtain the standard LG potential for Q3 from
its quantum cohomology. As we already mentioned, this LG potential does not have
enough critical points to be an honest LG model in the sense of Section 2.2, and we
present its adhoc partial compactification.

3.1. Quantum cohomology of Q3. Let V' = Q3 be a smooth Fano hypersurface
in P* which is given by a non-degenerate homogeneous polynomial of degree 2. The
singular cohomology groups H'(V, Z) are free of rank one in each even degree and
vanish in odd degrees. Consider a graded basis Ag, Ay, As, Az of H*(V, Z), such that
Ay is the identity, A is the hyperplane class, A} U Ay = Aj, where Aj is Poincaré dual
to the class of a point.

The table of quantum multiplication by A in the small quantum cohomology is

ANy = A 3.1
AIA] =27,

A1Ay = Az +qAg

A1A3 = qu.

Hence, the spectral cover consists of four reduced points
Py=(1,0,0,—gq)

g2
Pl= 17 i! _l’ 9
( & >

where &; are roots of £3 = 4¢, and 1 < i < 3. The point Py does not lie on the torus T
(cf. Section 2.1.1).

3.1.1. Initial conditions. We can express the anti-canonical class as

—Ky =3A;.
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In the basis of the A;’s the initial conditions take the form

00 3¢ 0
30 0 3
U=10 6 0 o
00 3 0

and
10 0 0
00 o o] 1
V=100 -1 of "7
00 0 —2

3.2. Standard LG potential. Restricting to the torus T we can rewrite system (3.1)

as
2N
1= A,
A
A = 2314
JAV)
A
N i
Az
The above system can be rewritten as
2A;
A =—= 32
N (3.2)
Ay (As+g)
A 2A5A;
A% _ 7
2A0A;  2A5A;°
It is easy to see that if we define
2A Az +q)°
f:AH__Z_;_M’ (3.3)

A 2A5A5

then the system Aiaa—fgi
multiplication table.
We claim that (3.3) is the standard LG potential for Q3 proposed in [10]. Indeed,

consider another coordinate system on the torus T = {A| A, A3 # 0} given by

= 0 coincides with (3.2). In this sense f “integrates” the

2A,

Yiy=A1,, Yh=— Y3=As
1 1 2 A 3 3

Rewriting (3.3) in terms of these coordinates we get

(Y3 +¢)?

=Y, Y- _
f 1+ Y+ YT,

(3.4
which is exactly the LG potential proposed in loc.cit..
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3.3. Compactification. By construction (3.3) has three critical points but a LG
potential for Qs in the sense of Section 2.2 must necessarily have four critical points.
Below we will give an adhoc partial compactification of f to a new LG potential f which
has the correct number of critical points. In Section 4, we will study the Gauss-Manin
system of /" and show that it deserves the name LG potential.

Consider the affine space A* = Spec C[ Y}, Y>, Y3]. Expression (3.4) gives a regular
function on the torus {Y; ¥, Y3 # 0} ¢ A. Functions x, y, z given by

Y-
v 23714 (3.5)
qY;
y="
Y-
z=—2—1
Y,

define another coordinate system on this torus. Rewriting f in terms of these
coordinates we get

2

7 _ - qax
S =y2+ )+—(xy—1)(1+z)' (3.6)

One can interpret (3.6) as a regular function on an open subvariety of A’ =
Spec Cl[x, y, z] defined by {(xy — 1)(1 + z) # 0}. The torus { Y] Y> Y3 # 0} is embedded
into this space by Formulas (3.5). B

It is easy to check that the critical locus of f consists of four points

2
P0=(0,0,—2) and Pi=<g,$l‘,0>,

where &7 = 4q.

3.4. General case. The above considerations work for an arbitrary smooth odd-
dimensional quadric Q,,; of dimension 2n + 1. Let Ay, ..., Az, be a graded basis
of H*(Qau+1, Z), such that A, is the identity, A; is the hyperplane class, A; = A}’ for
i <n,and A; U Ay 1—; = Agyy1, Where Ay, is Poincaré dual to the class of a point.

One can write down the quantum multiplication by A;. Then one can show that

Ay n 2An41 n AN} . Ay (Aopr + @)
Ap_i Ay Apti Aoy 2A0, Aoy

Ay
=A — 4 ...
A N

is the analogue of (3.3), and

gx*

(xyl-~'yn_ 1)(1+Zl)(1+zn)

/= Zyi(2+ zi) +

i=1

is the analogue of (3.6).
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4. Gauss-Manin system of 7

4.1. Notation. For convenience we repeat the partial compactification in a
somewhat backwards order. Namely, consider A> = SpecCl[x, y, z] and let U be the
open subvariety defined by {(xy — 1)(1 4+ z) # 0}. On U we have the regular function

gx?

f=y24+2)+ RN S 4.1
F=y@4a+ s .0
which is our partially compactified potential (3.6).
Consider functions Ay, As, Az on A given by
32
A=y, A= ?(Z—i- 1), Az=gxy—aq, 4.2)

which form a coordinate system on the subset {y # 0} C A3. The inverse coordinate
change is given by

X = . Yy=Ay, z:A——l. 4.3)

Let U be the intersection U N {y # 0}. On U function (4.1) can be rewritten in
terms of Ay, Ay, Az as
~ 20, (A3 +q)?
=flu=0M14+—+ ——". 4.4
J =t AT IAA, (4.4)
Formulas (4.2) give an isomorphism of U with the algebraic torus an =

Spec C[tlil, tzil, t3i1], such that #;’s correspond to A;’s. Formula (4.4) gives the LG
potential before the compactification as in (3.3).

4.1.1. Lemma. Function (4.1) is cohomologically tame.’

Proof. See Appendix A. U

4.1.2. Lemma. The Gauss-Manin system G has the following properties:
@) Gf is a free C[0, 0~ 1-module of rank 4;
(i1) G{) is a free C[0]-module of rank 4.

Proof.

(1) For a function with isolated critical points the module G is always free of finite
rank. If, moreover, the function is cohomologically tame, then the rank is equal
to the Milnor number ([6], Theorem 5.2.3). In our case it is 4.

(ii)) For a function with (cohomologically) isolated critical points at infinity
Corollary 5.2.6 of [6] states, that Gy is free and of finite type iff the function is
cohomologically tame.

31t is also true that f has isolated singularities at infinity in the sense of [6].
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Applying this corollary to }N’ we get that G(f) is a free C[#]-module of finite rank.
Hence, its rank equals to the dimension of the fiber at zero. Using Proposition 5.1.1 of
[6] we see that the rank is equal to the Milnor number. O

4.1.3. Lemma. The natural morphism of Dy-modules & -G given by the
restriction of differential forms from U to U is an isomorphism.*

Proof. Restriction of differential forms from U to U defines the morphism
(D) - Q)

which is injective but not surjective; it is the localization morphism given by
inverting A;. One can check directly that the induced morphism G/ — G’ on the
Gauss-Manin systems is also injective.

By Theorem 5.2.3 of [6] the rank of G/ is 4 (we use here that f/ has one isolated
singularity at infinity).

Consider the short exact sequence of Oy -coherent Dy-modules

0—>G7—>Gf—>Gf/G/7—>O.

Since rk G/ = rk G/ the quotient is an Oy -module of rank zero. Therefore, by the
standard fact that for a smooth algebraic variety X any Ox-coherent Dy-module is a
locally free Oy-module (see [2], Lect. 2, 1.a), we get that G/ /G’ is locally free of rank
zero and hence vanishes. O

4.2. Birkhoff problem. Consider the following 3-form on U

dx Ndy ANdz

wy=———,
T - D+ 1)
and let w; = A;wy. Note also that

dA,  dA,  dAs
—_— /\ —_—

W, = —— A .
o Ay A; Az

If @ is a 3-form, then let [w] denote its class in Gy. In the above formulas by A; we
mean A;y and A;y, respectively. We will continue to use this notation, if it does not
lead to confusion.

4.2.1. Lemma. In G we have the following identities:

[Ad4 0] =0
[A,Ajfé‘a)g] =0
[A24,@0] = Olwi]

Proof. Let us only prove the third identity for i = 2. The other cases are analogous.

4Recall from Section 2.3 that W = Aé —{0}.
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We have the following equality of differential forms

, dA;  dA;
A%fAsz =—df A (AZA_l A A_s)’
hence [A3f} wo] = O[ws] in G- O
4.2.2. Lemma. Elements [wy], ..., [w3] are C[0]-linearly independent in G}(;.

Proof. The vector space G/; /0 Gﬁ can be identified with the Milnor ring by mapping
1 to the class of [wy]. Under this isomorphism the class of A; goes to the class of [w;].

Since 1, Ay, A, Az form a basis in the Milnor ring, classes of [wo], ..., [w3] form a
basis in G{) /0 G’;. This implies the statement. O
4.2.3. Lemma.

(1) Elements [wo), . . ., [w3] freely generate in & an Oy -submodule H of rank 4,
(i1) The following identities hold

[wo] =3

6% 0g[w1] = 6[wr] + O[]

0% 0p[wn] = 3[ws] + 3q[wo] + 20[w,]
[w3] = 3¢[w1] + 30[w;3],

and, therefore, H isa Dy -submodule;

(iii) ¢/ = H'.
(iv) The connection matrix in the basis [w), . . ., [w3] takes the form
Ay do
- Aoo )
(3+4)3
where
0 0 3¢ 0
13 0 0 3¢
=106 0 o0
00 3 0
and
0 0 0O
01 00
A==10 0 2 0
0 0 0 3
Proof. _
(i) By Lemma 4.2.2[w], ..., [ws] are linearly independent in G’(;, and hence also in

G’ and G'. Therefore, they generate a submodule of rank 4 in G (and in G).
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(i1) Because of the natural isomorphism G’ — G we can check these identities in
G
First, note that the following identities hold in the ring of functions on U

S =3A1 = 2Af), — Aofy,

A1A =2A0+ AYf,

A1Ay = (A3 + @) + Aa(Afy, + Aofy, — AfA)

A1A3 = gA1+ As(Afy, + Aofy, + Asfy) — a(AA, + Bofy, — Asfiy).

These identities can be checked by direct computations.
Using the first identity we get

6%0s[wo] = [fwo] = [BA1 — 2A11}, — Aof),)ax]
= 3[A1wo] = 2[A1f}, 0] — [Aof}, @0
Applying Lemma 4.2.1 we get
0% 95[wo] = 3[A1wo] = 3[o1].
Using the first two identities and Lemma 4.2.1 we get
0%lw1] = [f Arwo] = [6A200 + ATfa, w0 — Ay Asfr wo] = 6lwr] + 0w ].

The remaining two formulas are obtained analogously.

(iii) Since H/ and G/ are Oy -coherent Dy-modules of the same rank, they coincide
(as in the proof of Lemma 4.1.3).
(iv) It follows from (ii).
O

4.2.4. Lemma. The classes [wq], . .., [w3] form a C[0]-basis in Gz.

Proof. Let H(’; be the (’)Aé-submodule of G’(; generated by [wo], .. ., [w3]. We have
the short exact sequence of Oy -modules

0— H), > G, - 0, — 0, (4.5)

and we need to show that Qg =0.
Since Q{)‘ Al—() = = 0 by Lemma 4.2.3, and Q{) is finitely generated it is enough to

prove that the ﬁber at zero vanishes, i.e. Qg ®cyo; CIO1/(0) =
Tensoring (4.5) with C[0]/(0) we get a short exact sequence (tensor product is right
exact)

H), @cp0) CI01/(60) — G, @cpo) CIB1/(0) — O @cge) CI01/(0) — 0,
which can be rewritten as

H, @) CI0)/0) > '@)/df 7 D) — 0] @ciy CI0V/(©) — 0.
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Since classes of [wy], . . ., [w3] generate Q(U) /a_’ZA Q"= 1(U), the first map is surjective.
Therefore, Qf) ®cpe) C[01/(0) = 0, and, finally, Q{) =0. O

4.3. Pairing. In this section, we study pairing (2.4) in our setup. Since it will make
no difference here, we are dropping the subscripts in the notation of the Gauss-Manin
systems, and just write G.

4.3.1. Lemma. The V-filtration on G along {t = 0} is given by

3
VoG = EB Cltle;
i=0
VPG =17V,G,

where e; = T'[w].

Proof. This lemma, as well as most of the results of this paper, first appeared in
[30]. There the proof of this lemma has a mistake which is corrected here.

It is enough to show that this filtration satisfies the conditions of Section 2.3.5.

1. Compatibility of filtrations.

la. It is clear that 7(V,G) C V,_1G, and using that 9, = —6%3 and applying
Lemma 4.2.3 it is not difficult to see that 3.(V,G) C V,11G.

These two facts imply that (V},Da }(V,G) C Vy4mG.

1b. 1t is clear that the condition 7 V,,G = V,,_; G for p < 0 holds.

2. Nilpotence. Classes of 777¢y,...,tPe3 form a basis in Gr[I,/G. Using

Lemma 4.2.3 one can see that in this basis the operator induced by 79, + p on Gr; G
is given by the matrix

0 0 00
-3 0 00
0 -6 0 0
0 0 =30
It is clearly nilpotent. ]
4.3.2. Lemma. The pairing Sy satisfies®
[ Sw(wol [ws)  if k+1=3
Swilox. o) = { 0 N (4.6)

and Sy ([wo), [w3]) € T73C.

Proof. To simplify the notation we will be writing S instead of Sy. By (2.7) we
know that

S(lx], [w]) € T>Clz '],

SThe overline over the second argument of Sy stresses that the element is considered as a section of j* Fyy.
Therefore, T and V 2 act with the opposite sign.
T
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On the other hand, by (2.10) we get
S(ex, @) = (=)' S(lwx] [wi]) € Clz],

therefore S([wi], [wi]) € t~*+DC[r]. Hence,

. [wi]

1, [@i]

if k+1<3, @.7)

S([wk =0
S([wx et 3C if k+1=3.

(

To show vanishing in the remaining four cases with k 4+ / > 3 one just combines
(2.5) and (4.7). Let us consider the case k=1, /=3 only. Applying (2.5) to
S([wo], [ws]) € T3C and using (4.7) we get

~

4 - _ -
— 377 S([wo), [ws]) = as([wo]» [@3]) = S(3: [wo], [@3]) — S([wo], 3 [w3])

= —SC[w1], [@3]) + S([wo]. 3g[e1] + 36[ws])
= —3S([w1], [@3]) = 377" S([wo], [3]),

and, therefore, S([w], [w3]) = 0.
Similarly one can show that S([wo], [w3]) = S([@2], [@1]). Moreover, by (2.6) we
O

w
have S([wo], [@3]) = S([w3], [wo]) and S([w2], [01]) = S((@1], [w2]).

4.4. Canonical solution to the Birkhoff problem. The problem of extending
(Go, V) to P} described in Section 2.3 has a canonical solution given by Hodge theory.
Here we will show that our solution given by the basis wy, ..., w3 is canonical in this
sense. We more or less keep notation of [8, Section 5]. Details can be found in loc. cit.
and references therein.

It is a general fact (see [27]) that the vector space

H= @ Grlc (4.8)
ael0,1)

carries a mixed Hodge structure, i.e. H has a rational structure Hg, an increasing
weight filtration W, Hg, a decreasing Hodge filtration F*H, s.t. the Hodge filtration
induces a pure Hodge structure of weight m on Gr,LVH for all m.

For the function f we have

3
H=Grj{G=PCe

i=0
3—p
FPH =P Ce;
i=0
where abusing notation we write ¢;’s meaning classes of e;’s in H. The complexification
of the weight filtration is

0CCes CcCezs CCery@®Cez C Cey®Cey C Cey @ Cep @ Cey
C Cey @ Ce, ®Ces C H, 4.9)
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where the first term on the left is 1#_; H. The only non-trivial associated graded objects
are Gry' H, Gr)’ H and GrXVH.N

In the case of the function f* Saito’s canonical opposite filtration (it is a filtration
on H) is defined as

Hgyo =Y FIHN Wiy JH.
q

From (4.9) and the fact that the weight filtration is stable under conjugation we
have

3
&= ae. (4.10)

with a; # 0. Using (4.10) one can show that

3—p
Hfyo = @D Cesi. @.11)
i=0

To any solution of the Birkhoff problem one can attach a filtration H®* on H by
the formula

H' :=G_NV,G/G NV_G,

where GX, = t¥G,. To prove that this solution of the Birkhoff problem is canonical
one needs to show that the filtrations H* and Hg,;, coincide.
In our case it is easy to see that

3-p
H' = @ Ces_i,
i=0
which coincides with (4.11). Hence, our solution to the Birkhoff problem is canonical.

4.5. Frobenius manifold. Ideally one would like to show the existence of (or to
exhibit) a deformation of /" producing a Saito’s framework isomorphic to QH(Q3). We
have not been able to achieve this goal so far.

There is a general construction of such Saito’s frameworks due to A. Douai and
C. Sabbah (see [7]) but it requires some additional properties of /* that we have not
been able to check. Namely, one needs to show that f is M-tame. We refer to loc.cit.
for details.

Assume that such Saito’s framework (M, o,e, g,, E) exists. Then the initial
conditions for M at the origin are

3
T=T,M, U=A,, V:—Aoo+§Id, gw, €.

Therefore, by Lemmas 4.2.3 and 4.3.2 we see that these initial conditions coincide
with those of Section 3.1.1.
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Appendix.

A. Proof of Lemma 4.1.1. The proof of Lemma 4.1.1 given here has been kindly
explained to us by Claude Sabbah and Andras Némethi.

A.l. Vanishing cycles. Here, we recall some basic facts about functors of
vanishing cycles. For a complex algebraic variety X we denote by D?(X) the bounded
derived category of Cyw«-modules with constructible cohomology, where X" is the
associated analytic space.

A.1.1. Functor of vanishing cycles. Let X be a complex algebraic variety and
g: X — Al a morphism. The functor of vanishing cycles to the fiber over 0 of the
morphism g is denoted ®,. If one considers the fiber over a, then one shifts g and
considers ®,_,.

If we denote X the fiber of g over 0, then the functor of vanishing cycles to this
fiber is a triangulated functor

®,: D2(X) — D(Xp),
i.e. it maps distinguished triangles to distinguished triangles. See [4] for a precise
definition.

Below we collect some basic properties of these functors. They are standard and
can be found in [4].

A.1.2. Proper morphism. Let 7: X — Y be a morphism of algebraic varieties
and consider the following commutative diagram:

Xo—X

Yo ——Y

|k

{0} —— A,

where X, and Y are fibers over 0. Naturally one can attach to it the diagram of derived
categories and functors between them

Dy
DA(Xo) <—— DA(X)

\L R7, \L R,

]
DA(Yo) <—— DA(Y)

FAcT. if 7 is proper, then the above diagram is commutative (e.g. this is true if 7 is
a closed embedding).
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A.1.3. Restriction to an open subset. Let U C X be an open subset and let j be
the natural inclusion. We have a commutative diagram

Uy——U

if lj
Xo—X
.
{0} —A!
with Uy and X, being fibers over 0. Consider the associated diagram of derived

categories and functors between them

DA(Up) <2 Dh(U)
7‘T Tj‘
()

D5(X) <—— Di(X)

FACT. the above diagram is commutative.

A.1.4. Duality. For any complex algebraic variety Y there exists a functor
Dy: D’(Y) — DP(Y) defined by

Dy(F*) := RHom(F*, wy),

where wy is the dualizing complex. It has the property Dy o Dy >~ Idp(y).
Moreover, this functor restricts to D2(Y) and we will use the same notation for this

restriction. If we do not want to specify the space, we will just denote it D.
One can show that the following properties hold:

(1) For an arbitrary morphism f: X — Y of algebraic varietiecs we have

DyORf*ODXZ !
and

Rf*ZDyOI%OD)(.

(A1)
One can be obtained from the other using D o D >~ Id.
(2) Ifg: Y — Al is a morphism, then there exists a non-functorial isomorphism
Do & (F*) > (®, o D(F*)) [-2]. (A.2)
(3) Duality commutes with restriction to an open subvariety.
(4) If Y is smooth, then
wy >~ Cy[2dim Y]. (A.3)

Hence, Dy(Cy) ~ Cy[2dim Y]. Here dim Y is the complex dimension.
(5) The functor D preserves the support.
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A.2. Setup I. Let X be a smooth complex algebraic variety, U an open smooth
subvariety, and Z the complement to U. Let f: X — Al be a proper morphism. Then
we have a commutative diagram

U—tlsyxy<'"7z (A4)
f
NV
Al
(1) By (A.1) we have the isomorphism
Rj«(Cy) =~ Dy o Rji o Dy(Cy).
Applying @7 to both sides and using (A.3) we get

oly*(([:y) oDXoR](CU[Zdlm U)).

Using (A.2) we can rewrite it as

@70 Ri(Co) = (Dx o 07 Ri(Co[2dim U)) 2],

If the support of the complex @7 o Rji(Cy) is contained in U, then the same is true
for @70 Rj.(Cy) (cf. Property 5 from Section A.1.4). Therefore, it does not matter
Wthh one to consider for cohomological tameness, since we are interested only in the
support.

(i) There exists a standard short exact sequence (see [14], Chapter II, exercise 1.19.c)

0— RiCy —> Cy - i,Cz;— 0.
Applying P7 to it we get a distinguished triangle
@70 Ri\(Cy) — PHCx) > P70i(Cz) - 7o R(Cy)[l].
Since i is proper, we can rewrite it as
@7 0 Ri(Cy) - PHCx) — i, 0 P7,(Cz) - @70 Ri(Cy)[1],

where i: Zy — X, is the natural closed embedding.
In the future applications we will need to prove that 7o Rj(Cy) is supported on
Uy. This would follow if we prove that Q;(CX) is supported on Uy and (I)foi((CZ) has

empty support (since i, does not change support).
Complexes ®7(Cy) and ®7_,(Cz) compute vanishing cycles of f and f, with values
in Cy and Cg,, respectlvely Therefore, their support can be computed geometrically.

A.3. Setup II. It is clear that proving cohomological tameness of (4.1) is

equivalent to proving cohomological tameness of
qx°

gx,y,2)=yz+ 1)+ e
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Here, x, y, z are coordinates on A® = Spec (C[x, y, z]) and g is defined on U C A3 given
by the equation (xy — 1)z # 0. By a simple computation of partial derivatives one can
see that all critical points of g lie in the subset {xy —z — 1 = 0}.

Consider the map U — U x A! given by the graph of g and denote its image
I, C U x Al. Further, consider the natural embedding of U x A! into A x A}
(P} x Al. Let T', be the closure of Ty in (P!)? x Al. Thus, we have a commutative
diagram completely analogous to (A.4)

Mg —>T,<—T,\T, (A.5)

AT

1
A,

where g is induced by projection (P!)* x Al — Al and we will identify g¢; with g.
It is easy to see that I', ¢ A* x Al is defined by the equation
qx*

)+ —— =1,
vz + )+(xy_l)z

and Ty C (P')? x Al is given by the homogeneous equation

xoz1 (X131 — X0¥0) V1 (21 + 20) — tyozo] + qz5x1yE = 0. (A.6)

A.4. Open cover. Consider an open cover of (P')* x A! by 8 open subsets
Vijk = {xiyjzi # 0},

each of which is just A* x A!. As standard local coordinates on these open subsets
we will be always using fractions ‘;—*L‘, }’y—*/‘, T—Z‘ and 7 (in the subscripts here we mean
mod 2 sum: 1 + 1 =0).

On each V;;; one can write down the equation of T'y N V;; in terms of local
coordinates and we will be referring to this equation simply as “the equation of I’ in
the chart V; ;..

A.5. How to compute (I>§(Crg)?. Decompose Fg into the disjoint union
To,=Wus,

where S is the singular locus of Ty and W is the smooth locus; S is a closed
subvariety of codimension at least 1, W is open in I’y and smooth.

According to Section A.1.3, computing vanishing cycles commutes with restriction
to an open subset, and therefore, to investigate the support at points of W, we can
restrict to it from the beginning. Since W is smooth the support of @z  (Cy) can be
non-zero only in singular points of fibers of gy, (by the implicit function theorem).
Thus, on W we just need to worry about critical points of g,

There exists a decomposition into disjoint union

(P x A} = V00U {x0¥0z0 = 0}.
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A.5.1. Lemma. Let Q€ Fg be a smooth point, i.e. Q € W. If Q € {x¢yozo = 0},
then Q is not a critical point of g .

Proof. Consider a chart V;;; and temporarily denote the local coordinates just by
x, y, z. Let P(x, y, z, t) = 0 be equation (A.6) written in these coordinates.
In this notation, the intersection V;;x N S is defined by the system

Xoz1(x1y1 — Xoy0)yozo = 0 (A.7)
Pi(x,y,z,1)=0
P(x,y,2,0)=0
P.x,y,z,t) =0
P(x,y,z,1) =0,

where we have written the first equation, which comes from the derivative with respect
to ¢, in the original homogeneous coordinates.

On the other hand, the intersection of the fiber of g over the point d € A! with
Vi is given by the equation P(x, y, z, d) = 0. Therefore, on V;;; the singular locus of
this fiber is given by the system

Pu(x,y,z,d)=0 (A.8)
Pyx,y,z,d)=0
P.x,y,z,d)=0
P(x,y,z,d)=0.

From (A.6) it is easy to see that if a point Q € {xpyozo = 0} with coordinates
(a, b, ¢, d) satisfies (A.8), then it satisfies it for arbitrary d, i.e. we get singular points
simultaneously in all fibers. Thus, on the locus {xoy¢z¢o = 0} systems (A.8) and (A.7)

coincide. B
Therefore, if O € {xoy0zo = 0} is a smooth point of Iy, then it is also a smooth
point in the respective fiber of g (and gy,). O

A.5.2. Strategy. In the rest of this section, we will treat points in V0 and in
{x0y0z0 = 0} separately. In the latter case, by the above lemma, it is enough to look at
vanishing cycles at singular points of T',.

A.6. Chart V0. RecallthatI'y C Vy 0,0 and in this chart we need to prove that
the support is contained in I'y. In this chart ', is given by

2(xy = D1 +2) — ] +¢x* = 0

and T, is defined by the intersection with z(xy — 1) # 0. Consider functions

X| =X (A.9)
n=yl+z—t

z1=z(xy—1)

Hh =t
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Computing the Jacobian we get
J=xy—z—-1,

and hence on the complement to the closed subset {xy — z — 1 = 0} formulas (A.9)
define a new coordinate system. Notice that (T'y \ I'g) N Vo 0,0 = {x = 0, z = 0} lies in
this open set.

On this open set, the equation for Fg can be rewritten as

yizi + gx* =0, (A.10)

and hence the restriction of g to this open set is a projection and therefore has no
vanishing cycles. Thus, we conclude that in this chart all vanishing cycles of g with
coefficients in Cr_ live in I',.

Using (A.10) it is easy to see that

VoﬁQoﬂS:{X:O, Z=0,y=l}.
A.7. The set {xyyozo = 0}. To check vanishing of stalks of @E(Cfg) at points of S

we will be restricting to different charts and work in local coordinates. The whole chart
Vo.0.0 has already been considered. Hence, there are seven charts left to be checked.

A.7.1. Charts V1.0, V0.1.0, Vo.0.1- Inthe chart Vy 1 o the equation of Fg takes the
form

2x =+ 1) =y +qx*y? = 0. (A.11)

Finding singular points of 'y with )/ = 0 (we need to check only them) we get that
there are two singular lines given by

x=0, y=0, z=0 (A.12)
x:O, y’:O, z=-—1.

By computing the Jacobian it is easy to see that functions
Yi=x, y=y, n=(+z-0)z =t (A.13)

form a coordinate system in a neighbourhood of (A.12). In terms of these coordinates
(A.11) takes the form

z1(x1 — y1) + gxjy = 0,

and is independent of 7. Hence, there are no vanishing cycles.
It is easy to check that the sets SN V00N {xo =0} and SN Vp .1 N{zo = 0} are
empty.

A.7.2. Charts V1 1, Vo.1.1. Inthe previous section, we have considered the charts
V1.0.0» Vo.1.0» Vo.0.1. Therefore, in the chart Vo we only need to look at points in
SN V10N {xo=0}N{y = 0}. Keeping in mind this remark one can treat the chart
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V1.1.0 completely, similarly to Vj 1 just replacing x by x” everywhere; the conclusion
is also similar.

An analogous remark applies to V01 and Vp 1 as well. Looking for points in
SN Vo1 N{yo=0}N{zp = 0} it is easy to see that this set is empty. The chart Vo
will be considered in the next section.

A.7.3. Chart V. This is the gnly case where the argument is a bit more
involved. In this chart the equation of I, takes form

X=Xy +z2)—t]1+¢z* =0,

and the singular locus with X’ = 0 and z’ = 0 is the line

It is not clear if one can find such a simple argument via coordinate changes as
above. Therefore, we proceed differently.

For each value of ¢ the fiber over it has an isolated singularity at the origin, and
we need to prove that there are no vanishing cycles to this point. Note that the family
is of the form

alx',y,2)+1B(x,y,Z)=0,
where

a(x,y,2) =Xy = Xy +2) + ¢z*

ﬁ(X/, ) Z/) = —X/(y - X/)Z/.
According to Corollary 2.1 of [21], if this family of isolated hypersurface singularities is
u-constant (i.e. Milnor numbers coincide for all fibers), then it is topologically locally
trivial over the base. In particular, this implies the absence of vanishing cycles.

Let us compute the Milnor numbers. Consider the polynomial P(x', y, z/) = X'(y —
X)y(1 + 2') — tz']+ gz, Its partial derivatives are

Py =@ -2y +Z2) -]
P, =x(1+2)—tz]+ Xy —x)1+2)=xT2y — x)(1 +2) — 1]
P =Xy —-xX)y—1+2¢Z. (A.14)

By definition the Milnor number is
1 = dime (C{x', y, 2}/(Py, Py, P.))
and we need to show that it does not depend on ¢.
From (A.14) we see that 2¢z' = —x'(y — x)[y — 1] in the quotient C{x', y, z'}/

(Py, Py, P-). Hence, the latter can be rewritten as

Ci, »}/(Py, P,), (A.15)

https://doi.org/10.1017/5S0017089514000433 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089514000433

SOME REMARKS ON LANDAU-GINZBURG POTENTIALS 505

where

Po=(y—2x) [y (1 X=X - f]) L X=X - t]}

2q 2q
P =x [(zy ) (1 _ o= - ’]> R t]} |
2q 2q

Note that we can write

Py =fifs, Py=fifu,

where

Ni==2Y), fi= [y <1 _ X=X - ﬂ) +ZX’(y—x/)[V—t]}

2q 2q
I [ e R |
2q 2q

It is easy to check that any pair out of f1, />, f3, f4 forms a coordinate system around the
origin in the X', y-plane. Let u = fi, v = f> be such a coordinate system. Then (A.15)
can be rewritten as

Clu, v}/(uv, f’y), (A.16)

where P, is written as a power series in « and v; it starts from terms quadratic in # and
v, since P, = f3f4. Moreover, as a vector space (A.16) can be further rewritten as

C{u}/() ® Clv}/(v?).

Thus,

and is independent of 7.

A.7.4. Chart V| ;. Itiseasy to check thattheset SN Vi 1N{xo=0}N{y =
0} N {zp = 0} is empty.

A.8. Computation of ®; (Cz). Recall that Z=T,\T, and T, C (P')’ x C is
given by the homogeneous equation

x0z1 (x1y1 — X0y0) 1 (21 + 20) — y0z0] + gz5x75 = 0.
The subvariety T', is defined by additionally putting

Xoyozo # 0
z1(x1y1 — xo)o) # 0.
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Thus, I'g \ Ty is defined by the system

xoz1 (X191 — Xo¥0) V1 (21 + 20) — ty0z0] + qz3x3yE = 0
Xoyozoz1(X1y1 — Xoyo) = 0.

This system is equivalent to

Xoz1y1 (X131 — Xo¥0)(z1 + 20) + gzx1y5 = 0
XoYozoz1(x1y1 — XoY0) = 0,

which is independent of 7. Therefore Z = T’y \ Ty is a product and ®z,:(C) has empty
support.

ACKNOWLEDGEMENTS. First, we would like to thank Yu. I. Manin for initiating
this project and sharing generously his ideas. We are indebted to C. Sabbah and
A. Nemethi for the proof of Lemma 4.1.1, and help with general questions about the
subject of this paper. Special thanks go to P. Bressler and to E. Shinder for various
discussions related to this work. Both authors benefited a lot from the excellent research
environment of the MPIM, Bonn. Some part of this work was done while the second
author visited the IHES, Paris whose hospitality is gratefully acknowledged.

REFERENCES

1. A. Bayer and Yu. I. Manin, (Semi)simple exercises in quantum cohomology, in The
Fano Conference (University Torino, Turin, 2004), 143-173.

2. J. Bernstein, Algebraic theory of D-modules. Available at http://www.math.tau.
ac.il/~bernstei.

3. N. Budur, On the V-filtration of D-modules, in Geometric methods in algebra and number
theory, Progress in Mathematics, vol. 235 (Birkhaeuser Boston, Boston, MA, 2005), 59-70.

4. A. Dimca, Sheaves in topology, Universitext (Springer-Verlag, Berlin, 2004), 236.

5. A. Douai, Quantum differential systems and some applications to mirror symmetry,
arXiv:1203.5920 [math.AG] (preprint 2012).

6. A. Douai, Notes sur les systemes de Gauss-Manin algébriques et leurs transformés de
Fourier. Prépublication mathématique 640 du Laboratoire J.-A. Dieudonné (2002). Available at
http://math.unice.fr/ douai/recherche.html

7. A. Douai and C. Sabbah, Gauss-Manin systems, Brieskorn lattices and Frobenius
structures (I), Proceedings of the International Conference in Honor of Frédéric Pham (Nice,
2002). Ann. Inst. Fourier (Grenoble) 53 (2003), no. 4, 1055-1116.

8. A. Douai and C. Sabbah, Gauss-Manin systems, Brieskorn lattices and Frobenius
structures (I1), Frobenius manifolds, Aspects Mathematics, vol. E36 (Vieweg, Wiesbaden, 2004),
1-18.

9. B. Dubrovin, Geometry of 2D topological field theories, Integrable systems and quantum
groups ( Montecatini Terme, 1993 ), Lecture Notes in Mathematics, vol. 1620 (Springer, Berlin,
1996), 120-348.

10. T. Eguchi, K. Hori and C. Xiong, Gravitational quantum cohomology, Int. J. Mod.
Phys. A12(1997), 1743-1782.

11. D. Gepner, Exactly solvable string compactifications on manifolds of SU(N) holonomy,
Phys. Lett. B. 199 (1987), 380-388.

12. A. Givental, Homological geometry and mirror symmetry, Proceedings of the
International Congress of Mathematicians, Ziirich 1994, vol. 1 (Birkhduser, Switzerland, 1995),
473-480.

https://doi.org/10.1017/5S0017089514000433 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089514000433

SOME REMARKS ON LANDAU-GINZBURG POTENTIALS 507

13. A. Givental, A mirror theorem for toric complete intersections, Topological field theory,
primitive forms and related topics ( Kyoto, 1996 ), Progress in Mathematics, vol. 160 (Birkhauser
Boston, Boston, MA, 1998), 141-175.

14. R. Hartshorne, Algebraic geometry, Graduate Texts in Mathematics, vol. 52 (Springer-
Verlag, New York-Heidelberg, 1977), xvi+496.

15. C. Hertling, Frobenius manifolds and moduli spaces for singularities, Cambridge Tracts
in Mathematics, vol. 151 (Cambridge University Press, Cambridge, 2002), x+270.

16. K. Hori and C. Vafa, Mirror symmetry, arXiv:hep-th/0002222 (preprint 2000).

17. M. Kontsevich, Homological algebra of mirror symmetry, Proceedings of the
International Congress of Mathematicians, (Ziirich, 1994), vol. 1, 2 (Birkhauser, Basel, 1995),
120-139.

18. Yu. 1. Manin, Frobenius manifolds, quantum cohomology, and moduli spaces, vol. 47
(AMS Colloquium Publications, Providence RI, 1999), 303.

19. E. Mann, Orbifold quantum cohomology of weighted projective spaces, J. Algebr. Geom.
17(1) (2008), 137-166.

20. R. Marsh and K. Rietsch, The B-model connection and mirror symmetry for
Grassmannians, arXiv:1307.1085 [math.AG] (preprint 2013)

21. A. Parusinski, Topological triviality of p-constant deformations of type f(x) + 7g(x),
Bull. London Math. Soc. 31(6) (1999), 686-692.

22. C. Pech and K. Rietsch, A comparison of Landau-Ginzburg models for odd
dimensional Quadrics, arXiv:1306.4016 [math.AG] (preprint 2013)

23. C. Peters and J. Steenbrink, Mixed hodge structures, Ergebnisse der Mathematik und
ihrer Grenzgebiete. 3. Folge, A Series of Modern Surveys in Mathematics, vol. 52 (Springer-
Verlag, Berlin, 2008).

24. V. Przyjalkowski, Weak Landau-Ginzburg models for smooth Fano threefolds, Izv.
Ross. Akad. Nauk Ser. Mat. 77(4) (2013), 135-160 translation in Izv. Math. 77(4) (2013), 772~
794.

25. K. Rietsch, A mirror symmetric construction of ¢gHT(G/P)(q), Adv. Math. 217(6)
(2008), 2401-2442.

26. C. Sabbah, Isomonodromic deformations and Frobenius manifolds. An introduction,
Translated from the 2002 French edition. Universitext, (Springer-Verlag London, Ltd., London;
EDP Sciences, Les Ulis, 2007), xiv+279

27. C. Sabbah, Hypergeometric period for a tame polynomial, C. R. Acad. Sci. Paris Sér. I
Math. 328(7) (1999), 603-608.

28. K. Saito, Period mapping associated to a primitive form, Publ. Res. Inst. Math. Sci.
19(3) (1983), 1231-1264.

29. K. Saito and A. Takahashi, From primitive forms to Frobenius manifolds, in From
Hodge theory to integrability and TQFT tt*-geometry, Proc. Sympos. Pure Math., vol. 78
(American Mathematical Society, Providence, RI, 2008), 31-48.

30. M. Smirnov, Gromov-Witten correspondences, derived categories, and Frobenius
manifolds, PhD Thesis (University of Bonn, 2013).

31. E. Witten, Phases of N =2 theories in two dimensions, Nucl. Phys. B 403 (1993),
159-222.

https://doi.org/10.1017/5S0017089514000433 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089514000433

