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SOME EXTENSIONS OF ASKEY-WILSON’S Q-BETA INTEGRAL
AND THE CORRESPONDING ORTHOGONAL SYSTEMS

BY
MIZAN RAHMAN

ABSTRACT. A seven-parameter extension of Askey and Wilson’s
four parameter g-beta integral is written in a symmetric form as the
sum of multiples of two very-well-poised balanced basic hypergeo-
metric |y series. Two special cases are considered in which the
evaluation of the integral gives single terms by the ¢g-Dixon formula
in one case and by a special case of the Verma-Jain formula in the
other. An orthogonal polynomial system is obtained in the first case
and a system of biorthogonal rational function is obtained in the
second. It is also shown that the biorthogonal system represents a
generalization of Rogers’ g-ultraspherical polynomials.

1. Introduction. A basic hypergeometric series ,, ¢, is defined by

a, a, ...

s Ay ~ (ap,ap,...,a,41;9q)
g zf= 2 - 27"
bl""’br n=0 (q9 b]’--"br; q)n

’

(1.1) r+1¢'r[

where

. k
(1'2) (alo a29 EEEEY ak; q)n = ]:[1 (aj; q)n’
j=

1 ,ifn=20
(@ @), = { n—ln

A—-—a)l —ag)...(1 —aqg" ") ,ifn=12....
We shall assume throughout the paper that the base g is less than 1 in absolute
value. To ensure convergence of the series (1.1) we shall also assume that |z| < 1
unless the series terminates which happens when one of the numerator param-
eters a,, . .., a,., is of the form ¢~ ¥, k a nonnegative integer.

The series (1.1) is called balanced if z = gand b}b, ... b, = qaja, ... a, . It

is a nearly-poised series of the first kind if ga; # a,b; = a3b, = ... = a,|b,, a
nearly-poised series of the second kind if ga; = a,b; = ... = ab,_| # a,, b,
The series (1.1) is well-poised if ga; = a,b; = ... = a,,b,; if, in addition,
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a, = —a; = g\/a, then the series is called very-well-poised. We shall use the
notation ,, ;W , for a very-well-poised , 3¢, series, that is,
(1.3) ,3sWinas ap, ay,... .4, ¢, 2)

qVa, —q\/a, a;, a,...,aq,
Va, —+\/a, gqa/a,, qala,,...,qala,

In [6] the author derived the following integral representation of a balanced
very-well-poised q¢q series:

(1.4) f (¥, e, q)ooh(cos 8, b)h(cos 6, c)

a,
= 439,42 i g,z

H h(cos 8, a;)

_ A{ (& Doo 1T B3 Do
(C/b; q)oo Jj=1 (b/aj; q)oo

X W(bzq-l; bcq_l, b/ay, b/a,, b/a,, b/ay, b/as, b/ag; q, q)
1079 1 2 3 4 5 6

% Doo 1T (€45 Doo
(b/¢; @)oo j=1 (¢/85; @)oo

—1

X IOI/Vg(czq_l; beq ', c/ay, c/a,, c/ay, c/ay, c/as, c/ag; q, q) ],

where bc = a,a,a;a4a5a4 and

6
27 1 (b/a;, c/aj; q)oo
j=1

(1.5) A4 =

@b A D 11 (aa 9o
15/<k=6

The infinite products and the 4 functions above are defined by
(e )
(16) (@ @)oo = lim (@; @), = I1 (1 — ag")
n—0o0 k=0
and
0 .
(1.7 h(x,a) = 11 (1 — 2axg* + a*q*) = (aé, ae™?; )., x = cos 6.
k=0

The above representatmn is valid provided maxla l<1,j=1, ,6and b/cis
not the form q k =0, %=1, =2 .... Formula (1 .4) is not stated quite in this
form in [6]; it is deduced from ( [6], Eq. 2.9) by applying an iteration of Bailey’s
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[3] four-term transformation formula for balanced very-well-poised oo, series.
Apart from the obvious symmetry on both sides of (1.4) it is much easier to
remember than formula (2.9) of [6]. The restriction about b/c¢ is essential for the
right side of (1.4) but not for the left. In case the parameters do not satisfy this
restriction then we can always transform the right side by Bailey’s transforma-
tion formula [3] and get an expression where the products (b/¢; q)., and (c/b;
q)o. disappear from the denominators.

The purpose of this paper is to consider some special cases of (1.4) that, to my
knowledge, have not been studied elsewhere. The most important special case of
(1.4) is, of course, Askey and Wilson’s [2] extension of the beta integral

2i60 —2i0, .
(1 8) j’w (e i , e i : q)wdo _ 277((11020304, q)oo
0 4 (9> a1ay, aya3, a1y, 0,85, ayay, a3a4; q)oo

IT h(cos 8, a;)
j=1

This is the b = a¢, as = 0 case of (1.4). Askey and Wilson [2] showed that the
polynomials

(1.9) P,(cos 8; ay, ay, ay, aslq) = (a,ay, aya;, aya4; q),a; "

-1 i6 :
g ", amaaq" . ae”, ae
X 493 54, 9
aa,, aa;, 4%
are orthogonal with respect to the weight function in the integral of (1.8). If we
set a¢ = 0 in (1.4) we obtain Nassrallah and Rahman’s [5] integral representa-
tion of a very-well-poised g¢; series:

(20 —2i0,
(1.10) /0(" ""5 ,q)ooh(cosa,b)da

H h(cos 6, aj)
j=1

5
(alaza3a4a5/b; q)oo 11 (baj’ q)oo
j=
~2

T
@05 Do 11 (a0 D)oo
1Sj<k=5

X 8W7(b2q_l; b/ay, b/a,, b/as, b/ay, b/as; q, ajayasazas/b).

If we set b = a,a,a;a4a5 then, via a transformation of the 3¢, series in (1.10), we
are led to a generalization of (1.8), namely,

(1.11) fz *, e‘Zio;Sq)ooh(cos 0, a\aya3a4a5) do

H h(cos 6, aj)
j=1
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5
H 01(120304(15

4;

@ 9w 11 (@85 oo

1Sj<k=s

This was stated by the author in [6] who also found a system of biorthogonal
rational functions representable by balanced very-well-poised |y¢q series.

The special case we wish to consider first is obtained by setting a; = A,
ay = —i\, a3 = W, a4y = —W, as = v, b = —gq/v in (1.10) which reduces to

T (¥ q)oolPh(cos 8, —q/v)

1.12 .
.12 J, [ (=222 1220, 05y Ph(cos 6, »)

_ (g el qz/v2 N, qz)oo
(@ Do =N, p20%, =N, N, —p%; gP)

by the ¢-Dixon theorem ([8], 3.3.1.5), where we assume that A, p, v are real
and less than 1 in absolute value. In Section 2 we will obtain a system of
polynomials which are orthogonal with respect to the weight function in the
integral of (1.12). In Section 3 we will prove that

m (€, 72 g). h(cos 8, a*bg)h(cos 8, a*c)

0 h(cos 8, a)h(cos 8, —a)h(cos 8, ar/q)h(cos 8, —a~/q)h(cos 8, b)h(cos 8, ¢) d6

(1.13)

_ 2m(d’, qd, a*be; q),,
(1 — &b)(g, d*, be; @)oo’

and will derive a system of biorthogonal rational functions with respect to
the weight function in (1.13), in Section 4.

We would like to point out that by setting bc = ¢ in (1.4) we obtain the
evaluation of a six-parameter integral:

(1.14) /" (em, e 2, q)oh(cos 8, b)h(cos 8, q/b)db

h(cos 8, a\)h(cos 8, ay)h(cos 0, a;)h(cos 8, az)h(cos 6, a5)h(cos 6, q

a,a,a3a4as

e
(bala2a3a405’ q)oo > (94755 Qoo _ b_2

(a]aza3a4a5. ) j=1(q/baj; q)o,
)

o )

——q|, s

410,030405 (baj; q)oo
(ba\aya3a4a5/q; @)oo j=1 (b4} @)oo

>
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where
5

2m(a,ayaza4a5/b, baja,aza4a5/q; q)o, H (b/a;, q/ba;; q)oo
=1

(1.15) B =

5
(@ 6%/, ¢* /% ) 11 (aay; )oo 11 (—q—aﬂ—; q)oo
1Sj<k=5 m=1 \214,0304054

However, this integral is probably not as interesting as those in (1.11), (1.12)
and (1.13). First, it does not seem to be possible to combine the two terms on
the right side of (1.14) into a single one. Secondly, the range of the parameters is
too restrictive, since for (1.14) to be valid we must have maxlajl < 1 and
lg| < la,a,a;a4as|. Nonetheless, (1.14) is more general than (1.11) as can be seen
by setting b = a,a,a3a4a5 in (1.14).

2. Orthogonal polynomials corresponding to (1.12). Let us denote

| (€*; @)ool*h(cos 8, —q/v)

2.1) V(cos 0; A\, p, ») =
Q.1 ¥( [0 (=20, 1220, 4 Ph(cos 6, v)

and
21(— g5 Qo — g/, N5 ¢°),,
(@ Doo =A%, 1202, =N N =% P,

Then, for nonnegative integers k and / we have

(22) g(>‘7 K, V) =

@) [ Vieos B A YN, X g, (2, 122 gy

= fo V(cos 8; Ag*, uq', v)dé

(=222 gD N —A“ O (— 1, p2v q>,
A2y 4)k+1

=g, p, v)
by (1.12). Hence

(2.4) f V(cos 8; X, p, n)(u2e™®, w22 ¢?),

g7 NGB N, N
of T e D e
AW 4%,
g NPT N,
x 3‘1’2[ Mgt N2, 44 ]
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(=1, 9% =N g g s 4
N @l — a2 2N @),
by the g-Saalschiitz formula ( [8], IV.4). Since, by Sears’ transformation formula

(71,
(2.5) P, (cos 26; A, p, vlq)

242[-2m

2m o \22202mm2 \220 2,28
9

¢ [q_ ) (U g q 2 2]
= b q b q
o AN, A2, A%

RE N st e {\f)"’

AL A ), 2
y 4¢3[q 2m’ A2H2V2q2m 2 ”2e210, ‘uZe 2i - q2 q2]

A2, —i, W2
2+21-2m,

and since (g 0 q ) vanishes unless / = m, it follows that

2.6) /0 V(cos 8; \; u, v)P,(cos 28; A, p, »|q)P, (cos 26; A; p, v|q)dd = 0

if n < m. By symmetry, (2.6) is also true if n > m. To evaluate the integral in
(2.6) for m = n we take the first ¢, series on the right side of (2.5) for one P,
and the second 4¢, series for the other. So we find that

2.7 _[O V(cos 6; A, p, v)P,(cos 20; A, p, v|q)P,(cos 26; A, p, vlg)dd

_ S
= e,
where
@8) b, — @ D= Zi N N W g

21(= 4 Dol —4°/7, N5 ¢7)ce
(>\2M2 2 i q ) (1 _ }\2”2 2 4n— 2)(}\2 ‘}\2 2, _}\2 2, i q )

X 2.2
(@% ¢9,(1 — NbPq Hh?, —v% —p%; ¢d),

n }\*4n‘
Formula (2.6) is a g-analogue of the orthogonality relation

1
(2.9) f o (1 = AP PP — HPEPRP — dr =0 m # n

for the Jacobi polynomials

2.10) PGP(x) =

+1 1 -
(—Oi—)—zFl( mm+oa+ B+ 1la+tl; 2x).
m!
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It may be noted that (2.9) was used by Koornwinder [4] to obtain his addition
formula for the Jacobi polynomials.

3. Proof of (1.13). Verma and Jain [9] obtained the following transformation

formula
Al [a, b, c, d, e,
) o 34, q
> aq/b, aq/c, aq/d, f
(a, b, c, d, e, q/f, ag’/bf, ag*/cf, ag*1df: q),
(aq/b, aq/c, aq/d, f1q, aq/f, bq/f, cq/f, dq/f, eq/f; q)o
eq/f, aq/f, bg/f,  cq/f, dq/f

qz/f, aqz/bf, aqz/cf, aqz/df

_ (\g/a, Ag/e, g\*/a, q/f: @),
(Aq, aq/f, eq/f, ag/Nf; @)oo

X WA \/E, — \/c_z, Vaq, —\/aq, A\b/a, Ac/a, Ad/a, e, aq/f; q, q)

N (a, e, \b/a, \c/a, Nd/ a, q/f, a*q*/\bf, a*q*/\ef, a*q*/Adf, ag’ /1f%; @),
(aq/b, aq/c, aq/d, aq/f, bq/f, cq/f, dq/f, eq/f, Nf/ aq, a2q3/ N 2. Doo

X W@ G N7 qa*IN, —qa /N,
(qa)" /N, —(qa)*IN, N/ a, aq/f, bq/f, cq/f, dq/f g, @),

where A = qaz/ bed and f = ea’/\?, as a nonterminating extension of Bailey’s
formula ([8], 3.4.16) transforming a terminating balanced nearly-poised
s¢, series of the second kind into a terminating balanced very-well-poised
1291, series. Verma and Jain’s original statement of the formula has a misprint,
so another display here may be helpful to some readers. To derive (1.13) all we
need is to set d = 1 in (3.1) and observe that the left side equals 1 resulting in
the. summation formula

(32) 1 WoB; Va, —Va, \/ag, —\/aq, v, Ba, gB*/ay; g, 9)

(«, v, Bg, B/, Bg*/v, Ba/ay, B/ e*Y*; q)o,
(aq, Bg/e, Bq/y, qB*/a, qB*/ve?, av/qB, ¢°B*/e*Y%; @)oo

Bg  Bqg B B’
yVa'  yVe yVe  yVal

X 10%((12,33/02'Y2;

Bq/a, gB*/ve?, qB*/ay; g, q)
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_ (Bg, gB*1e’, qB’/ ey, gB/ ey @)oo
(gB/ o, gB/y, aB*/ e, qB*/a*Y; @),

On the other hand, by (1.4), the left side of (1.13) equals

(qa’b*, &, qd*, qd’, qa’b/c, a°c*, a’bc; q).,

(g, a4c2, a4, qa4, azbz, be, bq/c; q)oo

(3.8) 27

X {IO%(a4c2/q; ac/ \/(}, —ac/ \/z;, ac, —ac, az, azc/b, a4bc; q, q)
(a4cz, q2a6b2, qazbc, a2c2/q, a2c/b, bq/c; q)oo

(q2a4b2, a®c?, a*c?, a*bc, qaz, qazb/ ¢, ¢/bq; q)es

X o Wo(a*b?q; ab\/q, —ab~/q, abq, —abq, qa*, ga*/bc, a*be; g, q) }
which, together with (3.2), immediately yields (1.13).

4. Biorthogonal rational functions corresponding to (1.13). From formula
(1.13) it is clear that for nonnegative integers j and &,

(be’ﬂ, be_io; q),-(ceio, ceiio; D do
Zbely, qa2be—10; q)j(a2ce10, a2ce~10; q)k

(be; @)j4x(1 — a*b?)
(@be; @) (1 = a’b’q¥)

4.1) fo U(cos 0; a, b, c)(qa

= _/0 U(cos 8; a, bq’, cq*)dd = f(a, b, )

where

(4.2) U(cos 6; a, b, ¢)

_ (€%, e 20, q)oh(cos 8, ga*b)h(cos 8, a’c)
h(cos 8, a)h(cos 8, —a)h(cos 8, ar/q)h(cos 8, —a~/q)h(cos 8, b)h(cos 8, ¢)

and

4.3) f(a, b, c) = f:)r U(cos 8; a, b, c)df

_ 277'((12, qaz, a’*be; Doo
(1 = @®)(q, d*, be; oo’

Denoting
(4.4) f,(cos 6)

1—a b"

1 — d’q" (g; 9),

“ abq, —abg, be'?, be " a*beg"', q"
695 . . 34, q
ab, —ab, qazbe ’0, qazbe'o, bc
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and

o e e a'beq", "

45) g,(cos ) = —— ¢,

. . >4, 4),
(@ Dn laPce™, aPee, bc

it can be shown by using the g-Saalschiitz formula ([8], IV. 4) and the
g-Vandermonde formula ( [8], IV. 1) that

(4.6) / Z U(cos 6; a, b, c)f,(cos 6)g,,(cos )db

-a (a*s 9),(1 — a'beg” ) 5
— a’q" (@%eq” ' (@ 9a(1 — a'beg®™H "

The reason for the rather strange-looking normalization in (4.4) and (4.5) is as
follows. We know that for b = ¢ = 0, U(cos 8; a, b, ¢) is the weight function for
the continuous g-ultraspherical polynomials which have different basic hyper-
geometric representations — as a ,¢;, ;¢,, and as a balanced ,¢; series. The
representation that is relevant for our purposes is a 3¢, series found by Askey
and Ismail [1]

= f(a, b, c)l1

—j —n 2 2 2i0
(a* q),,(e "’)n [q , a, a%”,
3%2

(47) C,(cos 0; a*lq) = — ;49|
(& Dn 4

a* a, 0

We will show that both f,(cos §) and g,(cos ) reduce to C,(cos 6; a2|q) as
b — 0 and ¢ — 0. Since the 4¢, series in (4.5) is balanced, we find that, by Sears’
formula [7]

(04’ azbeia; q)n (e—ia)n
—if,

4.8 0) =
(4.8) gy(cos ) @ b, e ™, q),

2
" a4bcq"_ - 2
X 4¢3 4 2.0

. 4,9
a, ace”, azbe’a,

which obviously goes to C,(cos 6; a*|¢) in the limit b, ¢ — 0. To find the limit of
f,(cos 8) we first observe that

(1 — a1 — a’’q¥)

= (1 — &bg’é®)(1 — aPbgle %) — a*(1 — bg’e® )1 — bgle™ ™)

and therefore

1—-d b (- & — abe™ )
(4.9) f(cos 8) = o { 7 7,2

1 —a’q" (¢g; 9), (I — a1 — a’d”)
—n a4bcqn—1 beia be—io

) _a 499
be, b, Phe

q
X 4¢3[
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(1 — b1 — be™
1 — (1 — a*bh

X 493

q—n’ a4qun—l’ bqeie, bqe*io
_e @ q]

bc, qazbeig, qazbe

Since both the 4¢; series on the right side of (4.9) are balanced we may apply
Sears’ formula on both of them to obtain

(a*; q),,(e"v/az)" (1 — a1 — aPbe™ )

(4.10) f (cos ) = {

(4; @), (bc; 9),(1 — a’q"™) (1 — a*b?)
q~n a4bcqn‘l a2 (126’2[0
X 49 . o4, q]
¢ 3[ a*, @b, aPce?
a’q"(1 — b1 — be %)
(1 — &%)
q_ﬂ a4bcq"_l 02 a282i0
X 49 [ . . 5 qs q] .
o3 a*, qa’be®, a’ce®/q

It is now clear that the limit of £, (cos ) is also C,(cos 0; azlq) as b, c — 0.
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