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SOME EXTENSIONS OF ASKEY-WILSON'S g-BETA INTEGRAL 
AND THE CORRESPONDING ORTHOGONAL SYSTEMS 

BY 

MIZAN RAHMAN 

ABSTRACT. A seven-parameter extension of Askey and Wilson's 
four parameter g-beta integral is written in a symmetric form as the 
sum of multiples of two very-well-poised balanced basic hypergeo-
metric 10<>9 series. Two special cases are considered in which the 
evaluation of the integral gives single terms by the g-Dixon formula 
in one case and by a special case of the Verma-Jain formula in the 
other. An orthogonal polynomial system is obtained in the first case 
and a system of biorthogonal rational function is obtained in the 
second. It is also shown that the biorthogonal system represents a 
generalization of Rogers' g-ultraspherical polynomials. 

1. Introduction. A basic hypergeometric series r+1<j>r is defined by 

(1-1) ,+ !*,] 

where 

ax, a2,...9ar+l 

bl9...,br 

; q, z 
V ( f l l ' f l2 flr+li ^n.n 

„=0 (q, * ! , . . . , br\ q)n 

(1.2) (ax, a2,..., ak\ q)n = I I (a/9 q)n 

(*; q)n = I 
1(1 " a)(l -

, if n = 0 

, « - i aq)...(l - aqn~l) , if n = 1, 2, . . . . 

We shall assume throughout the paper that the base q is less than 1 in absolute 
value. To ensure convergence of the series (1.1) we shall also assume that \z\ < 1 
unless the series terminates which happens when one of the numerator param­
eters flj,. . . , ar+x is of the form q~k, k a nonnegative integer. 

The series (1.1) is called balanced if z = q and b{b2 . . . br = qaxa2 . . . flr+i- It 
is a nearly-poised series of the first kind if qax ^ a2bx = a3b2 = . . . = ar+ xbn a 
nearly-poised series of the second kind if qax = a2bx = . . . = ajbr_x ¥= ar+\br 

The series (1.1) is well-poised if qax = a2bx = . . . = ar+xbr\ if, in addition, 
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a2 = — a3 = q^fa~x then the series is called very-well-poised. We shall use the 
notation rJt3Wr+2 f ° r a very-well-poised r+3<t>r+2 series, that is, 

(1.3) r+3Wr+2(a; al9 al9 . . . , ar; q, z) 

\a9 qy/â9 -q\fâ, ax, a2, . • . , ar 

L Va, — yfa9 qa/al9 qa/a2, . . . , qalar 

In [6] the author derived the following integral representation of a balanced 
very-well-poised 10<J>9 series: 

e2i6
9 e~2W; q)oJi(cos 0, b)h(cos 0, c) 

= r+3*r ; q, z 

(1.4) Jo -de 

n /i(cos «, fly.) 7=1 

\(c/b; 4)007=1 (i/a,-; 9), 

0 0 

0 0 

2 1 i 

X wW9(b q ; bcq , /3/al5 /3/<22> 6/a3, b/a4, b/a5, b/a6; q9 q) 

U*. 

+ 
(bZ; q)0 n 

(cay, q)o 

(b/c; q)00j=\ (c/aj9 q)^ 

^ 1 1 1 

X i0W9(c q ; bcq , c/al9 c/a29 c/a3, c/a4, c/a59 c/a6; q9 q) >, 

where be = axa2a3a4a5a6 and 

(1.5) A = 

2TT I I (b/aj9 da-, q)Q 

7 = 1 

(q9 b
2
9 c

2\ q)^ YL (afak'9 q)Q 

The infinite products and the h functions above are defined by 

(1.6) (a; 9 ) T O = lim (a; q\ = I I (1 - aqk) 
n->oo & = 0 

and 

(1.7) h(x9 a) = I I (1 - 2axqk + a2q2k) = ( ^ , ^ ie; q)^, x = cos 0. 
A: = 0 

The above representation is valid provided max|« | < 1 , 7 = 1, . . . , 6 and /3/c is 
not the form g^, A: = 0, ± 1 , ± 2 , . . . . Formula (1.4) is not stated quite in this 
form in [6]; it is deduced from ( [6], Eq. 2.9) by applying an iteration of Bailey's 
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[3] four-term transformation formula for balanced very-well-poised xo<j>9 series. 
Apart from the obvious symmetry on both sides of (1.4) it is much easier to 
remember than formula (2.9) of [6]. The restriction about b/c is essential for the 
right side of (1.4) but not for the left. In case the parameters do not satisfy this 
restriction then we can always transform the right side by Bailey's transforma­
tion formula [3] and get an expression where the products (b/c; ^ ) 0 0 and (c/b\ 
q)^ disappear from the denominators. 

The purpose of this paper is to consider some special cases of (1.4) that, to my 
knowledge, have not been studied elsewhere. The most important special case of 
(1.4) is, of course, Askey and Wilson's [2] extension of the beta integral 

( 1 g ) [m (ell\e~llB\ q)oode = 2<n(axa2a3a4\ q)^ 

J ° 4 fa axa2, axa3, axa4, a2a3, a2a4, a3a4\ q)^ 
I I Mcos 6, aj) 

This is the b = a6, a5 = 0 case of (1.4). Askey and Wilson [2] showed that the 
polynomials 

(1.9) P„(cos 0; al9 a2, a3, a4\q) = (axa2i axa3, axa4\ q)na\n 

X 4<î>3 
q \ axa2a3a4q

n \ axë\ ^-i» 

axa2, axa3,
 a\a4 

; q, q 

are orthogonal with respect to the weight function in the integral of (1.8). If we 
set a6 = 0 in (1.4) we obtain Nassrallah and Rahman's [5] integral representa­
tion of a very-well-poised 8<f>7 series: 

lid - 2 / 0 . /v ( ^ e-**. q)ooh(cos 0, b) 
Jo (1.10) J Q

V ' 5 ^ / Q O v 9^d0 

É h(cos 0, a.) 
7 = 1 

5 

(axa2a3a4a5/b) q)^ H (ba; q)^ 

= 2 . ^ 
(^ b2\ q)^ I I (ajak; q)^ 

X gW7(b
2q~l; b/ax, b/a2, b/a3, b/a4, b/a5; q, axa2a3a4a5/b). 

If we set b = axa2a3a4a5 then, via a transformation of the 8<#>7 series in (1.10), we 
are led to a generalization of (1.8), namely, 

( U 1 ) f~ (e2ie, e~w; q)J,(cos 6, axa2a^a5) J g 

I I A(cos 6, aj) 
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2, A (^^5; ^ 

{q\ q)oo I T {apk\ q)oo 

This was stated by the author in [6] who also found a system of biorthogonal 
rational functions representable by balanced very-well-poised 10</>9 series. 

The special case we wish to consider first is obtained by setting ax = /A, 
a2 = —/A, a3 = ju,, a4 = — /A, a5 = v, b = —qlv in (1.10) which reduces to 

n i<n [" \(e2ie;q)oo\2h(cos0, -q/v) ,ff 
^ L 1 2 ) J 0 | ( _ X 2 ^ ^ q2U2h(cos e v)M 

2ir(-q; q)00{-q1/v1, A2/xV; q2)oo 

(?; <7)oo(-*2"2, M V , ~ A V , A2, V ; ^ 2 ) G O ' 

by the q-Dixon theorem ([8], 3.3.1.5), where we assume that A, /*, v are real 
and less than 1 in absolute value. In Section 2 we will obtain a system of 
polynomials which are orthogonal with respect to the weight function in the 
integral of (1.12). In Section 3 we will prove that 

( 1 n ) f" (e216, e-2ld; q)00h(cos 0, a2bq)h(cos 0, a2c) ^ 

J 0 /Ï(COS 0, a)h(cos 0, —a)h(cos 0, a\fq)h(cos 0, — a\/q)h(cos 0, b)h(cos 0, c) 

27r(a2, qa2, a4bc; q)^ 

(1 - a2b2)(q, a\ be; q)J 

and will derive a system of biorthogonal rational functions with respect to 
the weight function in (1.13), in Section 4. 

We would like to point out that by setting be = q in (1.4) we obtain the 
evaluation of a six-parameter integral: 

( 1 M ) f" (e2i\ e'216; q)0Ji(cos 0, b)h(cos 0, q/b)d0 

h (cos 0, ax)h (cos 0, a2)h (cos 0, a3)h (cos 0, a4)h (cos 0, a5)h\ cos 0, 1 

2 
( ql \ 

; q 5 2 
i \baxa2a^aAas J°° JJ (qaj/b; q)^ _ b_ 

la^a^a^ \ j=\ (q/bay, q)^ q 

I b ,qh 

I bq \ 
; ^ oo 5 

(baxa2a^a^/q\ q)^ "\ (b/a/, q)0 
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where 

(1.15) B 

2iïï{axa2a3aA[a5/b, baxa2a3a4a5/q; q)^ I T (b/aj9 q/baf, q\ 
5 

[ 
7 = 1 

(q, b2/q, q2/b2; q)^ Yl (a.ak; q)^ II -
1^/<A: = 5 m=\ ^ 

«an 

m=\ \axa2a3a4a5 
- ;« 

However, this integral is probably not as interesting as those in (1.11), (1.12) 
and (1.13). First, it does not seem to be possible to combine the two terms on 
the right side of (1.14) into a single one. Secondly, the range of the parameters is 
too restrictive, since for (1.14) to be valid we must have max|a-| < 1 and 
\q\ < \axa2a3a4a5\. Nonetheless, (1.14) is more general than (1.11) as can be seen 
by setting b = axa2a3a4a5 in (1.14). 

2. Orthogonal polynomials corresponding to (1.12). Let us denote 

(2.1) F(cos 0; X, /i, v) = 

and 

(2.2) g(X, ju, v) = 

\{e2ie;q)J2h{cosO, -qlv) 

{-X2e2ie, n2e2ie; q)J2h(cos 6, ,)' 

M-r, <7U-<72/"2, xy*2; q2)oo 
(«; * U - x V , n2v2, -xV, *2> V ; q\ \V, *2 

Then, for nonnegative integers k and / we have 

(2.3) J0 F(cos 6; X, p, v)(-X2e2W, -X2e~2ie; q\(p2e2i$, fa-™; q2)^6 

* F(cos 6; Xqk, pql, v)dO 

= g(X, n, v)-

by(1.12). Hence 

= / : 

t ( - \ V ; q\+l(X
2, -XV; q\(-p\ p2v2\ q\ 
(XV"2; q\+l 

(2.4) JQ F(cos 6; X, p, lOOiV* p2e~2,e; q \ 

X 4<J>3 

X 3^2 

uflm, XVPV"-2, -xVe , 

I - x V , x2, 
( V , ixV, -xV; q\ 

9 ^ ' v' A 2 2 2 2x (Xfiv ; q)t 

r„-1m -v2„2 2 2m~2 \2„2 2/ 
\q , X liv q , - A fx q , 

\2. ,2 2 2/ \ 2„2 L A [i v q 9 — A JU , 

-XV 2* 

- X 2 , 2 

2 2 

. „2 2 
\ q ,q de 
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,.2 ..2 2 

= g(K M, ") 
( - V , MV, - x V ; ^ 2 ) / ( - ^ ^2+2/"2-; ^2)m 

l2..2 2. 2-
(X^V; q^+jL-q'-^/XY; qA\ 

by the g-Saalschiitz formula ( [8], IV.4). Since, by Sears' transformation formula 

[7], 

(2.5) 7>m(cos 20; X, p, v\q) 

4^3 

\cflm, Xyv2qlm'2, 

- x V , 

(-p2,pV;q2)„l \2Y 
(X2 ,-XV;,2)J ,2I 

4^3 

•q~2m, Xyv2q2m-2, 

-xy, 

-X2e2'6, 

x\ 

V , 

-X2e-2'6 

-X2,2 

MV2'* 
2 2 

7 9 

; q, <T! 

; « 2 , <?2' 

and since (g 2 + 2 / 2m; #2)w vanishes unless / ^ m, it follows that 

(2.6) f" 
Jo 

F(cos 0; A; /i, *>)P„(cos 20; X, /i, ^|^)Pm(cos 20; X; /i, Htf># - 0 

if n < ra. By symmetry, (2.6) is also true if n > m. To evaluate the integral in 
(2.6) for m = « we take the first 4<f>3 series on the right side of (2.5) for one Pm 

and the second 4<j>3 series for the other. So we find that 

r 
Jo 

(2.7) » F(cos 0; A, M, «0PB(cos 20; X, /*, y|9)P„(cos 20; X, ju, H<7># 

A- ' 

where 

n R , . (g; g)oo(X2, -ft2, - X V , ~XV, /iV; g2)^ 
\ * / n — 9 9 9 9 9 9 

2ir(-q; q)oo(-q lv , X n v ; q ^ 

X 
{Xyv2q-2- q\{\ - XV»V"- 2 ) (X 2 , - X V , - X 2 , 2 ; q \ x . 4 n 

(q2; q\{\ - X V ^ W r 2 , -v2, -ju2; <?2)„ 

Formula (2.6) is a ^-analogue of the orthogonality relation 

(2.9) fQ (1 - r2) ar2^+ 1P^'^(2r2 - l ) P ^ ( 2 r 2 - \)dr = 0 m * n 

for the Jacobi polynomials 

(2.10) P^Xx) = ^ - t i k 2 j F i ( _ W ) w + a + ^ + i j a + l ; ^ ^ ) . 
m! \ 2 / 

https://doi.org/10.4153/CMB-1988-068-6 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1988-068-6


1988] ASKEY-WILSON'S INTEGRAL 473 

It may be noted that (2.9) was used by Koornwinder [4] to obtain his addition 
formula for the Jacobi polynomials. 

3. Proof of (1.13). Verma and Jain [9] obtained the following transformation 
formula 

(3.1) 5<t>4 

a9 e, 
; q, q 

+ 

b, c, d9 

aq/b9 aq/c9 aq/d, f 

(a9 b9 c, d9 e9 q/f aq2/bf aq2/cf aq21 df q)^ 

(aq/b9 aq/c9 aqld9 f/q9 aq/f9 bq/f9 cq/f9 dq/f9 eq/f q)0 

x sH 
\eq/f9 aq/f9 bq/f9 cq/f9 dq/f 

; q, q 

X 

+ 

q2/f9 aq2/bf9 aq2/cf9 aq2/df 

(Xq/a9 Xq/e9 q\2/a9 q/f; q)^ 

(Xq9 aq/f9 eq/f9 aq/Xf q)^ 

\iW\ i(A ' V^> ~~ V^> \feq, ~ \fâq, Xbla9 Xcla9 Xd/a9 e9 aq/f q, q) 

IJl, .2 2 , (a9 e9 Xb/a9 Xc/a9 Xd/a9 q/f azqz/Xbf azqz/Xcf azqz/Xdf aq'/fz
9 q\ f2. 

(aq/b, aq/c9 aq/d9 aq/f bq/f cq/f dq/f eq/f Xf/aq9 a2q3 lXf2\ q)^ 

X nWu(a
2q2/Xf2; qa3/2/Xf -qa3,2/Xf 

(qa)3/2/Xf -(qa)3/2/Xf Xqla9 aq/f bq/f cq/f dq/f q9 q)9 

where X = qa /bed and / = ea /X , as a non terminating extension of Bailey's 
formula ([8], 3.4.16) transforming a terminating balanced nearly-poised 

504 series of the second kind into a terminating balanced very-well-poised 
j2<2>ii series. Verma and Jain's original statement of the formula has a misprint, 
so another display here may be helpful to some readers. To derive (1.13) all we 
need is to set d = 1 in (3.1) and observe that the left side equals 1 resulting in 
the summation formula 

(3.2) ww9(p-9 y/â9 - V«, V**q> ~ V<*q> r> #*> qP2/*y, q, q) 

+ 
(a, Y, fa p/a, Pg2h, Pg/ay, g3P4/<*3y2; g)oo 

(aq9 Pq/a9 Pq/y9 qP2/a9 qp2/ya2
9 ay/qP9 q3p3/a2y2; q)Q 

X ]0W9] (q
2P3/a2y2; Pq Pq 3/2 to 3/2 Jk 

y\fa y\fa' YV**' Y V « ' 

Pq/a9 qP2/ya2
9 qP2 / ay\ q9 q\ 
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_ (fig, qp2/a2, gfi/ay, q/j/ay; q)^ 

(qp/a, qp/y, q(i2/a, qfi2/a2y; </)„' 

On the other hand, by (1.4), the left side of (1.13) equals 

(3.8) 2-n-

9 9 9 9 9 9 6 9 9 

(qa b , a , qa , qa 9 qa b/c, a c , a be; q)0 
(q, a c , a , qa , a Z? , Z?c, Z>g/c; g ) c 

X do^çCû c /#; ac/\/q, —acl^fq, ac, —ac, a , a c/b, a be; q, q) 

+ 
( A 2 , #VZ>2, qa2bc, a2c2/q, a2c/b, bq/c; q)^ 

(q2a4b , a6c2, a2c2, a2bc, qa2, qa2blc, clbq\ q)0 

X l0W9(a
4b2q; ab\fq, —ab^fq, abq, — abq, qa2, qa2/bc, a4bc; q, q) } 

which, together with (3.2), immediately yields (1.13). 

4. Biorthogonal rational functions corresponding to (1.13). From formula 
(1.13) it is clear that for nonnegative integers j and k, 

(4.,) j i ^ t q , ) . y ' - fV^-rH * 
' J 0 v \qa2be'\ qa2be~'6; q)j(a2ce'e, a2ce '6; q)k 

/ ; 0 U(cos 0; a, V , <**>» = / (a , 6, c)f 4 f ; ^f* fff2. , 0 ( t fV 4 ) ^ ( 1 - a 2 ^ ^ ) 

where 

(4.2) U(cos 0; a, b, c) 

(e2W, e~zw; q^h^os 0, qazb)h(cos 0, azc) 

h (cos 0, a)h (cos 0, — a)h (cos 0, a^)h(cos 0, — a \fq)h (cos 0, b)h (cos 0, c) 

and 

.3) f(a, b, c) = J 0 U(cos 0; a, b, (4 

Denoting 

(4.4) /n(cos0) 

1 -a2 

c)dO 

2iT{a2, qa2, aAbc; q)^ 

(1 - a2b2)(q, a4, be; q)^ 

1 - a2q" (q; q)„ 

X 6*5 

abq, —abq, be' , be ' , a beq" , q 

[ab, -ab, qa2be~i6, qa2bei9, be 
; 4, q 
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and 

(4.5) g„(cos 0) = 
(?; q)n 

4*3 
la2ce~i0, 

ce-[\ a4bcqn~\ q~n 

a2cë\ be 
; q, q 

it can be shown by using the g-Saalschutz formula ( [8], IV. 4) and the 
#-Vandermonde formula ( [8], IV. 1) that 

(4.6) J] [/(cos 0; a, b, c)fn(cos 0)gm(cos 6)d0 

f(a, b, c) 
1 - a1 (a4;q)n(\ - a4beq~X) 

1 - ttq»(aAbcq-\ q)n(q; q)n(l - a4beq2n~l) ""' 

The reason for the rather strange-looking normalization in (4.4) and (4.5) is as 
follows. We know that for b = c = 0, U(cos 0\ a, b, c) is the weight function for 
the continuous gr-ultraspherical polynomials which have different basic hyper-
geometric representations - as a 2<J>i, 3*2» and as a balanced 4<#>3 series. The 
representation that is relevant for our purposes is a 3<f>2 series found by Askey 
and Ismail [1] 

(a4; q)n I
e \q'\ a\ 

a\ 

a2ew, 

0 

1 
; q, q\ (4.7) C„(cos 0; al\q) = ^ f — 3<j>2 

(4; q)n
 x a ' I 

We will show that both fn(cos 0) and g„(cos 0) reduce to C„(cos 0; a2\q) as 
b —> 0 and c —> 0. Since the 4<J>3 series in (4.5) is balanced, we find that, by Sears' 
formula [7] 

„4 JluJB. ^ i~-i0\n 

(q, be, a ce ; q)„\ a I 

X 4</> ; 

\q~\ a4bcq"-\ a\ a e 

a2cel\ a2bel6, 

which obviously goes to C„(cos 0; a \q)in the limit b, c —> 0. To find the limit of 
fn(cos 0) we first observe that 

(1 - a2){\ - a2b2q2j) 

= (1 - a2bqjei6)(l - a2bqje~i0) 

and therefore 

a\\ - bqJei0,)(\ - bqje~i0) 

,*n r, n, \ ~ a2 b~n f(l - cf-bé 
(4.9) /w(cos 0) = —n- \K—- : 

1 - a qn (q\ q)n [ (1 - a 

2-*)( l - Jbe-») 

)(1 a2b2) 

X 4*3 

q n
9 a beq n-\ beie, be' 

be, a2beiB, (?be~ie ; q,q 
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a\l bei6)(\ - be~ie) 

(1 - a2){\ - a2b2) 

X 4^3 
q~n, a4bCq n-\ bqé6, bqe 

bc, qa2beie, qa2be~i0 

Since both the 4^3 series on the right side of (4.9) are balanced we may apply 
Sears' formula on both of them to obtain 

(4.10) /„(cos0) 
(a4; q)n(e-ie/a2r f(l - a2beW)(\ - a2be~'e) 

(q; q)n(bc\ q)n(\ -

4^3 

a\ 

q , a bcq 

"(1 - bei6){\ -

a2q")\ 

, a2, 

a2be'e, 

be-») 

(1 

a2e2'6 

a2ceie 

- a2b2) 

; q, q 

X 4</>3 

(1 - a2b2) 

\ a4bcq"-\ 

a4, 

a2, 

qa2beie, 

a2eW i \ 

a2ce^q ''q'q\\ 

It is now clear that the limit of fn(cos 0) is also C„(cos 0; a2\q) as b, c —> 0. 
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