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Abstract

In this article we localize the zeros of some polynomials and the derivatives of some entire functions of
finite genus. If we put m = 1 in the condition of Theorem 1 we obtain the famous Obreshkoff Theorem
which can be regarded as a ‘complex version’ of a well-known theorem due to Laguerre. The nonreal
zeros of the derivative of the real entire function of Theorem 3 must belong to circles V; which are similar
to the Jensen circles for polynomials.

1991 Mathematics subject classification (Amer. Math. Soc.): primary 30D20.

DEFINITION. By ‘real entire function’ will be meant an entire function whose
Maclaurin-series expansion has only real coefficients.

Further all sequences {z,}32, will satisfy lim_, o |2| = 00.
DEFINITION. We will write , P, = n!/(n — k)!, (}) = . P/ k..

THEOREM 1. Letthe zerosa, k = 1, ... , n, of the polynomial p(z) satisfy |a;| < 1.
Then the zeros z of the polynomial q(z) = yp(2) + 3 1y 2*P® (2) /n Py satisfy |z| < 6,
whereRey > —m/2, 1 <m <n,and 6 = 2" - 1)~

PROOF. Let z be such that g(z) = 0 and p(z) # 0. Then

1
A=&=y+_ z 44 2 ]+
p(2) nlz—a Z—a,

m! "
+n7m|:(z—al)"'(2—am)+”.]_O.
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Let us consider the last term s,, in this sum. The estimates for the other terms are
analogous. Define

A=y +s1+---+5,=0,

n " "
B= m — s
<m)s (Z—al)"'(z—am) + + (Z_an—m+1)"'(z_an)
a=7"—(z—a) - (z—an).

Then

" " 1 "+a

¢= (z—ay) --(z—ay) = (" —a) = 2 2(zm—a)’
" +a | —al _ (2" —lal) (12" + lal)

D =Re = ,
™ —a iz — al? |zm — a?
m
lal <lay 4+ anllz|™ " 4+ -+ la - anl <mjz|™ + (2>|z|m-2+...+ 1.

Thus

m
lz|™ — lal = 2|z|" — (Izl’" +mlz|" "t + (2>|z|m-2 +o 4+ 1)

= 20" — (Il +1)".

If |zl > & = 2™ — 1)~! we obtain D > 0, that is Res,, > 1/2. Finally if we
note that §,, = (2//™ — 1)7!, then obviously 1 = 6, < 8, < --- < 6,, and therefore
Re A = Re(y + 51 + -+ + 5,,) > 0 which proves the theorem. . O

REMARK. We can formulate Theorem 1 in the following form: Let the zeros a;, k =
1,..., n, of the polynomial p(z) satisfy |a;| < 1. Then the zeros z of the polynomial
q(z) = yp(@) + i 2*p®(2) satisfy |z| < 6, where Rey > —1/237 P,
1<m<n,andg = Y™ — 1)~

THEOREM 2. Let f (z) = exp(d + cz™ + bz™"' + az™*?) ]_[:il E,.(z/z) be a real
entire function, where m is a positive integer, a,b,c,d e R,a>0,b <0, ¢ > 0, and
the Weierstrass factors are

E @)= —-8exp(¢+¢2/2+---+¢"/m).
Let all zeros 7 of f (2) satisfy Atg(z) € (—/[2m+2], w/[2m +2]). Then all zeros
z of f'(2) satisfy Re(z) = 0.

https://doi.org/10.1017/51446788700001920 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700001920

[3] About the zeros of some entire functions and their derivatives 167

PROOF. Let z be such that f'(z) = 0, and write z = x + iy, wherex,y € R,x < 0.
Then

f(@
A=
(logf (2))' = 70

=mcz" ' + (m + Dbz™ + (m + 2)az™*!

1 Z m—1
+ + + + - —
Z [Z — % k <k (Zk) ]

z/z)™
2 |2 + (m+ 1)bz™ + (m + 2)az™ z+kZ: pa—

= ('"z (m +1)b+(m+2)az+ZLk)/zk)=O.

lzf? vz —zl?

mcz b

mZ

Zk)/zk
Tzl '

+ (m +1)b+(m+2)az+z(lz—zk|2

If f (zx) = O then f (z:) = 0, since f (z) is real entire function. Let z; = x; + iy,
Z = Xx — iyi, where xi, yr € R. Then

2mcz
z|?
{ z— %)/ N (z—z)/zr }

|z — z|? lz — %l?

C=28—[ +2(m+1)b+2(m+2)az]

gk 1M8

[Zr(z=a)lz — &> + 27 (z — z)lz — zl*] / Dx,

~
1

where Dy = |z]'°lz — z[*lz — zf®.
Letr=x — X Q=Y — Vi, S =y+yk andzk =pk(cosgok+isin(pk), and

Av= [z =)z — %l + (2 — )z — wl*] /pf
= [cos(mey) — i sin(mee))(r — iq) (r* + 4°)
+ [cos(mey) + i sin(me)(r — is) (r* + 5%),

and

Re A, = [rcos(me,) — g sin(me;)] (r +s ) +{r cos(me;) +s sin(me,)] (r2 +q2)
= rcos(mgy) (2r* + s* + q°) + sin(mey) (s + g*s — r’q — 5°q)
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= 2rcos(mey) (r + y* + y7) + 2y sin(mey) (r* = y* + y;)
=2 (r2 +y,f) [r cos(mge) + yi sin(me) ]+ 2y>[r cos(mey) — yi sin(mey)].

Since, by hypothesis, ¢, € (—n/[2m + 2], n/[2m + 2]), we have cos(mg,) > 0,
and if we assume that [r cos(mg;) — yi sin(me,)] > 0, then (x — x;) cos(mey) +
i sin(mey) < 0. Since x < 0, x;, = py cos ¢; and y, = p, sin ¢, we obtain

xi cos(mey) + yi sin(mey) < 0, or
cos @ cos(me,) + sin g, sin(mgy;) < 0,

that is cos[(m — 1)¢] < 0, which is impossible since ¢, € (—n/[2m + 2], n/[2m +
2]). Therefore, [rcos(me,) — yi sin(mg)] < 0. If we assume that [r cos(meg,) +
yi sin(mgy)] > 0, by the same way we obtain cos[(m + 1)¢;] < 0, which is impossible
since ¢, € (—n/[2m + 2], w/[2m + 2]). Therefore, [r cos(megy) + yi sin(me,)] < 0
and Re A, < 0, thatisRe B < 0, becausea > 0,5 <0,c> 0. ButA = z"B =0,
that is B = 0. The contradiction completes the proof. O

THEOREM 3. Let f (z) = exp(d + cz™ + bz"*' + az"*?) [ 112, Em(z/2) be a real
entire function, where m is a positive integer and a, b, c,d € R, a <0, ¢ > 0. Let all
zeros i of f (2) satisfy g, € (—n/12m], w/[2m]), where ¢, = Arg(z:). Let Vi be the
disk

14 |sin
Vi = {|z—Rezk|5|1mzk|~M)—'}

cos(mey)

and let M = | J;2, Vi. Then if f'(z) has nonreal roots, they must belong to M.

PROOF. Let z be such that f'(z) = O and z & R, where z = x + iy, x,y € R,
y>0,z#zandz ¢ M. Let A = (log f (z)) = f'(z)/f (z). As in Theorem 2 we

obtain:
A= E=n)e —ul + 3 E - z)lz — %] /Py
= [cos(mey) — i sin(me)1(r — ig) (r* + 57)
+ [cos(mey) + i sin(me))(r — is) (r* + q°) .
Thus

—Im A, = [g cos(mey) +r sin(mey)] (r* + %) +[s cos(mey) — r sin(mey)] (r* +47)
=2y (r* + y* — y2) cos(mgy) + 4yy,r sin(meg,).

Let C, = cos(mgy) (r* + y* — y2) + 2sin(me)y,r and R = |z — Rezl, so that
r* +y?> = R?, and therefore r = £,/R? — y?, where ¢ = +1. We have

Ci = cos(mgy) (R? — y7) — 2| sin(mey) ||y« R
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= cos(mg) R* — 2| sin(mey)||yc| R — cos(mey)y}
= cos(mer)(R — R)(R — Ry),

where
| sin(mgy)| — 1 | sin(mey)| + 1

R, = _ R, =
1 [yl cos(mpy) 2= |yl cos(mer)

Because ¢, € (—n/[2m], w/[2m]), we have cos(m¢,) > 0. Thenif R > |Im zkl[l +
|sin(m(pk)|]/cos(m<pk), we obtain C;, > 0. Hence ImA, = —2yC, < 0, that is
Im B < 0, because a < 0, ¢ > 0, and from proof of Theorem 2 we know that

2mcz

lz|?
B i (z=z)/z N (z—z)/zr
|z — zl? lz — zl?

C=ZB—[ +2(m+1)b+2(m+2)az]

=1
00

Z Zw(@E=z)lz =zl + 27z — u)lz — ] /Dy = Z Ar/ Dy,
=1
where D, = |2 *lz — Zel*|z — zl2.
But A = z" B = 0, that is B = 0. This contradiction proves the theorem. |

REMARK. Theorem 3 remains true if we change the condition ¢, € (—m/[2m],
7 /[2m]) to the condition cos(mg,) > 0.

COROLLARY 1. Let f (z) = exp(d +cz™ + bz™' +az™*?) [ 1=, En(z/2) be a real
entire function, where m is a positive integer and a, b, c,d € R, a <0, ¢ > O and all
zeros zi of f (z) are real and positive. Then all zeros of f'(z) are real.
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