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AN EGOROV’S THEOREM FOR VECTOR FUNCTIONS

P. JiMENEZ GUERRA AND JoSE L. DE MARIA GONZALEZ

In this paper some results of Egorov's theorem type are given for
functions with values in locally convex spaces and Riesz's
theorem is proved for functions taking values in a sequentially

complete locally convex space.

In [1] necessary and sufficient conditions are given for a sequence of
measurable real functions to be almost uniformly convergent. In
generalizing to functions taking values in more general spaces, some
problems appear arising from the well-known fact (see [14]) that the sum of
two Borel measurable functions is not, in general, Borel measurable. Some

results in this area are given in [17].

In this paper some results of Egorov's theorem type are given for
functions taking values in locally convex spaces, and a proof of Riesz's
theorem is given for functions taking values in sequentially complete local
convex spaces. From these results some examples of spaces which have
Egorov's finite property with respect to certain families of functions were

obtained in [7].

Chi in [5] gives the definition of the integral for functions which
have "Egorov's property" and Gilliam in [9] supposes implicitly Egorov's
property in the definition of his integral and measurability, as it is

referred by Blondia in [4]. Rodriguez-Salinas uses it in [131}:to move from
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simple functions to U-measurable functions.

Throughout this paper we will denote by (X, u, £) a complete measure

space, by E a locally convex space and by [pi] a family of seminorms

1€l
which defines the topology of E . All functions used here will be

E-valued and defined on X .
DEFINITION 1. A sequence (f'n)nEN is said to satisfy the vanishing

restriction with respect to f if for every € > 0 there exists a family

of natural numbers {n(a, i) : (o, ©) € R" x I} such that

(1.1) u* u (a)] <€

(a,i) Ry H(®1),T

: +
holds, u* Dbeing the outer measure associated with u , R the set of

positive real numbers and
Al () (nen)

where
(@) = (= € X : py(f(=)-£a) > a} .
Evidently this definition is independent of the selected family of
seminorms (pi)iEI .
PROPOSITION 2. 4 sequence (fh) converges almost uniformly to a

function f if and only if it satisfies the vanishing restriction with

respect to f .

Proof. Let us suppose first that [fh) is almost uniformly
convergent to f . Then, given ¢ > 0 , there exists BE € I such that
u(BE] < g and (fh) converges uniformly to f on X - BE . 8o, for
every a >0 and 7 € I , there exists n{a, ¢) € N such that
pi[fk(x)—f(x)] S a holds for all k zn(a, ¢) and z € X - B_ .
Therefore

40
B_ > U, 1] af (a) ,
(a,2)€R I k=n(a,z)
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U
u* U . U Ak i(a) <€
(a,2) R XI k=n(a,z) ’
and the sequence [fh] satisfies the vanishing restriction with respect to
£~
J .
Conversely, if (fh) satisfies the vanishing restriction with respect

to f , then for every € > 0 there exists a family
{n(a, 2) : (a, ) € R x I} © N which satisfies (1.1) and therefore there
exists B € Z such that u(Be) < € and

B DO U

(@) .
(o,2) R xT

n(a,z),7
So, for every o >0 and % €I , piIBZ(x)—f(xX] < a holds for all

n=zn(a, 2) and x € Bz and consequently (fh) converges uniformly to f

on X - BE .

DEFINITION 3. We say that a sequence (fh) satisfies the strong

finite restriction with respect to a function f , if there exists a family
{n(a, ) : (o, ) € R" x I} €N such that

Aa)] < 4o

(3.1) u* u n(a,i),z

ot
0,72)€R XTI

holds.
In the same way, we will say that (fh) satisfies the finite

restriction with respect to f , if for every o > 0 there exists a family
{n(a, ) : © € I} © N such that

(3.2) WU Bl (@] <

Evidently, the last definitions are independent of the selected family
of seminorms (pi)iEI and if a sequence [fk) satisfies the vanishing

restriction with respect to a function f , then it satisfies also the
strong finite restriction with respect to f and therefore, it also

satisfies the finite restriction with respect to f . Later on, the
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converse assertions are proved under certain conditions.

DEFINITION 4. ILet M be a family of E-valued functions defined on
X . The locally convex space E is said to satisfy the finite Egorov's
condition with respect to M if and only if every sequence in M which
converges almost everywhere to a function, is almost uniformly convergent

on every measurable set 4 € I of finite measure.
The following results (among others) are proved in [10].

(a) 1If the locally convex space E is metrizable or LF , then FE
satisfies the finite Egorov's condition with respect to the family of the
EF-valued functions defined on X whose restriction to every measurable set
of finite measure, is a U-measurable function in the sense of [13]. The
same result holds in the case of E being the locally convex sum of a

family of Fréchet spaces.

(b) If E is a metrizable or LF space having weight of null
measure, then FE satisfies the finite Egorov's condition with respect to
the family of the E-valued functions defined on E whose restriction to

every measurable set of finite measure, is Borel measurable.

(¢} If E is a Banach space and its dual E’ has the Radon-Nykodim
property then (E, bw(E)) satisfies the finite Egorov's condition with
respect to the family of essentially separable F-valued functions defined
on X whose restriction to every measurable set of finite measure, is

pw(E)-Borel measurable.

THEOREM 5. [Iet us suppose that E satisfies the finite Egorov's
condition with respect to a family of functions M , then a sequence
(fh) c M satisfies the vanishing restriction with respect to a function f

1f and only if it satisfies the finite restriction with respect to f and

(fh) ig almost everywhere convergent to f .

Proof. If (fh] converges almost everywhere to f and it satisfies
the finite restriction with respect to f , then given € > 0 , for

a=1/p with p € N , there exists a family {n(l/p, Z) : 2 € I} © N

which satisfies

40
u*l U ] A{ i(l/p) < 4o
i€l k=n(1/p,i) >
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From this is deduced the existence of a set A(1l/p) € I , with
u(4(1/p)) < +° , such that
v f
A(1/p) o U U 4, (1/p)
i€l k=n(1l/p,i) ™
holds. If we consider the restrictions fn|A(l/p) and flA(1/p) it
follows from the hypothesis that the sequence (fhlA(l/p)) satisfies the

vanishing restriction with respect to f|A(1/p) and there exists a family
{Z(B, 2) : B € R+, 1 € I} © N such that

40

u* [ u, U A{ .(B)] n AQ1/p)| < /2P
(B,1) R'xI k=1(B,i) "°*

and

400
u*[u U A{ A(1/p) n A(l/p):l <elP .
1€I k=1(1/p,i) %

Indeed
+00 F +00 F
U U 4 ;(1/p)yc U U 4 ;(/p)
1€l k=t(1/p,2) ° i€l k=1(1/p,2) *°

where t(1l/p, ©) = max{Z(1/p, %), n{1/p, 2)} , and so

+00
pr| U u Al )| < e
€T k=t(1/p,i) "%

400
w U U A am| <.
(p,i) eNxI k=t(1/p,i) &

For every o >0 let p € N be the smallest natural number such that
1/p = a and let us take t{a, %)

t(1/p, €} . We are going to prove that

400 40

v, v Adw= v Ul .
(0,1) R'XT k=t(a,i) ~* (p,i) eNxI k=t(1/p,i)
400 f ‘ N
If =x € V] u A; .(a) then there exists a ¢ R ,

(a,) €R'xT k=t(a,z) k,t
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i €I and k= t(o, £) such that pi(fk(x)-f(x)) >a . Let p be the
smallest natural number with 1/p <a , then we have t(a, 7) = t(1l/p, Z) ,

p,;(fk(x)-f(x)) >1/p and

T A
x € u U A i(l/p) .
(p,2)eNxI k=t(1/p,z) "°
So the sequence (fh) satisfies the vanishing restriction with

respect to f . The opposite implication is trivial.

COROLLARY 6. If the space E satisfies the finite Egorov's
condition with respect to a family of functions M , then a sequence
[fh) c M satisfies the vanishing restriction with respect to f 1if and

only if (fh) satisfies the strong finite restriction with respect to f
and converges almost everywhere to f .

COROLLARY 7. Under the conditions and notation of the previous

corollary, if the sequence (fh) 18 almost everywhere convergent to f ,

then (fh) satisfies the strong finite restriction with respect to f if

and only if it satisfies the finite restriction with respect to f .
DEFINITION 8. A sequence (fh] satisfies the vanishing restriction

if for every € > 0 there exists a family of natural numbers

(o, ©) : (o, ) € R® x I} such that

(8.1) u* U U

Uy ] o) <€
a,2)eR XTI k,l2n(a,i)

Ak,Z,z

holds, where
A 1,500 = (= € X p (R(a)-Fi() > a} .

(f%) is said to be a Cauchy sequence in measure if

(8.2) lim p*| U Ak ) o) =0
ki |zer K000t
for all o > 0 . In the same way, we will say that (fh] is eonvergent in

measure to f when
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(8.3) 1im u*| U Af (a)| =0
n ier ™t

holds for every o > 0 .
Finally we will say that [fh) is M-convergent to f 1if for all
oo>0 and % € I it is true that

(8.4) f{xrex: pi(fh(x)—f(x)] >al e {x ex : pi(fk(x)—f(x)) > a}

vhenever k =n .

PROPOSITION 9. If the space E is Hausdorff and sequentially
complete and the sequence (fh) satisfies the vanishing restriction then

there exists a function f such that (fh) converges to f almost
unti formly.

Proof. Indeed, given € > 0 there exists a family
{n(a, Z) : (o, ©) € R x I} © N such that (8.1) is satisfied and therefore
it is possible to find a set B_ € I with u(Be) < g and

X-B C n ., n 2 . ()
(0, 2)€R' %I k,12n(a,7)
Then for every o >0 and © € I there exists n(a, ¢) € N such that
pi(fk(x)—fz(x)) < o whenever k, I Zn(a, Z) and x € X - Be . So there
exists ge(x) = 1im fh(x) for all x € X - B€ and evidently the sequence
n
(fh} is almost uniformly convergent to the function

0 if x € Bo s

flx) = )
Lgl/n(x) it z ¢ By in >

being B, = N B .
0 neN 1/n

PROPOSITION 10. I1f E <s Hausdorff and sequentially complete and

the sequence [fh] 18 convergent in measure to a function f and

satisfies the vanishing restriction then it is almost uniformly convergent
to f .
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Proof. The existence of a function g such that (fn) is almost

uniformly convergent to g follows from Proposition 9. Let us prove that

f = g almost everywhere. Clearly

{xeX:glx)# flaz)le U U {zeXx: pi(f(x)-g(:c)) > 1/n}
neN ¢€I

and

U {xe€x: p; (f(x)-g(x)) > 1/n} c I:U [x ex: pi(f(x)—fk(a:)] > l/2n}jl
1€T 1€T

u [U EXPE pi[fk(x)—g(x)] > 1/2n}:{
1€l
for all k ¢ N , from which we deduce that u*{x € X : gl{x) # flx)} =
PROPOSITION 11. If the sequence (fn) i8 M-convergent and
converges in measure to a function f , then (fn) satisfies the vanishing
restriction with respect to f .
Proof. 1In this case we have that

400
U A{.(a) = u 4 (a)
i€l k=n " ier Mot

+
for all a € R and n € N , and since

1im p* [u A;f (a)] =0
n 1 €T i

for every o >0 , given o = 1/k , with k € N , there exists n(1/k) € N

such that
Lu Af (1/k)] < g2
for all 1 = n(1/k) and so
f
“*[kle’N cer Bap 20 <<,

from which, in a similar manner to the proof of Theorem 5, we deduce that

(fn] satisfies the vanishing restriction with respect to f .

THEOREM 12 (Riesz). Let E be a Hausdorff and sequentially
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complete locally convex space and (fh) a Cauchy sequence in measure, then
there exists a subsequence (f, ) which satisfies the vanishing
k

restriction and is almost uniformly convergent to a function f .

Horeover, the sequence (f,) converges in measure to f .
Proof. Indeed, for all a > O , we have that

lim u*[ uUu 4 .(a)) =0,
k,1 ier Kolst

from where follows the existence of a non-decreasing sequence (nk) cN

such that
pil U a4 .(1/2k] < 1/2k
CeT h,l,7

for all h, L =2n, (k €N)

k

Let us define g = fhk+l and

k

for every k € N . Then u*[Ak] < l/2k and p*(F,) < 1/2k‘1 , where

k

fi = A, (k€N) . If h=212k and x{EFk then

p; (g,(2)-g,(2)) = p,(g,(x)-g, [ (2)) + ... +p,(g;, (x)-g,(x))
2k—l

1A

1/

holds for all <2 € I . If, for L, h €N, ©2 €T and o >0 ,

Ai,h,i(a) ={zx €ex: pi(gz(x)—gh(x)) > a}
then
u U 4/, (a)cF
i€l h,lon LMt k

for all n = k , being 172871

https://doi.org/10.1017/5S0004972700009412 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700009412

460 P. Jimenez Guerra and Jose L. de Maria Gonzalez

Therefore, for a, € > 0 , let us consider kl(a) € N such that

kl(a)—l

1/2 < min(a, €) , then

U U 4', .(a)CF
i€l h,lzn Mobot k

and
p*[ U u Aa' .(a)] < €
i€l h 1o Mobs?

hold for all »n = kl(a)

So, given a = 1/p , with p € N , there exists kl(l/p) € N such

that

u*[ U U Al Z,i(l/p)] < g/2P

1€l h,lzk (1/p)
from which it follows immediately that

u*{ u v u Al .(l/p)] <e .
pav i€l h,lzk (1/p) 5"

Now, proceeding in the same way as in the proof of Theorem 5, we have
that the sequence [gn) satisfies the vanishing restriction and so, from
Proposition 9, the theorem follows.

LEMMA 13. Let g be a non-negative real function (defined on X )
with a finite distribution function (see [1], Definition 2.1). If (fn]

and f are such that p; (fh—fj < g almost everywhere for all n € N
and 1 ¢ I , then the sequence (fh) satisfies the finite restriction with
respect to f .

Proof. It is immediate.

THEQREM 14. With the notation of Lemma 13, if E satisfies the
finite Egorov's condition with respect to a family of functions M ,

(fh) c M is almost everywhere convergent to f and p;s fh < g almost

everywhere, then (fh) ts almost wniformly convergent to f .
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Proof. This is an immediate consequence of Lemma 13.
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