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AN EGOROV'S THEOREM FOR VECTOR FUNCTIONS

P. JIMENEZ GUERRA AND JOSE L. DE MARIA GONZALEZ

In this paper some results of Egorov's theorem type are given for

functions with values in locally convex spaces and Riesz's

theorem is proved for functions taking values in a sequentially

complete locally convex space.

In [7] necessary and sufficient conditions are given for a sequence of

measurable real functions to be almost uniformly convergent. In

generalizing to functions taking values in more general spaces, some

problems appear arising from the well-known fact (see 1142) that the sum of

two Borel measurable functions is not, in general, Borel measurable. Some

results in this area are given in [/I].

In this paper some results of Egorov's theorem type are given for

functions taking values in locally convex spaces, and a proof of Riesz's

theorem is given for functions taking values in sequentially complete local

convex spaces. From these results some examples of spaces which have

Egorov's finite property with respect to certain families of functions were

obtained in [7].

Chi in [5] gives the definition of the integral for functions which

have "Egorov's property" and Gilliam in [9] supposes implicitly Egorov's

property in the definition of his integral and measurability, as it is

referred by Blondia in [4]. Rodriguez-Salinas uses it in [J3]:to move from
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simple functions to y-measurable functions.

Throughout this paper we will denote by (X, y, E) a complete measure
space, by E a locally convex space and by (p.) .._ a family of seminorms

which defines the topology of E . All functions used here will be

Z?-valued and defined on X .

DEFINITION 1. A sequence [f ) , . , is said to satisfy the vanishing

restriction with respect to f if for every e > 0 there exists a family
of natural numbers {n(a, i) : (a, i) € R x J } such that

u
 +

< e

holds, y* being the outer measure associated with y , R the set of

positive real numbers and

f +c° f
F ^(a) = U ^ ^(a) (n € N)

n'% i=n '

where

A .(ct) = {x € X • p. (f (x)—f"(x)] > a}

Evidently this definition is independent of the selected family of

i'iU 'seminorms (p-J •

PROPOSITION 2. A sequence [f ) converges almost uniformly to a

function f if and only if it satisfies the vanishing restriction with

respect to f .

Proof. Let us suppose first that [/ ) is almost uniformly

convergent to / . Then, given e > 0 , there exists B € E such that

y [B ) < e and (/ ) converges uniformly to / on X - B . So, for

every a > 0 and i € J , there exists n(a, i) € N such that

P- [fi,(x)-f(x)] - a holds for all k > n(ot, i) and x € X - B .

Therefore

s o u u 4 i{a) '
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U U A? .(ot) < e
x,i)eR+xj k=n(a,i) >z

and the sequence (/ ) satisfies the vanishing restriction with respect to

Conversely, if (/ ) satisfies the vanishing restriction with respect

to f , then for every e > 0 there exists a family

{n(a, i) : (a, i) € R x j} c N which satisfies (l.l) and therefore there

exists B € E such that u(B ) < e and

S 3 U E?, .s .(a) .
e ( + " ( a t ) i

So, for every a > 0 and i € J , p. [f (x)-/(x)J S a holds for all
1/ ft

n > n(a, i) and x € S and consequently (/ ) converges uniformly to /

on X - B£ .

DEFINITION 3. We say that a sequence [f ) satisfies the strong

finite restriction with respect to a function f , if there exists a family

{n(a, i) : (a, i) € R+ x 1} c M such that

(3.1) y* U / ( i} (a) < 4»

holds.

In the same way, we will say that (/ ) satisfies the finite

restriction with respect to f , if for every a > 0 there exists a family

{n(a, i) : i E 1} c N such that

Evidently, the last definitions are independent of the selected family

of seminorms (p.) . and if a sequence (/ ) satisfies the vanishing

restriction with respect to a function f , then it satisfies also the

strong finite restriction with respect to / and therefore, it also

satisfies the finite restriction with respect to / . Later on, the
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converse assertions are proved under certain conditions.

DEFINITION 4. Let M be a family of S-valued functions defined on

X . The locally convex space E is said to satisfy the finite Egorov's

condition with respect to M if and only if every sequence in M which

converges almost everywhere to a function, is almost uniformly convergent

on every measurable set A € £ of finite measure.

The following results (among others) are proved in [70].

(a) If the locally convex space E is metrizable or LF , then E

satisfies the finite Egorov's condition with respect to the family of the

2?-valued functions defined on X vhose restriction to every measurable set

of finite measure, is a M-measurable function in the sense of [73]. The

same result holds in the case of E being the locally convex sum of a

family of Frechet spaces.

(b) If E is a metrizable or LF space having weight of null

measure, then E satisfies the finite Egorov's condition with respect to

the family of the ff-valued functions defined on E whose restriction to

every measurable set of finite measure, is Borel measurable.

(c) If E is a Banach space and its dual E' has the Radon-Nykodim

property then [E, bw(E)) satisfies the finite Egorov's condition with

respect to the family of essentially separable ^-valued functions defined

on X whose restriction to every measurable set of finite measure, is

bw(E)-Borel measurable.

THEOREM 5. Let us suppose that E satisfies the finite Egorov's

condition with respect to a family of functions M 3 then a sequence

[f ) c M satisfies the vanishing restriction with respect to a function f

if and only if it satisfies the finite restriction with respect to f and

[f ) is almost everywhere convergent to f .

Proof. If [f ) converges almost everywhere to / and it satisfies

the finite restriction with respect to / , then given E > 0 , for

a = 1/p with p € N , there exists a family {n(l/p, i) : i € J} c N

which satisfies

I— —r

u u A( _.(I/P)| < +» .
iil k=r<

https://doi.org/10.1017/S0004972700009412 Published online by Cambridge University Press

https://doi.org/10.1017/S0004972700009412


An Egorov's theorem 455

From this is deduced the existence of a set A{l/p) € E , with

\i[A(l/p)) < +°° , such that

• K » -

4( l /p ) => U U 4 .(l/p)

i€I k=n(l/p,i) * ' 1

holds. If we consider the restrictions / |A(l/p) and /|j4(l/p) it

follows from the hypothesis that the sequence [f \A{l/p)) satisfies the

vanishing restriction with respect to /|.A(l/p) and there exists a family

{1(0, i) : g € R+, i € 1} c N such that

V R 4.\ fR+x
U (0)] n i4(l/p) < e

and

u* u .(l/p) n

Indeed

U U d£ .(l/p) c U U
ill k=t(l/p,i) >tp i€J k=Z-(i/p,-t)

where t(l/p, i) = max{i(l/p, i ) , «(l/p, i)} , and so

/2? .

i{,-(l/P) ,

U U

and

iil k=t(l/p,i)

i*\ U U
Wp,i)€NxI k=t(i/p,i)

(l/p) < e

< e .

For every a > 0 let p € M be the smallest natural number such that

l/p 5 a and let us take t(ot, i) = *(l/p, i) . We are going to prove that

U (a) U 4 AW) •

If x 6 .(a) then there exists a € R ,
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i € I and k > t(a, i) such that p. {fAx)-f(x)) > a . Let p be the

smallest natural number with 1/p 5 a , then we have t(a, i) = t(l/p, i) ,

pi{fkix)-f(x)) > 1/p and

+» ,
x € U U A1 .(1/p) .

(p,i)€Nxj k=t(l/p,i) *•*

So the sequence (/ J satisfies the vanishing restriction with

respect to / . The opposite implication is trivial.

COROLLARY 6. If the space E satisfies the finite Egorov's

condition with respect to a family of functions M , then a sequence

(/) c(l satisfies the vanishing restriction with respect to f if and

only if [f ) satisfies the strong finite restriction with respect to f

and converges almost everywhere to f .

COROLLARY 7. Under the conditions and notation of the previous

corollary, if the sequence [f ) is almost everywhere convergent to f ,

then [f ) satisfies the strong finite restriction with respect to f if

and only if it satisfies the finite restriction with respect to f .

DEFINITION 8. A sequence (/) satisfies the vanishing restriction

if for every e > 0 there exists a family of natural numbers

{n{a, i) : (a, i) € R x J} such that

(8.1)

holds, where

..(a)

(/ ) is said to be a Cauahy sequence in measure if

(8.2) lim u* U A .(a) = 0

[iil K' '* J
for all a > 0 . In the same way, we will say that (/ ) is convergent in

measure to f when

https://doi.org/10.1017/S0004972700009412 Published online by Cambridge University Press

https://doi.org/10.1017/S0004972700009412


An Egorov's theorem 457

(8.3) lim y* U Af (a)(
n \itl n''v

= 0

holds for every a > 0 .

Finally we will say that [f ) is M-convergent to f if for all

a > 0 and i € J it is true that

(8.U) {x € X • Pi{fn(x)-f(x)) > a} c {x € X : pi (/fc(x)-/(a:)) > a}

whenever k S n .

PROPOSITION 9. If the space E is Hausdorff and sequentially

complete and the sequence [f ) satisfies the vanishing restriction then

there exists a function f such that [f ) converges to f almost

uniformly.

Proof. Indeed, given e > 0 there exists a family

{n(a, i) : (a, i) € R+ x j} c N such that (8.1) is satisfied and therefore

it is possible to find a set B € E with \l [B ) < £ and

X ~ Be C n
 +

 n 4 I i{a) •e (a,i)€R xj K L ^

Then for every a > 0 and i € J there exists n(a, i) € N such that

p.[f(x)-f1(x)) S a whenever k, I 2 n(a, i) and x € X - B . So there

exists g (x) = lim f (x) for all x € X - B and evidently the sequence
n n £

(/ J is almost uniformly convergent to the function

if x € BQ ,

^l / n(x) if x £ Bl/n ,

being BQ -

PROPOSITION 10. if E is Hausdorff and sequentially complete and

the sequence [f ) is convergent in measure to a function, f and

satisfies the vanishing restriction then it is almost uniformly convergent

to f .
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Proof. The existence of a function g such that [f ) is almost

uniformly convergent to g follows from Proposition 9- Let us prove that

f = g almost everywhere. Clearly

{x I X : g{x) * f(x)} c U U {z I X : p. (f(x)-g(x)) > 1/n]
nlti ill

and

U {x I X : p.[f(x)-g(x)) > l/n} U {x I X : pAf(x)-fAx)) > l/2n}\
i l l

u U {x I X : p [fAx)-g{x)) > l/2n}

i l l

for a l l k I N , from which we deduce that y*{x I X : g{x) ± fix)} = 0 .

PROPOSITION 11. If the sequence [fn) is M-convergent and

converges in measure to a function f , then [f ) satisfies the vanishing

restriction with respect to f .

Proof. In th is case we have that

U U A{ .(a) = U / .(a)
ill k=n 'v ill n'%

for all a I R and n I hi , and since

lim y*[ U A? .(a)] = 0
n HII n'z >

for every a > 0 , given a = 1/k , with k I N , there exists «(l/k) I N

such that

y*[ U $

for all I > nil/k) and so

U U / } (i/fc)] < e ,
k̂CN i l l n^1/K>^ )ill

from which, in a similar manner to the proof of Theorem 5, we deduce that

[f J satisfies the vanishing restriction with respect to f .

THEOREM 12 (Riesz). Let E be a Hausdorff and sequentially
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complete locally convex space and [f ) a Cauchy sequence in measure, then

there exists a subsequence [f ) which satisfies the vanishing
nk

restriction and is almost uniformly convergent to a function f .

Moreover, the sequence [f ) converges in measure to f .

Proof. Indeed, for all a > 0 , we have that

lim u*| U A, 7 .(o)| = 0 ,

from where follows the existence of a non-decreasing sequence («, ) c N

such that

for a l l h, I > n, (k € N) .

Let us define o, = f , and
*k J n.+l

X : p.{gk+1(x)-gk(x)) >X/2k

k
I*- \.-L

for every k € N . Then \i*[Ak) < 1/2* and y*(F,) < l /2 f e " 1 , where

f.= U A. (k € N) . I f h > I > k and x t F. then
* J k

holds for a l l i € J . If , for I, h € N , £ € J and a > 0 ,

Ai,h,i{a) = ix * x • Pi{9t(x)-gh(x)) > «}

then

U U A> (a) c F

for a l l n 2: fe , being
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Therefore, for a, £ > 0 , let us consider fc..(a) € N such that

k (a)- l
1/2 < min(a, e) , then

U u K i ^(a) c F
k

idl h,V?n ' '

and

A U U A> .(«

hold for all n > k (a) .

So

that

, given a = 1/p , with p € N , there exists fc (l/p) € M such

y*f U U A' .(1/p)} < e/2p

Hil h,ltk(\/V) h*L*'1 >

from which it follows immediately that

V*\ U U U A' .(l/p)l < e .

Now, proceeding in the same way as in the proof of Theorem 5, we have

that the sequence (g ) satisfies the vanishing restriction and so, from

Proposition 9, the theorem follows.

LEMMA 13. Let g be a non-negative real function (defined on X )
with a finite distribution function (see [7], Definition 2.1). If [f )

and f are such that p . : [f -f] < g almost everywhere for all n € N

and i g J j then t?ze sequence [f ) satisfies the finite restriction with

respect to f .

Proof. I t is immediate.

THEOREM 14. With the notation of Lemma 13, if E satisfies the
finite Egorov 's condition with respect to a family of functions M ,
[/ ) c M is almost everywhere convergent to f and p •, f < g almost

everywhere, then [f ) is almost uniformly convergent to f .
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Proof. This is an immediate consequence of Lemma 13.
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