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MULTIPLIERS FOR WEIGHTED HARDY SPACES ON
LOCALLY COMPACT VILENKIN GROUPS

TosHIYUKI KITADA

Let G be a locally compact Vilenkin group. We study multipliers which satisfy
a generalised Hormander condition from power-weighted Hardy space Hg(G) to

H},(G) with0<pg<g<oo, 0<pgl, -1<4, #'.

1. INTRODUCTION AND PRELIMINARY RESULTS

In [5] Kurtz gave weighted norm inequalities for kernel operators which map an
LP(R™) space into an LI(R") space with 1 < p < ¢ < co. Applying them to multiplier
operators which satisfy a generalised Hérmander multiplier condition, he obtained a
multiplier theorem between weighted LP(R"™) spaces and weighted LI(R"™) spaces. In
(11] Vinogradova considered a multiplier condition which is stronger than that of Kurtz,
and gave a multiplier theorem from weighted LP(R") space to weighted LP(R™) space
with different power-weights.

In this note we consider the case 0 < p < 1, p € ¢ < oo under the setting of the
locally compact Vilenkin groups G, instead of R™. Let HS (0<p<oo, f>—1) bea
power-weighted Hardy space on G. We give a sufficient condition for a function ¢ on
I' (the dual group of G) to be a multiplier from Hj to H;,, 0<p<l, p<gqg<oo.
Our main result is Theorem 2, which is showed by combining multiplier theorems on
HE (0 < p < oo, B> —1) of the present author [2, 4 and 3] with a weighted norm
inequality for the fractional integral operator on G (Theorem 1).

Throughout this note G will denote a locally compact Vilenkin group, that is to
say, G is a locally compact abelian topological group containing a strictly decreasing

sequence of compact open subgroups (G,)>, such that
(i) U Gn=G and ) G, ={0}.
(ii) sup{ order (Gn/Gn+1):n € Z}:= B < oo.
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Examples of such groups are described in |1, Section 4.1.2]. Additional examples
are the additive group of a local field (see [10]).

Let T be the dual group of G and let I, be the annihilator of G, foreach n € Z.
Then (') is a strictly increasing sequence of compact open subgroups of ' such that

() U Tn=Tand () Tu= {1}, and (i) order (Tns1/Tn) = order (Gn/Gns1). We

choose Haar measures dz on G and dvy on T so that |Gy| = || = 1, where |A| denotes

the Haar measure of a measurable subset A of G, or T'. Then |Gn|™" = |Ts| := mp, for

each n € Z. For z € G, we set |z| = (my)™" if 2 € Gp \ Gny1 and |z| =0 if z = 0.

Similarly, we set |y| = mp41 if ¥ € Tp41\Tn and |4| =0 if ¥ = 1. Since 2m, < mp4a
) k

for each n € Z, it follows that Y (m,)"" < C(mi)™™ and Y (mn)® < C(ma)”

n=k n=—oo

forany a >0, k€ Z.

The symbols * and VY will denote the Fourier transform and inverse Fourier
transform, respectively. We have (¢g,)" = ITn| ! ér, := F, and, hence, (fp,,)v =
|G|t €, := A, for each n € Z, where ¢4 denote the indicator function of a set A.

The Lebesgue space on G with respect to the weight measure |z|*dz will
be denoted by LE(G) or L%, 0 < p < oo, a € R, and we set [f|,, =
(fe 1f ()P = d:c)llp. When a = 0, we write L? and ||f||, instead of L% and ||f||
respectively. We set |A|, = [, |z|* dz (hence, |A]y = |A]).

Following Taibleson’s development of a distribution theory on local fields [10], we
define S(G) or S to be the set of all functions ¢ on G such that ¢ has compact
support and is constant on the cosets of some G, n € Z. A sequence (¢,); in S(G)

p,o,

converges to ¢ in S(G) if there are integers r,s so that each ¢, and ¢ are constant
on the cosets of G, and are supported on G, and (pn);" tends to ¢ uniformly on
G. The set of all continuous linear functionals on S(G) will be denoted by S'(G) or
S'. A sequence (fn); in S'(G) converges to f in S'(G) if for all ¢ € S(G) we have
limp oo {fn, ) = (f,9)-

Similarly, S(T') and S'(T') are defined. For more details, see [10].

For f € S' we define its maximal function f* by f*(z) = sup,, |f * An(z)|. The
power-weighted Hardy spaces H? := HZ(G) are defined as the space of all f € §' for
which [|fll g2 == ||f*ll;,a < 00, where 0 <p< 00, 2 €R.

Let 0 <p < oo and a > —1. A function a on G is called a (p,00), atom if there
exists an interval(coset) I := 29 + Gn such that (i) supp a C I, (ii) |la]|, < |I|;1/P ,
and (iii) f;a(z)dz =0 . The atomic characterisation of HE spaces are given as follows,
see [6, Theorem 3.5], (3, Theorem 3.2).

LEMMA 1., Let 0 < p <1 and -1 < o < 0. Then f € HE if and only if
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f = Y Ma; in §', where each A\; > 0, a; is a (p,00), atom and ) A¥ < oo.
i=1

i=1

Furthermore, ||fll i3 ~ inf{(X X?)'/%; f = ¥ Aia:} -
LEMMA 2. Let 1<p<oo and -1 <a<p—1. Then HE = L%

PROOF: One direction of LZ C H? follows from Hardy-Littlewood maximal in-
equality. The other direction is seen by a routine argument. We omit the details. 0

LEMMA 3. Let 0<p<1 and -1<a<0. Then S :={f € S, [ f(z)dz = 0}
is dense in HE.

PROOF: Let f € H? and € > 0. Then, by Lemma 1, there is a function g, which
is a finite linear combination of (p,0), atoms, such that ||f — g"’;{g < €. Since supp
g is compact and fg(z)dz = 0, it is easily seen that g * A, € So for all n € Z.
So if we show that (9 —g* A,)* — 0 in L as n — oo, we have ||f—g*A,.||:Ig <
IIf—= g”;{g +]lg—g* A"”?{Z < 2¢ for large enough n, and this completes the proof of
the lemma.

Since g € L', g * Ap(z) — g(z), for almost all z as n — co. Therefore we have

(9-9*An) (z) = sup |(g — g * An) * An(z)]
meZ

= sup Ig * Am(z) —g* An(z)l - O(n - oo)’
m>n

for almost all z. Since (g —g* A,)* < 2¢* and g* € L%, the Lebesgue dominated
convergence theorem implies that (9 — g * A,)" — 0 in L%. 0

LEMMA 4. Let > 0,0 < p,g < o and 3,8 > —1. Then there is a constant
C > 0 such that
[* |I|,19{q <C III}S/" for any interval I,
if and only if
g B 1 1

- =-Z4-4+a>=0.
P g P 9

PRrooOF: For f > —1, it is easy to see that |I|g ~ (m,,)—ﬁ_1 fI=G, nel
and IIlp = (ml)_ﬁ(m,.)_'l HfI=z+G, z€ G¢\ Ggt1, £ < n. The proof of the

lemma follows from this fact at once. a

2. FRACTIONAL INTEGRALS AND MULTIPLIERS

The fractional integral operator I, on G is defined by (Iof)"(7) = |y|™* f(7), f €
So, @ > 0 ( see [10, 7]). We set kq(z) = |z|*”! for a # 1, and k;(z) = log |z|. Then,
unlike the case R™, ko(7) is not a constant times |y|™ in general.
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LEMMA 5. Let a > 0. Then, in the sense of distributions, %o is a radial function
on ' and ko(y) ~ |y|™, that is, there exist constants C,C2 > 0 such that

Ca |~ < [fa(m)| < CiI™® fory €T
PROOF: Consider first o # 1. Since |z|°‘_1 is locally integrable, we have, for each
¥ e S(T),
(ka,"/’) = (lzla_l 7’!’\’)

=) (ma)'"" /G €Gn\Goy, (2)9"V (2)dz

n=s

= Y e [ (Fa = Frn )i,

where 8 € Z is an integer such that 1 is constant on each cosets of T',, but not on a
coset of I',4; in T'. Weset F= ) (m,;)l_"‘(Fﬂ — F,+1) and define
(R 1= 3 (ma) ™ [ (B~ Frs)rlbln)er.

Then ko = F in S'. And if ¥ € T4y \ Ty, £ € Z, then

F(y)= Y (ma) ""(F» — Fas1)() = (me)' " Feya()
n=£+1

= i ((m,,_,_l)l_" - (m,.)l—q) Faga(7)

n={

_ 3 ()" (ma)

et Mnt1
0o l-a 1-a
-a a(Mn41) ™" = (mn)
= m
17 2 (mera) 2
= |7|_° Cl,ﬁ) sa’y ]
where the second equality follows from the fact that (m,)”" — 0 (n — 00). It is easy
to see that
1— 2a—1 1— Ba—l .
T-p-= SCteS 7o Ha<l
1- B! 1-20-0
and WSCAQQ 1_—B_-:, if > 1.
When a =1, a similar argument for k;(z) = log |z| holds and we have the conclusion
of lemma. 1]
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REMARK 1. When m, = p*, n € Z (p > 2is a prime integer), we have I;;('y) =
(1 =p=1)/Q=p®)) 1™, @ #1 and ki(7) = ((logp)/(1 - p72)) Iv| ™.

We consider the (generalised fractional integral) operator T, as follows:

DEFINITION 1: Let a > 0 and 7(y) be a radial function on I' such that r(y) ~
ly]~®. We define the operator T by (Tof)"(v) = -r(‘y)f('y), f € Sg. Weset 7y 1=
7(7), Y€ Tn+1\Th, foreach n € Z.

Note that if @ > 0 and f € Sy then Tof € So. f 0 <a <1 and f € S then T, f
is well defined and locally integrable. For either case, we have

L]

Taf= Z Tn(An+1_’An)*f'

n=--oo
In what follows, we assume that 0 <p<1 and -1 <8 <0.

THEOREM 1. Let @ > 0, 0 < p £ g < 00 and ' > —1. Then the following
conditions are equivalent:

) 1Tafllg, < Cllflgg forall S € o
1]
(2) é‘j—l-='3+1+a andogl—lga
p q P 9

This theorem is similar to Theorem(1.5) in [8] for the fractional integral operator
on R™. Since our weights are power-weights, a necessary and sufficient condition for the
inequality (1) is given precisely as (2). By Lemma 3, the inequality (1) has a continuous
extension to all of H 5 .

PROOF: For simplicity of notation, we write T for T, .

(1) = (2): For any interval I :=zq + Gpn,, 20 € G, no € Z, we define a € Sy by
a(z) = (B + 1) |57 (Dnot1 = Buo)(z ~ 2a).
Then a is a (p,00)4 atom and [[a[(H; 1. Andfor z €1,

> <]

ITa(z)| = | Y 7a(Ant1 — Ag)* a(z)

= |7ao0(2)| > C(mang) ™ 11|5"/?
= ClI* 15"
Since (Ta)” > |Ta| on I, we have

12 [lallgg > ClTellyg, = Cl[(Ta)" |, 5

> C\Tall e > C 111 {15 710 .
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Hence, Lemma 4 implies (2).
(2) = (1): We first show that for (p,00), atom a, Ta is a (g,00)4 atom up to a
constant which is independent of a. Let a be a (p,oo)}.j atom such that suppaC I :=
Zo+ Gngy, 20 € G no€Z. If z ¢ I,then z — 2o € Gy \ G4y forsome £ € Z, £ < my.
Then (z +Ga)NI=0forn>€,and 24+ G, D I for n < €. So A, *xa(z) =0 for all
n € Z. This shows Ta(z) = 0. Hence, supp Ta C I.

Let z € I. f n < ng, then 2 +Gpnyy D I and A,y * a(z) = 0. Hence, by
Lemma 4,

oo

ITa(z)| < Y Ima(Ants — An) # a(2)|

n=ngp

<C Y (mn) ™ [lallo < Clmne) ™ llall oo

n=ng
<CUP Y <o,

The cancellation property of T'a follows from that of a. Therefore Ta i1s a (q,oo)ﬁ,
atom up to a constant such that

®) 1 Tall s, < C,

where C is independent of a (we note that under the condition (2), 8' < ¢(1/p ~ a) -
1 £ 0, so by Lemma 2, ”T“”H;, ~|Tall, g ,if ¢>1).

The inequality (3) also holds for the modified operator TV (N € Z) defined by
(TN f)A = Tém\r N)?. This is checked easily and we emphasise that the constant C in
(3) for TV is the same as the one in (3) for T.

Let us go on to prove (1). We consider the case ¢ < 1 and ¢ > 1 separately. In

either case, for f € Sp, let f(z) = > Aia; be a possible atomic decomposition of f (as
=1

an element of HS). Since f € Sp, thereis an N € Z such that f: 0 on I'y. Then
we have Tf =TNf.

If ¢ <1, then it follows from (3) that

oo oo 1/q oo 1/p
S AaTNa|| <C (z ,\g> <C (Z ,\f) ,
=1 =1

=1

H?
B

since p < ¢. This means that Y A\;TVNa; converges in H;,. Hence, for any ¥ € S(T'),
i=1
we have

< (Z »\iTNai) ,1/’> = < E t\ié}fﬁr\r‘mif’> = <E Aia‘,‘r&\r,ﬁb>
i=1 =1 i=1

https://doi.org/10.1017/50004972700015902 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700015902

(7] Locally compact Vilenkin groups 447

because Tér\r,, is locally constant on T,

= <(E /\iai) ,Tfr\rN¢> = (Tfl‘\l‘zvf"b)
=1

=((TVH)" %) = (TF,¥).

Therefore we have Tf = § X\TNa; and

i=1

o 1/p
I7$ls, < (z »\f) -
i=1

By taking the infimum on the right hand side above, we have the inequality (1).
If ¢ > 1, then by using Minkowsky’s inequality,

(/G - dz) "’ <3 (/G |7V ai()]|" = d:v) )

i ATV ai(z)

=1 i=1
oo oo 1/p
<CYy n<ce (E,\f) ,
=1 =1

because p < 1. Hence, Y A\;TVa; converges in Lg,. The remainder of the proof is the
=1
same as the case ¢ < 1. This completes the proof of theorem. i
REMARK 2. Compared with the proof of Theorem(1.5) in [9], our proof of Theorem 1
is simple as above. It is due to the fact that So(G) = {f € S(G), supp F31}. In[9)
Stromberg and Wheeden also deal with the case p > 1, and obtain [9, Theorem (1.1)}.
For the groups G, by using other methods as in [8], we can get the following result:
Let l1<p<g<oo,0<a<land -1<f8<p—-1, -1 <fB'. Then

1Tafllgpr < Cllifll, s forall fES
if and only if
B+1 p'+1
P 4

N
R

+a and0<

h- R
Q|

Before stating Theorem 2, we need to introduce a generalised Hormander class of
multipliers space, M(s, A, a) (see [5]).
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DEFINITION 2: Let A> 0,1 < s <o and a € R. For a function ¢ on I', we set
pj = <p§p1.+l\p’., j €Z. A function ¢ on I' belongs to M(s, ), @) if there is a constant
C such that

le(M)| < C ™ and sup{(m;)*~/***[D*p;]|,} < o,
jEZ

where D*p; := (I:c|A (tp,-)v)A

M(s,A,0) is M(s,)) introduced in [2, and 3]. Notice that if we let p(v) =
P(7) I7|”, then ¢ € M(s,),a) if and only if ¥ € M(s,)). Also, |v|™% € M(s,),a)
forall A>0and 1 <s< oo.

THEOREM 2. Let a >0 and 0 < 1/p—1/q9 £ a. Suppose that ¢ € M(s, ]}, a)
for 1 < s < oo, A > max(1,1/g) — 1/ max(2,s'). Then

Y
(4) H (¢f) H <Clfllp forall f €S,
Hq B
ﬂ'
if -1 < <0, max(—1,—¢A) < 8' and
!
P q

PROOF: Let 9(7) := (7)) |7|® and f € So. Then ¥ € M(s, ).
If ¢ <1, then, by Theorem 4.5 in [3] and Theorem 1, we have

(eF )V”u;;, = |Gec=y”]

H;,
< Clafls,
<Clfllug.
If ¢ > 1, then, by Theorem 1 in [2] or Theorem(3.6) in [4] and Theorem 1, we
have,
v
[e7)"]. | <cltasug, <ctlng.
HT B! B
BI

This completes the proof of theorem. 0

By Lemma 3, the inequality (4) in Theorem 2 has a continuous extension to all of
H g . When 0 < a < 1, we can prove Theorem 2 directly by the method as in the proof
of [3, Theorem 4.4 and Theorem 4.5].
* For the case p > 1, we can also get a similar result to Theorem 2 by the same idea
as in the proof above (see Remark 2). This will appear elsewhere.
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