FORMALLY NORMAL OPERATORS HAVING
NO NORMAL EXTENSIONS

EARL A. CODDINGTON

1. Introduction. The domain and null space of an operator 4 in a Hilbert
space 9 will be denoted by D(4) and N(4), respectively. A formally normal
operator N in O is a densely defined closed (linear) operator such that
D(N) C DV*), and ||Nf]| = ||N*f]| for all f € D(N). A normal operator in
9 is a formally normal operator N satisfying D(N) = D(N*). A study of the
possibility of extending a formally normal operator NV to a normal operator
in the given , or in a larger Hilbert space, was made in (1). Necessary and
sufficient conditions for such an extension in § were presented, as well as
sufficient conditions for a normal extension in a larger Hilbert space. At the
time of the writing of that paper it was not known to us whether or not a
given formally normal N always could be extended to a normal operator, in
a possibly larger Hilbert space. The main purpose of this paper is to present
an example of a formally normal N in a Hilbert space § which has no normal
extensions in 9 or in any larger Hilbert space. This situation thus contrasts
sharply with that which obtains for symmetric operators, for every sym-
metric operator in § may be extended, in a trivial way, to a self-adjoint
operator in a larger Hilbert space.

When we mentioned to B. Fuglede our suspicion that such an example
existed, he recalled his knowledge of a pair of densely defined symmetric
operators .Sy, S in a Hilbert space © which have a common invariant domain
DS1DCD, S:DCD), S1Seu =8,51u for all u € D, and the closures
Sy, S, self-adjoint, but such that the spectral resolutions of S;, S, do not
commute. He then indicated to us that the closure of the operator .S; + S,
is a formally normal operator having no normal extensions. Although Fuglede
never published his interesting example, a different pair of such operators
S1, Sz was exhibited by E. Nelson in (3, p. 606).

Our example is of a different nature, and is of interest since it has a certain
minimum character. It is an ordinary differential operator of the third order
for which dim (D(WV*)/D(N)) = 1. Using this operator one can construct
further examples of formally normal operators N having no normal extensions,
such that dim (D(N*)/D(NV)) is any given positive integer. In our example
the symmetric operators Re N = (N + N)/2, Im N = (N — N)/2i (N being
the restriction of N* to ©(N)) have deficiency indices (0,0) and (0, 1) re-
spectively.
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We indicate that, for our example, the domains of N*, N*, (Re N)*, (Im N)*
are not comparable. In a concluding section we show that in some situations,
where these domains are comparable for a formally normal N in §, normal
extensions exist in .

2. General considerations. Let &(7") denote the graph of an operator T
in a Hilbert space 9. If 4, B are closed operators with dense domains, and
A C B, then it is easy to verify that ®(B) © ®(4) consists of all {«, Bu}
€ &(B) such that u € N(I + A*B), where I is the identity operator. Since

G(B) = G(4) @ [0(B) © B(4)],
we have

) D(B) = D) + NU + 4*B),

which is a direct sum.
If N is formally normal in §, and N is N* restricted to D(N), then N C N*
since N C N*. The above shows that

DN*) = D) + M, M = NI + N*N*),
DWVY) =DWN) + M, M =N + N*N*).
The example we give is an N for which
2) dim M =dim M =1, dim(M N M) = 0.

We shall now indicate that any suchk N is maximal formally normal in O (has
no proper formally normal extensions in 9), and has no normal extensions in
any Hilbert space containing  as a subspace.

Let N be a formally normal operator in § for which (2) is valid. It is not
normal since D(N) # D(N*). Also N is a maximal formally normal operator
in §. Indeed, the first condition in (1) will guarantee this. Suppose N; is a
formally normal extension of N in . Then we must have

NC-NICN*, NCNl*CN*y

and an application of the result (1) gives
DWVy) =DW) + DMy, My = NI + N*Ny),
DN =DW) + My, DMy = NI + N*N).
It is now clear from the definitions of I and IM; that M; C M. Thus, if
M is non-empty, and dim I =1, we must have P; = IN. But then
N, = N*, which is not formally normal, since D(N*) is not contained in
the domain of (N¥)* = N.

It is of interest to verify that the condition dim (¢ N M) = 0 also implies
that N is maximal formally normal, for it is this condition that is used to

show that N has no normal extensions in any larger Hilbert space. (Thus
any formally normal N such that

®3)
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2" dim M = dim M\ > 0, dim(M N M) =0,

is maximal formally normal and has no normal extensions.) If N, N; are
formally normal in §, and N C Ny, then it will be shown that 9, C I N Dt
Therefore, if dim(M N M) =0, N = Ny; see (3). We have indicated that
M1 C M. To show that MWy C M we note that, since D(N;) C D(NH),
M C DWWV = DNV) + Py If ¢ € My we may write ¢ = f -+ ¢, where
f€ D), ¢ € M. Then

4

1o Mif) =5 X 4 [INue + DI

=1 F I+ DI
(

= (Ni*¢, N1¥),
or

(Ni¢, Nf) = (Nf, Nf) + (N1* ¢, Nf).
Thus

(N*N1 g, f) = |INfI]> + (N*N:* ¢, ),
and using the definitions of M; and 9, we sec that

—(¢,.0) = lINfIlP = (. ),
or
INI12 4 (¢ — . /) = [INfII* + [If]]* = 0.

This implies that f = 0 and consequently that ¢ = y, showing that 0t C M.

The fact that dim (0 N M) = 0 implies that N has no normal extension
in any Hilbert space § @ { was pointed out in (1, Theorem 4, Corollary).
We sketch the reasoning briefly. If .44 is a normal extension of a formally
normal N in § @ &, then N C .41*, and a consideration of graphs shows
that

DA = D(N) + &, ¢ = N(P 4+ N*P._1Y),
DA = DV) + &, = N(P + N*P_A™),

where P is the orthogonal projection of § @ & onto §. An argument similar
to the one above, where we showed that 9t C M N P, now can be used to
show that P& C M N M. But M N M = {0}, and 45 normal implies that
N must be normal, a contradiction.

3. The example. Let L denote the formal ordinary differential operator

on 0 <x < o given by
Lu =o' 4+ " — 3x 2’ + (3x~3 — 2x~?)u.
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Let N, be the operator in the Hilbert space $ = £,(0, ») with domain
D(Ny) = Co”(0, »), the set of complex-valued functions on 0 < x < o of
class C® which vanish outside compact subsets of 0 < x < o, and defined
by Not = Lu for u € D(Ny). Let N be the closure of Ny in §. This N is
formally normal and I = NI + N*N*) satisfies (2).

We observe that L may be written as L = Ly 4+ L,, where

Liu =u"" — 3x~2 4+ 3x%u,

Lou =u" — 2x 2,

and these operators have formal adjoints L;*, L.t satisfying Ls;t = — L,
Lot = L,, which implies that L+ = —L; + L.. Moreover, L, and L; for-
mally commute, that is

L2L3M=L3L2M, MGCOO(O,OO);

a fact which was pointed out by J. L. Burchnall and T. W. Chaundy in (2).
This and Green’s formula now imply that

@) AL = IILHIL f € DW).

Indeed, for such f we have

(Lofy Lsf) = —(Ls Lo f, f) = — (L2 Lsf, f) = —(Lsf, Lo f),

and therefore

ZAP = [[(Ls + LfI]* = [ILs fIF 4+ |[LafI[* + (Lo f, Ls f) + (Lsf, Laf)
= [[Ls fI[* + [[Lf* = [[(—=Ls + La)f|* = [ILFfI]

From the equality (4) we see that if f € D(N), and f, € D(Ny), fu —f,
Lf, — g, then L*f, tends to some limit g*. Thus f is in the domain of the
closure of Ny, the operator L* defined on ©(N,), and this closure is con-
tained in No* = N*. For D(N*) is the set of all # € $ such that u € C%(0, »),
1" isabsolutely continuous,and L*u € : moreover, N¥*u = Ltu for u € D(N*).
Thus D(NV) C D(N*). The operator N is just LT defined on D (), and
No* = N* is L defined on ©(N*), which is the set of all # € § such that
u € C*0, »), ' is absolutely continuous, and Lu € . From (4) it now
follows that ||Nf|| = ||Lf]| = ||[L*f]] = [|N*f]], for all f € D(N). We have
thus verified that NV is formally normal.

The space M = NI + N*N*) consists of all solutions u of the differential
equation

) I+ L+Lyu =0

satisfying u € ©, Lu € §; whereas M = N(I + N*N*) consists of all solu-
tions # of the same differential equation satisfying u € §, L*u € . Note
that all solutions of this question are analytic on 0 < x < « since L and L*
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have analytic coefficients. To compute the dimensions of the spaces M, m,
and M N M, we introduce the function ¢ defined by

o, N) = (' — Ve,

for 0 < x < », and all complex \. It is readily verified that this function
satisfies

L;¢ = N\ ¢, Ly =N ¢,
Thus
Lp = p(Nd = (\* + A\)g, Lt¢ = p*(Neé = (=23 + N9,

and

(I+LtL)p = g\ = (p*(Np(N) + Dé.
The polynomial ¢g(A) = —A® 4 A* 4 1 has no pure imaginary roots; for, if
A= —X

g\) = pT (=P +1=p(Np(\) + 1> 1.

If X is a root of ¢ so are X, —\, and —X. The roots of ¢ are distinct, and there
is one negative real root A\; such that 1 < [\j] < +/2. Two other roots s,

N3 = A have negative real parts, and |N\o] = |A;] < 1. The other roots are
A+ = —A1, As = — )z, A¢ = — Xy, and have positive real parts.

Let ¢x(x) = ¢(x, \y), B = 1,...,6, where the \; are the roots of ¢q. The
functions ¢i, ..., ¢ form a basis for the solutions of the equation (5) on

0 < x < ». Indeed, if we have constants ¢y, ..., ¢gsuch that,on 0 < x < »,

6

6
0= Z cr dr(x) = kgl Ck(x.l - )\k)em’

k=1

then
6

> gl =N x)e™ = 0,

k=1

and a differentiation gives

6

Z Cr >‘k2 6)\’# = 0.

k=1
Since the \; are distinct, and none are equal to zero, this implies that
c1=¢=...=¢ =0. The functions ¢i. ¢s. ¢3 are in (1, »), whereas
¢4, ¢5, Ps are not in this space. It is easy to see that the solutions of equation
(5) that are in (1, =) are spanned by ¢1, ¢, ¢3. Thus, if ¢ satisfies (5) and
¢ €9 = 2(0.x), we must have

3 3
o(x) = k;l cr $r(x) = kZl Ck(x_l - kk)e)\kzy
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for some constants ¢y, ¢, ¢3. This function has the form

¢(x) = (c1+ 2+ ca)a™ + $(x),
where ¢ is analytic at the origin. Thus ¢ € 9 if and only if
(6) c1+cs+c3 =0.

Since

3 3
L¢ = k; e Loy = k2—-=:1 cr P (\x) br,

we see that L¢ € 9 if and only if

(7 cip(\) + c2p(N2) + c3p(Ns) = 0.
Similarly, L*¢ € 9§ if and only if
® c1pt(N) + c2pt(Ne) + cspt(Ns) = 0.

Thus ¢ € M if and only if (6) and (7) are valid, and ¢ € M if and only if
(6) and (8) hold.

The conditions (6) and (7) are independent. An easy way to see this is to
note that if N, # N, then p(N\;) # p(\). Suppose, if possible that \; = N\
and p(\;) = p(\). Then, since pT(\;) = —[p(\;)]™*, we have p*(\;) = p+(\),
and this implies that N\;2 = N2 and ;2 = N3 Thus (\;/M)2 = (A/N)3 = 1.
Since (A\;/\y) # 1, we must have (\;/N;) = —1; but this contradicts
(N\;/N)? = 1. Similarly, N\; # A, implies that p+(\;) # p*(N\:), which in turn
yields the independence of the conditions (6) and (8). We have now proved
that dim 9t = dim M = 1. The function ¢ € M N M if and only if (6), (7),
and (8) are fulfilled. These constitute three independent conditions, for the
determinant of the coefficients ¢, ¢, ¢; is just

1 1 1 1 1 1
p) ) )| = [PODLA)PODNTT P 2O PO |

p?xll) p(_x; p?i) P'() () (N

which is not zero, since p(\;) # p(\v), j # k. Therefore dim (M N M) = 0,

and we have verified that ¢ and IN for N satisfy (2).

4. Remarks on the example.

(i) Using the example N, which was exhibited in §3, we can construct
other examples of maximal formally normal operators having no normal
extensions. Let S denote the maximal symmetric operator defined as the
closure in €;(0, ) of the operator 7 d/dx on C¢”(0, »). Its IM-space, which
is identical with its M-space, is N (I + S*?), which has dimension one. Con-
sider the operator
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Ny=N®..ONOS®...®S,

where there are p > 1 N's and ¢ > 0 S’s in the sum. The operator N; acts
in the Hilbert space $i, which is the direct sum of p + ¢ copies of €5(0, »).
Clearly,
N*=N*®..oN*dS*>... DS
Ni=N@...oN@®S@®...8S,
N¥=No.. 0N oS*®...dS*
Any formally normal extension N, of Ny in $; must satisfy Ny C No C N ¥,
and thus must be of the form

N:=N&.. o N oS®...08,

where N’, S’ are formally normal extensions of N, S, respectively. Since N, S
are maximal formally normal, N’ = N, S =S, and thus N; is maximal
formally normal. The IN-space for N, is the direct sum of those for the N’s
and the S’s, and this implies that

dim M = dim NI + N*N*) = p + ¢
Thus N; is not normal. Moreover, we have
dim@M N M) = q.

Now N; can have no normal extension in any larger Hilbert space, since it
was shown in (1, Theorem 9), that a necessary condition for such an extension
is that M = M in case dim M < . Therefore, we have exhibited formally
normal operators N;, having no normal extensions, for which dim It may
be any finite integer, and for which dim (¢ N M) may be any integer between
zero and dim % — 1. inclusive. We do not know of any such example for

which I = M.
(ii) Let Sy, S denote the real and imaginary parts of the operator N of
§ 3; thus,

S1 = (N + N)/2, S: = (N — N)/2i,
and hence S; = L, on D (&), whereas S, = —iL; on D (V). These operators
are symmetric, but not necessarily closed. Their deficiency spaces (and those
for their closures) are the spaces
Ci(E£?) = {u € D(SH|S*u = +1u}, for Sy,
Co(£2) = {u € D(S*)| So* u = F1u}, for S..
The dimensions of these spaces may be readily computed with the aid of
the function ¢ introduced in § 3. Indeed, Si* = L, and S.* = —iL; on their
respective domains, and so
Gi(d) = {u € 2:(0, )| Lou = =iu},
Co(£2) = {u € (0, )| —iLsu = ==1u}.

Il
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Now L ¢ = A% = i¢ if A2 = 2. Let Xy, Ay be the two roots of \2 — 4, with
Re N <0, Np = =)y, and let ¢1(x) = ¢(x, M), ¢2(x) = ¢(x, X\2). The solu-
tions of Ly# = iu are spanned by é1, ¢2. Since ¢1 € L2(1, ©), ¢o ¢ (1, ©),
the solutions that are in 5(0, ©) must be of the form c¢;, for some constant
¢. But this function behaves like ¢/x near the origin, and therefore cannot be
in 2(0, «) unless ¢ = 0. Thus dim €;(+7) = 0, and similarly dim &;(—17) =0,
which implies that the closure of .Sy is self-adjoint. An analogous argument
for .Ss leads to the result that dim Gy(++7) = 0, but dim Es(—1) = 1, so that
the closure of S, is maximal symmetric but not self-adjoint.

(iii) We mentioned in Remark (i) above that a necessary condition for a
maximal formally normal N (which is not normal) to have a normal extension
in a larger space is that M = M in case dim M < =, and consequently
D(N*) = D(N*) must be valid. It is interesting to note that for the N of
§3 (VN = S1+ 1S, in the notation of Remark (ii)) none of the domains
D), DNVF), D(S1*), D(S;*) are comparable—none is included in any of
the others. The function «, given by

alx) = (x 14 1De® — 71,
is in ©(N*) but in none of the other domains. Let 8 be a function defined by

et = 1)t — a7, 0<x<1,
5(’“)‘{0, 2<x <,

and B8 smoothed to be of class C*(0, «). This 8 is in ©(N*), but in none of
the other domains. If v is given by

()_fx2. 0<x <1,
¥ =0, 2<% <o,

and of class C®(0, »), then v € ©(S,*), but is in none of the remaining
domains. Finally, if § is defined as

5 =% 0<x <1,
T, 2<x < o,

and & € C°(0, ©), then 6§ € D(Ss*), but is in none of the other domains.

5. Further remarks. Let NV = .5; 4 4S,, where Sy = Re N, S; = Im N,
be formally normal in §. Here we consider some situations where the domains
of N*, N* S;* S,* are comparable, and show that in these cases N has a
normal extension in §. The closure of an operator 7 in $ will be denoted
by T.

First, we note that if S is self-adjoint, and D(S1*) = D(N*), then N must
be normal. This can be seen by observing that the mapping {u, S* u} —
{u, N*u} is a closed mapping of the Banach space &(S,*) into the Banach
space & (N*). The closed graph theorem then implies that this mapping is
continuous, and therefore there is a constant ¢ such that
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9) [[V*ul]? < c(|ISr* u[* + [[u]]), € D(SH).
Thus
HVul[? < c(l[Svul* + [[u]),  u € D(S).

From this it follows that if # € D(S1) = D(S*), then u € D) = D(N).
Consequently, we have D(N) = D(S1) C D)) = DIV*) C D(N), and
hence D(N*) = D(N), which implies that N is normal.

The same result is valid if S; is self-adjoint and D(S1*) = D(N*). Thus,
in the Fuglede, or Nelson, examples mentioned in § 1, it must be true that
the domains of S; or S; are not equal to the domains of N* or N*.

The above argument can be carried a bit further in case dim I < .
Indeed, suppose N, N1 are operators in O having all the properties of formally
normal operators, except that they are not necessarily closed, and let

NC N,  dim[DWN*)/DIV)] < o,
Sl=ReN, S2=ImN, T1=RCN1, T2=ImN1.
If T, is self-adjoint, and D(S*) = D(N*) (or D(S1*) = D(N¥)), then N,

s normal.
Both N and N, are formally normal; it remains to check that

f9(1\71) = 5D(Nl*) = @(Nl*)

The equality of the domains of Si* and N* implies, as before, an inequality
(9). Since N C N1 we have

N C N1 C N* C N*,
N C N1 C Ny* C N¥,
and thus
S, CT,CT*CS* (i=1,2).

An application of (9) to u € D(T1) = D(Vy) shows that D(T) C D(VY),
and using this inequality for # € D(S1) = D(N), we obtain DSy C D).
But, for u € ©(T1), we have

HTvall = 3|V + Noull < 5(INvull + [[Nyul]) = [Ny,
and this yields D(V,) C D(TY); similarly DN) C D(SL). Therefore

(10) D) = D), D(TY) = DIVY.

The symmetric operator S; has a self-adjoint extension 7. Consequently,
(11) D(S1*) = DESY) + N(S* + i) + N(S* — <),

with

(12) dim N(Sy* + iI) = dim N(Sy* — iI) = &,

https://doi.org/10.4153/CJM-1965-098-8 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1965-098-8

FORMALLY NORMAL OPERATORS 1039

say. Then we know that

(13) D(TY) =DES) + K, dim R; = k.

Also, since N has the formally normal extension N;, we have
(14) DIN*) = D) + M1 + My,

a direct sum, with

(15) D) = D) + My,  DW*) = DW) + My,
where

(16) M C Py = N*MWe,  dim My = dim My;

see Theorem 2, and the remark following the proof of this result, in (1). Thus
(10)-(16) yield

dim 9 + dim M; = dim[D(V*)/D(V)] = dim[D(S1*)/D(S1)] = 2k,
dim My = dim[D(V)/D(IV)] = dim[D(T1)/DSD)] = &,

which implies dim M = £ = dim M. Since Py, M, are finite-dimensional,
and My C My, we have My = My. Then (15) shows that D(V,) = D(N*),
and we have proved that N, is normal.

The argument is entirely similar if D(Sy*) = D(N*). Instead of (9) we
have an inequality

") [[NV*ul|2 < ¢ (|ISe* ull* + |[u]]), u€ DESH),
and use is made of the fact that
dim[D(V*)/D (V)] = dim[D(WV*)/D(V)].

The above result may be applied to the case of regular ordinary differential
operators. Let L;, L. be formally self-adjoint ordinary differential operators

Li=a, D"+ ...+ ao, D = d/dx,
Ly =0b,D"+ ...+ by, m < n,

with coefficients a;, b; of class C* on some finite, closed interval ¢ < x < b,
and a,(x) # 0, b,(x) # 0 there. Suppose L1 Lou = Ly Lyuforallu € C*(a, b).
Let S; be L, defined on Co*(a, b), 2 = 1, 2. Then, in the Hilbert space 2:(a, b),
the operator N = S; + 1.5 has all the properties of a formal normal operator,
except that it is not closed. Moreover, it is easy to see that D(S*) = D(N¥)
= D(N*), and dim[D(N*)/D (V)] = 2n. The symmetric operator S; has self-
adjoint extensions in ¥s(a, 8). If Ty is a symmetric extension of S; such that
T is self-adjoint, and N; = T + 4T, is formally normal, but not necessarily
closed, then N, is normal. Thus an example of the Fuglede, or Nelson, type
cannot be found among regular ordinary differential operators.
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