
ASYMPTOTIC BEHAVIOUR OF SOLUTIONS OF 
PARABOLIC DIFFERENTIAL INEQUALITIES 

MILTON LEES 

1. Introduction. Let there be given a parabolic differential operator 

where A is a second order linear elliptic (<0) differential operator in an open 
set 12 C Rn, having coefficients depending on x £ 12 and t Ç [0, <»). Recently, 
Protter (1) investigated the asymptotic behaviour of functions u(x, t) that 
satisfy the differential inequality 

(1.1) f \Pu\2 dx < d(t) f \u\2dx + C2(t) f i t i ^ J d x . 

Under suitable restrictions on the functions d(t) and the coefficients of A, 
he proved that any solution of (1.1), subject to certain homogeneous boundary 
conditions, that vanishes sufficiently fast, as t —> °°, must be identically 
zero in 12 X [0, °°). For example, conditions are given under which no solution 
of (1.1) can vanish faster than e~x\ V X > 0, unless identically zero. 

In this paper we shall consider similar problems from an abstract point of 
view, based on Hilbert space methods for solving parabolic differential equa
tions (cf. 2). Our results apply to certain inequalities for parabolic operators 
of arbitrary order, and, in particular, they overlap somewhat with those of 
Protter for the inequality (1.1). 

2. Notation and assumptions. Let H and V be Hilbert spaces with 
V dense in H. We assume that the injection mapping from V into H is con
tinuous. The inner product in / /wil l be denoted by (u, v), and the correspond
ing norm (u,u)l/2 by \u\. For the norm in V we employ the notation ||w||. 

We introduce a real variable t > 0, and give on V a family of sesquilinear 
forms 

(2.1) (u, v) —» a(t\ u, v), 

continuous on V X V. The form (2.1) is sesquilinear if it is linear in u and 
conjugate-linear in v. 

In order to define an operator generated by the form a(t\ u, v), we make the 
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DEFINITION. 3)^4 (J)] is the set of all u G V for which the conjugate-linear 
mapping v —> a(t; u, v) is continuous on V in the norm topology induced by H* 

It is possible that ®[A(t)] = {0}. 
Since V is dense in H, the conjugate-linear mapping v —» a{t\ uf v) can be 

extended by continuity to all of H, and therefore, 

(2.2) a(t\u,v) = (A(t)u,v), 

where A(t)u Ç H. This defines an additive operator A (t) from 3)[A (t)] into H. 

Assumption I. We can write 

a{t\u,v) = ao(t; u, v) + ai(t\ u, v)> 

where V^ > 0, ao and a\ are continuous sesquilinear forms on V X V, which 
possess the following properties: 

(i) For all u and v £ V, the function t —» a0(t', u, v) is continuously dif
ferentiate on [0, oo). 

(ii) For every u and v Ç F, a0(^; w, fl) = a0(£; >̂ w), and there exist m and 
p > 0 such that 

a0(t', u, u) + p\u\2 > w||w||2. 

(iii) For all u and v £ V, we have 

where #3 6 £2(0, °°). 

(iv) For all u G F, 

I ^#o I 
* 

= |a'o(*;«, u)\ < 04(0 lk | |2 , 

where <£4 G ^ ( 0 , °°). 
Letting JU and o- be arbitrary positive numbers, we set 

(2.3) b(t) = expj - JQ [ M 0 2 « + ^ *4(i?) + **Sfo) J ^ } , 

where w is the constant appearing in (ii), and <j>2 6 £2(0, °°). We also put 

(2.4) *(0= f'b'^i,) (\S)<I>IW&TI, 
•/ 0 v 0 

where 0! G L2 ' loc(0, oo). 
Whenever it is necessary, we may assume that <j>j(t) > 0 in [0, oo); for 

instance, in the case of <t>±{t), we may always replace it by <t>±{t) + \<l>i(t)\ 
+ (1 + t*)-K 

Assumption II. There exists 0 > 0 such that 

<pie-^
k e L\O, oo ). 

Finally, we make the 
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DEFINITION. Q(k) is the set of all functions t—>u(t) from t > 0 into T)[A (t)] 
such that u is continuously differentiable in the topology of V, and 

(2.5) limeput) \\u(t)\\ = 0, V 0 > O . 

3. The basic inequality. 

LEMMA. Let I and II be satisfied. If u Ç Q(k), and has its support in the 
interval e < £ < ° ° ( € > 0 ) , then 

(*CO f*CO (*(X> 

(3.1) j3 bem4>\\u\2dt + mn\ bem<t>t\\u\\2dt < bem 

J o «^ 0 «J 0 

du 
dt 

+ (A + p)u dt. 

Proof. Because u Ç Q(k) and I and II are satisfied, the two integrals on the 
left in (3.1) are finite. 

We may assume that u (i) has compact support in the interval 0 < t < oo. 
For in the general case we can approximate u(t) by the sequence Uj(t) = 
Çj{f)u(t), Çj(t) being a Cœ scalar-valued function, equal to one for t < j , equal 
to zero for t > j + 1, and 0 < f j(t) < 1 in between. As j —><» t the inequality 
(3.1) for Uj(t) goes over into (3.1) for u{t). 

If we put u(t) = z(t)erW\ then z £ Q(k) and 

f 
«/ o 

be 
du . , . . v 
— + (A + P)u dt dt. 

Putting 

and 

= fœb\z'(t) - (3k'(t)z(t) + (A + P)z(t)\ 

M = f mb\z'\2dt 

N = 2 Re f °°&/3&'<z, 2 ' y + 2Re f 6<(,4 + P)z, 2')* 

«/ 0 «^ 0 

= iVi + iV2, 

we see that the right side of (3.1) dominates M + Ni + N2. 
Integrating Ni by parts and taking into account the nature of the support 

of z(t), we find that 

Ni = P f " \z\24: (bk')dt. 
dt 

But, according to (2.4), (£>&')' = ^i2» a n d since z = efiku, N\ becomes 

Nx = p (œbe**4>l\u\*dt. 
«Jo 

Also, in view of (2.2) and I, we have that 
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J»oo 

b{a0(t; z, z') + p(z, z') + ax{t\ z, z')}dt 
o 

= j~b{jt[a0(t,z,z)+p\z\2]jdt 

J'oo f*co 

ba'o(t) z, z)dt + 2 Re baxit\ z, z')dt 
o «Jo 

> - f b'[aQ(f;z,z) + p\z\2]dt 
«Jo 

- 04&||2| |2^ ~ 2 <^3&|s'l \\z\\dL 
«J o «Jo 

Therefore, by (2.3), 

«/ o \ Wl / 

/*oo /»oo /•oo 

6|Z'|2^- *4&||2||2^- ^ I M I * * . 
«Jo «Jo «Jo 

Finally, taking a = m_1, we conclude that 

J'oo /^oo 

ft^Vïki2* + Mw 02II2H2*, 
0 «Jo 

which implies (3.1). 

4. The main theorems. 

THEOREM 1. Let I and II be, satisfied, and let F £ Q(k). If 

\dF 
dt 

+ A(t)F < *i(0|*1 + *2(0II^II, it > 0), 

then F{t) = 0, V* > 0. 

Proof. First, we put F(£) = eptf(t), where p is the constant appearing in 
(ii). Then / satisfies the inequality 

(4.1) f+W+'tf < * l ( 0 l / l + *2(0 it > 0). 

Thus it suffices to prove that f(t) = 0, V^ > 0. 
Let g{t), t > 0, be a C°° scalar-valued function, equal to zero for 0 < t < e, 

equal to one for / > 2e, and 0 < g(t) < 1 in between. Set w(J) = g(t)f(t)~ 
Then w satisfies all of the conditions of the lemma, and we obtain from (4.1) 
that 
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<J~> 
«/2e 

0 bem4>l\f\2dt + „m\ bem^\\f\\*dt f" 
«^ 2e 

< be J> 2 e 

r 
i 2 e 

< I be 

2/3A: | du 

20* 

~dt 

+ (A + P)u 

+ (A + p)u 

dt+ I bMf+{A+p)f 

dt + 2 
r 
•J 2e 

J»oo 

be**4>l\f\ 
2e 

dt 

dt 

J»oo 

bem4>l\\f\Ut. 
2e 

du , , . , v , — + (A + p)u I <fc. 

d*. 

Taking JU = 2m"1 and /3 > 2, we obtain the inequality 

(fi - 2) jVVVfd* < / V * | 

Since &(/) is non-decreasing, it follows that 

(0 - 2) Jjtltffdt < Jj>| f + (A + p)u\ 

Letting £ —» °° , we conclude that 

Hïl / fd* = 0, Ve > 0. 
26 

Since we may assume that <£i(/) > 0 in [0, °°), this implies that /(£) = 0, 

v/>o. 
THEOREM 2. L ^ / be satisfied, and let <t>x G £2(0, °°). / / F <G (?(&), /or fe(0 

= /, and 
' d7? 

(4.2) dt 
+ A(t)F < 01(01^1 + «2(011̂ 11, (*>o), 

then F(t) = 0, V t > 0. 
Proof. Since <£i 6 L2(0, °°), it follows that I is satisfied. This theorem will 

follow from Theorem 1 if we can show that F 6 Q(k), for k(t) = t, implies 
(2.5). From (2.3) we have that b < 1 and b~l < r < °o. Thus, according to 
(2.4), 

*(/) < |Sr f f \\tmdr, = Pr ( (t- {)*!(£)# 

= 0(00, 
which shows that (2.5) is satisfied. 

THEOREM 3. Let I be satisfied, and let W{t) = 0(^~2), d > 1. If F £ Q(k), 
for k(t) = td, and satisfies (4.2), then F{t) = 0, V t > 0. 

Proof. The proof is so similar to that of Theorem 2 that it will be omitted 
(cf. 1). 

5. An example. In this section we specialize the theorems of §4 to the 
case considered by Protter. 
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Let H = L2(Q), & being an open subset of Rn, and let V be the closure of 
Co°°(0) with respect to the norm 

JQ l^i\dXiJ 

Then V is dense in i ï , and the injection mapping from V into H is continuous. 
We set 

a0(t;u, v) = I ^t-T—aij(xft)'r—dx, 

where a 0 (x , *) = ajt(x, t) Ç C 1 ^ X [0, » ) ) , and 

«/ Q i= l OXi 

where bt(x,t) £ C°(0 X [0, » ) ) . The operator A generated by the form 
a = do + &i is 

^(<)M = - £ , ̂ (a«(x' ° Jr)+ Sbi{x' ° ë • 
In order that I be satisfied, it is necessary to assume that A (t) is uniformly 

elliptic and that 

0,(0 = sup_|6,(x,0l € i (0, » ) 
i.xtQ 

and 

04 ( 0 = SUp_ ^ ( x , < ) e i^o, « ). 

Theorems 1, 2, and 3 now apply to this example. 
In (1) it is assumed that <j>z(t) = o(t~1/2) and 4>\(t) — o(t~l), and in the 

application of Theorem 2 to this example, it is assumed that <t>i(t) = o(t~l) 
(i = 1, 2). Lemma 5 in (1) is stated incorrectly; instead of A0(t) = 0(^-1)» 
it should read A0(t) = o(t~l). 

It can be shown that our results apply to inequalities for parabolic operators 
of arbitrary order 2s in which no derivatives of order p, where 5 < p < 25 — 1, 
appear. 
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