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WEIGHTED FACES OF POISSON
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Abstract

We study lower-dimensional volume-weighted typical faces of a stationary Poisson
hyperplane tessellation in d-dimensional Euclidean space. After showing how their
distribution can be derived from that of the zero cell, we obtain sharp lower and
upper bounds for the expected vertex number of the volume-weighted typical k-face
(k =2,...,d). The bounds are respectively attained by parallel mosaics and by isotropic
tessellations. We conclude with a remark on expected face numbers and expected intrinsic
volumes of the zero cell.
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1. Introduction

A stationary Poisson hyperplane tessellation of Euclidean space R? gives rise, in a natural
way, to two different random polytopes, the zero cell and the typical cell. The zero cell is defined
as the almost-surely unique cell of the tessellation that contains the origin. The distribution of
the typical cell is the grain distribution, with respect to some centre function, of the stationary
particle process defined by the cells of the tessellation. Intuitively and heuristically, the typical
cell is obtained, up to translations, if within a ‘large’ bounded part of space we randomly
choose a cell of the tessellation, giving equal weight to each of the cells, whereas the zero
cell is obtained, up to a random translation, if the weights are proportional to the volume. If
translations are disregarded, the distribution of the zero cell is the volume-weighted distribution
of the typical cell. The distinction between the two types of random polytopes was pointed out
in the early work on Poisson hyperplane processes (see [6]-[9]); in particular, Matheron [6],
[7, p. 168] emphasized the different viewpoints of the ‘number law’ and the ‘volume law’.
The fact that the distributions of the zero cell and the typical cell are closely related via the
volume, does not mean that both can be treated in a similar way. For example, Miles [8] found
explicit formulae for the expectations of the jth intrinsic volume, the number of j-faces and
the total volume of the j-faces of the typical cell in the isotropic case, whereas for the zero cell,
corresponding formulae for the expected jth intrinsic volume (except for j = 0,d — 1, d) or
the expected number of j-faces (except for j = 0, 1, d) are unknown if d > 3.

The purpose of this note is to extend known results on zero cells to k-volume weighted
typical k-faces of stationary Poisson hyperplane tessellations, for k = 1,...,d — 1. One
incentive for this was the recent investigation, by Baumstark and Last [2], of distributional
properties of a stationary Poisson—Voronoi tessellation, as seen from a randomly chosen (typical)

Received 9 December 2008; revision received 5 April 2009.
* Postal address: Mathematisches Institut, Albert-Ludwigs-Universitiit Freiburg, Eckerstr. 1, D-79104 Freiburg,
Germany. Email address: rolf.schneider @math.uni-freiburg.de

682

https://doi.org/10.1239/aap/1253281060 Published online by Cambridge University Press


https://doi.org/10.1239/aap/1253281060

Weighted faces of Poisson hyperplane tessellations SGSA e 683

point on a k-face of the tessellation. Baumstark and Last [1] have also obtained far-reaching
generalizations of earlier results on gamma distributions related to stationary Poisson k-flats.
Another motivation comes from the work of Weiss [13] and Favis and Weiss [5] on weighted
cells of Poisson hyperplane tessellations (for weighting, see also [10]).

We denote the underlying probability space by (€2, A, P) and the mathematical expectation
by E. Measures on a topological space T are always measures on the Borel o-algebra B(T')
of the space.

Let X be a stationary Poisson hyperplane process in R?, with intensity 7 > 0 and spherical
directional distribution @. (For the employed notions from the theory of random tessellations,
we refer the reader to [11, Chapter 10].) We assume that @, which is an even probability
measure on the unit sphere S~!, is not concentrated on some great subsphere. In this case,
the hyperplane process is called nondegenerate; almost surely, its hyperplanes are in general
position and induce a random mosaic. By X we denote this mosaic, that is, the stationary
particle process of its cells, and by X ®) the process of its k-faces, for k = 0, ..., d (with
X@ = X). Let y® denote the intensity of X®). With respect to a given centre function, the
grain distribution Q® of X% is defined, and a random polytope Z® with this distribution is
called the typical k-face of the tessellation X. In Section 2 we give a precise definition of the
weighted typical k-face Z by means of a Palm distribution (we say ‘weighted’ briefly for

‘k-volume weighted’). In partlcular Z D —. =: Zy is the zero cell of X. Roughly speaking, Z
is the k-face of X containing 0 under the condition that a uniformly chosen random point on
the union of the k-faces of X coincides with 0.

It is well known that the distribution of the zero cell ,ZJ) determines the distribution of
the nondegenerate, stationary Poisson hyperplane process X. (For example, by [11, p. 504],
the distribution of the radial function of Z determines the associated zonoid of X , and this
determines the distribution of X , by [11, Theorem 4.6.4].) In particular, the distribution of the
weighted typical k-face is also determined by the distribution of the zero cell. Our first aim is
to put this into evidence by an explicit formula. For this, we need some more notation. N

For k € {0,...,d — 1}, we denote by X;_ the intersection process of order d — k of X
(which is induced by the intersections of any d — k hyperplanes of X ; see [11, Section 4.4]).
Thus, Xy is almost surely (a.s.) a stationary process of k-flats. We denote its intensity by
Vd—k and its directional distribution by Qg_. This is a probability measure on G(d, k), the
Grassmannian of k-dimensional linear subspaces of R?.

Let £ denote the space of (nonempty, compact, convex) polytopes in R, with the topology
induced by the Hausdorff metric.

Theorem 1. Let k € {1,...,d — 1}. The distribution of the weighted typical k-face of the
stationary Poisson hyperplane tessellation X is given by

P(z® € A) = / P(ZoNL e A)Qui(dL)
G(d.k)

for A € B(PY).

The weighted typical k-face Z ) is thus stochastically equivalent to the random polytope
Zp N L, where £ is a random k- dlmensmnal subspace of R?, independent of X with distribu-
tion Qd k-

We point out a consequence in the isotropic case. If Xis 1sotr0plc (1ts distribution is invariant
under rotations) then there exists a random rotation % such that 19Z ) has the same distribution
as the zero cell of a stationary isotropic Poisson hyperplane process in k-dimensional Euclidean
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space R¥ (considered as a subspace of R?). Therefore, in the isotropic case, the study of motion
invariant characteristics of the weighted k-face is comprised by the study of the zero cell in R¥.

New aspects, however, arise in the anisotropic case. The following theorem on sharp
inequalities for the expected vertex number extends a result which is known for the zero cell
(cf. [11, Theorem 10.4.9]). By fo(P) we denote the number of vertices of a polytope P. The
constant «y is the k-dimensional volume of the k-dimensional unit ball.

Theorem 2. Letk € {2,...,d}. Then
2 <E fo(z) < 27%k1i}. (1)

Equality holds on the left-hand side if and only if X is a parallel mosaic. Equality on the
right-hand side holds if X is isotropic.

A parallel mosaic in R? is a hyperplane tessellation where the hyperplanes belong to d
fixed translation classes. Thus, all cells of a parallel mosaic are parallelepipeds. If they are
rectangular parallelepipeds, the hyperplane process has been called a cuboid process. Stationary
Poisson cuboid processes were studied by Favis [3], [4].

We conjecture that equality on the right-hand side of (1) holds only if X is isotropic with
respect to some Euclidean metric on R,

We point out that, for the typical k-face, E fo(Z®) = 2% always, even without the Poisson
assumption, by a result of J. Mecke (see [11, Theorem 10.3.1]).

2. Palm distributions and weighted faces

We introduce the Palm distribution which we employ to give a precise definition of weighted
k-faces. We adopt and slightly extend the approach of Baumstark and Last [2] and first recall
some basic definitions and facts, closely following the presentation and terminology in [11];
in particular, notions and results from Chapters 3, 4, and 10 are used throughout. As there,
we identify a simple counting measure 1 with its support and use n({x}) = 1 and x € n
synonymously. Recall that G(d, k) is the Grassmannian of k-dimensional linear subspaces and
A(d, k) is the affine Grassmannian of k-dimensional flats in R?. Inthe following we abbreviate
B := BRY), Ny :=Ny(Ad,d — 1)), and N, := N;(A(d, d — 1)), where N (E) is the set of
simple counting measures on a space E and N (E) is its usual o -algebra (see [11, Section 3.1]).
We denote by M(R?) the set of locally finite Borel measures on R and by M (R¢) its usual
o-algebra. For0 < k < d, J¥ is the k-dimensional Hausdorff measure on R?, but we prefer
the notation A for the Lebesgue measure on R?.

Let X be a nondegenerate stationary Poisson hyperplane process in R?, with intensity
measure ©. The latter is a locally finite measure on A(d,d — 1). By [11, Theorem 4.4.2
and (4.30)], it has a decomposition such that

/ £dO = y/ /OO Fut + tu)dr g(du) )
A(d,d—1) sd-1 J—0

for every nonnegative, measurable function f on A(d, d — 1), where 7 > 0 is the intensity and
@ is the spherical directional distribution of X.

In the introduction we have already defined the induced tessellation X = X@ and its
k-face processes X ®) | with intensity y(k> and grain distribution Q(k), k=0,...,d,aswell as
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the intersection process fd,k of order d — k with intensity 7;_ and directional distribution
Qq—k, fork € {0, ...,d — 1} (recall that the index d — k refers to the number of intersecting
hyperplanes and not to the dimension of the flats of X, d—k)-

Let m: Ny — M(R?) be a measurable mapping satisfying m(n 4+ x) = m(n) + x for all
n € Ny and all x € R? (with the usual definition (u 4 x)(A) := (A — x) for a measure p if
R? operates as a translation group on its domain). Then M := m o Xisa stationary random
measure on R?. Let v, denote its intensity. We assume that 0 < yp; < 00 (th1s will be
satlsﬁed in the concrete cases studied below). We introduce the Palm dlStl‘lbuthH P of the
pair (X M), generalizing the usual procedure via the Campbell measure. For AcB ® N, let

u(%)::E/dlg(x,f—x)M(dx), @(E)::E/dlx(x,f)M(dx). 3)
R R

Then 1 and C are measures. Let B € gi’ and A € N;. Fory € R4, we obtain, substituting x
by x + y and using the stationarity of X (and writing m(n)(-) = m(n, -))

(B +y) X A) = E/R 15y () 14X = ) m(R, dx)
= E/ 15 14X —y —x)m(X — v, dx)
Rd
= E/ 15(x) 14(X — x) M(dx)
Rd

Thus, u is translation invariant in its first argument. Sinceitislocally finite, we have u(B x A) =
o (A)A(B) with a finite measure «. Furthermore,

(B x Ny) = E/d 1p(x) M(dx) =EM(B) = yur(B).
R

Hence, if we put po .= yA}IM(Cd x -), where C4 := [0, 1]¢ is the unit cube, then PS{,I isa
probability measure on Nj, and

Thus, by (3),
yar P (A) = /R 15() Lu(X — x) M(dx) 5)

for any set B € B with A(B) = 1. This defines the Palm distribution PO of the pair (X M).
Since CE(A) u(T— IA) for the map T: (x, n) — (x, n+ x), we see from (3) and (4) that

E[14(X)M(B)] = C(B x A) = yu /R 150 Py (4 = x) ()

forall B € 8 and A € ;. The standard extension procedure gives the refined Campbell
theorem for the pair (X, M), namely

E / £ ) M) = v / / F o+ x) PY(dn) A(dn) ©)
R4 R4 Ny

for every nonnegative, measurable function f on R? x Nj.
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Now we introduce weighted typical k-faces, for k € {1, ..., d}. If n € Ny, the hyperplanes
in the support of 7 induce a tessellation of R? (possibly with unbounded cells), and we denote
by Fi(n) the set of k-faces of this tessellation (so that % ()?) = X®). For n € Ny, we define
F k(n) as the (necessarily unique) face F € ¥ (n) with O € relint F, if such a face exists, and
F%(n) := {0} otherwise. Let Yj; be a hyperplane process with distribution PY,, and define a
random polytope by

ZW) = Ff(ruw).

In the special cases considered below, Z, ) is a.s. of dimension k. For the distribution of Zy (k)

from (5), we obtain
P(Zy) € A) = - E/ 15(x) 1A (F§ (X — x)) M (dx) 7)
YM R4

for A € B(P9) and B € B with A(B) = 1.
For the first example, let s be the centre function defined by the Steiner point; then s(P) €

relint P for all P € P4, Letk € {1,...,d}. For m, we take the measure valued map ny
defined by
nem) =Y .  neN,
FeFi(n)
and we write ny o X = N. Then from (7) we obtain, noting that Fé‘(f(\ —s(F)=F —s(F)

for F e X®,

PZY e )= —=E Y 1s(s(F) Lu(F = s(F) = QP(A).
YT Fexw

The last equation follows from [11, Deﬁnmon (4.6) and Theorem 4.1.3(a)], (cf. also p. 106),
with ¢(P) := 14(P — s(P)). Hence, z* Nk is stochastically equivalent to the typical k-face
Z® | with respect to the Steiner point as the centre function.

Let m and M be general as before, and let 4 be a translation invariant, nonnegative,
measurable function on P¢. (The translation invariance is not a severe restriction, since from
any s we can pass to the translation invariant function P + h(P —s(P)).) Slightly extending a
remark in [2], we apply [11, Theorem 3.4.5] (Neveu’s exchange formula) to the probability space
(Ny, Ny, Pg), the random measures m, ny, and the function f(y, n) := h(F0 ) le(n)( y).
(Observe that P is now equal to the Palm distribution of the random measure m, in ‘the sense
of [11, p. 80].) We obtain

X e Phan =y |

h(Fo (n))m(ﬁ)(Fo (m) P ,(dn). ®)
Ns Feg (), 0cF N

For the second example, we take (denoting by ‘L’ the restriction of a measure)

mi(n) = Z H*_relint F, n € N,
FeFi(n)

and set my o X =: My. We simplify the notation by writing

0 _.po ® _. 0
Py, =P, Zy =z
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Note that

YM, = Vd—k- )
In f/gct, for B € 8, wehave yy A(B) = E My (B) = Va—kA(B) by [11, Theorem 4.4.3], applied
to Xg—k.

Relation (8) can now be written in the form

Eh(zy) = E[h(Z®) Vi (20)], (10)

E Vi (2®)
where Vi (K), for a k-dimensional convex set K, is its k-dimensional volume. This shows that
the distribution of Z(()k) is, up to translations, the volume-weighted distribution of the typical
k-face Z® . For this reason, the random polytope Z(()k) is called the weighted typical k-face.

The connection with the heuristic explanation in the introduction can be seen from the
relation

E 14(F — s(F)Vi(F
P(z® — 5(Z%) € 4) = lim 2 rex®, rerw 1a(F = s(F) Vi( ) an

=00 EZFGX("), rorw Ve(F)

valid for A € B(£?) and any compact convex set W C R? with A(W) > 0. Relation (11)
follows from [11, Theorem 4.1.3(b)], together with (10).

In the proof of Theorem 1, we use a Slivnyak-type result, which we prove now. We need the
following transformation formula. Note that, for u € §9landt € R,

ut+tu=H@u,7):={xeR’: (x,u) =1) (12)
is a hyperplane. Letk € {1, ..., d}. If f is a nonnegative measurable function on A(d, d — 1),
then, for linearly independent vectors uy, ..., ux € §9=1 with U := lin{uy, ..., ug},

/ / f(H(M],Tl),...,H(uk,tk))d-[l...d-L-k

=Vk(u1,...,uk)/ fui +z,...,uf +2) #(dz). (13)
U

Here Vi(ui, ..., ur) denotes the k-dimensional volume of the parallelepiped spanned by
ui, ..., u. Forthe proof of (13), we write

fH@u, ), ..., Hug, o)) =: g(t1, ..., )

and define T'(ty, ..., %) = (21, ..., 2k) = 2, where z is the unique point in the intersection
H(ui, 7)) N---N H(ug, ) NU. The map T is injective; its inverse is given by 77!(z) =
({z,u1), ..., (z, ux)) and has Jacobian Vi (uy, ..., ur). Hence, the transformation formula for

multiple integrals gives
fg(n,...,rk>dn-~-drk =/g(T—1<z>)vk(u1,...,ukmdz),

which together with g(T V) =gz, ut), ..., (z,ux)) and (12) yields (13).
We define a measure ¢ on G(d,d — l)k by

=k
Pr(A) = L LAt o u)Vielur, o ug) @5, . ug))  (14)
k'Y J(sa-1yk

for A € B(G(d,d — 1)~).
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Since we identify simple counting measures with their supports, XU {Hy, ..., Hi} below
also denotes the counting measure X + 8y, + - - - + 8, , which is a random element of Ny. In
the next theorem we interchange, for convenience, the roles of k and d — k.

Theorem 3. Suppose that Xisa nondegenerate stationary Poisson hyperplane process. For
k=1,...,dand A € N,

PY ,(A) = / P(X U{Hi, ..., Hy} € A) ¢e(d(Hy, ..., Hy)).
G(d,d—1)k

Proof. Let B € 8 and A € N;. In the following we use, in this order, the refined Campbell
theorem (6) together with (9), the definition of the random measure M;_, the Slivnyak—Mecke
formula (Corollary 3.2.3 of [11]), and decomposition (2) of the intensity measure ®. Since X
is a stationary Poisson hyperplane process, a.s. any k of its hyperplanes intersect either in the
empty setorin a (d — k)-flat [11, p. 134]. We obtain

A(B)PY_,(A)

_ / f 15() Lo(p) PO, (dn) A(dx)

—E/ 15(6) Lo(X = x) My_g(dx)
Yk

1
L g / 15(0) Lo(X — x) 245 (dx)
k! Vk HiN---NHy,

1 -
= 7f Ef 15(0) La((X U {H, ..., Hi)) — ) #7H(d)
e Jaw,a-vx JHn-nH,

x O (d(Hy, ..., Hy)

1
k' Vk /Sd 1)k/ / /H(u 5 ()
1L,T)NNH (uk, %)

x L4(X U{H @1, 11), ..., H(ug, )} — x) H*dx) dry - - - doy
x X(d(ui, ..., ux)).

By the transformation formula (13), we have

o0 o0
/ / E/ 1500 La(X U {H @y, 7). ... Htg, 7)) — %)
—00 —00 Huy,t)NNH (ug,t%)
x HKdx)dry -+ - dry

= Ve(uy, ..., ug) f 13)E1a (X U{uf +2,...,uf +2) —x)
lin{uy,..., ur} (uf‘ﬂ ﬂu,ﬂ‘)—i—z
x F4*(dx) 5 (d2)
Ve, ) / 15 ELA(X — 0) U fub. ... u))
linfuy,....ux} J (i NN +2

x HK(dx) H* (dz)
= ViGup, ..., u)AMB)PX U{ut, ... ui} € A).
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Above, we have used the facts that x € ut + z implies that u- + z — x = u" and that X is
stationary. In view of (14), the proof of Theorem 3 is complete.
3. Proof of Theorem 1

The weighted typical k-face of the tessellation X was defined (up to stochastic equivalence)
by Z, Q = F, k¢ Y, ), where Yy, is a hyperplane process with distribution P = PO. (Note that
P0 is the dlstnbutlon of X and, hence, Z; " is stochastically equivalent to the zero cell Zy.)
It follows from Theorem 3 (with £ and d — k interchanged again) that, for any nonnegative
measurable function g on Ny, we have

Eg(Yy) = / Eg(XU{Hi, ..., Hi}) ¢a—i(d(H,, ..., Hi_y)). (15)
G(d,d—1)d-k

Let f be a nonnegative measurable function on the space of k-dimensional polytopes. From
(15) we obtain

« ~
Ef(z{) = / E f(F§XU{HL, ..., Hyi)) da—k(d(Hy, ..., Hi—g))
G(d,d—1)d—k
=/ Ef(ZonHiN---NHy ) $pa—r(d(Hy, ..., Hi—f)),

G(d,d—1)d—*

by the definition of F(l)‘ , and, hence, for A € :B(J’d),

P(zy) € A) = / P(Zo N Hi -+ N Hyg € A) gai(d(Hi, ..., Hy—p)). (16)

G(d,d—1)d—k

According to [11, Theorem 4.4.8] and (14) we have

Quw(A) = / a(Hy N1 Ha ) g c@(Hr .. Ha i)
G(d,d—1)d—*k

for A € B(G(d, k)). This together with (16) proves Theorem 1.

After the formulation of Theo}r\em 1, we made a remark about the isotropic case, which we
now substantiate. Suppose that X is isotropic. Let S € G(d, k) be a fixed subspace. We can
choose a measurable mapping D: G(d, k) — SO,, where SOy is the rotation group, with the
property that D(L)L = Sforall L € G(d, k). Since the distribution of Z is rotation invariant,

we obtain, for A € B(P?),

Pammﬂ%zWeAyzf P(D(lin (Zo N L))(ZoN L) € A) Qu_(dL)
G(d,k)

_ / P(D(L)Zo N S € A)Qui(dL)
G(d,k)
—P(Zo(X N S) € A),

where ZO()? N §) is the zero cell of the section process X N S. The latter i is a stationary and
isotropic Poisson hyperplane process in the k- d1mens10nal space S. Thus, if X is 1sotr0p1c then
there is a random rotation ¥ (namely, ¥ (w) = D(lin ZO (a))) for w € ) such that 19Z ) has
the same distribution as the zero cell of a stationary, isotropic Poisson hyperplane process in R¥.
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4. Proof of Theorem 2

For the proof of Theorem 2, we note that Theorem 1 implies that
L ~
Ef(Zy) = / E f(Zo N L) Qu-+ (L)
G(d k)

for every nonnegative, measurable function f on #¢. The intersection Zo N L is the zero cell
of the intersection process X N L, denoted by Zo(X N L); hence, for the vertex number fy, we

obtain
k
E fo(Zy") = /
G,

We recall the definition of the associated zonoid of the stationary hyperplane process X.
This is the convex body IT5 with support function

. E fo(Zo(X N L)) Qq_x (dL).

ntgon =2 [ iz

for u € RY; see [11, Equation (4.59)]. The section process XNLisa stationary Poisson
hyperplane process with respect to L. Its associated zonoid is given by

Hgn, = HzIL,

where -|L denotes the orthogonal projection to L; see [11, Equation (4.61)]. From [11,
Theorem 10.4.9], applied in L, we deduce that

E fo(Zo(X N L)) = 27*k! Ve(TIg| L) Vi((TTg| L)°).

Here, Vi denotes the k-dimensional volume of a convex body and K¢ is the polar body of K in
the subspace L. Hence, we arrive at

E fo(Zy") = 27 k! /

Vi(Tg| L) Vi (Mg |L)%) Qa—x(dL). a7)
G(d.k)

For a k-dimensional zonoid K with centre 0, the inequalities

k
— = iK)Vi(K) < ¢ (18)
are valid. The right-hand side is the Blaschke—Santal6 inequality, and the left-hand side, for
zonoids, is Reisner’s inequality (references are in [11, Chapter 14]). Equality on the left holds
if and only if K is a parallelepiped, and equality on the right holds if and only if K is an
ellipsoid. Applying (18) to IT|L ineach L € G(d, k), we obtain from (17) the inequalities of
Theorem 2.

Equality holds in the left- and right-hand inequalities of (1) if and only if equality holds in
the left- and right-hand inequalities, respectively, of
4k 4 2
s V(Mg L) Vi (I3 |L)7) < ki 19)

for all subspaces L in the support of the measure @d_k.
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Suppose first that X and, therefore, X is isotropic. Then ¢ is rotation invariant and IT is
a ball. Hence, for each L € G(d, k), the projection I15|L is a ball, and equality holds on the
right-hand side of (19). Thus, equality holds on the right-hand side of (1). This is also true if
the associated zonoid I is an ellipsoid. We have not been able to decide whether this is the
only equality case for the right-hand side of (1).

Now suppose that X is a parallel mosaic. Then there are d linearly independent vec-
tors eq,...,eq € S?! such that the spherical directional distribution @ is concentrated in
{xe1, ..., zeq}. The associated zonoid I3 is the sum of segments parallel to e, ..., ey
and, hence, is a parallelepiped with edges in these directions. Let L be in the support of
the measure Q;_x. Then, since ¢ is discrete, L = ulL N---N uj_ i With linearly independent

vectors uy, ..., uq_y in the support of @, say (uy,...,uq_x) = (eq,...,eq—_x); thus, L =
lin{ey, ..., ed,k}J-. We have ¢;|L = Ofori = 1,...,d — k; hence, the projection IT3|L is
a parallelepiped with edges parallel to the projections of ej_x+1, ..., e4. Therefore, equality

holds on the left-hand side of (1).

Conversely, suppose that equality holds on the left-hand side of (1), for some £ > 2. Let
ui, ..., uq—i be linearly independent vectors in the support of the measure ¢@. Then L :=
uf‘ n-- -ﬂuj_ « is in the support of Q. Therefore, equality holds on the left-hand side of (19);
hence, the orthogonal projection of the associated zonoid IT5 to the subspace u{- n---N uj‘f K
is a parallelepiped. By the lemma proved below, it follows that T3 is itself a parallelepiped.
This implies that X is a parallel mosaic.

We prove the lemma that was needed in the proof of Theorem 2. This requires some
knowledge about projections of zonoids.

Let K be a zonoid with generating measure p, that is,

h(K,x):/ |(x, v)| p(dv), x e R4, (20)
Sdfl

where p is an even finite measure on S?~!. We assume that dim K = d. Then p is not
concentrated on a great subsphere. It is well known that the measure p is uniquely determined
by h(K, -). In particular, if K is a parallelepiped then p is concentrated in d pairs of antipodal
points.

For e € $971, write S, ;= et N gd-1, Every vector x € gd-1 \ {e, —e} has a unique
representation x = te + /1 — 12 x, with t € (—1, 1) and x, € S.. Define the measure p on
Sd*l by

p(A) 1=L|(x,xe>|p(dX)

for A € B(S9"!). The mapping proj 5,0 X > X, is defined p-almost everywhere on 7!
and is measurable. Let p, be the image measure of p under projg,. Then p, is the generating
measure of the zonoid K |e+ (see [12]).

Lemmal. Letd > 3and k € {1,...,d —2}. Let K be represented by (20) and suppose
that, for any k linearly independent vectors vi, ..., Vi in supp p, the orthogonal projection
K|vf‘ n---N vkl is a parallelepiped. Then K itself is a parallelepiped.

Proof. First let k = 1. Let e € suppp. Then K|e" is a parallelepiped. Hence, there
are linearly independent vectors uq, ..., u4—1 € S, such that the generating measure p, of
K|et is concentrated in {u7, ..., Fug_1}. From the preceding description of this generating
measure, it follows that the support of the measure p is contained in S¢ ,,, U- - -U S, ,, ,, where
Se.u; = linfe, u;} N $9=1, and that p(Se.,, \ {e, —€}) > Ofori =1,...,d — 1.
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We can choose a vector ¢/ € (suppp) N (Seu, \ {e, —e}). By the same argument as

above, there are linearly independent vectors u’l, e, ”;1— | € Se such that p is concentrated
on Sy U+ USy, and that p(S, 0 \{¢/, —€'}) >0 fori = 1,....,d — 1. One of
the sets Se/,u/l ey Se/,u;H must coincide with S, ,,, since otherwise e would not be in the
support of p; say Sy ;= Se.u;. This implies that u) € lin{e, ¢’}. Moreover, each of the
sets Se/’u/z, ceeh Se’,u;,,l must meet one of the sets Se,uz, vy Seug_;- Suppose, for example,

that S,/ i and S,/ i both meet S, Uy with p e{2,....d—-1} If x € S, i) N Se, up then
uy € lin{e/, x} and x € hn{e upl; hence ul € hn{e e up}. Similarly, u} € 11n{e e upl.
It follows that u', u), uy; € lin{e,e’,u,}. The latter subspace intersects (e’ )L in a two-
dimensional subspace. Thus, u/, u5, and u are linearly dependent. This contradiction shows
that different sets S,/ «, Must meet different sets S, ,,. After renumbering, we can assume
that Se,,/ﬂSeu1 {v,, —v;} fori = 2,...,d — 1, and that Se/u/ﬂSeu =g fori # j.
Now it is clear that p is concentrated in {j:e +e/, vy, ..., Fv4_ 1} and, hence that K is a
parallelepiped.

In particular, we have proved the lemma for d = 3. Now let d > 4 and suppose that the
assertion is true in smaller dimensions. Choose e € supp p. As before, p, is the generating
measure of the zonoid K |et.

Let k € {1,...,d — 3}. Letuy,...,ux be linearly independent vectors in the support
of p,. Fori =1,...,k, we have p(S.,, \ {e, —e}) > 0O; hence, there exists a vector v; €
Se.u; N supp p with v; # *£e. The vectors e, vy, ..., v are linearly independent. By assump-
tion, the projection K |e® N vlL N---N vkL is a parallelepiped. We have lin{e, vy, ..., v} =
linfe, u1, ..., ux}; hence, K|et N ulL N---N ukL is a parallelepiped. Therefore, (K|el)|ull N

=N u,ﬂ- is a parallelepiped. Since this is true for any linearly independent vectors u1, . .., uy in
the support of p,, it follows from the induction hypothesis that K e is a parallelepiped. Since
this holds for each e € supp p, the already settled case k = 1 shows that K is a parallelepiped.
This completes the proof.

To settle the equality case for the right-hand side of (1), we would need a counterpart to
Lemma 1, with ‘a parallelepiped’ replaced by ‘an ellipsoid’ (twice).

5. Remark on characteristics of the zero cell

We prove a formula for the expected number of (d — k)-faces of the zero cell, namely

E fu—i(Zo) = )’ﬁc/ E Vi(Zo|LY) Qi (dL). (21
Gd,d—k)

Recall that, for a k-dimensional convex body K, we denote by Vi(K) = HK(K) its
k-dimensional volume.

For the proof of (21), we note that a.s., each (d — k)-face of Zj is the intersection of Z
with precisely £ hyperplanes of X, and any intersection of k different hyperplanes of X as.
intersects Z either in a (d — k)-face or in the empty set. Let x denote the Euler characteristic.
As in the proof of Theorem 3, we use the Slivnyak—Mecke formula, the decomposition of the
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intensity measure Oof X , and the transformation formula (13). Thus, we obtain

E fa—«x(Zp)
1
= E Z A x(Zo N Hy N -+ N Hy)
(Hi,..., Hrk)ex’;é
1 N
=5 EX(ZoN HiN:-N H) O Wd(HL, ... Hp))
k! Ja@.d—1yk
?k 00 00
=—/ / / Ex(ZoNH@y,t) N0 Hug, w))
k‘ (Sd—l)k —00 —00
x dry - dre @ (d(uys .. up))
=k
Y . .
= E Vi (Zollinfur, ..., wxDViur, ..., ug) @5 (dui, . .., up))
k! J(sa-1yk

=7 f E Vi(ZoILY) Qi (dL).
G(d,d—k)

This proves (21). R

Suppose now that X is isotropic. Then ¢ ~! Zy has the same distribution as Zo, for every ¢
in the rotation group SOy4. Let v denote the invariant probability measure on SO4. Using an
integral-geometric formula ([11, Equation (5.8)]), we conclude that

E Vi(Zo|L) = / E Vi@~ Zo|LY) v(dD)
NF

= / E Vi (Zo|9 L) v(dd)
SOq4
= cq .k EVi(Zyp),

where Vi on the right-hand side now denotes, more generally, the kth intrinsic volume, and

where
d
Cd .k = KikKd—k k Kq.

E fa—k(Zo) = caxvk E Vi(Zo).

‘We have obtained the formula

Thus, for the zero cell in the isotropic case, the determination of expected face numbers and
of expected intrinsic volumes are equivalent problems. We remark that, for k = 1, there is a
relation connecting the distributions of f;_1(Zp) and V1(Zg) (see [7, pp. 177-178]).

In the isotropic case, the value

d
E fo(Zo) = Sakd

is known (see, e.g. [11, Equation (10.52)]). Since Zj is a.s. a simple polytope, the relation
2 f1 = dfo gives E f1(Zp). The values E V;(Z) and E V;_1(Zo) (and second moments) were
already determined in [7]. Ford = 3, the Euler relation fo— fi + f> = 2 further gives E f2(Zy)
and, thus, E Vi (Zy). It appears that no other values are known.
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