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ON RHODES EXPANSIONS OF BANDS

by H. SEZINANDO*
(Received 18th May 1994)

We present a direct computation of the Rhodes expansions of the free objects in the varieties of bands, based
in the manipulation of the invariants i, introduced by Gerhard and Petrich [4] in the study of bands.

1991 Mathematics subject classification: primary 20M10, secondary 20M17.

1. Introduction

In [8] Reilly studied the Rhodes expansions of completely regular semigroups, using
techniques deriving from the work of Polak [5, 6, 7]. Here we give an alternative and
quite different computation of the Rhodes expansion of § in the special case where S is
a free object in a variety of bands. This is based on manipulation of the invariants i,,
introduced by Gerhard and Petrich [4] and on results obtained by the author [10]
concerning the cardinalities of the free objects in varieties of bands. The work is part
of the author’s Ph.D. thesis [9].

2. Preliminaries

We record here the notation to be used throughout the paper and we state some
theorems to be used later.

X: a fixed countably infinite set. Elements of X are called variables.

A: a set, called an alphabet. Elements of A are called letters.

A’: the free monoid on A. Elements of A* are called words. They are finite strings
of elements of A written as q,-- - a,, where q,,...a, € A. The product is concatenation.
The identity of A" is denoted by 1. It is thought of as the empty string.

c(w): the content of w € 4" is the set of letters occurring w. By definition, ¢(1) = ¢.

w: the dual of w is the word obtained from w by reversing the order of the variables.
Thatis, if w=a, --a, with g, -a, € A, thenw=a, - q,.

V: the dual variety of V.

E,(V): the free object of the variety ¥, on the set of generators A.

[u = v]: the variety of semigroups defined by the equations u = v, x* = x.

* This work was partially supported by S.A.L. (INICT)
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410 H. SEZINANDO

[i,i+j]: theset {i,i+1,...i+j}, wherei>0,j > 1.

S: the variety of semilattices [xy = yx].

LB: the lattice of varieties of bands.

LB,: the lattice obtained from LB by taking away the varieties of rectangular
bands.

L, J: the Green relations.

Given a ﬂnction t:A* - A°, we denote by f the function from A* into A* defined
by i(w) = t(w).
Let w = uxv, where ¢(w) = c(ux) and c(w) # c(u). Set

s(w) = u: the longest left cut of w that contains all but one of the variables of w.
ag(w) = x: the last variable to occur in w in order from the left.

e(w) = 5(w): the longest right cut of w that contains all but one of the variables of w.
&(w) = a(w): the last variable to occur in w in order from the right.

Following Fennemore [3], we define the words R,, S, and Q, for n > 2, as follows.

R, = Ry(xy, X3, X3) = X3%,%y,

R; = Rs(x), X3, X3) = X, X3,

0; = Qy(xy, X3, X3) = XX3%y,

Q5 = Q30xy, X3, X3) = X X,%;3% %3,

Sy = 53(%y, X3, X3) = X3% %y,

Sy = 85(x;, X, X3) = X X3X3X X3X,X3,
R,=R,(xy,...,x,)=R,_1x,,forn=4,6...
R, =R, (x;,....,x,)=x,R,_,forn=5,7...
Q. =0.(x,....x)=0Q,.1x,R,,forn=4,6...
0,=0,(x,,....,x,)=R,x,Q,_,,forn=5,7...
S, =8.(x,...,x,)=8,1x,R,,forn=4,6...
S, =8.(x,...,x,)=R,x,S,_;,forn=5,7...

Set ¥, =S, Vy=[xyz=xy], V; =[R, = @i, V,=[R,=6,), V, =[R,=Q,] for n >3,
nodd, V,=[R,=S,], V. =[R, = 0,) for n> 3, n even. Let V,, denote the variety of all
bands. The lattice LB, is represented in Figure 1.

We call the varieties W, V., V, and V,, n > 2, left varieties. The duals of these
varieties are called right varieties.

Given a variety of bands V, we denote by V'[V’] the minimum of the set of left
varieties [right varieties] containing V.

Let S be a semigroup. We define the relations <, and <, by

a<,b& S'acS'h and
a<, b S'acs'h but Sa#S8b (abebl).

Remark 2.1. Let S be a band and let s,t € S be such that s <. t. Then sCt if and
only if s7t. Hence, if u, v € S are such that c{u) = ¢(v) and u <, v, then ulv.
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FIGURE 1 The lattice £B,.

Theorem 2.2. [10] Let us fix a variety of bands V. Given a finite subset B of A, let
Xy(V) denote the J-class of F(V) consisting of the elements of content B. Let c (V)
denote the cardinality of Xg(V) when |B| equals n. Then

a(V) = k!,
alV,) = e (Ve (V) n>3,
aV,v V) =K (V,), n=2.

3. The Rhodes expansion

Let S be a semigroup. A finite sequence a = (a,,...,qa,) of elements of S is an

L-chain of

4, <0 Z¢---Zcq
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and is a reduced L-chain if
a, <g @y <¢ ... < dy.

The reduction Red(a) of a is the sequence obtained from a by successively deleting
the right most element of any pair of L-equivalent elements until no such pairs
remain.

Definition 3.1. Let S be a semigroup. The Left Rhodes expansion S of S is the set
of all reduced £-chains with the multiplication

@, <¢ ... <ca)(b, <¢ ... <. b))=Reda,b, <, ...<,a}b, < b, < ... <, b).
We define a map 7,:8° — S by
ns(@, <¢ .. <ca) = ay;

ns is a surjective morphism and is called the canonical morphism.
Given a morphism ¢ :S — T, we define 2 morphism $*: 8¢ — T* by

“@, < ... <c @) = Red(p(a,) <, ... < ¢(a)).

It is easy to check that we get an expansion.

Dually, we can define the right Rhodes expansion 8* of S.

We refer to [1] for a discussion of the basic properties of the left and right Rhodes
expansions.

We now consider the category S, of semigroups generated by a given set 4. Its
objects are the pairs (S, f), where S is a semigroup and f: A — § is a map such that
f(A) generates S (in the classical sense). A morphism from (S8,f) into (T, g) is a
morphism of semigroups ¢:S — T such that the following diagram is commutative.

[}

A T

Definition 3.2. Let (S,/f) be an object of S,. The left Rhodes expansion cutdown to
generators A of S is the pair (85, ff), where 54 is the subsemigroup of S° generated by
the set {(f(a)):a € A} and f*: A — 8% is defined by

fHa)=(f@) (aeA).
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The canonical morphism 7 ,: S% - § is defined simply by
Ns.a = Mslsc.

Finally, if ¢ is a morphism from (S, f) into (T, g), we define ¢ from (Sf,f,f) into
(T{Lv éA) by
o% = 0" lsc.
It is easy to check that we still get an expansion.
We refer again to [1] for a discussion of the basic properties of the left and right
Rhodes expansion cutdown to generators.

From now on we work with the left Rhodes expansions cutdown to generators and
we omit the word “left”.

Theorem 3.3. [Tilson, 11] Let S be a semigroup. Then the Rhodes expansion cutdown
to A of S5 is isomorphic to S5.

Fact 3.4. If (S.f) and (T, g) are objects of S,, there is at most one morphism from
(S.f) to (T, g). Consequently, if ¢:(S,f) = (T, g) and ¥ : (T, g) — (S,f) are morphisms,
then (S, f) and (T, g) are isomorphic.

Fact 3.5. [1]If S is a band, then §ﬁ 1s also a band.
Lemma 3.6. Let S be a semigroup and let x, y € S, Then

xy =y & ng(xy) = ns(y).

Proof. Let x=(x, <, """ <. X1), V=V <g """ <c W)y Xis-+1Xns Yir---Vm €S, be
such that n4(xy) = n4(y). This means that

ns(Red(x,ym < """ Z£ X1 ¥m £ Vm <c " <c W) =05s(Vm <2 "7 < N)
that is,
Ns(Red(X,ym <c " " <2 X1Ym £ Ym <2 7" <L V1)) = Y-
By the definitions of Red and n; we get
Red(x,ym <c " S X0 Ym Sc ¥V <c " <e V) =W <¢ """ <cN)

that is, xy = y.
The converse is trivial.
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4. The Rhodes expansions of the free objects

If S is a rectangular band, then 8% is isomorphic to S. This comes from the fact that
all the sequences (s, <, - <. §;) have length one, since, if s,t € S and s <, ¢, then
sLt.

From now on we work on LB,.

We start with ¥V = S and show that if § = F,(V), then 85 =~ F,(%). In order to show
this, we will show that:

(1) If S € S, then 8§ € V.

() If S=F,(V), then 85 ={(sy <¢ "~ <cs):k> 1, 5,€ A%, |e(s)| =1, i €[1, k]} and
1851 = 1 E (%)

Proof of (1). Let s,t€ 8% s=(s, <c - <g8), t =(i; <g "~ <, i), where k, 1> 1,

i b € AY, le(s)l = i, |e(i)l = j, i € [1,k], j €1, ]]. Then

sts=Red(s;i, <, - <g sy <y <g <) (S < <c 8)
= Red(spiise ¢ Sesilise Spise e Sp S Se S <cctt <c Si)
=Red(iise <" S iS S S <c <)
= 1s.

Proof of (2). Let X = {(se <c - <cs):k>1,5,€ A%, |c(s)l =1, i € [1, k]}.
Let se S5 If s=(a), ae A, then se X. Suppose that any product (a,)...(a,),
n>1,a,€ A,ie[l,n]isin X. Let a,,, € A. Then

(@n41)---(a) = (a,,) [(a) ... (@)
= () (8 <¢ """ <c 51)
by the induction hypothesis, where s; € A*, |c(s;)| =i, i € [1, k]. Hence
(@ny1) - --(a)) = Red(a,, 5k <, Sk <¢ " < )
If a,,, & c(sy), then a,,,s, <. s, and

@n1) - - (@) = (BupiSk < Sk <g """ < S1)s

with |c(a,.;5.)) =k + 1.
If a,,, € c(sy), then a,,,s.Ls;, and

@) - (@) = 1Sk <( Suoy <" < S1)s

where |c(a,.,5)] = k.

Thus 85 € X.

Conversely, let s= (s, <; - <. 8)€ X and let {a;} = c(s)\c(si_,), i €[1,k). In S,
s; =a;s;_,, i €[l,k] (since c(s;) = c(a;s;_;)). It is then a mere routine to check that
s=(ay)...(a,). Thus, s € §5.
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Finally, if {A]| = N, we have
IS5 = H(sk <c - <c8) k=1, 5€ A%, le(s)l = i, i € [1, k]|

=) sk ---r51):5 € A%, e(s) 2 clsiy), le(s)l = i i € [1, K]
k=1

=) NN-1)...(N—k+1)
k=1
= |F,(V;)| (See Theorem 2.2.)

We now state the main theorem. As mentioned in the introduction, this is a special
case of a result due to Reilly [8].

Theorem 4.1. If V € LB, and S = F(V), then 85 ~ F,(V").

The next statement shows that it suffices to prove the theorem for the left varieties
of LB,. Moreover, since the remaining cases can be proved similarly, we shall only
consider the cases V =V, or V =¥, k odd, k > 3.

Proposition 4.2. Let S, T, U e S,andlet ¢:S — T,y : T — U be morphisms. Then

Uf~S= TF~s.

Proof. Let S, U €S, and let ¢:S—>T,y: T — U be morphisms. Suppose that
U4 ~ S and let y be an isomorphism from U4 into S.

By Theorem 3.3, SA S and by Fact 3.4, the natural morphlsm Hsa' 85— Sis an
isomorphism. Let n;' be its inverse. Let §5:85 — T‘ and oh T > U‘: be the
morphisms determined by ¢ and ¥, respectively. Then @5 o 75, o 10 Y% is a morphism
from Tf into itself and so it is the identity morphism. Hence y o /5 is an isomorphism
from T} z into S.

We now state a series of lemmas, whose proofs we shall defer until we prove
Theorem 4.1.

Lemma 4.3. If V is a left variety and S € V, then Stev!

Lemma 4.4. Let u,v € A* be such that c(u) 2 c(v), lc(u)} = |e(v)] + 1.
() IfV =1V, then u <, vin E(V).

(i) If V=V, 0dd, k = 3, then

(W) <¢ iy(0) € T (e@)Li,_, (v).

Proposition 4.5. Let S = F,(V).
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) IfV =1V, then
SE={(s, < " <cs))in=1,s€ A% |c(s) = i,i €1, n]}.
() If V=V, kodd k=3, then

Sﬁ ={(s, <" <cs)n=1,5,€ A le(s) = i, i (e(5,)) = by (5i21), i € [1, n]}.

Lemma 4.6. Let n> 1 and let u € A* be such that |c(u)| = n.
G) V = V,, then

(V)

H( <c 8ot Sc Zps)isi€ Ale(s)l =iie[l,n—1]}| = c(V2)’

Gi) If V=V, kodd k > 3, then

{(u <gSny < " <g 8):s; € AY, |e(s)| = i, i (e(uw)) = Ty, (5,_1),
B y(e(s)) =T 4(siy), i€, n= 1]}
_ cn(f/k+l)
()

Lemma 4.7. Let n <1 and let A, C A be such that |A,| =n. Let S = F(V,),k =2 or
k odd, k > 3. Then

I{s € 85: c5,.4(8) = A = ¢, (Viw)-
Proof of Theorem 4.1. Let S=FA(If). If V=1V, by Fact 3.5, 8% € V. Con-
sequently, there is a morphism :S — S§5. Since M54 is a morphism from S5 into S,
Fact 3.4 yields that ¢, 5 , are isomorphisms and so §5 ~ S.

Let S = F,(V,), k > 2. By Lemma 4.3 there is a surjective morphism ¢: F,(¥,,) - 84
such that the following diagram is commutative.

D41

A" ——— E(n)

(5 4.1.1)

where B, denotes the canonical epimorphism from A" into F,(V).
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Also the following diagram is commutative.

9%

A+

()5

Ns.a

QL
Sa

417

4.1.2)

We now show that ¢ is injective. It is enough to show that the restriction of ¢ to
the J-classes of F,(V,,,) is injective. Indeed, if t and t € F,(V,,,) are such that
(1) = @(¢), then there are u, v € A such that ¢t = §,,,(u), t' = §,,,(v) and so we get

(1) = o(t) = Pl (W) = P (v)
= ()5 = (W5(v) by (4.1.1)
= 5.4 (0)5(4) = 15, ()5 (0)
= h(u) =t (v) by (4.1.2)
= c(u) = c(v)

and therefore ¢ and ¢ are J-related in F,(¥;,,).
Let A, € A. We have

o({t € Fy(V):c(t) = A,) = {o(t) € §5:c(t) = 4,}
But if t = §,,(u), u € A we get

() = (b1 (W)
= c(t(w))
= o5 4(1)5(w) by (4.1.2)
= (5490 (W) by (4.1.1)
= c(ﬂs,A(‘P(t)))-

Hence

o({t € Fy(Veny) 1 c(t) = A,)) = {(t) € 85: c(ns 4(@(1))) = A4,)
= {s € 85 :c(n5.4(9)) = A,)

and the injectivity of ¢ follows from the fact that
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lo({t € Fy(Viyy):c(t) = A
= |{s € 85:c(ns.4(5)) = A4,)1
= ¢,(Vis1) by Lemma 4.7
= |{t € Fy(Visr): c(t) = AL}

We now prove 4.3-4.7,

Proof of Lemma 4.3. The proof is based on Lemma 3.6. The case of S will be
omitted since it was already treated.

If S € V, the result is an immediate consequence of Fact 3.5.

Let S€ V; and let s,, s,, 5; € 8. Then

15(51525153815253) = Ns(s M s(SIM (51 ms(s3Ims(s)ns(s2)ms(s3)
= ng(sns(sIMs(s:ns(s)ns(s:)ns(s3)
= n5(51)ns(sMs(ss)
= 715(5,5,53)-

Hence Lemma 3.6 yields that s,5,5, = 5,5,5,55,5,5;, thus 8¢ € ¥, as required.
Now let S € V,, k odd, k > 3. By definition R,,, = Ryx,,; and S,,, = 5%, Ris- We
notice first that if S, = Si(x,, ..., x;), then

15(Sk) = Si(ns(x,), - -, ns(x,))
= Ry(ng(x), - - ., n5(x))
= ns(Ry).

Hence,

N5(SkXis1 Ris1) = Ns(SiMs(Xes1INs(Risr)
= N5(Rns (X1 Ms(Rsr)
= 'ls(kakH)rls(RkH)
= Ns(Res1Ms(Riesr)
= N5(Res1)-

Thus Lemma 3.6 yields that S,,, = R,,, and so Ste Vi1, as required.

Proof of Lemma 4.4. Let u,v € A be such that c(u) 2 c(v), lc(u)| = |c(v)| + 1.
@) Let V = V;. Then

u <, v 4 iuv) = i(u).
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But c(u) 2 c(v) implies c(uv) = c(u), i,(uv) = i,(u). Hence u <, v. If v <, u, we would
get c(vu) = ¢(v) and this contradicts the fact that c(u) # c(v). Therefore u <, v.
(ii) Let V =1V,, k odd, k > 3. Then

u < v i(u) = i(u)
i(s(uv)) = i(s(u))
o(uv) = o(u)
g(uv) = &(u)
i (e(uv)) =1,_, (e(u))
& 0, (e(uv)) = i,_,(e(w)), since c(u) 2 c(v)
& i, (e(w)v) = i,_i(e(w)), since c(u) # c(v)
& Ty (Wi (v) = ix_y(e(w))
& iy (e(w) < i ()
& By (e(w) Lig_y (v),

since c(e(u)) = c(v). (See Remark 2.1.)
Proof of Proposition 4.5. (i) Let V = V; and let
X ={(s, <c " <c8):n>1s¢€ A% |c(s)l =i, i €1, n]}.

The proof of the inclusion 85 C X is analogous with the proof made for V =S. We
now prove the converse inclusion.

Let s € X.

If s=(s,), le(s))l =1, then s, € A and s € §5.

Let n>1 and suppose that all sequences (s, <, - <,s,) of X are in 85 Let
S=(8,1 <¢ "* <c5) € X and let c(s,,.)\c(s,) = {a,.,}. It is easy to see that

12(Sn41) = 12(S(Sp+1)0(Snt1) @1 S1)- 4.5.1)
Now let s(s,,,) =b,...b,, b, € A,i €[], r]. We will see that
s=(b1)...(6,)(0(5,+1)) (@ns1) (50 < * " < 31)-
Indeed,

(by)- .- (B (0(5041)) @ni1) (50 < =" <2 5)
= Red(b, ... b,0(5,1)8m15, < by - 0,0(5,11)80101S, < Su <" < §))

=(b,...b,0(5,41)8ps15, < Su <g " < S1)

since ¢(c, . .. b,0(5,,1)8,415,) = €(@,415,). Thus
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(bl) .. (br) (O'(S,,.H)) (an+l)(sn <¢g --- < Sl) = (s(sn+l)a(sn+l)an+lsn <t S <¢ --- <¢ S|)
= (S <c Sy <z " <¢8) by(4.5.1).

Hence the inclusion hypothesis yields that s e 85.
(i) Let V =V, k odd, k = 3. Let

Y={(s, <c " <cs)in=1,5,€ A% |e(s)| = i, by (e(s)) = by (5icy), i € [1, m]).

We prove first the inclusion 85 C Y.
If a € A, then (a) € Y. Suppose that n > 1 and that any product (a,)...(a,), g, € 4,
i€el,n),isin Y. Let s = (a,,,)(a,)...(a)),a,€ A, i €[l,n+1]. Then

s=(a,.)(a,)...(a)]

= @) (k<" <c8)

by the induction hypothesis, where k > 1, 5; € A™, |c(s))| = i, i,_,(e(s,)) = T,_,(si_)), i € [1, k].
Hence

s = Red(a,,18¢ <¢ s <" < 1)
If a,., € c(sy), then a,,,s,Ls, (see Remark 2.1) and
§ = (Ani1Sk <c Skmt <c Sk <¢ " < §)
where |c(a,,,5,)| = k. Moreover in this case

71(—|(e(ar.+|-‘>'l¢)) =i, (e(s,))

=i,_1(5._,), by the induction hypothesis

andsose€ Y.
If a,., & c(s,) then a,,,s, <. s, and

S = (An1Sk <c Sk <g " < §1)
where |c(c,,5:)| = k+ 1. Moreover
7k—l(e(an+lsk)) = Gii(8e)
since in this case &(a,,,s,) = a,;, and e(a,,,s,) = s;.
Hence S5 C Y.
Conversely, let se€ Y. If s=(s;), with Jc(s;)]=1, then s, € A and se S5 Let

n>1 and suppose that all sequences (s, <, '-<,s) of Y are in 85 Let
§S=(Sp1 < Sn <" <cS)EY
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Since i,_,(e(5,.1)) = i,_,(s,), then c(e(s,,,)) = c(s,) and we deduce that
{e(sn)} = c(spei)\c(s0)-
Again, it is easy t check that
15(Snt1) = 1(5(5041)0(8011)E(S11)S,)- 4.5.2)
Now, let s(s,,,)=b,...b,,b; € A,i€[l,r]. We show that
s=(b)...(6) (0(5m ) (€Gn1)) (52 <~ < 51)-

Indeed,

(51) - - (b)) (6(sps1)) (€(Sni1)) (S0 < *** < 81)
= Red(b, . ..b,0(5,41)&(Sns1)n <c bz ... b,0(Si1)e(Sn1)sn <2 " =,
0(Sp41)E(Sni1)Sn g E(Sns1)Sn <g S <g """ < S1)

= (b ...b,0(5,11)e(Sn1)Sn < Sn <c """ < S1)
by Remark 2.1, since
c(bl e bra(sn+|)8(sn+l)sn) = c(s(sn+l)sn)'

Hence

(). . (1) (0(50s)) (E(Supa)) (55 < = - < 81)
= (5554100801 JE(Snp1)Sn < Sn <g " < S1)

=(Sp1 <c Sa <c " <) by(452)
Therefore, by the induction hypothesis, s € S5.

Proof of Lemma 4.6. (i) Let V = V;. If {c(u)| = 1, then the statement is trivially true,
since |c, (V)| =1, for all V € LB. Suppose the statement holds for n> 1 and let
u € A" be such that |c(u)| =n+ 1.

Fix z € A* such that [c(z)| = n. Then we have

(<5, <p " <c8):8€ A% |e(s)l =i, i e [1,n])
=lfve AT :u<.v,lcW) =n}l.{(z <¢ 5oy S -0 Sesi)isi € AL le(s)) =,
ie[l,n—=11}

Now

Ho:u <, v, lc@)] =n}| = (n+ e, (V)
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and the induction hypothesis yields that

|14
HEz <csp <c " Zcs)is; € AL le(s)l =i ie[l,n= 1]} = o 3)'
(V)
Hence
. Co1(V3)
< . :S. +, : =1, 11 = ad : *
(v < 80 < <cs1):s € AN c(s)l =i, ie (1, n]} Can1(V2)

(i) Let V = V,, k odd, k > 3.

If |c(u)l =1, the statement is trivially true. Suppose the statement holds for n > 1
and let u € A* be such that |c(u)] =n+ 1. Fix z€ A" such that |c(z)] = n. Then we
have

(U <c s, <c ' Ses)isi € A le(s)| = i, iy (e(w)) =T, (v),
ii(e(s) = ii(simy), i € [1, n]H
= Ho:u <, v, )] = n, iy (e(W)) = iy W)
H(z <¢ Saot <g """ <c 81)is; € AT le(s)] = i, iy (e(s) = Ty (k)
i€ [1,n— 1], i (e(2)) = Gy (5o

Again, the result follows from the next two computations. (See Theorem 2.2.)

v:u <, 0, le(@)] = n, i (e(w) = i, ()}
= [{v: i (e(u)Liy_y (v), By (e(w)) = §,_((v)}] by Lemma 4.6
= [{v i (e(w) = G, ()}
_ (W)
B (Vo)

since there are c,(V;) words i,(v) with |c(v)| = n and there are c,(V,_,) words i,_,(w) with
le(w)] = n.

{(z <¢ Sat g =" <c 81):18; € AL Je(s] = iy By (e(s)) = By (i),
ie[l,n—=1], i (e2)) = iy (S}
_ Cn(I_/k+l)
T’

by the induction hypothesis.

Proof of Lemma 4.7. The proof results immediately from Lemma 4.6. Indeed, if
s=(S, <¢ S,y <¢'"* < 5) € S5, then Ns.4(5) = s, and the number of elements s, such
that ¢(s,) = A4, is c,(V) if V =1V,.
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