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Abstract We present necessary and sufficient conditions for an operator of the type sum of squares to
be globally hypoelliptic on T'x G, where T is a compact Riemannian manifold and G is a compact
Lie group. These conditions involve the global hypoellipticity of a system of vector fields on G and are
weaker than Hormander’s condition, while generalizing the well known Diophantine conditions on the
torus. Examples of operators satisfying these conditions in the general setting are provided.

Introduction

The problem of characterizing hypoellipticity, in its several flavors, of partial differential
operators is a central one in PDE theory. This includes sums of squares of vector fields,
which have a prominent role due to their wide applicability and prevalence across diverse
fields, ranging from geometry to probability theory. In this regard, as far as the local
theory is concerned, one of the best known results deals with Hérmander’s bracket
condition [14], which we briefly recall. Given X,Xj,...,X, real, smooth vector fields,
and ¢ a smooth real-valued function, say on an open set Q C RV, where we define
P= Z;le? + Xp +c, if the Lie algebra generated by the vector fields X; spans the
tangent space T, for every x € ), then P is hypoelliptic. The converse holds true when
the coefficients of P are real-analytic [9]. In particular, the bracket condition implies global
hypoellipticity, but it is far from necessary even for real-analytic operators. One of the
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reasons, which also makes the global problem difficult to deal with, is the appearance of
small divisors phenomena, encoded in what are generally called Diophantine conditions,
which in their simplest form are illustrated by the famous result of Greenfield and
Wallach [10]: the operator ; +ad, is globally hypoelliptic on the torus T? if and only if
« is an irrational non-Liouville number.

These Diophantine conditions are specially common when dealing with an operator of
tube type, that is, an operator defined on a product T} x T7' whose coefficients depend
only on the t variable. The natural approach is then to attack the problem using partial
Fourier series on the z variable, a powerful tool that justifies why most of the results in
the literature deal exclusively with this environment. This poses the question as to what
extent can one find analogous characterizations for global hypoellipticity of operators
defined on more general compact manifolds, and, in that case, how one should formulate
or otherwise replace Diophantine conditions entirely; they must, therefore, be understood
from a more abstract viewpoint.

Concerning sums of squares of tube type on tori, one of the most general class of
operators considered in the literature so far is the subject of [3]. There, the authors
introduce operators with real ultradifferentiable coefficients of the form

N m n 9
“A=) (Z%‘(t)awj +Zbék(t)5tk> : (0.1)
=1 j=1 k=1
where N € Nis arbitrary, —A; = =97, —... — 07, is the usual Laplace-Beltrami operator on

T", and the vector fields Y_;'_, by (¢)9;, are skew-symmetric on T". Since the Diophantine
condition presented there is very technical, we will not reproduce it here, but we mention
that it involves only the coefficients ag;. This state-of-the-art result is our starting
point: In the present work, we introduce a class of operators that naturally encompasses
(0.1) but which are allowed to live on a much more general ambient, and whose global
hypoellipticity we address.

More precisely, let T be a compact, connected, and orientable smooth manifold and G
be a compact and connected Lie group. Our main result concerns the global hypoellipticity
of operators on T' x G of the following kind:

N m

PﬁAT—Z(Zagj(t)Xj—ng)Q, (0.2)

=1 j=1

where Ar is the Laplace-Beltrami operator on T associated to a given Riemannian metric,
Wi,...,Wy are skew-symmetric, real, smooth vector fields on 7, while a;; € €°°(T;R) for
every £€{1,...,N}and j € {1,...,m}, and Xy,...,X,, is a basis of real left-invariant vector
fields on G. The inspiration to consider tube operators of the type sum of squares comes
from [4, 6, 7, 8], where global analytic-hypoellipticity of such operators is investigated
under Hormander’s condition. As mentioned before, the characterization of (smooth)
global hypoellipticity on the N-dimensional torus has traditionally been done in terms
of some kind of Diophantine condition — which, unlike Hérmander’s, is not local (see
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e.g. [11, 12, 13] and references therein). It is worth mentioning that for each class of
regularity — for instance, smooth, Gevrey, real-analytic — there is a corresponding type
of Diophantine condition, and as the operator under study takes a more general form, the
corresponding condition becomes increasingly difficult to treat. Our framework is more
general, and so we propose a new and invariant condition about certain system of vector
fields on G that characterize the global hypoellipticity on T'x G of operators of the type
sum of squares like in (0.2) that avoid any reference to Diophantine conditions.

In order to not overload this section with notations, we will briefly describe our results
after introducing a convention: Throughout this work, g denotes the Lie algebra of G.
Note that when G =T™, g is the space of R-linear combinations of 0;,,...,0,,,. Let us
consider the following set of left-invariant vector fields on G:

L= {Leg : L:Zagj(t)Xj for some ¢ € {1,...,N} and sometET}.

Jj=1

Recall that the system L is globally hypoelliptic in G if any distribution v in G satisfying
Lu € €°°(G) for every L € L is already smooth. Our main results tell that the global
hypoellipticity of the system £ on G is necessary for global hypoellipticity of P (see
Theorem 3.3 and Proposition 7.2). Under an additional hypothesis, Theorem 3.5 says
that this condition is also sufficient.

This additional hypothesis comes from the fact that we are also allowing G to be a
noncommutative Lie group and, as we stress, when G = T™, this hypothesis is always
fulfilled by our operator P. It was carefully chosen in order to allow us to provide
interesting examples and applications when G is not the m-dimensional torus (see
Example 8.1 and the discussion around it), and, moreover, we show in Section 8.3 that a
slightly stronger assumption would force G to be Abelian. Nevertheless, we do not know
at the moment how restrictive it is, and even suspect that such a condition is not necessary
for the validity of Theorem 3.5. A soft evidence for this suspicion is that, according to
that theorem’s statement, perturbations of P not satisfying the additional hypothesis do
not destroy its global hypoellipticity.

As an immediate consequence of our main results, we can give a new characterization
of the global hypoellipticity of the operator (0.2) when G =T™ and T is an arbitrary
compact Riemannian manifold. This result is already new in two aspects: there is no
mention of Diophantine conditions, and the first factor of T'x T™ can be much more
general than an n-dimensional torus. This corollary goes as follows:

Theorem 1. Let T be a compact manifold as above and consider the LPDO on T x T™
defined by

N m 2
P=Ar-Y) ( g (£)0s, +wz) :

=1 j=1
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Then P is globally hypoelliptic in T x T™ if and only if the system of vector fields with
constant coefficients

L::{Leg : L:Z%(t)a% for some £ € {1,... N} and sometGT}
j=1

is globally hypoelliptic in T™.

It turns out that this condition about L is equivalent to the Diophantine condition
presented in [3] (see Section 8.1 for more details), thus our result above generalizes [3,
Theorem 1.5]. However, stated as such, our new condition is much easier to check than
the number-theoretic one in many practical situations: For instance, if one is able to find
certain finitely many Lq,...,L, € £ spanning the whole g, then automatically £ is globally
hypoelliptic. This is interesting even when G is a torus; see Example 8.4, which gives the
general idea for constructing other examples using results already known in the literature.

Interesting applications are also yielded by Lemma 5.1, which allows us to replace, in
our results, the system £ by LieL, the Lie algebra generated by L. In Hoérmander’s
condition, the tangent space T,€) must be generated by the vector fields Xy,...,X,,
together with their higher order brackets, at each point z; in the construction of Lie L,
however, we are allowed to take brackets of our vector fields evaluated at different points
of the manifold. This shows a new and surprising sufficient condition for the global
hypoellipticity that is much weaker than the Hérmander’s. Incidentally, a big difference
between the commutative and the noncommutative cases is revealed, since in the first one,
there is no gain in considering Lie £. In Example 8.1 (a generalization of [1, Theorem 3]),
we construct a class of operators that illustrates a phenomenon that can not occur in
G =T™. Following these lines, Hérmander’s condition will be more explored in Section 8.2.
On the one hand, a finite type condition at a single point implies that the system L is
globally hypoelliptic (Corollary 8.6). On the other hand, Example 8.1, with convenient
choices of coefficients, yields operators that are globally hypoelliptic while the finite type
condition fails to be true everywhere — actually, operators that are clearly not locally
hypoelliptic.

Section 1 is intended to recollect a few basic results on this business — especially those
aspects peculiar to Lie groups — and also settle the notation. In Section 2, we develop
the basic machinery — a suitable substitute to partial Fourier series — that was used
throughout the other sections. It is based on the spectral theory of the (partial) Laplace-
Beltrami operator on Gj; although most of the results here are known, we decided to keep
some of their proofs (or sketches) in the text, as we did not find some of them in the
literature in the exact form employed.

The notation established in the first two sections allows us to state in Section 3 our main
results in a concise way. Theorem 3.5 is our main result regarding sufficient conditions
for global hypoellipticity, and we present its proof at the end of Section 6. Theorem 3.3
is the keystone to obtain a necessary condition for global hypoellipticity, and Section 7
is devoted to prove it. Section 8 has a series of examples and remarks aiming to put our
work in perspective, especially when we consider known results in the torus, Hérmander’s
condition, and also a necessary condition based on Sussmann’s orbits. We end applying
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the techniques here developed to prove in Section 9 broader versions of [3, Theorem 1.9]
(Theorem 9.1) and of [1, Theorem 1] (Theorem 9.3).

1. Preliminaries

Let M be a compact, connected, smooth manifold, which, for simplicity, we further require
to be orientable and, in fact, oriented. We endow it with a Riemannian metric, and
we denote by dV its underlying volume form. The L? norms below are always taken
with respect to this measure, which we assume without loss of generality (w.l.o.g.) to
be normalized. Let d : € (M;R) — € (M;T*M) be the exterior derivative and d* :
E°(M;T*M) — €°°(M;R) its formal adjoint: The Laplace-Beltrami operator is then
defined as the second-order differential operator

A=d"d: € (M;R) — € (M;R).

Their action can be complexified by allowing all the objects involved to take values in C.

We recall the main properties of A which will be of fundamental importance to us. It is
an elliptic operator, and positive semidefinite, that is, (A f, f) L2(ar) > 0 for all f € €°°(M).
We denote by o(A) C R, its spectrum, that is, the set of all eigenvalues of A: This set
is countably infinite, and for each A € o(A), we denote by E) the eigenspace associated
with A\, which is a finite dimensional vector space containing smooth functions only. These
eigenspaces are pairwise orthogonal in L?(M), and Ej is precisely the space of constant
functions since M is connected. The Spectral Theorem tells us that if we endow each E
with the L? inner product then, as Hilbert spaces,

—

L’(M)= @ En.

Xeo(A)

Moreover, the following consequence of Weyl’s asymptotic formula [5, p. 155] holds:

Z (dim E)\)A\™*™ < 0o, where m = dim M. (1.1)
AET(A)\O

If for each A € o(A), we denote by Fy : L?(M) — E, the corresponding orthogonal
projection, then every f € L?(M) can be written as

f= > AW,

A€o (A)

where convergence takes place in L2(M). In the same spirit, we may extend the projection
maps F) to act on distributions and identify many spaces of (generalized) functions on
M by analyzing the growth of their corresponding sequences of projections, in a Paley-
Wiener-like fashion.

The space €°°(M) of all complex-valued smooth functions on M is naturally endowed
with a locally convex topology (uniform convergence of all derivatives on compact
coordinate sets). As our volume form dV allows us to identify the space of all smooth
densities on M with €°°(M), by the same token, we may identify the topological dual
of the latter with 2'(M), the space of Schwartz distributions on M. The measure

https://doi.org/10.1017/5147474802300049X Published online by Cambridge University Press


https://doi.org/10.1017/S147474802300049X

6 G. Araiijo, I. A. Ferra and L. F. Ragognette

dV further allows us to embed all the classical spaces of functions in 2'(M): We
interpret each f € L'(M) as a distribution on M by letting it act on a test function
PpEC®(M) as

(f.0) = /M féav.

If feP'(M) for each X € o(A), we have f|g, € EY, and we denote by F\(f) the unique
element in F, that satisfies

<‘F>\(f)7¢>L2(M) :<fa$>a Vo € Ey.

Concretely, if {¢? : 1<i<dimFE,} is an orthonormal basis for E), then

dx dx -
Fa() =D AR ey 67 =D _(£.0)) ¢}, Vfe D' (M),
=1 =1

where dy = dim E); it coincides with the original definition of Fy(f) when f € L?(M).
We denote by F(f) the sequence (Fx(f))xreo(a)- The following result can be found, for
example, in [2].

Proposition 1.1. For a sequence a = (a(\))res(a), where a(X) € Ex for all X € o(A),
the following characterizations hold:

1. a = F(f) for some f € €>°(M) if and only if for every s > 0, there exists C > 0,
such that

la\)|lz2ary < CA+N)T*, YA€ (A).
2. a=F(f) for some f € D'(M) if and only if there exist C,s >0, such that
la(N) ||z < CA+A)*, VA€ a(A).

1.1. Riemannian metrics on compact Lie groups

Let G be a compact and connected Lie group, whose dimension as a manifold we denote
by m. We denote by g the Lie algebra of all real vector fields on G that are left-invariant:
This is a finite dimensional vector space, canonically isomorphic to T,G — where e € G
stands for the identity element.

Any basis Xy,...,X,, € g forms a global frame for TG, and if x1,...,xm € g* is the
corresponding dual basis — which we regard as left-invariant 1-forms on G — they form
a global frame for T*G. In particular, x = x1 A+ A X, i a nonvanishing left-invariant
top-degree form on G, and it is easy to check that any other such form must be a multiple

of x: One often calls
-1
dVg = / X) X
(/%)

the Haar volume form associated with the orientation given by the frame Xy,...,X,,.
Left-invariant Riemannian metrics on G are in one-to-one correspondence with inner
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products on g: Any such inner product, which we regard as an inner product on T.G,
can be pushed forward by the left-translation L, : G — G (which is a diffeomorphism of
G onto itself) to an inner product on T, G for every x € G, thus producing the desired
left-invariant Riemannian metric. Now, if we fix an inner product (-,-) on g and, as above,
select Xy,...,X,, an orthonormal basis for g, then x is precisely the Riemannian volume
form with respect to (w.r.t.) the left-invariant Riemannian metric (-,-) and compatible
with the orientation of G given by X;,...,X,,. In particular, the Riemannian volume form
w.r.t. aleft-invariant Riemannian metric is always left-invariant, hence a constant multiple
of the Haar volume form. As such, with respect to such a metric, any left-invariant vector
field X € g is (formally) skew-symmetric, that is

(Xf.9) 2 = — ([ Xg)r2(c), Vf,9 € €7(G).

Particularly relevant to what comes next are the so-called ad-invariant metrics: These
are left-invariant Riemannian metrics (-,-) on G with the additional property that

([X,Y],Z) = —(Y,[X,Z]), VX,Y.Z€g. (1.2)

Such metrics always exist since we are assuming G to be compact [16, Proposition 4.24].
The key point is that, in that case, if Xq,...,X,,, € g is an orthonormal basis, then the
Laplace-Beltrami operator A¢g associated to (-,-) can be written as

Ag=-)Y X2, (1.3)
j=1

and, moreover, every left-invariant vector field on G commutes with Ag.

2. Partial Fourier projection maps on product manifolds

Let T,G be two compact, connected, smooth manifolds, orientable and oriented, and
also carrying Riemannian metrics, just like M did in Section 1, and whose dimensions
will be denoted by n =dim7T and m = dimG. Then their product enjoys the very same
properties. Moreover, T x G carries the product metric. If we denote by dV' (respectively,
dVp,dVs) the Riemannian volume form of 7' x G (respectively, T,G) with respect to the
metric introduced above, then one can prove the following version of Fubini’s Theorem:

Proposition 2.1. For every f € €°°(T x G), we have

F(t,2) dV(t,z) = /T ( /G F(t) dVes(2) ) AV (1)

TG

Let A (respectively, Ap,Ag) be the Laplace-Beltrami operator on T x G (respectively,
T,G) associated to the underlying metric(s) above: In the next statement, we summarize
their most significant relationships. Notice that given any differential operator P on T
(or on G), we will also denote its lift to T'x G by P.
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Proposition 2.2.

1. A= Ar+ Ag as differential operators on T X G.

2. If for each p € o(Ap) (respectively, X € 0(Ag)), we denote by ET C 4°(T)
(respectively, E{ C €°°(G)) the eigenspace of Ar (respectively, Ag) associated to 1
(respectively, \), and choose bases for them

. T T - 1 T
{f : 1<i< d, },  where d, =dimE,,
{qb;‘ s 1<j<d{}, where d§ =dimEY,

which are orthonormal w.r.t. the inner products inherited from L*(T),L*(Q),
respectively, then the set

S={Yfed)  1<i<dl, 1<j<df, pea(Ar), Ne a(Ag)}
is a Hilbert basis for L*>(T x G).

3. Every a € o(A) is of the form o= p+ A for some p € o(Ar) and A € o(Ag).
4. If for each oo € Ry, we define

P(a) = {(1)) € o(Ar) x o(Ag) © p+A=al,
then the eigenspace of A associated to o € o(A) is precisely
E, = @ Er'®EY
(1) EP(e)
and an orthonormal basis for this space w.r.t. the L*(T x G) inner product is

(Vo) 1<i<dl, 1<j<df, (mA)€P(a)}.

Remark 2.3. For a € Ry, the set P(«) may contain more than one pair, that is, there
may exist distinet (u,\), (@', \) € (A1) x 0(Ag) for which p+ X = p'+ \. However, such
a set is necessarily finite, since both o(Ar) and o(Ag) are discrete and unbounded.

Now, let f € €°(T x G) and, given t € T, we once more regard f(¢,-) as a smooth
function on G, for which we consider its orthogonal expansion

f<t7') = Z ff(f(t7))7

)\GU(AG)

where F{ (f(t,-)) € EY can be written, in terms of our previously chosen basis, as

ds ds
FEUE) = LA )N100) = 3 ([ rea)df@ave@)e. @1
j=1 j=1

Allowing now ¢ to vary in 7, we see at once that for each given A € 0(Ag), the map

te T FC(f(t,) € ES
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is smooth, hence an element of €>°(T; E{) = ¢°°(T) ® E, which we denote by F$(f).
We can then consider the Ef—valued orthogonal expansion w.r.t. Ap of }"f (f) €
€>°(T; ES): given u € o(Ar), we have

FIFS(S ZfT/f RNV () ©0) = ZZ(fw”wA%zm)zp @4

=1j=1

which is an element of Eg ® E{. By Proposition 2.2(4), this is nothing but a portion of
Folf), and we actually conclude that

Falf)= > FLFL(f), Vaco(n). (2.2)
(1, A)EP(a)

On time, we notice that for every A € o(Ag), we have
CF(TES) = {f €6°(TxG) : Aaf =Af} (2.3)

— as one easily sees by analyzing the orthogonal expansion of any f € €°(T x G) w.r.t.
our Hilbert basis & — and that F{ : €°°(T x G) — €>°(T; E) is a projection. Indeed,
given f € €°(T x G), it follows from (2.1) that F{(f) is characterized as the unique
element in €°°(T; E{) with the property that

(FS()b)re(rxa) = (£ 0) 2(rxa), Y € €°(T;EY) (2.4)

which can be easily checked by expanding any such % in terms of an orthonormal
basis. It follows at once that F{ : €°°(T x G) — €°°(T;E{) acts as the identity on
€>°(T;ES). In order to extend the definitions above to distributions f € 2'(T x G),
given \ € 0(Ag), we expect to construct an object FC(f) € 2/(T;ES). First of all,
notice that we may identify (Ef)* with Ef itself by means of the anti-Riesz isomorphism

€ ES (@) 12(q) € (ES)*, for which {q/)iﬁ‘ 1 1< j<d§} is the corresponding dual basis.
Thus, an element g € €>°(T;(E$)*) can be written uniquely as

d§ o
9=> 9,00}, g;€C>(T).

j=1
Note that when f € ¢>°(T x ), we have seen (2.4) that we can apply F{(f), as an
element of .@’(T;ES), to g € €°°(T;(E{)*) and obtain
(FE( / | 1), 08 @V (Vi (0) (6.6} 120) = (9.

Now, for f € 2'(T x G), its projection F{(f) € 2'(T; ES) is also written uniquely as

a§
(=) _Fio¢), Fe7'(T)
j=1
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where, as one can now easily guess,
(Fjp) = (fv@e)), Web™(T).

We have thus defined a linear map F{ : 2'(T x G) — 2'(T;EY) which is essentially
the transpose of the inclusion map €°°(T; E{) < ¢*°(T x G). We can now characterize
smoothness in terms of the double partial Fourier maps.

Proposition 2.4. A distribution f € 2'(T x G) is smooth if and only if for every s >0,
there exists C' >0, such that

||]:E]:§;(f>||L2(TxG) SC(A+p+A)"°% V() €o(Ar)xo(Ag).

The next two corollaries of Proposition 2.4 are fundamental to our approach later on.
Before we state (and prove) them, we will need the following remark.

Remark 2.5. For f,g € ‘KOO(T; E§) given by

a§
f= Zfzwl, 9=> 9:®¢3, [figi €E(T),

i=1 i’=1

we have by Proposition 2.1

- a3
(0 2y = / Z F(08) @)gr D@V (t.2) = 3 (figi) 2.
11’ 1 i=1
Moreover, we have
A
=Y Fl(f)®¢), Yueo(Ar),
hence
1122wy = lelele(T) Z dSooF Ny = Yo IFL Do)
i=1 p€o(Ar) neo(Ar)
Corollary 2.6. If f € €°(T x G), then for every s >0, there exists C > 0, such that
IFS (Nlz2rxey SCA+N)T5, YA€ a(Ag). (2.5)

Proof. By the computations done in Remark 2.5, we have
IF DNzaxey = Do IFF D2 xa):
ueo(Ar)
By Proposition 2.4, for each s > 0, there exists C' > 0, such that
IFS D2 rney € D, CP+p+N) 7 <CP A+ Y (L),
pea(Ar) pea(Ar)

where n = dimT and the last series converges thanks to Weyl’s formula (1.1) for Ap. O
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Corollary 2.7. If f € 2'(T x G) is such that

1. for every s > 0, there exists C >0, such that (2.5) holds and
2. for every s’ >0, there exist C' >0 and 0 € (0,1), such that

I FS (P2 s <C(T+p+X)7, V() € Ay, (2.6)
where
Ao ={(1\) € 0(Ar) xo(Ag) + (1+A) < (1+p)°). 2.7)
Then f € €°(T x G).

Proof. Let Aj C o(Ar) x 0(Ag) denote the complement of Ag. For (1, A) € AG, we have
T4 p+A<(1T+A)7 +A< (1405 < (140)8
since 1/6 > 1. Therefore, given s’ > 0, we define s =260~1s’, hence for (1,\) € A§, we have
(T+N) < A4p+N)"F =1+p+1)"".
Let then C,C’ > 0 be such that (2.5) and (2.6) hold, hence

C(l4+p+A)~%, in A,

Fr FS ()l < ,
1 F. FX (DL (TXG){O,(1+H+/\)S7 0 Ay,

Combining both estimates, it follows from Proposition 2.4 that f € € (T x G). O

Before we end this section, we will prove a result about LPDOs which commute with
one of the partial Laplace-Beltrami operators on T x GG: such LPDOs will also commute
with the partial Fourier projection map associated to the corresponding factor. This is a
key property that all of our operators of interest in the forthcoming sections will enjoy.

Proposition 2.8. Let P be an LPDO in T x G which commutes with Ag. If
u€ P'(T x @), then F$(Pu) = PF(u) for every A € o(Ag).

Proof. We will be content to prove the assertion when u is smooth. First, notice that P
maps €°°(T; ES) to itself: indeed, if f € €°°(T; EY), then by (2.3)
Agf =M= Ac(Pf)=P(Acf)=APf)

from which we conclude that Pf € €°°(T; EY). We claim that P* — the formal adjoint
of P — also commutes with Ag: For f,g € €°°(T x G), we have (Acf,9)r2(rxq) =
<vaG9>L2(T><0), hence

(P*Acf9)2(rxa) = ([, AcPg) 2 (rxa) = ([, PAcg) L2 (rxa) = (AcP* f,9) L2 (Tx )
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and since this holds for all f,g € €°(T x G), our claim follows. In particular, P* also
preserves €>°(T;ES) for each ) € 0(Ag). Now, for u € €>(T x G), we have, for all
W € C(T;EY),

(FS(Pu),¥) r2rxa) = (Pu) r2(rxa) = (WP Y) 2 (rxa) = (FX (W), P*Y) 12 (7% )

thanks to (2.4): notice that in the last equality, we used that P*y € € (T; EY). After a
final transposition, we conclude that

(FX (Pu)v)rairxy = (PFY (W) 2rxay, Wb € €%(THEX),
which yields our conclusion, since both F¥(Pu) and PF{ (u) belong to €°°(T; ES). O

3. A class of sublaplacians on product manifolds

From now on, we will assume some extra structure in the environment postulated in the
previous sections: namely, G will be a Lie group (with dim G =m), while T will remain a
smooth manifold (with dim7T = n), both of them compact, connected, and oriented. We
impose no conditions on the Riemannian metric on 7" but will require the one on G to
be ad-invariant (1.2). We denote by g the Lie algebra of G.

Let a:T — g be a smooth map. If Xy,...,X,, is a basis of g, then

= Zaj(t)Xj7 teT,
j=1

where ay,...,a, € €°°(T;R) are uniquely determined. We thus regard a as a first-order
LPDO on T x G, which we may sometimes write a(¢,X) when we want to stress this point
of view. Notice that

atX) (@)= (a;9)® vy e 2'(T), p € 7'(G),
j=1

hence, in particular, a(t,X)(¢¥ ® 1g) =0 for every v € Z'(T).
We introduce the class of LPDOs on T x G which is the main theme of this work. Define

N
PiQ—Z(ag(t,X)—&—Wg)z, (3.1)

where ay,...,ay : T — g are smooth maps, Wy,...,Wy are real, smooth vector fields on
T, and @ is a real, positive semidefinite LPDO on T — meaning that (Q,%) 21y >0
for every ¢ € €°°(T") — which is a wildcard in our model: We will slowly add hypotheses
to it, but for now, we will assume that

P=Q-Y W} (3.2)

is a second-order LPDO on T that kills constants (i.e., has no zero order term). The
main examples we will explore afterward are Q = Ap and @@ = 0. Our aim in this work
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is to study necessary and sufficient conditions for an operator P as above to be globally
hypoelliptic, or (GH) for short, in T'x G:

Vue 2'(TxG), Pue €¢°(T xG) = u € €=(T x G).

Since ay,...,ay : T — g are smooth, for each ¢ € {1,...,N}, we may write

t) = i%(t)xj, ter, (3.3)

with as1,...,am € €°(T;R). Then, given ¢ € 2'(T) and ¢ € Z'(G), we have, unwinding
the square in the definition of P,

P ¢)=(Pyp)®@¢— Z( Z agyrag ) ® Xy X;6)+» ((Q%'WE +We%')¢) ®(Xj¢))-
=1 j.j=1 j=1
(3.4)
Roughly speaking, P has “separated variables” with “constant coefficients” on G and
hence behaves nicely under partial the Fourier projection maps on that factor. Rigorously,
operators such as @ and W, commute with Ag, as they act on independent variables,
but so does a,(t,X) since each X; commutes with Ag (as pointed out at the end of
Section 1.1). Thus, P also commutes with Ag; to all of them, Proposition 2.8 applies.
On time, we point out the following energy identity, which will be fundamental later on.
Its proof is purely computational, and we leave it to the reader. Recall that a real vector
field W on T is skew-symmetric (also often called skew-adjoint, or divergence free) if

(Wf.g) 2y = —(f,Wg)L2(1), Vg€ E€=(T).
Lemma 3.1. Let P be as in (3.1). If we further assume that Wy,..., Wy are skew-
symmetric on T, then for each \ € 0(Ag), we have

N

(PY,Y) L2(rxa) = (QU,0) L2 (rx e +Z Yol Forxay Vo€ €™(T;EY),
=1

where Yo = a,(¢,X)+ W, for £€{1,...,N}.

3.1. Main results
We start by discussing necessary conditions for global hypoellipticity of P in (3.1).

Proposition 3.2. If P is (GH) in T x G, then P is (GH) in T.

Proof. Let u € Z'(T') be such that Pu € €(T). Then, by (3.4), we have that P(u®1¢g) =
(Pu)®1¢ is smooth on T x G, hence, by hypothesis, u® 1g € €°°(T x G) — which can
only happen if u € €°°(T). O

Motivated by this remark, we shall be mostly concerned with the case when P is an
elliptic operator in T, an assumption that will allow us to make use of microlocal methods.
Now, we come to our second necessary condition for global hypoellipticity of P.
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Theorem 3.3. If P is (GH) in T X G, then the following regularity condition holds:
Vue 2'(G), a(t,X)(lr @u) € €°(T x G) VL € {1,...,N} = u € €°(G). (3.5)

Its proof is not as simple: We postpone it to Section 7. Under additional conditions,
we will see that the necessary conditions in Proposition 3.2 and Theorem 3.3 are also
sufficient. But first, let us restate (3.5) in terms of a system of left-invariant vector fields
on G. To do so, we must recall the notion of global hypoellipticity for such systems:

Definition 3.4. Let M be a smooth, compact manifold as in Section 1. A family £ of
smooth vector fields on M is said to be globally hypoelliptic in M if for every u € 2'(M),
we have

Lue ¢ (M), VL e L= u€ E(M).

From now on, we denote by L the system of vector fields on G defined as follows:

N
L= U ranay C g. (3.6)
=1
Thus, a left-invariant vector field L belongs to £ if and only if there exist £ € {1,...,N}
and t € T, such that L = a(t). Moreover, for each ¢ € {1,...,N}, we let

Ly = spangrana, C g. (3.7)

We will prove in Proposition 7.2 that condition (3.5) is equivalent to ask that £ is (GH) in
G. In Section 8.1, we explore in detail such condition when G is a torus and equate it with
the notion of nonsimultaneous approximability of a collection of vectors, a Diophantine
condition already known to be connected with global hypoellipticity of operators like
(3.1) when both T and G are tori [3].

When @Q = Ar, we can state our sufficiency result as follows:

Theorem 3.5. Let
N

2
P:AT_Z<a€(t7X)+W€) ; (38)
=1
and suppose that W1i,.... Wy are skew-symmetric real vector fields in T. Assume,

moreover, that:

1. For each given £ € {1,...,N}, we have that as(t1),a¢(t2) commute as vector fields
in G, for any t1,ta € T. In other words, each Ly C g as defined in (53.7) spans a
commutative Lie subalgebra.

2. The system L C g in (3.6) is (GH) in G.
Then P is (GH) in T'x G. Furthermore, if R is an LPDO in T x G of the form

M 2
R=-%" (hﬁ(t,X) +V,€) : (3.9)

k=1
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where Vy,..., Vi are skew-symmetric real vector fields in T and by,...,by € €°°(T;g) do
not necessarily satisfy the commutativity condition above, then Py = P+ R is also (GH)
nTxG.

Note that, for any £ € {1,...,N}, we can assume that ¢t € T — a,(¢) € g is not identically
zero. For operators P as in (3.8), we have that

N
P=Ar-) W;

=1
is elliptic in 7. Additionally, note that if G = T™, then L; is always commutative,
so Proposition 3.2 and Theorems 3.3 and 3.5 together yield Theorem 1, hence our
result generalizes [3, Theorem 1.5]. Let us also point out that we were able to prove
global hypoellipticity of P (3.1) in Theorem 9.1 and in Theorem 9.3 when @ is any
positive semidefinite operator in T, where, on the other hand, we impose more restrictive
assumptions on the vector fields a,(¢,X), for £ € {1,...,N}.

4. Consequences of the ellipticity of P on the Fourier projections

Let us evaluate the principal symbol of P (3.2) at (tog,70) € T*T'\ 0 by taking any
1 € €°°(T;R), such that dpv(tg) = 79: We have

N
Pz(tovTo):plggoPﬂ@*iw( (e?) ZW% W) = Q2(t0,70) +Z W) (to)?
=1

In particular, if Q)5 is a nonnegative function and the system of vector fields Wq,... , Wy
is elliptic in T, then certainly P is elliptic. If, on the other hand, Q = A, then Qo may
be evaluated by means of the local expression of the Laplace-Beltrami operator: In that
case, P is automatically elliptic — no assumptions needed on Wy,...,Wx.

Lemma 4.1. Suppose that P is elliptic and that v € 2'(T x G) is such that
Pu e € (T xG). Then for every ¢ € € (G), we have that u(¢) = (u, - @¢) € €>°(T).

Proof. First, we will show that

{(t,r) €eT*T\O0 : (t,7,2,0) € Char(P) for some z € G} =) (4.1)

which is a direct consequence of the ellipticity of P. Indeed, we compute the principal
symbol of P at (t,7,2,0) € T}T x T} G = T*t,x)(T x G) by taking i € €°>°(T;R), such that
dry(t) = 7, hence f =1 ® 1 satisfies dfét,z:) = (7,0) and

Py(t,7,0) = lim p~2e=7/ P(e'7)| () = lim p~2e™#% P(e'7V)], = Py(t,)
p—r00

p—r00

o (4.1) follows since P is elliptic. Now, let ¢ € €°°(G): at first, we only know that
(o) € 2'(T). Using partitions of unity, we may assume w.l.o.g. that supp¢ is contained

https://doi.org/10.1017/5147474802300049X Published online by Cambridge University Press


https://doi.org/10.1017/S147474802300049X

16 G. Araiijo, I. A. Ferra and L. F. Ragognette

in a coordinate open set U C G, where we apply [15, Theorem 2.5.12] to conclude
that

(t,7) € WF(a(¢)) = (t,7,2,0) € WF(u) for some z € U,
which is further contained in Char(P) since Pu is everywhere smooth. O
The following is an easy consequence of Lemma 4.1.

Corollary 4.2. Suppose that P is elliptic and that u € 2'(T x G) is such that Pu €
€>°(T x G). Then, F{(u) € €°(T;ES) for every X € o(Ag).

For the next lemma, recall that for M, a compact manifold as in Section 1, the topology
of €°°(M) can be given by the system of (semi)norms, defined, for f € € (M), by

[flloesany = 1T+ D) fllLzany, s €Zy.
We use this fact below with M =T,G and A = Ap,Ag, respectively.

Lemma 4.3. Suppose that u € 2'(T x G) is such that U(¢) = (u, - @¢) € €°°(T) for every
¢ € € (G). Then for each s >0 there exist C >0 and 6 € (0,1) such that

H]:E}_,\ (W)l L2(rxa)y KCA+p+X)"% V(i) € Ay,
where Ny is defined in (2.7).

Proof. The hypothesis means that the range of the continuous linear map @ : ¢*°(G) —
2'(T) actually lies in €°°(T). This yields a new linear map @ : €°°(G) — €°°(T) which
is continuous by the Closed Graph Theorem: it follows that for each s € Z, there exist
C >0 and s’ € Z,, such that

la(@)l ey < Clldll sper (), VP € C(G).

Taking ¢ = gi)?‘ — one of our orthonormal basis elements of E{ — we obtain
”ﬁ(qh?)uj‘fs(T) < C||¢§\H%s’(g) = 0(1 + /\)S )

while on the other hand

dy -
la( @) 2oy = . A+ | FL @Gy = D>, A+ > [(uvlf @)
pEa(Ar) pEa(Ar) i=1

hence

G

ZHM@)H% (= (1+M)2SZZ|<U RN = D> 1+ IF FL W7 rxa
peEo(Ar) i=1j=1 peo(Ar)

from which we conclude that

(1 +M)23||-7:E}—A (u HLQ(TXG) < ZHU H%*(T) < d)\C (1+)\)2S » V() € o(Ar) xo(Ag),
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and thus, since d§ = O(A*™) thanks to (1.1),
(1 )° | F (@) 2 riey < CA+2)"H, 0 V() € 0(Ar) x o(Aq).
Let 6 € (0,1) be so small that 8(s"+m) < s/2: for (u,A) € A, we then have
IF8 FS @)l p2rway < COLAN) T (14 p) 7 < O+ p) W= < O(L4p) 2,
Moreover, on Ag, we have 1+ p+ A < (14 u)? from which our conclusion follows. O
Combining Lemmas 4.1 and 4.3, we conclude:

Corollary 4.4. Suppose that P is elliptic. If u € 2'(T x G) is such that Pu e € (T x G),
then for every s >0, there exist C >0 and 0 € (0,1), such that

”‘T.Ef)g(u)”Lz(TXG) < C(1+:U‘+>‘)7S7 v(ﬂ’a)‘) S A9~

5. Interlude: global hypoellipticity of certain systems of vector fields

In this section, we derive some general results regarding global hypoellipticity of systems
of vector fields (Definition 3.4) which are needed to pave the way for the proofs of
Theorem 3.5 and related results later on. We consider M a compact Riemannian manifold
enjoying all the properties described in Section 1, from where we also borrow the notation.
We denote its Laplace-Beltrami operator simply by A, and £ will stand for any system
of smooth vector fields in M.

Lemma 5.1. The following are equivalent:
1. £ is (GH) in M.
2. spang L is (GH) in M.
3. LieL, the Lie algebra generated by L, is (GH) in M.
Proof. It is clear that if £ C £’ are two families of vector fields and £ is (GH) in M,

then so is £’. This observation takes care of the implications (1) = (2) = (3) since
L Cspang £ C Lie L. Since, moreover

Lie £ = spang U {Xy [ X, X )] s Xjel, 1< <v}
veN
implication (3) = (1) follows immediately. O

The main advantage of the previous lemma is that it enables us to transition between
different sets of generators of a given system. The next technical proposition characterizes
global hypoellipticity of certain finitely generated systems in terms of manageable
inequalities. Not only this will be required in the proof of our main result but also later on
in Section 8.1. There, we discuss the case when G is a torus and show a direct application
of Proposition 5.2 to an important system of vector fields with constant coefficients on
T™. This allows us to connect our abstract conditions with the notion of simultaneous
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approximability — an inequality that can be read from the symbols of the vector fields a
la Greenfield-Wallach.

Proposition 5.2. Suppose that Ly,...,L, are smooth vector fields on M which commute
with A. Then, the system {Ly,...,L,} is (GH) in M if and only if there exist C,p >0 and
Ao € 0(A), such that

(X ILselaan)” = CA+N7bl2an, Vo€ Ex, A= Do (5.1)
=1

Proof. Suppose that C,p >0 and Ay € o(A) are such that (5.1) holds, and let u € 2'(M)
be such that Lju,...,L.u € €°(M). Given s > 0, for each j € {1,...,r}, there exists
C; >0, such that

| Fx(Lju)|lL2any S C;(14+ X777, VAeo(A),

by Proposition 1.1. Since Fy(L;ju) =L;Fx(u) (for L; commutes with A: use Proposition
2.8 with T'= {pt}, or see [2, Proposition 2.2]), we have for A > A\ that

1P (@)l z2ar) < C7HL+X)” (Zum ||L2(M)) (Zc2) (142)"

As the set {A € g(A) : A< Ao} is finite, we conclude by Proposition 1.1 that u € €°(M).
For the converse, suppose that for each v € N, there exist A\, € o(A) with A\, > v and
¢, € E,,, such that

% -V —V
(Yo Isonltznn)” <27+ M) ol 2
j=1

W.lo.g., we assume [[¢,||z2(ary = 1 and that {)\, }, e is strictly increasing. Then

u=3"¢, € 7' (M)\C*(M)

veN

by Proposition 1.1. On the other hand, for j € {1,...,r}, we have, given s > 0:
e if A=), for some v > s:
[FALju)ll2ary = ILjdull Lz <2771+ A) 7Y < (14A)7°
o if A\£ )\, for every v € N:
[FALju)l[p2ary =0 < (1+A)7°

Thus, Lju € €°°(M) since {v € N : v < s} is finite; hence, {L1,...,L,} is not (GH). O
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6. Sufficiency for operators subject to commutativity assumptions

Our aim in this section is to prove Theorem 3.5, which still requires some preparation.
For each £ € {1,...,N}, we write

m
a(t) =Y ay(t)X;, teT,
j=1

which we assume to be not identically zero, hence, among ay1,...,as,, there are exactly
m? > 1 functions that are R-linearly independent. We denote them by a1, ..., apme:
writing the remaining coefficients as linear combinations of these allows us to write a, as

mi
ar(t) = ap(t)LL,
p=1

where L{,...,L¢ , are linear combinations of Xi,...,Xp,, hence also elements of g. One
can prove that L, ... ,Lfn . are linearly independent, and actually a basis for £, as defined
in (3.7) (see Section 8.1, where we derive explicit expressions for these vector fields w.r.t.
the choice agp = ay;e for p € {1,... ,m*}).

Linear independence of ayy,...,qy,,c means that if we define Dy : T x R™ R by

£

. “ 2 mZ

Det) = (D au®)) s teT, yeR™,
p=1

then for each 7 # 0, the function t € T'+— Dy(t,y) € R cannot be identically zero. We then
have, arguing as in the proof of [3, Lemma 3.1]:

Lemma 6.1. There are constants a,d > 0, such that for every v € Rm[, there exists a
nonempty open set A, CT with vol(Ay) > 4§, such that

Dy(t,y) > aly?, Vte A,

Next, we state without proof a fundamental estimate, which generalizes [12, Equation
(2.10)].

Proposition 6.2. Given 6 > 0, there exists a constant C' > 0, such that for every open
set A C T with vol(A) >4, one has

lel32ry < C (1013200 + drwl3acr ), Vb € 6=(T).
We also mention the following easy result that will be useful in some arguments below.
Lemma 6.3. Let W be any vector field on T. Then, there exists C > 0, such that
W[ L2y < ClldryllL2(r), Vi € €(T).

All of this allows us to prove the following;:
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Proposition 6.4. Under the hypotheses of Theorem 3.5, there exist C,p > 0 and
Xo € 0(Ag), such that

(PUY)r2rxa) 2 CU+N) Wl e (reay, YW €C(TIES), A= X, (6.1)
Proof. By hypothesis (1), the set of left-invariant vector fields £, acts as a family of

commuting, skew-symmetric — hence normal — linear endomorphisms of E)Cf for each
A € 0(Ag), which then admits an orthonormal basis

bW £\ a
01" B € B

which are common eigenvectors to all operators in Ly; their associated eigenvalues are
purely imaginary

¢ 0 T ML AL bW
Lp¢i = *1%717 ¢, Vip € R,
and we may bound their absolute values thanks to the following easy remark.

Lemma 6.5. For every X € g, we have

9ll22(c), Vo € ES, VA€ o(Ag),

Xl 2@y < [IX[lgA'?
where || - ||g is the norm on g induced by the underlying ad-invariant inner product.
Proof of Lemma 6.5. Assume w.l.o.g. X # 0. Let then Xy,...,X,, be an orthonormal

basis for g, such that X; = X/||X]|g. As the sum of their squares equals —Ag (1.3), we
have, for ¢ € Ef,

X187z < D IXidllieic) = — D (X2¢,0) 12(6) = (Aa,0) L2(c) = Mol 32 (-
j=1 j=1
O
It follows immediately that
oy 1P < [ILglI2A-

For each 4,7’ € {1,...,d$} and p,p’ € {1,...,m*}:
£ NETE AL MNE AL AL AL AL AL
<Lp¢i L @ >L2(G) =Yi,p 'Y¢/7p'<¢i X >L2(G) = 5ii’%‘7p Vit pts

S0, in particular, for each given t € T', we have

7”2

(ae(t)0} " ae(t) 67 ) 12y = > cup (t) o (1) (LE S L 62 ) 12
p,p'=1

ml

D (B ()85, Vit = 0iir De(t,7,°),
p,p'=1

e . .
where 'y;‘ £ e R™ is defined in the obvious manner.
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A general ¢ € €°(T; ES) is written, given £ € {1,...,N}, as

a§
v=> yiee,
=1

so, for each t € T' given, we have that

IOl = [ | S vt @an(00 @] dVeta)

dsl dsl
= > UHOUE ) a8 ()6 ) 2y = D L) Dt 7))
ii'=1 i=1

(6.2)

but also

ILpe0)e = [ \Zw‘ DL @) aVee) ZW PP

Recall that L{,...,L¢ , form a basis for £, (3.7) for each ¢ € {1,...,N}, hence the set

(LY : pe{l,...m"}, te{1,....N}} (6.3)

generates spang £. By Lemma 5.1, our hypothesis (2) of global hypoellipticity of £ in G
entails the same property for spang £ and hence for (6.3). As these commute with Ag,
Proposition 5.2 then provides us constants C,p > 0 and Ay € 0(Ag), such that

N mt 1
(XD ILisle)” = CO+ N ldlla), VOB, A= X, (64)

(=1 p=1

Fix A > X\o. We apply (6.4) to ¢ =(t), for some ¢t € T' given

N df
[ )Z2(c) < CT2(1+A) 2’)X:X:IILZ D7) =CT2A+N* DD [P
t=1p=1 (=1i=1
and then integrate both sides over T, yielding
N d§
912y <O+ 2* 303 [ 0l @)P> Pavi ) (6.5)
(=1i=1

Let us work out the last integral above. By Lemma 6.1, there are constants a,d > 0, such
that for every £ € {1,...,N} and every i € {1,...,d§'} fixed, there exists a nonempty open
set AN C T with vol(A") > 6, such that

De(t;"") Z aly™ %, vte AY.
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Then, by Proposition 6.2, there exists C7 > 0 depending on & but not on any other
parameters, such that

Jwiorn e <a( [ o PHOPRY FaVe©-+ e 601

<Ci(a™" | WHOPDR 9V () + Bldr b acr) ).
where, by the conclusion after Lemma 6.5, By > 0 depends only on |[Lf||g, p € {1,...,m"}.
By (6.2)

4G

s X
> /T O Pavie(t) < € (a / sz 2Dt )AVe () + BA et 32 r))
=1

=1
=ci(a ||ae(t,X>wuLz<TxG>+BeA<ATw,¢>L2(TXc>),

and hence, for some Cy > 0,

N d§ N
> / O PaVe(t) < Co(1+0) (3 et X) e 32wy + (Arediairsc) )
(=1 1i=1 =1

By Lemma 6.3, there exists Cs > 0, such that

2
laet X613 rxc < (@t X) + W)l arnc) + Wbl 2rac

< 2(|I(@e(tX) + Wl Facrec) + O3 (Arthtiarxc) )

from which we conclude that
N df

N
ZZ / |5 (1) 77 |2dVT<t>SO4<1+A)(Z||(ae<t,><>+Wz>w||i2<m>+<Aw,w>L2<Txa>)
=1

=1 i=1
= Ca(1+ N (P, ) L2 (rx s

the last equality following from Lemma 3.1. Plugging this back into (6.5) ends our proof.
O

Now we prove Theorem 3.5.

Proof of Theorem 3.5. Let u € 2'(T x G) be such that f = Pu € €>(T x G). Since P
is elliptic, by Corollary 4.2, we have that F{ (u) € €>(T; E) for every A € 0(Ag), and
by Proposition 6.4 — applied to ¢ = F{ (u) — there exist C,p >0 and \g € 0(Ag), such
that

H]:f(u)”LQ(TxG) < 0_1(1+)\)p||]:,€(f)||L2(TxG), YA> Ao

after a suitable application of the Cauchy-Schwarz inequality. But since f is smooth, by
Corollary 2.6, for every s > 0, there exists Cs > 0, such that

IFS (W)l 2 (rxa) < Cs(L+A)75, YA > .

https://doi.org/10.1017/5147474802300049X Published online by Cambridge University Press


https://doi.org/10.1017/S147474802300049X

Global hypoellipticity of sums of squares on compact manifolds 23

It is simple to see that, increasing Cj if necessary, we obtain that the last inequality holds
for every A € 0(Aq). We already saw in Corollary 4.4 that the ellipticity of P entails,
for every s> 0, the existence of C'> 0 and 6 € (0,1), such that (2.6) holds. Finally,
Corollary 2.7 ensures smoothness of u. Furthermore, if R is as in (3.9), then it is certainly
a positive semidefinite LPDO in T x G, hence (6.1) implies that the same inequality holds
if we exchange P for Py = P+ R. The latter is also an LPDO on T x G of the same kind
as P, and P, is clearly elliptic too. Thus, the argument above applies just as well for Py
in place of P, proving its global hypoellipticity in T' x G. O

7. A class of systems

Our goal in this section is to prove Theorem 3.3. Notice that its proof would be rather
simple — similar to that of Proposition 3.2 — if there were no vector fields Wy in (3.1).
Here, however, we are once again studying a general P defined by (3.1) in T'x G and L
denotes the system of vector fields (3.6). Our next lemma is the key to relate the condition
(3.5) with the global hypoellipticity of £ in G.

Lemma 7.1. A distribution u € 2'(G) satisfies a;(t,X)(1r @ u) € €°(T x G) for every
Le{l,...,N} if and only if Lu € €°°(G) for every L € L.

Proof. Let u € 2’(G) be such that a,(t,X)(1lr ®@u) € €°°(T x G) for every £ €{1,...,N}.
We have

ag(t,X)(1r @ u) Z ap;(t teT,
which is smooth in T x G, hence for any given tg € T

Clg(to)u = Zagj(to)Xju S %OO(G), Vil e {1,...,N}.
j=1

We conclude that Lu € €°°(G) for every L € L={ay(to) : to€T, {e{l,....N}}.

For the converse, suppose that u € 2'(G) is such that Lu € €°°(G) for every L € L.
We select L,...,L, € £ a basis for spany £ — this is a finite dimensional space since it
is contained in g — so we can write, for each £ € {1,...,N},

t)=> ay(t)L;, teT,
j=1
where ay1,...,ap € €°°(T;R) are uniquely determined. We thus have
ar(6,X)(1r ®@u) = as(t)u = Zagj(t)Lju €EEX(TxG), Vled{l,... N}

Jj=1

since Lqu,...,L,u € €°°(G) by hypothesis. O
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Proposition 7.2. Condition (3.5) holds if and only if L is (GH) in G.

Proof. Assume first that £ is (GH) in G, and let u € 2/(G) be such that a,(¢,X)(1r ®
u) € €°(T x G) for every £ € {1,...,N}. By Lemma 7.1, we have that Lu € €*°(G) for
every L € £, hence u € €°°(G). On the other hand, if one assumes (3.5) and letting
u € 2'(@G) be such that Lu € €°°(QG) for every L € L, then, by Lemma 7.1, we have that
ar(t,X)(1r®@u) € €°(T x G) for every £ € {1,...,N}. We conclude that v € ¥>°(G). O

We now prove Theorem 3.3.

Proof of Theorem 3.3. Suppose that P is (GH) in T x G, and let u € 2'(G) be such
that a,(t,X)(1r ®u) € €°°(T x G) for every £ € {1,...,N}. By (3.4), we have (recall that
P has no zeroth order terms, hence annihilates constants):

P(lr®u) = Zaz tX (Ir ®wu) ZZ Wzazg )

(=1 (=1 j=1

The first sum in €°°(T x G) by assumption; we claim that so is the second. Indeed, define
a(t) =Y (Weag)(t)X;, teT, te{l,...,N}.
j=1

Hence, ai,...,ay : T — g are all smooth. We notice that rana, C spangranay, for every
te{l,...,N}: given tg € T and (U;x) = (U;ty,...,t,) a coordinate chart of T centered
at tp, we may write, in U,

= 0
We=> bu(t)—
k=1

where by, ...,ben, € €°°(U;R), hence

to Zibgk to aag t() X Zbgk to hm (U.g( _1(hek))—ag(x_1(0)))

j=1lk=1

certainly belongs to spangrana, — since all the Newton quotients above obviously do.
We then define
N
L= U randy

=1
which we have just proved to be contained in spang £. Now, since ay(t,X)(1r ® u) €
E>*(T x Q) for every £ € {1,...,N}, it follows from Lemma 7.1 that Lu € €°°(G) for
every L € £, hence also for every L € spang £ and, in particular, for every L € L; by a
second application of Lemma 7.1, we conclude that a,(¢,X)(1r ®u) € € (T x G) for every
¢e{1,...,N}. It then follows that

N
Plreu)=—Y atX)*(1reu)— Y atX)(1r@u) € (T x G),
=1 =1

2
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and, since P is (GH) in T' x G, we conclude that 17 ®@u € € (T x G), that is, u € €°°(G),
thus proving (3.5). O

8. Remarks and examples

We devote this section to motivate our hypotheses, to compare our results with previous
ones in the literature, and, of course, to provide some examples of operators that satisfy
the hypotheses of Theorem 3.5.

Let us take a look at hypothesis (1) in Theorem 3.5. The fact that ay(t1) and a(t2)
commute for every tj,to € T' does not preclude noncommutativity of the vector fields
belonging to distinct L£,. In concrete examples, this prevents us from being “thrown
back” to tori: more stringent hypotheses could inadvertently imply that g were already
commutative to start with (see, e.g., Corollary 8.8). This leads us to our first example.

Example 8.1. Choose Xj,...,Xy € g, such that the Lie subalgebra generated by them is
g. Define ay(t) = as(t)Xy, for every £ € {1,...,N}, where each ay € °°(T;R) is a nonzero
function, and consider

N
2
P=Ap— Z (ag(t)Xz +Wz) )
=1
where Wy,..., Wy are skew-symmetric vector fields in 7. Then condition (1) in
Theorem 3.5 is satisfied: for each £ € {1,...,N}, we have

Ly =spang{ae(t)X, : t €T},

and, for every t1,ts € T, we have [ay(t1) X, ae(t2)Xe] = ap(t1)ae(t2)[Xe,Xe] = 0. Notice how
we are not assuming [X,,Xp] =0 for £ #¢'.

Moreover, since ay is not identically zero, some nonvanishing multiple of X, belongs
to L. It follows that Lie £ = g (because this is the Lie algebra generated by X;,...,Xy),
which is evidently (GH) in G; hence, so is L itself, as a consequence of Lemma 5.1:
condition (2) in Theorem 3.5 is thus satisfied. We conclude that P is (GH) in T x G.
Notice that this generalizes [1, Theorem 3].

Note that if G =T™, then LieL = g is possible if and only if £ already contains m
linearly independent vector fields. For a compact connected but non-Abelian Lie group
G, the noncommutativity of g helps us to reach condition (2) as N, the number of linearly
independent vector fields in £ in Example 8.1, could be much smaller than m = dimg.
For instance, in G = SU(2), it is possible to find X;,Xs,X3 three real vector fields forming
a linear basis of g = su(2) and such that [X;,Xs] = X3. Choosing nonvanishing aq,as €
€ (T;R) and skew-symmetric vector fields W1, Wy in T, we conclude that

P= AT—(al(t)Xl +W1)2— (ag(t)Xg +W2)2 (81)

is globally hypoelliptic in 7" x G. It is easy, however, to construct many examples for which
(8.1) is not locally hypoelliptic: If there exists an open set U C M, where a; = as =0, then
P=Ar—W?—-W3 on U x G, where we can pick any distribution u € 2'(U x G) that
does not depend on the t variable. More generally, if there is an open set U C M, where
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ag vanishes (but not necessary ap), then one can find a coordinate chart (V;xzq,...,zm)
in G, where X; = 9,,, hence

P=Ar—(a1(t)0,, + W1)*— W3

in U x V, which is also not locally hypoelliptic: take u € 2'(U x V') depending only on
T2yeueym-

8.1. Relationship with the notion of simultaneous approximability for vectors

Before we provide more examples, we compare Theorem 1 with [3, Theorem 1.5], where
global hypoellipticity of the same model operator was studied. Even though both results
established necessary and sufficient conditions for global hypoellipticity when G is a torus,
it may seem, at a first glance, that our necessary condition of £ being (GH) in G has
nothing to do with the notion of simultaneous approximability of a collection of vectors
[3, Definition 1.2]'. Note that one does not need to assume that T is a torus in order to
state the notion of simultaneous approximability.

Yet, now we study the relationship between these two concepts. Still within the general
setup, recall that g carries an inner product (-,-) and select Xy,...,X,, € g a linear basis.
Let ay,...,ay be as in (3.3), and, for each £ € {1,...,N}, define

Ay = spang{as,...,am} C C(T;R).

Notice that the linear map X € g+ 37" | (X,X;)ar; € Ay is certainly onto, with kernel
precisely £;: we thus have an isomorphism £, 2 A,. Their dimension will be denoted by
m!, and therefore there are indices 1 < jf < --- < jfn,Z < m, such that

agje,- -, form a basis of Ay.

If we write the remaining indices as 1 < <--- < iflf <m (where d* =m —m?"), then

mé

agie = Z)\f;pagjé, ge{l,...,d},

p=1

where X!, € R are uniquely determined. Thus, an X € g belongs to £ if and only if

dl
<X?X]£> +ZAgp<XaXzfl> = 07 vp S {17 "ame}7
q=1

meaning that X is orthogonal to
d[
Ll =X +ZA§pXi2, pe{l,...,m'}.

g=1

1Properly adapted to the smooth setup (see condition (2) in Proposition 8.2): in that work, the
authors are interested in hypoellipticity w.r.t. some classes of ultradifferentiable functions.
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That is, L{,...,Lf , form a basis for £, (they are clearly linearly independent), so by
Proposition 5.2 and Lemma 5 1, £is (GH) in G if and only if there exist C,p > 0 and
Ao € 0(Ag), such that (6.4) holds.

Now, let us see how this works on a torus. When G = T™, we have that X; =0, ,
j€{1,...,m}, form a basis of its Lie algebra g = R™ — which is a commutative Lie algebra,
so the standard inner product (i.e., the one for which Xj,...,X,, is an orthonormal basis)
is automatically ad-invariant, and the associated Laplace-Beltrami operator thus reads

m m
= _ZX? = _2812‘1'
j=1 j=1

Thanks to Fourier analysis, we have that o(Ag) = {|¢]? : £ € Z™} and
E§ =spanc{e™ : €€ Z™, €7 =)}, VAe€o(Ag),

the exponentials actually forming an orthonormal basis of E{, hence

dl
ILpe™™ L2 crm) = H (a%g T Z Agpaﬂig ) e’ = |8+ Z A api |-
q=1

By (6.4), if £ is (GH) in G =T™, then there exist C,p > 0 and ny € N, such that

<ZZ ‘fﬂ +Z>‘qp52

=1p=1

L2(T™)

Vzoaripy e, veerr fzn.  (82)

Conversely, since every ¢ € E§ can be written as

o= Y ¢, e €C,

1€12=A

if (8.2) holds, then for |£| > no:

T o \wZA 6|

¢=1p=1 (=1p=1|¢|2=A

> C? 1+ X[ pl L2 (m),

o0 (6.4) also holds, and £ is (GH) in T™.

Inequality (8.2) not only resembles the smooth version of the nonsimultaneous
approximability condition in [3, Definition 1.2] but is actually equivalent to it. This is the
content of the next proposition, for which statement we introduce further notation. For
each £ € {1,...,N}, assume that d* > 0 and m’ > 0, and denote, for £ € R™,

. mt 7
EEE) :(Ejfavfj;[)eR ) f(é) _(fz IR 75'&22) ERd )
and also

= (M. M) €RY, pe (L. mt).
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Proposition 8.2. The following are equivalent:

1. There exist C,p >0 and ng € N, such that (8.2) holds, that is

(5

{=1p=1

2\ 3 B .
G b€l ) 2 COIER) e veezm I > o

2. There exist B,M >0, such that for each £ € Z™\ 0, there exist £ € {1,...,N} and
pe{l,...,m'}, such that

[€je +vp- €yl = B+ €0 M.

The proof relies on standard calculations. One immediately recognizes condition (2)
above as the bona fide smooth version of the Diophantine condition in [3, Definition 1.2].

In T xT™, consider P as in (3.8). We say that it satisfies the nonsimultaneous
approximability condition if one of the following holds for the family ay,...,apn:

there exists £ € {1,...,N}, such that d* = 0;

after relabeling indices, we find 0 < N’ < N, such that none of ay,...,ays is

identically zero and when we apply the procedure above, we obtain a collection
1

’ . . . . . .
017"'71}71”17”%7"'7va’ satisfying one of the equivalent properties in Proposi-

tion 8.2.

Corollary 8.3. When G =T™, our system L in (3.6) is (GH) in G if and only if P
satisfies the nonsimultaneous approximability condition.

Example 8.4. Define an LPDO P on T x T? by
P= AT - (811 +aa:1?2)2 - (5811 +a®2)27

where o, 8 € Q and a8 # 1. Since both « and 3 are rational, it is clear, thanks to a classical
result from Greenfield and Wallach [10], that neither Ly = 9,,, + @0,, nor Lo = 30, + 04,
is globally hypoelliptic in T2. It is plain, however, that L1, Ly together generate the tangent
space of T? at every point, therefore, the system £ = {L;,Lo} is (GH) in T? and P is
(GH) in T'x T?.

8.2. Comparison with Hérmander’s condition

Back to a general compact Lie group G, with Lie algebra g, let h C g be a Lie subalgebra.
We regard €°°(T';h) as a subset of X(T' x G), the Lie algebra of all real, smooth vector
fields on T x G: as such, it is a Lie subalgebra of the latter. Indeed, given a basis Ly, ...,L,
of b, any a € €°°(T’;h) can be written as

a(t)=> a;(t)L;, teT,
j=1
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where ay,...,a, € €°(T;R) are uniquely determined; from this observation, our claim
follows easily. Moreover, for any real vector field W in T, we have that

aw =Y (Wa,)L;
j=1

also belongs to €>°(T;h) by definition. One then easily sees that © = € (T;h) + X(T),
the set of all vector fields Y in T'x G of the form Y = a(¢,X) + W, where a € €°°(T';h)
and W € X(T), is a Lie subalgebra of X(T x G).

Now let £ be as in (3.6) and let h =LieL C g. Given Yi,...,Yx € O, assume that for
a given (t,z) € T x G, the following condition holds:

3Z4,...,Z, € X(T), such that the set {Z1,...,Z,,Y1,...,Yn} is of finite type at (¢,x).
(8.3)

It follows from the fact that © is a Lie algebra containing Zi,...,Z,,Y1,..., Yy that
O,a) = {Y|(te) : YEOE =T (T xG),

hence, (71G)«O,2) = T2 G, where (1)« : T(1,2)(T x G) — TG is the projection map.

Proposition 8.5. If (16)«O,2) = T2 G for some (t,x) € T x G, then LieL = g.

Proof. Given X € g arbitrary, there exists Y € ©, such that (7g).Y|«,2) = X|.. Hence,
for some ay,...,a, € €°(T;R) and W € X(T'), we have

Yo = a;j(t)Ljle + Wl = X[o =Y a;(t)Ljla-
Jj=1 j=1

As two left-invariant vector fields are the same if they match at a single point, we conclude

> a;(L; =X,
j=1
where the left-hand side belongs to Lie £ for each ¢t € T fixed. O
Since g is (GH) in G, we conclude from Lemma 5.1 that:

Corollary 8.6. If Yy,...,Yn satisfy (8.3) at some (t,x) €T x G, then L is (GH) in G.

Yet, simple examples show that we may have Lie £ = g — which is stronger than £ being
(GH) in G — while the finite type condition fails at every point: back to Example 8.1,
if m>2 and ay,...,ay have pairwise disjoint supports, then (8.3) for Y, = ay(t)Xy + Wy,
Le{l,...,N}, fails everywhere since no X, can generate the whole g.

8.3. A necessary condition based on Sussmann’s orbits

Let M be a compact manifold, as in Section 1. We will now show a simple result which
illustrates the connection between the topology of Sussmann’s orbits of a system L of
vector fields on M — or, rather, how they are immersed into the ambient manifold
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— and the global hypoellipticity of £ in M. This has some interesting consequences
(Corollary 8.8) which better contextualize the hypotheses of Theorem 3.5.

Recall that the orbit of £ through x( is the set of all x € M enjoying the following
property: there exists a continuous curve + : [0,6] = M (for some § > 0) with endpoints
~7(0) = z¢ and v(0) = x and a partition 0 =ty < t; < --- < t, =4, such that on each open
subinterval (¢j,t;11) — for j € {0,...,k—1} — the curve v is ¢! and an integral curve of
some L; € £. We denote it by Orbz(x). Sussmann’s Orbit Theorem [19] states that the
orbits of £ are all immersed connected submanifolds of M. If we assume that M = G is
a compact Lie group and £ C g is a system of left-invariant vector fields on G, then one
has a much more precise result (see, e.g. [18, Lemma 3.4]):

1. Orbg(e) is the connected Lie subgroup of G whose Lie algebra is Lie £ C g; and
2. Orbgz(xg) = o - Orb(e) for every xg € G.

In that case, the orbits are precisely the integral manifolds of the involutive distribution
Lie, L ={X|, : XeLliel} CT,G, z€G,
so these results are actually a consequence of Frobenius’s Theorem.

Proposition 8.7. If L is (GH) then all of its orbits are dense in G.

Proof. It is enough to prove that Orb.(e) is dense in G, as the remaining orbits are left
translations of it. Let H C G denote its closure. It is certainly a subgroup of G, and since
it is closed, it is a Lie subgroup of G. Moreover, the set G/H is a smooth manifold with
dimension dim G —dim H, which is positive if one assumes that H # G, and the canonical
projection 7 : G — G/H is a smooth submersion [17, Theorem 9.22]. In that case, let
v€CHG/H)\ € (G/H) and take u = 7*v € €(G) \ €>°(G). Then u is annihilated by
every X € g tangent to H, hence, in particular, by any X € £ since

L C LieL C i = the Lie algebra of H.
Thus, £ would not be (GH). O

Having in mind condition (1) in Theorem 3.5, we would like to point out in our next
result that one must be really careful when assigning hypotheses to P in order to ensure
its global hypoellipticity: too strong ones may inadvertently also ensure that G must have
been a torus to start with!

Corollary 8.8. If G is a noncommutative Lie group and £ C g is a family of pairwise
commuting vector fields, then L cannot be (GH).

Proof. Notice that Lie £ is a commutative Lie subalgebra of g, hence must be contained
in a maximal commutative Lie subalgebra b C g. Let then H C G be the unique connected
Lie subgroup of G whose Lie algebra is b. It is certainly commutative (since so is h), and
it must be closed thanks to the maximality of §). Because Lie L C h, we have that every
vector field in £ is tangent to H, hence Orb,(e) C H so

Orb.(e) C H #G,
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as we are assuming G noncommutative. In particular, Orb(e) is not dense in G and the
conclusion follows from Proposition 8.7. O

9. Operators with mostly constant coefficients

In this final section, we explore other results ensuring global hypoellipticity of operators
P, as in (3.1). Here, we allow more general “leading terms” (), unlike Theorem 3.5 in
which we have @Q = Ar, but paying the price of more restrictive assumptions on the
vector fields a,(¢,X). The following one is an extension of [3, Theorem 1.9].

Theorem 9.1. Let P in (3.1) be of the form

N’ 2 N 2
P=Q-) (L4+Wz) -y (az(t,X)-i-Wz) ;
£=1 (=N'+1
where @Q is positive semidefinite in T — i.e. (QU,¥)r2(r) >0 for every € €(T) —
Ly,....Lys € g and Wy,...,Wy are skew-symmetric and such that P= Q-Wi—-..— W%
is elliptic. Assume, moreover, that

1. Wy,...,Wpn+ commute with At and that
2. the system {Yy=Ly+W, : £=1,...,N'} is (GH) in T x G.

Then P is (GH) in T x G.

Remark 9.2. Property (2) above is stronger than £ in (3.6) being (GH) in G as it clearly
implies (3.5) — which is equivalent to the latter by Proposition 7.2 — independently of
the remaining assumptions.

Proof. Hypothesis (1) ensures that Y7i,...,Yn/ commute with the full Laplace-Beltrami
operator A = Ar + Ag on T x G. Therefore, hypothesis (2) implies, by means of
Proposition 5.2 (see also Proposition 2.2(4) and the results in Section 2), the following:
there exist C,R,p > 0, such that for all (u,\) € 0(Ar) x 0(Ag) with p+ X > R, we have

N’ 1
(Y IVeplZeirney)” 2 CO+u+ N Iglizmne), YoeELQES.  (9.1)
=1

Let u € 2'(T x G) be such that f = Pu € €°°(G). Since we are assuming P elliptic in
T, we have by Corollary 4.2 that F{ (u) is smooth for every A € 0(Ag). As Yi,...,Y
commute with A, they behave well under both the partial Fourier projection maps, that
is, including F7T, and not only F¢:

IYeFS lZerwey = D 1Fa(YeFX @)lieaxay = > IYelFu FX (W)l[72rxa)
pEa(Ar) neo(Ar)
(9.2)

for £ € {1,...,N’}, whatever A € 0(Ag).
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Now, let s > 0. By Corollary 4.4, there exist C; >0 and 6 € (0,1), such that
H}—E}—S(U)HL%TXG) <OL(1+p+N)"572" Y, \) € Ay,
where n=dim T and Ay C o(Ar) X o(Ag) is as in (2.7). We look at its complement
Af={(A) €a(Ar) xo(Ag) :+ (1+X) > (1+p)"},
where it holds that 14+ A < (1+A)7 since 1/6 > 1. Therefore, thanks to (9.1), we have,

for (u,A\) € A§ with p+ X > R, that

NI
170 FS @)l Z2rxay < CT2 AN F Y IYe(FLFS (@) F2rxc)-
{=1

Fixing A € 0(A¢g), we have by Remark 2.5 that

IFS @ e rxey = Y IFAFS @2+ D, IFAFS @l ere  (9-3)
uEa(Ar) pea(Ar)
(HaA)EAG (M,)\)GAE

in which the first sum can be bounded by

Cy
D IFF@IRee < Y IFF@lewxo g
pET(AT) ueo(Ar)
(y,N)EAg (u,N\)EAg
< 9 FG ) S L
— (1+A)g A L (TXG) (1"‘/};)27]', .

HET(AT)

where the latter series converges by Weyl’s asymptotic formula (1.1).
For the second sum in (9.3), we define A§ p = {(u,A) € A : p+A > R}: it follows that

Y FIFWierue) < C214+0) 7 Z Y YU FIFS @) rce

neo(Ar) £=1 peo(Ar)
(, )\)GAZ, R (#»A)GAZ, R

which can be further bounded by

N’ N’
SO>I FFE @) e rxay < DY FS @iz rxa
£=1 peo(Ar) =1
(1, N)EAG 1
N/
<(QFK (u), FS (W) r2(rxay + O IYeFS ()| 22 (rxc)
/=1

<IFS Dllezrxey IFS @2 (rxa),
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where we used Proposition 2.8, Lemma 3.1, and the fact that @ is positive semidefinite.
But since f is smooth, Corollary 2.6 further implies the existence of a C3 > 0, such that

Y IFFE @ rwe) < O+ N IFF (W) r2rxo)- (9.5)
nea(Ar)
(1, \)EAG R
Using the fact that A\ A§ g is finite, it follows from (9.3), (9.4), and (9.5) that
IS ()l p2(rxa) < Ca(l+X) 7%, VA€ o(Ag),

for some constant Cy > 0, and the smoothness of u follows from Corollary 2.7. O

The next one is very similar and generalizes [1, Theorem 2].

Theorem 9.3. Let P in (3.1) be of the form

N’ 9 N 2
PzQ—Z(Le) - > (ae(t,X)JrWe),
(=1

f=N'+1
where @ is positive semidefinite, Ly,....Lys € g and Wy 41,...,Wx are skew-symmetric
and such that P =Q — W3, —---— W3 is elliptic. Assume, moreover, that the system

{Li,...,Ln'} is (GH) in G. Then P is (GH) in T x G.

Proof. By Proposition 5.2, there exist C,p > 0 and )y € 0(Ag), such that the basic
inequality (5.1) holds for {Ly,...,Lx/} in G. In particular, for arbitrary ¢ € €>°(T") and
o€ E)C\; with A > A\g, we have

N’ N’
S L@ @32 rxay = D _Nlli2m ILedlFz () = C2A+N) " [V @ ¢l|72(rxc)-
=1 =1

Selecting an orthonormal basis ¥1',... ,¢5T of EE, we may write any ¢ € EE ®E§ as
m

T
d,

@:Zwét(@@ja @jeEgv
=1

and since the terms in the sum above are pairwise orthogonal in L?(T x G), we have

di
lelZerxay = D IWE @ G512 xc),
j=1
hence also, in particular
dT
el Zerxay = D ILe(@) @ 3122 (rxc)-
j=1
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We conclude that for (11,A) € 0(Ar) X 0(Ag) with X> Ao and ¢ € E ® EY, we have

N’ dy
S ILegllierwe = > C2HL+X) ") @G53 2 (e = C*A+N) "0l 2 (e
=1 j=1

(9.6)

Let u € 2'(T x G) be such that f = Pu € ¢°°(G), so again, F{ (u) € € (T; EY) for
every A € 0(Ag). For each £ € {1,...,N'}, since Ly is a left-invariant vector field on G,
and as such commutes with Ag, we have that Y, = L, commutes with A, so again (9.2)
holds. Therefore, for (u,A) € o(Ar) x 0(Ag) with A > Ao, we have, by (9.6) and (9.2),

N’

P8 FS @)l|2erxay < CT2 AN D IFL LeFS ()1 e
=1

so summing both sides over u € o(Ar) yields

|\]:AG(U)||2L2(TxG) < 0_2(1+)\)2pH]:f(f)||L2(TxG)||]:,€(U)HL2(TxG)

for every A > Ao, where we proceed as in the previous theorem; as such, we conclude
smoothness of u, keeping in mind the finiteness of the set {A € 0(Ag) : A< Ao} O
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