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ABSTRACT

We study the depth filtration on multiple zeta values, on the motivic Galois group of
mixed Tate motives over Z and on the Grothendieck—Teichmiiller group, and its relation
to modular forms. Using period polynomials for cusp forms for SLy(Z), we construct an
explicit Lie algebra of solutions to the linearized double shuffle equations, which gives
a conjectural description of all identities between multiple zeta values modulo ¢(2) and
modulo lower depth. We formulate a single conjecture about the homology of this Lie
algebra which implies conjectures due to Broadhurst and Kreimer, Racinet, Zagier, and
Drinfeld on the structure of multiple zeta values and on the Grothendieck—Teichmiiller
Lie algebra.

1. Introduction

We begin by motivating the results of this paper from two apparently different, but in fact
equivalent, perspectives.

1.1 Depth filtration on multiple zeta values
Multiple zeta values are defined for integers ni,...,n,—1 > 1 and n, > 2 by

1
C(nyy...,ny) = E AT
Tk

1<k <---<kp

Their weight is the quantity ny + - - - + n,., and their depth is the number of indices r. Relations
between multiple zeta values of depth 2 were first studied by Euler. Let Z5 denote the Q-vector
space spanned by multiple zeta values in weight N. Zagier conjectured, firstly, that the space Z
of multiple zeta values is isomorphic to the direct sum of the Zy (in other words, the weight is
a grading), and secondly, that the dimension of Zy can be expressed using the generating series

1
. N _
N>0

Using the theory [Lev93, DGO05] of mixed Tate motives over Z, Goncharov [Gon0Ola] and Terasoma
[Ter02] independently showed that dimg Zx is bounded above by the coefficient of sV in the
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F. BROWN

right-hand side of (1.1). Furthermore, if one replaces Zy with the Q-vector space of motivic
multiple zeta values (™(ni,...,n,) of weight N, then (1.1) is a theorem [Brol2, Dell3]. The
rational function on the right-hand side of (1.1) can be interpreted as follows: it is the Poincaré
series of the free graded module, generated by (™(2n) for n > 1, over the graded dual of the
universal enveloping algebra of the Lie algebra of the category of mixed Tate motives over Z,
which is free with one generator in every odd degree < —3 (see [DGO05, Del13] for further details).

Based on numerical experiments, Broadhurst and Kreimer [BK97] formulated a fascinating
and more refined conjecture which takes into account the depth. The depth, by contrast with
the conjectural properties of the weight, is only a filtration, and not a grading. Let Zy 4 denote
the Q-vector space spanned by multiple zeta values in weight N and depth d, modulo multiple
zeta values of weight N and strictly lower depth. They propose that

. 1+ E(s)t
dimg (Zxn,q4)s™Vt? = , (1.2)
N%O Q 1— O(s)t + S(s)t% — S(s)t
where, using the notation from [IKZ06, Appendix],
2 3 12
E(s) = — i > (1.3)

=1 O(s) = T2 S(s) = (1—sh(1—s5)

Formula (1.2) specializes to the statement (1.1) upon setting ¢ = 1.

The meaning of this conjecture is still mysterious, but one goal of this paper is to offer a
homological interpretation of (1.2). The series E(s) and O(s) are the generating series for the
dimensions of the spaces of even and odd single zeta values respectively, and S(s) is the generating
series for the dimensions of the space of cusp forms for the full modular group SLa(Z). The first
prediction of (1.2), due to the presence of a non-trivial coefficient of 2 in the denominator of
the right-hand side, is the existence of an extra relation between double zeta values of even
weight for every cusp form, modulo multiple zeta values of lower depth (single zeta values).
These relations have indeed been shown to exist and are well understood by the work of Gangl
et al. [GKZ06], who exhibited an infinite family of such relations. The smallest one corresponds
to the Ramanujan cusp form of weight 12:

28¢(3,9) + 150¢(5,7) + 168 ¢(7,5) = %—917((12). (1.4)

The coefficients in this and all such equations can be related to period polynomials for cusp
forms, or equivalently, to group cocycles for SLa(Z). Furthermore, a geometric mechanism for
these relations is by now fairly well understood [Brol4b].

The situation in higher depths remains very unclear. It is known by work of Zagier [Zag93|
and Goncharov [Gon01b] that (1.2) is true (in a suitable setting, i.e. for solutions to the double
shuffle equations as discussed below) in depths 2 and 3, respectively. Nevertheless, the presence
of the term in ¢* in the right-hand side of (1.2) suggests a new phenomenon in depth 4. If we
interpret the right-hand side of (1.2) in terms of the Poincaré series of a depth-graded version
of the Lie algebra of the category of mixed Tate motives over Z, the term in t* suggests the
existence of new generators in this Lie algebra in depth 4, corresponding to cusp forms for the
full modular group.

In this paper we supply candidates for these ‘exceptional’ generators by constructing them
explicitly out of period polynomials of cusp forms. As a result, we can formulate a much more
precise conjecture than (1.2) which predicts not only the dimensions of the spaces of multiple

530

https://doi.org/10.1112/50010437X20007654 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X20007654

DEPTH-GRADED MOTIVIC MULTIPLE ZETA VALUES

zeta values in all weights and depths, but also their relations and modulo lower depths. In
order to get some sense of these exceptional generators, consider the first one, which occurs
in depth 4 and weight 12. It turns out that all multiple zeta values in weight 12 and depth 4
are proportional to a single element ((1,1,2,8) modulo terms of lower depth and products, for
example,

€(4,3,3,2) = 116 ((1,1,2,8).

The exceptional generator corresponding to the Ramanujan cusp form A annihilates every such
relation, and therefore gives an interpretation of the coefficients (in this case, the number 116)
in terms of ratios of critical values of the L-function of A.

1.2 The projective line minus three points
Let Q%{T(Z) = Aut%/[T(Z)(wdR) denote the motivic Galois group of the Tannakian category

MT(Z) of mixed Tate motives over the integers [DGO05], and let u/(a{T(Z) < gﬁﬂz) denote its
unipotent radical. One has a canonical isomorphism gﬂ&T(Z) = Uﬁfﬂz) X Gyy,. Let

—

oy = 7B (P1\{0,1,00}, Tp) and oIT; = 798P\ {0, 1,00}, 1o, — 1)

denote the de Rham fundamental group (respectively, torsor of paths) at a tangential base point
at 0 (respectively, between tangential basepoints at 0 and 1) [Del89]. The latter is a torsor
over the former, via composition' of paths oIly x oII; — ¢II;. Since oI, oII; are the de Rham
realizations of (pro)-objects in the category of mixed Tate motives over Z, the group le\}?T(Z)
acts upon them, and there is a canonical representation

g?\fl{T(Z) — Aut(()HO X 0H1),

where the group of automorphisms on the right denotes those automorphisms which respect
the structure ¢IIy x oIl — oIl for x € {0,1}. This action is the motivic version of the outer
action of the absolute Galois group Gal(Q/Q) on the pro-¢ completion of the fundamental
group of X which was first studied extensively by Deligne, Drinfeld, and Thara [Dell3, Dri90,
Tha02]. Deligne conjectured that this action is faithful, or equivalently, that the motivic tor-
sor of paths on X generates the category M7 (Z), which was shown in [Brol2, Dell3]. The
graded Lie algebra® of oIl is the free graded Lie algebra L(eg,e;) on two generators eg,e;.
Therefore, the infinitesimal version of the action of L{}E{T(Z) on olly gives a very concrete way
to study the motivic Galois group, or equivalently, its graded Lie algebra g™ together with its
representation:

gm = LieZ/lﬁ/FfT(Z) — Der Lie oIy = DerL(eg, e1).

One shows that the image of g™ lies in the Lie subalgebra of derivations which are in the image
of the linear map

L(eg,e1) — DerL(eg, e1)

f+— Dy,

1 We use the topologist’s convention: a3 denotes the path « followed by the path 3.
2 Throughout this paper, the notation Lie will denote a (weight)-graded Lie algebra, that is, a Lie algebra graded
for the action of G,,.

531

https://doi.org/10.1112/50010437X20007654 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X20007654

F. BROWN

where D¢(eg) = 0 and Dy(eq) = [f, e1]. One can equip L(eg, 1) with a new Lie algebra structure
{,}, called the Thara bracket, such that the previous map becomes a morphism of Lie algebras
(ie. Difgy = [Dy, Dg]), where the bracket on the right is the usual Lie bracket on derivations.
Let us denote the graded vector space L(eg, e1) together with this new Lie algebra structure by
g:= (]]-‘(607 61)7 { ) })

One obtains from all this a canonical embedding of the motivic Lie algebra
g™ Cag.

By abuse of notation, we shall identify g™ with its image in g. The injectivity of g™ — g follows
from [Brol2].

A major problem is to describe this Lie algebra as precisely as possible. We know that it has
generators called ‘zeta elements’ for every n > 1:

oont+1 = (ad 60)2” e1 + (terms of degree > 2 in ;)

but they are not canonical® (e.g. o1 is only well defined up to addition of rational multiples of
{03,{05,03}}). Deligne’s conjecture in its originally stated form was that the ¢-adic versions of
the 02,11, which are elements in a certain Lie algebra constructed out of Gal(Q/Q), form a free
Lie algebra for the Ihara bracket.

THEOREM 1.1 [Brol2]. The graded Lie algebra g™ is a free Lie algebra on (some choice of)
generators oa, 11 in each degree —(2n + 1) for n > 1.

Only the classes [09,41] in the abelianization (g™)* = g™/{g™, g™} are canonical. Since
Hy(g™ Q) = (g™)", one can rephrase the previous theorem by saying that

H (g™ Q) = Ploznr1]Q,
=t (1.5)

Hi(g™;Q)=0, fori>2.

The abstract structure of the Lie algebra g™ is therefore very simple, but the information about
linear relations between multiple zeta values is encoded in the coefficients of the generators oo, 1,
which are not known explicitly. In this paper we study the associated graded version 0g™ of this
Lie algebra for a filtration called the depth, which is related to the depth filtration on multiple
zeta values. By contrast with the case of g™, we will provide an explicit conjectural description
of all the generators of dg™. It is not a free Lie algebra, but a little more complicated.

1.3 Depth filtration on the motivic Lie algebra

As defined in [DGO05], the depth filtration is induced geometrically by the inclusion P*\{0, 1, 00} C
Gy, and is the decreasing filtration ® on L(eg, e1), where ©" consists of Lie brackets containing
at least r occurrences of the letter e;. It is preserved by the Thara bracket {,}, and therefore
defines a filtration on g. One defines the depth filtration ©"g™ to be the induced filtration. An
element in g™ lies in D"g™ if and only if the corresponding derivation of Lie ¢Ily = LL(eg, 1) sends

% In fact, one can define canonical generators ga,+1 to be the coefficient of ¢™(3,2,...,2), with n — 1 twos, in a
motivic Drinfeld associator ®™ = >~ (™ (w)w. However, this definition is not explicit and most of the coefficients
of 02,41 defined in this way are not known.
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D% to D57 for all 5. This makes the motivic nature of ® clear since the o9, 1 increase the depth
by at least 1.
We consider the associated graded Lie algebra:

g™ = grog™.

It is bigraded by weight and depth: the depth will be indicated by a subscript, thus 0g;" = grisg™.

We identify 0g™ with a Lie subalgebra of grog which as a bigraded vector space is identified with

L(eg,e1). Note that, in fact, the Thara bracket {,} respects the depth grading on the free Lie

algebra L(eg, e1), so the Lie bracket on grgg is given by the identical formula to that for {, }.
In depth 1, 0g™ inherits canonical ‘zeta’ generators which are the images of ooy,11:

Oon4+1 = (ad 60)2n€1 S Dg'ln. (16)

Thara discovered, astonishingly, that in the depth-graded Lie algebra the generators go,41 are
not free. The first relation occurs in weight 12:

{03,090} —3{05,07} =0. (L.7)

In order to reconcile this relation with the freeness theorem (Theorem 1.1), there must exist an
extra generator in 0g™ in weight 12 to compensate for it: the new generator is given by the lowest
depth part of {o3,09} — 3{05, 07}, which is in depth > 4. Exceptional generators such as these
(but defined in a direct and somewhat different manner) are one of the main objects of study of
this paper.

The general quadratic relations between the G9,11 have been known explicitly for some
time [IT93, Sch06, Gon05, GKZ06] and will be re-derived as an immediate consequence of the
formalism we introduce below. To describe them, let V,, = @, ti=n QX'YJ denote the vector
space of homogeneous polynomials of degree n in two variables, with its right action of SLy(Z).

Evaluating cocycles on the matrix ((1) _01) induces an isomorphism

H(}usp(SLQ (Z), V2nf2)+252na

where + denotes invariants under the involution which sends a cocycle v +— C, to the cocycle
Y = Ceye ‘E, where € = ((1) Pl). One can show that this involution is induced by the action
of complex conjugation on (C\R)/GL2(Z). The space Sa, C Q[X, Y] is the space of even-period
polynomials: it is the space of antisymmetric homogeneous polynomials P(X,Y") of degree 2n — 2,

divisible by Y, satisfying P(+X,+Y) = P(X,Y) and
P(X,Y)+P(X -Y,X)+ P(-Y,X —Y) =0.

One shows that the quadratic relations between &9;41 in weight 2n 4 2 are completely described
by period polynomials in Soy:

D Ao o2t =0 = Y AG(XPYH - XHY) €5y, (1.8)
i<j i<j

where i + 7 = n in both equations. The first goal of this paper is to provide a complete conjectural
description of dog™.
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1.4 Results
1.4.1 Missing generators. Firstly, we construct the candidate exceptional generators in depth
4 using period polynomials for cusp forms. We define an explicit map

e: HL  (SLo(Z); Vap_2)t — Dg

cusp

which, to every even-period polynomial associates a Lie word in two generators eg, e1, of degree
4 in e1. A different source of extra generators in depth 4 are the lowest- depth part of expressions

of the form }, .
> 4) but such generators depend on a choice of generators og,4+1. A canonical choice of such

i j{02i41, 02541} where the \; ; are as in (1.8) (these expressions have depth

generators was given in [Brol7a], but the relationship with the elements e, which are introduced
in the present paper and defined very differently, is not completely understood. For instance,
even if one works modulo commutators, these two possible definitions of generators in depth 4
are related by a non-trivial isomorphism on the space of period polynomials (see §§1.4.3, 8.4).

The simplest possible conjecture that one can make is that the depth-graded motivic Lie
algebra is generated by the canonical generators 9,11 in depth 1, the image of the exceptional
map e in depth 4 and subject only to the known quadratic relations between the 52,41 in depth
2. This is equivalent to a statement about H;(0g™; Q) for i = 1,2, and suggests the following
reformulation of the Broadhurst—Kreimer conjecture.

CONJECTURE 1. The image of e lies in g™, and

ag 7@ @02'@—}—1@@ @ SQn

n>1

ag 7@ @527% (19)

H;(0g™; Q) =0, fori>3.

We show in § 10.2 that Conjecture 1 implies the version of (1.2) in which multiple zeta values
are replaced by motivic multiple zeta values. This is in turn equivalent to (1.2) if one assumes
the period conjecture for mixed Tate motives over Z.

Conjecture 1 describes all relations between depth-graded motivic multiple zeta values (mod-
ulo products and ¢(™(2)). More precisely, consider the ring H of shuffle-regularized motivic
multiple zeta values (™(w) where w is a word in {eg,e1}. It is weight-graded, and also has
a depth filtration ©, which counts the number of e;’s. Let gr®H denote the associated graded
ring and let gr®I denote its augmentation ideal. Then a linear relation of weight N and depth

d of the form
Z Aw C(M(w) =0,

where A\, € Q and w ranges over words in ey, e; of length N with d letters ey, holds in the quo-
tient? (gr®H)/((gr®I)% + (¢™(2))) if and only if, for all z € g™ of weight N and depth d of the

4 This is equal to the depth-graded of the quotient H/((I)? 4+ (¢™(2))), where I is the augmentation ideal in . This
follows from the fact that (depth graded) motivic multiple zeta values form a polynomial ring (shown in §4.2) —
one can choose a system of motivic multiple zeta values, whose images in the depth-graded are algebraically
independent generators for gr®H. Note that there is presently no explicitly known candidate for a family of such
generators.
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form x = ), cyw, one has ) cy,Ay = 0. Since Conjecture 1 provides an explicit presentation
for 9g™, it conjecturally describes all such relations between (motivic) depth-graded multiple
zeta values (see Example 8.4).

In fact, the formalism developed here enables one to describe all relations between depth-
graded motivic multiple zeta values (and not necessarily modulo products or modulo (™(2)).
These are described by the linear forms which vanish not on 9g™ but rather on the bigraded
right-module over the universal enveloping algebra U0dg™ generated by the depth 1 components
of a rational associator 7(!) (defined in [Brol17a]). This can be made completely explicit: see § 6.7.

1.4.2 Linearized double shuffle equations. The main evidence for the previous conjecture
comes from the double shuffle equations. It is known that

g™ C grt C omy,

where grt is Drinfeld’s Grothendieck—Teichmiiller Lie algebra, and dmg is Racinet’s regularized
double shuffle Lie algebra, both of which are defined by explicit equations. The inclusion of g™
in grt and dmg follow from Theorem 1.1 and results of Drinfeld [Dri90] and Racinet [Rac02],
respectively. The inclusion grt C dmg is due to Furusho [Furll].

If we pass to the depth-graded Lie algebras, we have

g™ C gromg C s,

where [s are the linearized double shuffle equations defined in [IKZ06]. The advantage of these
equations are that they are extremely simple to define: [s is essentially the intersection of two
shuffle algebras. Hitherto, [s was studied merely as a vector space, but it turns out, as a con-
sequence of the work of Racinet, that it also inherits a Lie algebra structure for the linearized
Thara bracket. We offer a complete conjectural description of [s below.

The first theorem states that the exceptional elements are solutions to the linearized double
shuffle equations in depth 4.

THEOREM 1.2. There is an explicit injective linear map
e: Szn — [54. (1.10)

The formula for the map e is given in § 8, and associates to every even-period polynomial f
a solution ey of the linearized double shuffle equations. The question of whether the elements ey
are motivic (i.e. whether they lie in the subspace dg™) is open.

CONJECTURE 2. One has

[5 Q @U2n+1@ D @ S2n

n>1
2(Is; Q) = @s%, (1.11)
H;(ls;Q) =0, fori>3.

This conjecture states, in particular, that Is is generated by zeta elements and the excep-
tional generators in depth 4 subject only to the known quadratic relations between zeta elements.
It is at the same time, the simplest and the strongest conjecture that one can formulate.
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It implies several open conjectures about relations between multiple zeta values. For example, it
implies: Conjecture 1, and hence the motivic version of the Broadhurst—Kreimer conjecture; the
conjecture 9g™ = s (which in turn implies a conjecture in [IKZ06]); and the conjectures g™ = grt
(Drinfeld) and g™ = dmg (Zagier, Racinet). The proofs of these implications use Theorem 1.1
and Furusho’s theorem [Furll] in an essential way. Since the Lie algebra [s is defined in a very
simple and completely elementary way, the previous conjecture suggest a possibility of seeking
a proof of all of the above conjectures intrinsically within the theory of modular forms.

1.4.3 Discussion. Note that the vanishing of H;(Is) for ¢ > 3 is equivalent to the vanishing
for ¢ = 3. This follows from the well-known fact that the vanishing of a Yoneda Ext group causes
all higher Ext groups to vanish ([EL16], [Brol7a, Remark 8.6]).

The exceptional elements e satisfy a range of special properties which are studied in §§8
and 9. Using these, we can prove that they satisfy no quadratic relations, which provides some
meagre evidence in favour of the previous conjectures. We do not know, however, that the e
are non-trivial in the abelianization of Is, nor can we presently rule out the existence of relations
among the elements of the form

{ef,0on+1} and  {F2i, 41, {F2i0+1, {02i5+1, {02i4+1, 2i5+1} } } }

which are in depth 5 and in weights > 15 (respectively, 17). Relations which are quadratic in
the ey could first occur in weight 28 and depth 8. Viewed from this perspective, the current
numerical data in favour of the standard conjectures on multiple zeta values is lacking, since
new phenomena could potentially occur in weights and depths beyond the range of current
experimentation. Any such phenomena would point to new and fascinating connections between
mixed Tate motives over Z with geometry and arithmetic. Indeed, the methods introduced in this
paper should enable one to test the validity of Conjecture 2 to far higher weights than presently
known.

The motivic Lie algebra g™ together with its depth filtration ® naturally gives rise to a
spectral sequence (§4.5), and the Broadhurst—Kreimer conjecture is equivalent to the statement
that this spectral sequence should behave as simply as possible (given the existence of the
quadratic relations between G2,,+1); there is only one non-trivial differential,

d: o — (007)"

This is possibly also an argument in favour of Conjecture 1. In [Brol7a] we computed this
differential by finding canonical lifts of the zeta elements to depth 3. The relation with the map
e is mysterious, although Yasuda has subsequently found a conjectural relation between e and
the image of d in the abelianization of [s (private correspondence) involving critical values of
L-functions of cusp forms. See Example 8.5.

Finally, we investigate the Lie subalgebra of dg™ which is generated only by the elements
Fon+1 (without exceptional elements), and conjecture that it describes the structure of totally
odd depth-graded motivic multiple zeta values.

1.5 Contents of the paper

In §§ 2-4 we recall some background on the motivic fundamental group of P*\{0, 1, 00}, the Thara
action and the depth filtration. In §5 we discuss the linearized double shuffle relations from the
Hopf algebra point of view. In §6, and throughout the rest of the paper, we use polynomial
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representations to replace words of fixed D-degree r in ey, e; with polynomials in r variables:

p:gr?g —)Q[$13"'7$T]7

which sends words beginning in ey to zero, and p(eiey’ ...e1ey”) = 7' ...z}, This replaces
identities between non-commutative formal power series with functional equations in commuta-
tive polynomials, strongly reminiscent of those considered in [Eca03, IKZ06]. We show that in
the polynomial representation, the Ihara bracket has an extremely simple form (§6.5). A simple
way to view the duality between depth-graded motivic multiple zeta values and polynomials is
via the generating series

-1 _
Z CB(ny,. .. ny) e

Niyeeyne>1
The generators (1.6) are simply the coefficients of (J(2n + 1):
p(Gons1) = x2", form > 1.

In §7 we review the relation between period polynomials and depth 2 multiple zeta values, and
in § 8 we define, for each period polynomial P, an element

plep) € Qlx1, x2, x3, 4],

which defines the exceptional elements in [s4. These elements satisfy some remarkable properties
(§9) which are stable under the IThara bracket. In § 10 we discuss Conjecture 1 and its conse-
quences, and in § 11 we discuss some applications for the enumeration of the totally odd multiple
zeta values ((2ny +1,...,2n, + 1) where n; > 1.

1.5.1 Related work. Since the first draft of this paper appeared, there have been a number
of related developments, which cannot all be mentioned here for reasons of space. I apologize
to the many people who have subsequently extended some of the ideas in this paper in various
directions [Mat16, Tas16, Mal6, Lil9], not only for the delay in publishing this work, but also
for being unable to give a complete survey of subsequent developments of the subject here.

First of all, an alternative description of depth 4 exceptional generators was given in [Brol7a],
by constructing canonical zeta elements in g™/®*g™ and applying the differential in the depth
spectral sequence. These elements are motivic (i.e. lie in 9g}'), but their relationship to the excep-
tional elements e defined here is far from clear. The entire construction relies on the relationship
between P1\{0,1,00} (genus 0) and the unipotent completion of the fundamental group Tate
elliptic curve (genus 1), and the fact that the depth filtration is induced by natural filtrations in
the elliptic setting. Similarly, the precise relationship between the work of Pollack [Pol09] and
the present paper is now partially understood but warrants further investigation.

Subsequently, the work [Brol4b] explains the origin of the quadratic relations between
Oon+1 by proving that they come from ‘modular elements’ corresponding to non-critical val-
ues of L-functions of cusp forms, which act on the relative completion of the fundamental group
on the moduli stack M ; of elliptic curves. From this perspective, the canonical generators
Gon+1 can be understood as coming from Eisenstein series, which supports the philosophy that
Conjecture 2 relates entirely to modular forms. Nevertheless, the connection between modular
elements and the phenomena in depth 4 studied in the present paper remain unexplored.
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In a very different direction, Goncharov [Gon05] has studied the depth filtration from the
perspective of the homology of the general linear group GL4(Z), which he relates to the structure
of multiple zeta values in depth d. We have no understanding of the relationship between this
point of view and conjecture (1.11).

After the first draft of this paper appeared, Conjecture 4 was related to questions of Koszulity
in the paper [EL16].

Finally, the interested reader may wish to consult the notes® where, in answer to a question
due to Zagier, we reformulated the Broadhurst—Kreimer conjecture as a short exact sequence,
which suggests another line of attack on Conjecture 2.

2. Reminders on #*(P'\{0, 1, c0})

2.1 The motivic m; of P'\{0,1, 00}

Let X =P!\{0,1,00}, and let 1g,—1; denote the tangential base points on X given by the
tangent vector 1 at 0, and the tangent vector —1 at 1. Denote the de Rham realization of the
motivic fundamental torsor of paths on X with respect to these basepoints by

oIl = m{®(X, 1o, — 11).

It is the affine scheme over Q which to any commutative unitary Q-algebra R associates the set
of group-like formal power series in two non-commuting variables eg and ej,

(S € R{leg,e1)) : AS = S&8S1,

where A is the completed coproduct for which the elements ey and e; are primitive: Ae; =

1®e;+e; ®1 for i =0,1. The ring of regular functions on oIl is the Q-algebra
O(()Hl) = Q<€0, €1>

0 el, together

with the empty word, and whose multiplication is given by the shuffle product m : Q(e?, e!) ®0

whose underlying vector space is spanned by the set of words w in the letters e

Q(e%, e!) — Q(e% e!). The deconcatenation of words defines a coproduct, making O(pIl;) into a
Hopf algebra. This gives rise to a group structure on ¢Il1(Q) (corresponding to the fact that in
the de Rham realization there is a canonical path between any two points on X). Any word w

0

in €°, e! defines a function

oll1i(R) — R
which extracts the coefficient S, of the word w (viewed in eg,e1) in a group-like series S €
R{(eg,e1))™. The Lie algebra of oII;(Q) is the completed Lie algebra LL(eg, e1)” of the graded Lie

algebra L(eg, e1) which is freely generated by the two elements eq, e; in degree —1. The universal
enveloping algebra U LL(eg, e1) of L(eg, e1) is the tensor (co)algebra on eg, e;:

T(eo,e1) = P (Qeo ® Qer)®". (2.1)
n>0

It is the graded cocommutative Hopf algebra which is the graded dual of O(pIl;). Its multiplica-
tion is given by the concatenation product, and its coproduct is the unique coproduct for which
ep and e; are primitive.

® www.ihes.fr/brown/BKExactSeql.pdf.
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2.2 Action of the motivic Galois group

Now let M7 (Z) denote the Tannakian category of mixed Tate motives over Z, with canonical
fiber functor given by the de Rham realization. Let G 47 (z) denote the group of automorphisms
of this fiber functor. It is an affine group scheme over Q. It has a decomposition as a semi-direct
product

Gmz(z) = Unmz2) X Gm,s

where Uy 7(z) is pro-unipotent. Furthermore, one knows from the relationship between the Ext
groups in M7 (Z) and Borel’s results on the rational algebraic K-theory of Q that the graded
Lie algebra of U7 (z) is non-canonically isomorphic to the Lie algebra freely generated by one
generator og;4+1 in degree —(2i + 1) for every 7 > 1. It is important to note that only the classes
of the elements 09;4+1 in the abelianization UXET(Z) are canonical, the elements o9;41 themselves
are not.

Since O(pll;) is the de Rham realization of an Ind-object in the category M7 (Z), there is
an action of the motivic Galois group Gz (z) on oll; and hence

Unmrz) % olli — oll1. (2.2)
The action of Uy 7 (z) on the unit element 1 € oIl defines a map
g 9(1) : Unirz) — olly, (2.3)
and the action (2.2) factors through a map
o oIl X oIl — oI (2.4)

first computed by Ihara. It is obtained from [DGO05, §§5.9, 5.13], by reversing all words in
order to be consistent with our convention for composition of paths. An element a € ¢II; defines
an action denoted by (a)p on ¢Ily which is compatible with (2.4) via the composition of paths
ollp x oI} — oIIy. Therefore, writing zqg (respectively, xg1) for the element x in oI1y (respectively,
oll1), one finds that for g € (Il

aog=uaogn =ao (goo-lo1) = (a)o(g)-a(lo1) = ({a)o(9)).a, (2.5)
where (a)( acts on the generators exp(e;) in oIy, for ¢ = 0,1, by

(a)o(exp(eo)) = exp(eo),

2.6
(a)o(exp(e1)) = aexp(er)a. 20

We now give a concrete way to compute o by expressing it as the restriction of a
combinatorially defined map o on a larger space.

DEFINITION 2.1. Inductively define a Q-bilinear map
o :T(ep,e1) ®T(ep,e1) — T(ep,e1)
as follows. For any two words a,w in eg, e1, and any integer n > 0, let
ao(egerw) = egaeiw + egera’w + ejer(aow), (2.7)

where acej = eja, and for any a; € {eg,e1}, (a1...an)* = (=1)"ay ...a1.
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We now show that the map o restricts to the full action
g ®qQ U Lieoll; — U Lie oII; (28)

induced by (2.4). To see this, identify the universal enveloping of the graded Lie algebra
U Lieoll; = UL (ep, e1) with T'(eg,e1). Since g is isomorphic (as a vector space) to L(eg,e1),
there is also a natural embedding i : g — T'(eg, e1).

PROPOSITION 2.2. The action (2.8) is obtained by restriction of o, that is,
aob=i(a)ob.

Proof. For any S € oIy, the coefficient of w in S~ is equal to the coefficient of w* in S, since
the map * is the antipode in O(pIl;). Identifying the (vector space) g = L(eq, e1) with its image
in T'(ep,e1), it follows that the infinitesimal, weight-graded, version of the map (2.6) is the
derivation (f)o : L(eg,e1) — L(eq, e1) which for any f € L(eg, e1) is given by

eo— 0, e — fer+ef
Thus (f)o : T'(eg,e1) — T'(eg,e1) is the map
(fYo(eger...eref”) = el (fer +erf ey er ey ereg”
4+t egeregt ey (fer +erf)eg.

Adding the term ej ey ... e1e('" f corresponding to concatenation on the right by f gives precisely
the map defined by (2.7). O

2.3 The motivic Lie algebra
By (2.3), we obtain a map of Lie algebras

Lie(Z/lMT(Z)) — g = (L(eo, 61) N {,}), (29)

where the Thara bracket satisfies {f, g} = f o g — go f. It follows from Theorem 1.1 that this map
is injective [Bro12]. In this paper, we shall identify Lie(Up 7 (z)) with its image, and abusively
call it the motivic Lie algebra.

DEFINITION 2.3. The motivic Lie algebra g™ C g is the image of the map (2.9).
The Lie algebra g™ is non-canonically isomorphic to the free Lie algebra with one generator

09;+1 in each degree —(2i + 1) for ¢ > 1.

3. Motivic multiple zeta values

Let AM7 denote the graded Hopf algebra of functions on U mT(z)- Dualizing (2.2) gives the
motivic coaction (written in this paper as a left coaction)

AM O(oI1) — AMT ©g O(olL).

Furthermore, the image in ¢II; (C) of the straight path dch from 0 to 1 in X under the comparison
isomorphism is the Drinfeld associator element ® € ¢II;(R) which begins

® =14 ((2)e1; e0] +<(3)([e1; [e1; eol] + [eo, [eo, ea]]) + - -
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The map which takes the coefficient of a word w in @ defines the period homomorphism
per : O(oll;) — R.

Here, we use the convention from [Brol2]: the coefficient of the word e, ...e,, in @, for a; €

{0, 1}, is the iterated integral
1
| on e,
0

regularized with respect to the tangent vector 1 at 0, and —1 at 1, where the integration begins
on the left, and wy = dt/t and wy = dt/(1 —t).

n

DEFINITION 3.1. The algebra of motivic multiple zeta values is defined as follows. The ideal
of motivic relations between multiple zeta values is defined to be JM7 < O(pIy), the largest
graded ideal contained in the kernel of per which is stable under AM. We set

H = O,/ JMT,

and let (™(n1,...,n,) denote the image of the word e!(e?)™ =1 .. e!(e%)" ~! in H. Likewise, for
any ai,...,an € {0,1}, we let I™(0;aq,...,a,;1) denote the image of the word e® ...e* in H.
Equivalently, one can define

I"™(0;a1,...,a,;1) = [O(TPN(X, To, —Tl), dch,e® ... e ™,
where the right-hand side is a motivic period [Brol4a| of the category M7 (Z), and define the
motivic multiple zeta values by specializing to the case when a1 = 1 and a,, = 0.

Remark 3.2. The algebra of motivic multiple zeta values has the following geometric interpreta-
tion: JM7Z is the ideal of functions which vanishes on the orbit of the de Rham image of dch in
olI1(C). The latter is defined over Q because it is the image under the comparison isomorphism
of the orbit under the Betti Galois group Aut;%ﬂ(z) (wp) of the Betti image of the straight-line
path, which is rational.

The space H is naturally graded by the weight, and has a graded coaction
AM o — AMT 9o H (3.1)

and a period map per : H — R. The period of (™(ny,...,n,)is {(n1,...,n,). One obtains partial
information about the motivic coaction (3.1) using the fact that it factors through the coaction
which is dual to the Ihara action (2.4).

3.1 The Thara coaction

For any graded Hopf algebra H, let I[H = H~¢/ Hio denote the Lie coalgebra of indecomposable
elements of H, and let m: Hso — I H denote the natural map. Dualizing (2.8) (and making it
into a left coaction) gives an infinitesimal coaction

O(olTy) — TO(olTy) ®g O(oIly). (3.2)

Let D, : O(oIl1) — 10(pIl1), ®g O(oll1) denote its component of degree (r,-), and let us denote
the element e®! ...e" in O(oll;) by I(0;aq,...,an;1), where a; € {0,1}.
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PROPOSITION 3.3. Set ag = 0,ap+1 = 1. For all r > 1, and ay,...,a, € {0,1},

n
DT H(07 A1y ..., 0n; 1) = F(H(G‘P; Ap41y -5 Aptr; ap-i-?"-‘rl)) o2y H(()? A1y ..y Qpy Qpir4ly .-, An; 1)7
p

|
3

Il
=)

(3.3)

where I(ap; apt1, .., aptr; apiri1) € O(olly) is defined to be zero if ap = apir41, and equal to
(—1)’"H(ap+r+1; Qptry -5 Apt1; ap) if ap = 1 and Qptr+1 = 0.

Proof. One checks that this formula is dual to o (see also [Brol4a, §2.5]). O

Since the motivic coaction on H factors through the Thara coaction, it follows that the degree
(r,-) component factors through operators

D, H— IA®qgH

given by the same formula as (3.3) in which each term I is replaced by its image I™ in H
(respectively, A). Since AM7 is cogenerated in odd degrees only, the motivic coaction on H is
completely determined by the set of operators Dy,41 for all » > 1 (see [Brol2]).

4. The depth filtration

4.1 Definition

The depth filtration was defined in [DGO05, §6.1]. We recall the definition in a slightly different
language. The inclusion P*\{0, 1, 00} < P'\{0, 00} induces a map on the motivic fundamental
groupoids

AONX, Ty, — 11) — 7N Gon, 1o, 1), (4.1)
and hence on the de Rham realizations

OB (G, 10, 1)) — O(oIIy),

and similarly for O(wfR(Gm,TO)) — O(oIlp). They are given by the inclusion of Q(e’) into
Q(e%, e'). Define their images to be DoO(oIl1) and DgO(pIlp), respectively. Now define increas-
ing filtrations ®4 on O(plly) and O(pIl;) by induction on d > 0 as follows: @, is the largest
subspace such that AD,; C 3, ,_;D; ® Dj, where Adee s O(oII,) — O(pIl,) ® O(pIly) is dual
to composition of paths, for z = 0,1. Since A%, on identifying O(pIly) = O(oII;) = Q{eg, 1),
is nothing other than the deconcatenation coproduct, the filtration ©40(oIl;) is given by

D40(oll1) = (words w such that deg,: w < d)q, (4.2)

with respect to which O(pIl;) is a filtered comodule over the filtered Hopf algebra O(pIly), with
respect to A4°C, Furthermore, since the map (4.1) is motivic, it follows that ®g is preserved by
the action of the motivic Galois group. The same is true for all d by induction: if g € G(/i\/R(T(Z)
and g®; C ®; for all i < d, then we also have ¢4 C D4 by definition of g4, since g commutes
with Ad°¢ which is motivic. Therefore the depth is also motivic and descends to the algebra H.
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By Definition 3.1 the depth filtration ©4H is the increasing filtration defined by
DgH = ((™(n1,...,n;) 10 < d>@.

Following [Del10], it is convenient to define the D-degree on O(plIl;) to be the degree in el. Tt
defines a grading on (¢II; which is not motivic. By (4.2), the depth filtration (which is motivic)
is simply the increasing filtration associated to the D-degree.

4.2 Depth-graded motivic multiple zeta values
DEFINITION 4.1. Let ©4.A4 be the induced filtration on the quotient A = H/{™(2)H. We define
the depth-graded motivic multiple zeta value

S, ..., ny)
to be the image of (™(ny,...,n,) in groH.
PROPOSITION 4.2. There is a non-canonical isomorphism of bigraded vector spaces:
gr%H = gr® A ©q QB (2)], (4.3)
where (§(2)" are in depth 1 for all n > 1.

Proof. Choose a homomorphism 7y : H — Q[¢™(2)] which respects the weight-grading and such
that m2(¢™(2)) = (™(2). Such a homomorphism exists by [DGO05, §5.20] (see [Brol2, §2.3]).
Composing with the coaction (3.1), we obtain a map

H A% AogH T Aog QIC™2):

By a motivic version [Brol2] of Euler’s theorem, (™(2)" is a rational multiple of (™(2n), and so
all powers of ("™(2) have depth 1. The depth filtration thus satisfies

Q =DoQ[¢™(2)] € D1Q[C™(2)] = QIC™(2)].

Since DoH = Q, it follows trivially that w5 respects the depth filtration because it is Q-linear.
Since the depth filtration is motivic, it is also respected by A™, and therefore the map (id ®
mo) AM :H — A®g Q[C™(2)] defined above also respects the depth filtration. The statement
(4.3) follows since we know that this map is an isomorphism (by [Brol2, (2.13)] or [Dell0,
Proposition 5.8]). O

Since gr® A is a commutative graded Hopf algebra (for the coproduct induced by AM), it
is a polynomial algebra. The same is then true for gr®H, by (4.3). If I denotes indecomposable
elements, then it follows that I(gr®A) = gr® I A.

4.3 Depth-graded motivic Lie algebra
The depth filtration defines a decreasing filtration " on g™ where D" consists of words with at
least r occurrences of ey:

D'g" = (w e g™ :deg,, w>r).

We denote the associated graded Lie algebra by dg™. There is correspondingly a decreasing depth
filtration on Ug™, also denoted by .
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It follows from the definitions above that 0g™ is the bigraded Lie algebra dual to the bigraded
coalgebra I(gr®A) = gr® IA of depth-graded motivic multiple zeta values modulo products.
Thus the problem of studying relations between (motivic) multiple zeta values modulo lower
depth (and modulo (™(2)) and the algebra dg™ are equivalent.

4.4 Depth-parity
The following proposition is a consequence of Tsumura’s result on double shuffle equations
(Proposition 6.4).

PROPOSITION 4.3. The depth-graded motivic Lie algebra 0g™ vanishes in bidegrees with
different parity. More precisely, it vanishes in weight N and depth r if N # r (mod 2).

Equivalently, if ny + --- +n, Zr (mod 2), and ny + - -- + n, > 2 then
(o(ni,...,n;) =0 (mod products). (4.4)

We do not need to work modulo (J(2) in the previous equation since the weight is larger than
2 by assumption and all other even zeta values (™(2n), n > 2, are products.

4.5 Depth spectral sequence

The depth filtration on the motivic Lie algebra g™ induces a homology spectral sequence which
converges to the associated graded for the depth of the homology of g™. By Theorem 1.1, the
latter satisfies

P Qloan+1] ifi=1
Hi(g™) = "=!

0 ifi>1

and is entirely concentrated in depth 1.
The depth spectral sequence satisfies
Elp,q = grpHy—p(0g™),
where Elpyq vanishes unless p>1 and p<qg<2p, as can easily be seen from the
Chevalley—Eilenberg chain complex which computes the homology of a Lie algebra (see §10.2
and (10.3)). The differentials satisfy

r . T r
dpg: Epg = Eprgir-1-

PROPOSITION 4.4. The differentials d” vanish if r is odd.

Proof. The weight grading on 0g™ induces a weight grading on the depth spectral sequence,
with respect to which the differentials are of degree 0. It follows from Proposition 4.3 and
El, = ernHy (0g™) that E} .
the same parity. The result follows since d” has (weight, depth)-bidegree (0, 7). O

and hence all E , vanish unless the depth and weight have
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Here is a picture of the potentially non-vanishing E' = E? terms:

gr%HZL 8
gr%Hg 7
gr%Hg gr%Hg, 6
groH1  griHy 5
gr%Hl gr%HQ 4
gr%Hl 3
grhHy | 2
1

—4 -3 -2 -1

In fact, we know by Theorem 1.1 that

grpHi(0g™) = Hi(g™) = €D Qloznt1],

n>1

and therefore everything to the left of the column indexed —1 converges to zero. Furthermore,
one knows that grz Hi(0g™) =0, and grd H;(0g™) vanish for all . One also has a complete
description of gr%HQ(ng) in terms of period polynomials of cusp forms, as discussed below.
Therefore, the first interesting part of the differential is

d* : graHo(0g™) — grp Hy(0g™),

and the main Conjecture 1 can be reformulated as saying that the components of all other
differentials in the depth spectral sequence vanish.

5. Linearized double shuffle relations

5.1 Reminders on the standard relations
We briefly review the double shuffle relations and their depth-linearized versions. See [Car02,
Rac02, Brol7b] for further background.

5.1.1 Shuffle product. Consider the algebra Q(eg,e1) of words in the two letters eg,eq,
equipped with the shuffle product m (§2.1). It is defined recursively by

ewmejw = e;(wmejw') + ej(e;wmuw’) (5.1)

for all w, w’ € {eg,e1}* and i,j € {0, 1}, and the property that the empty word 1 satisfies 1 mw =
wm 1 = w. It is a Hopf algebra for the deconcatenation coproduct. A linear map ® : Q(eg, e1) —
Q is a homomorphism for the shuffle multiplication, or ®,, @,y = Py, for all w,w’ € {eg, e1}*
and ®; = 1, if and only if the series

® = d,we Q{eg, 1))

is invertible and group-like for the (completed) coproduct Ay with respect to which ey and e;
are primitive (compare §2.1). In other words, there is an equivalence:

® homomorphism for m <= & € Q((eg,e1))” and Ay @ = PRP. (5.2)
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One says that @ satisfies the shuffle relations if either of the equivalent conditions (5.2) holds.
Passing to the corresponding Lie algebra, we have an equivalence

Pymw =0 for all w,w’ <= &€ Q{eg,e1)) and Ay ® = 1P + PR1. (5.3)

One says that ® satisfies the shuffle relations modulo products if either of the equivalent conditions
(5.3) holds.

The algebra Q(ep, e1) is bigraded for the degree, or weight (for which ey, e; both have degree
—1), and the ®-degree for which e; has degree 1, and ey degree 0. The relations (5.1)—(5.3)
evidently respect both gradings. In this case, then, passing to the depth grading does not change
the relations in any way, and the linearized shuffle relations are identical to the shuffle relations
modulo products.

DEFINITION 5.1. Let ® € grigT'(eo, e1) be of weight N. It defines a linear form w +— ®,, on words
of weight N > 2 and ®-degree r. It satisfies the linearized shuffle relations if

AlL® =0,

where Ay, is the reduced coproduct Ay () =Agp(?)—12d - d®1. Equivalently,
Dy = 0 for all words w,w’ € {eg,e1}* of total weight N and total D-degree r.

5.1.2 Stuffle product. Let Y = {yn,n > 1} denote an alphabet with one letter y; in every
degree > 1, and consider the graded algebra Q(Y) equipped with the stuffle product [Rac02]. It
is defined recursively by

yiw * yjw' = yi(w x yju') + yj(yiw * w') + yiyj(w x w') (5.4)

for all w,w’" € Y™ and 4,5 > 1, and the property that the empty word 1 satisfies 1*w =
w*1=w. A linear map ®: Q(Y) — Q is a homomorphism for the stuffle multiplication, or
D, Dy = Py for all w,w’ € Y™ and & = 1, if and only if

o= d,weQ(Y))*

is group-like for the (completed) coproduct A, : Q((Y)) — Q({Y))&oQ((Y)) which is a homo-
morphism for the concatenation product and defined on generators by

n
A*Yn = ZW & Yn—i- (5.5)
=0

Thus the stuffle relations are equivalent to being group-like for A,:
® homomorphism for * <= & € Q((Y))* and A,® = dRP. (5.6)

One says that ® satisfies the stuffle relations if either of the equivalent conditions (5.6) holds.
Passing to the corresponding Lie algebra, we have an equivalence

Py = 0 for all w, ' <= &€ QY)) and A,® = 18P + dX1. (5.7)

One says that @ satisfies the stuffle relations modulo products if either of the equivalent conditions
(5.7) holds.
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The algebra Q(Y") is graded for the degree (where y,, has degree n), and filtered for the depth
(where y,, has depth 1). By inspection of (5.4), we notice that the rightmost term is of lower
depth than the other terms and therefore drops out in the associated graded. The associated
graded of * therefore satisfies the same recursive definition as for m and it follows that the
associated depth-graded

gro(Q(Y), *) = (Q(Y), m) (5.8)

is simply the shuffle algebra on Y. The depth induces a decreasing filtration on the (dual)
completed Hopf algebra Q((Y)), and it follows from (5.5) that the images of the elements y,, are
primitive in the associated graded. Thus

grpls = Ay, (5.9)

where Ay : Q((Y)) — Q({Y))®Q((Y)) is the (completed) coproduct for which the elements
yn are primitive, and which is a homomorphism for concatenation.

DEFINITION 5.2. Let ® € T(Y), the tensor (co)algebra on Y, of degree N > 2 and ®-degree r.
It defines a linear map w — ®,, on words in Y of weight N and ®-degree r. We say that it
satisfies the linearized stuffle relations if

A,III ,Y(I) = O’

where A,m,y =Apy—-1®id—id®1 is the reduced coproduct of Ay for which the
y, are primitive. Equivalently, ®, g, = 0 for all words w,w’ € Y of total weight N and
total ©-degree 7.

5.1.3 Linearized double shuffle relations. In order to consider both relations simultaneously,
define a linear map

a: Qeg, e1) — Q(Y)
which maps every word beginning in ey to 0, and such that
alerey' ...e165") = Yaj+1-- - Yap+1-

In [Rac02], Racinet considered a certain graded vector space, denoted dmg(Q) [Rac02, Définition
2.4], of series satisfying the shuffle and stuffle relations and a regularization condition, and showed
that it is a Lie algebra for the IThara bracket. Since we consider the depth-graded version of this
algebra, the regularization plays no role here.

DEFINITION 5.3. Let ® € gr®T'(eg, e1) of weight N. The linear form w +— ®,, on words of weight
N and ®-degree r satisfies the linearized double shuffle relations if

Ap®=0 and Ay a(®)=0.

When r = 1, we add the extra condition that ® = 0 when N is even, and ®(eg) = ®(e1) = 0. Let
ls C Ug denote the vector space of elements satisfying the linearized double shuffle relations. It
is bigraded by weight and depth.
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Remark 5.4. There is a natural inclusion
greomy(Q) — Is. (5.10)

The graded subspace of [s of weight N and depth d is isomorphic to the vector space denoted
Dpn4aq in [IKZ06]. In [IKZ06] it is conjectured that (5.10) is an isomorphism.

Racinet proved that dmg(Q) is preserved by the Thara bracket. Since the latter is homogeneous
for the ©-degree, it follows that grgdmg(Q) is also preserved by the bracket, but this is not quite
enough to prove that [s is too.

THEOREM b5.5. The bigraded vector space [s is preserved by the Ihara bracket.

Proof. The compatibility of the shuffle product with the Ihara bracket follows by definition. It
therefore suffices to check that the linearized stuffle relation is preserved by the bracket. The
proof of [Rac02] goes through identically, and uses in an essential way the fact that the images
of the elements ys, in grhdmg(Q) are zero (which in 9my(Q) follows from [Rac02, Proposition
2.2], but holds in [s by Definition 5.3). O

Many thanks to a referee for pointing out at least two places in the literature which have
subsequently provided a more detailed proof of this statement: [Maal9] and also [Sch15, Theorem
3.4.3]. It would be interesting to know if a suitable linearized version of the associator relations
is equivalent to the linearized double shuffle relations.

5.2 Summary of definitions
We have the following Lie subalgebras of the Lie algebra g = (IL(eg, e1),{, }), equipped with the
Thara bracket:

g™ < omo(Q),

where g™ is the image of the (weight-graded) Lie algebra of Uy 7(z) and is isomorphic to the
free graded Lie algebra on (non-canonical) generators o911 for ¢ > 1. A standard conjecture
states that g™ C dmg(Q) is an isomorphism. Passing to the depth-graded versions, and writing
og™ = grog™, we have inclusions of bigraded Lie algebras

0g™ C gryomp(Q) C Is, (5.11)

where [s stands for the linearized double shuffle algebra. Once again, all Lie algebras in (5.11) are
conjectured to be equal. The bigraded dual space (0g™)V is isomorphic to the Lie coalgebra of
depth-graded motivic multiple zeta values, modulo ("™(2) and modulo products. The Lie algebras
(5.11) are Lie subalgebras of grog = g, since the Thara bracket is homogeneous with respect to
D-degree.

All the above Lie algebras can, in particular, be viewed inside the vector space UL(ep, e1) =
T(Qeo ® Qeq ), which is graded for the ©-degree. Next, we show that complicated expressions in
the non-commutative algebra T'(Qep & Qe;) can be greatly simplified by encoding words of fixed
®-degree in terms of polynomials.
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6. Polynomial representations

6.1 Composition of polynomials

Recall from (2.1) that U LL(eg, e1) is isomorphic to the bigraded tensor algebra T'(eg, e1), and the
space griy U LL(eq, e1) = griy T'(eo, e1) of D-degree r is the spanned by words in ey, e; with exactly
r occurrences of e;.

DEFINITION 6.1. Consider the isomorphism of vector spaces

p:grn T (eo,e1) — Qlyo, .- -, yr] (6.1)

ao ay a ap, a1 a
€y €e1€y €e1...e1e5” =Yg Y Y-

It maps elements of degree n to elements of degree n — r.
The operator o : T'(eg, e1) ®q T'(ep,e1) — T'(eg, e1) respects the D-grading, so defines a map

o :Q[y(]v'-' 73/7‘] ®Q @[y();- . '7y8] - Q[y()v" . 7y7"+5]

(6.2)
TWos - ur) @90, - - ys) = fog (o, Yras)

which can be read off from (2.7). Explicitly, it is

S
FogWo,  trrs) =D FWirYivts- s Yirr)GWos - - Ui Yitr i1 - Urts)
i=0

S
+ ()TN i Uit 1, U)I(W0s - Uity Yikrs s Yrs)- (6.3)
i=1

Antisymmetrizing, and using Proposition 2.2, we obtain a formula for the Ihara bracket
gNg — 9
{f.gt=1fog—gof

The linearized double shuffle relations on words translate into functional equations for polyno-

(6.4)

mials after applying the map p. We describe some of these below.

6.2 Translation invariance
The additive group G, acts on A™*! by translation, and hence G,(Q) acts on its ring of functions
Via)\:(y()’"'?y'r‘)H(yo—l_)\?"'?yT—i_A)'

LEMMA 6.2. The image of g™ under p is contained in the subspace of polynomials in Q[yo, . . . , yy]
which are invariant under translation.

Proof. The subspace g™ C g = L(eg,e1) C T(ep,e1) is contained in the subspace of elements
which are primitive with respect to the shuffle coproduct Ap;. Let 7o : T'(ep,e1) — Q denote
the linear map which sends the word eg to 1 and all other words to 0, and consider the map
0o = (mp ® id) o Ay . It defines a derivation 0y : T'(eg, e1) — T'(eq, e1) which satisfies

,
Ooleg’er ... eref") = g a;ep’er ... elegi_lel ...erey”
i=0
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for all non-negative integers ao, ..., a,. Let r > 1, £ € griyT(eg, e1), and f = p(§). If £ is primitive
for Ay, it satisfies 9p& = 0 and the previous equation is

i af —0. (6.5)

This is equivalent to (9/0\)g = 0, where g = f(vo0,.--,yr) — f(yo + A, ...,y + A). Therefore g
is constant in A. It vanishes at A =0, so ¢ = 0 and f is translation invariant. g

Let us denote the map which sends yg to zero and y; to x; for i =1,...,r by

Q[y07"')yr] - Q[xlw")xr’]

B (6.6)
f= 1T
where f is the ‘reduced’ polynomial f(z1,...,2,) = f(0,21,...,2,). In the case when f is
translation invariant, we can retrieve f from f via
F@os- - ur) = Fyr — o, -, Yr — ¥0)- (6.7)

Taking the coefficients of (6.7) gives equation I2 of [Bro12], which gives a formula for the shuffle-
regularization of iterated integrals which begin with any sequence of 0’s.

DEFINITION 6.3. For any element £ € 0g™ of depth r we denote its reduced polynomial
representation by p(§) € Q[x1, ..., x,].

To avoid confusion, we reserve the variables 1, ..., x, for the reduced polynomial p(§) and
use the variables yo, ..., y, as above to denote the full polynomial p(&).

6.3 Antipodal symmetries

The set of primitive elements in a Hopf algebra is stable under the antipode. For the shuffle
Hopf algebra this is the map * : T(eg, e1) — T'(eg, e1) which sends w +— (—1)"l@, where 0 is the
reversed word and |w| the length of w. Restricting to ®-degree r and transporting via p, we
obtain a map

o:Qlyo,- - yr] — Qlyo,-- -, yr]

(6.8)

U(f)(y07 v 7y1”) = (_]—)deg(f)+rf(y'r‘7 v 7y0)'

Therefore, if f € Qlyo,. ..,y satisfies the shuffle relations (5.3), then
f+o(f)=0. (6.9)

Since the stuffle algebra, graded for the depth filtration, is isomorphic to the shuffle algebra
on Y (5.9), it follows that its antipode is the map y;, ...y;, +— (—=1)"y;, ...ys,. This defines an
involution

7T:Qx1, ..., xp] — Qlz1, ..., 2]

(6.10)
()1, xe) = (=1 F(2r, ..., 21).
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Therefore if f € Q[z1,...,x,] satisfies the linearized stuffle relations, then f+ 7(f) = 0. Note
that the involution 7 lifts to an involution

T:Q[yO)y17"‘7yT‘] —)Q[y()ayla"'uyr’] (6]_1)
T(f)(y07y17 cee 7?/?“) = (_1)Tf(y07y7“7 e 7y1)7

and therefore if f € Q[yo, - .., y,] satisfies both translational invariance and the linearized stuffle
relations, we have

fHr(f)=0. (6.12)

The composition 7o is the signed cyclic rotation of order r + 1,

7o () (o, - yr) = (1) f(yr, o, .., yr—1),

and plays an important role in the rest of this paper.

6.4 Parity relations
The following result is well known, and was first proved by Tsumura [Tsu04], and subsequently
in ([IKZ06, Theorem 7]). We repeat the proof for convenience.

PROPOSITION 6.4. The components of s in weight N and depth r vanish unless N = r mod2.
Equivalently, p(ls) consists of polynomials of even degree only.

Proof. Let f € Qyo, . ..,yr] be in the image of p(dg"). In particular, it satisfies the linearized
stuffle relations (6.9) and (6.12). Following [IKZ06], consider the relation

.
YITIY2 . Yr = Y1 Yr DYoo YiV1Yitd -V,
=2

where r > 2 (the case r = 1 follows from Definition 5.3). Then we have

r
f(y07y17""y7“)+Zf(yoay27'"ayivylayiJrlv""yT) =0.
=2

Now apply the automorphism of Q[yo,...,y,] defined on generators by y; — y;+1, where i is
taken modulo r + 1. This leads to the equation

r+1

f(ylayQ)' "7yrvy0) + Zf(ylay?n' "7yi7y27yi+17"')y7‘7y0) = 0.
=3

By applying a cyclic rotation 7o to each term, we get

T
FWoy1y2s - ye) + > L0 Y1, Y35 - Yis Y2o Ui ts -5 Ye) + L (Y2, 91,93, - Y y0) = 0.
=3

The first two terms can be interpreted as the terms occurring in the linearized stuffle product
(y2my1ys...y,) minus the first term. As a result, one obtains the equation

_f(y07y27y1)y37 oo ,yr) + f(y27y17y37‘ . '7y7”7y0) = 07
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which, by a final application of 7o to the right-hand term, yields

((_1)degf - 1)f(y07 Y2,Y1,Y3, - - - >y7“) = 0.

Therefore, in the case when deg f is odd, the polynomial f must vanish. O

6.5 Dihedral symmetry and the Ihara bracket
For all r > 1, consider the graded vector space p, of polynomials f € Qlyo,...,y,| which satisfy

f(yo)"'ayr):f(_yoa"'a_yr)’
fH+o(f)=f+7(f)=0.

The maps 0,7 generate a dihedral group D,y; = (o, 7) of symmetries acting on p, of order

(6.13)

2r + 2, and any element f satisfying (6.13) is invariant under cyclic rotation:
f=o7(f), where (o7) " =id,

and anti-invariant under the reflections ¢ and 7. Thus Qf C p, is isomorphic to the one-
dimensional sign (orientation) representation e of the dihedral group D;;.

PROPOSITION 6.5. Suppose that f € p, and g € ps are polynomials satisfying (6.13). Then the
Thara bracket is the signed average over the dihedral symmetry group:

{f,9} = Z 5(M)M(f(y03y1a--~ayr)g(yraerrl--'aerrs))' (6.14)

HEDr 4541

In particular, {.,.} : pr X ps — Pris, and p = P, pr is a bigraded Lie algebra.
Proof. A straightforward calculation from (6.3) and definition (6.4) gives

(£, =D FWivists- - vier) (Witrs Vigr 1,5 Yie1) = 9Wir i1, Yirs2, - i),
%

where the summation indices are taken modulo r + s + 1. Invoking dihedral symmetry of f, g
leads to formula (6.14). The Jacobi identity for {.,.} is automatic since the Thara action is an
action, but can also be proved very easily by identifying its terms with the set of double cuts in
a polygon (see [Brol7b]). The fact that parity (first equation of (6.13)) is preserved by {,} is
clear. The anti-invariance under o, 7 is also clear from the dihedral symmetry of (6.14). O

A similar dihedral symmetry was also found by Goncharov [Gon01b]; the interpretation of the
dihedral reflections as antipodes may or may not be new. Since the Ihara action is, by definition,
compatible with the shuffie product, it follows from Lemma 6.2 that translation invariance is
preserved by the Ihara bracket. One can also easily verify this by direct computation:

S Of =09 —{fg}
;3%_23%_0 — Z 0y; =0

=0 i=0

DEFINITION 6.6. Let p, C p, denote the subspace of polynomials which satisfy (6.13) and are
invariant under translation, and write p = @rzl P
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By abuse of notation, we can equivalently view p, as the subspace of polynomials f €
Q[z1,. .., x| whose lift f(y1 — vo,-..,yr — yo) lies in p,. Explicitly, p, is the vector space of
polynomials satisfying

(1) f(xlu"'uxr) = f(_$17"'7_xr)7

(2) flxy,...,zp) + (=1)" f(zp,...,x1) =0,

(3) f(xla e 7'1"7‘) + (*1)7”]0(%“71 —Tpy.- ., X1 — Ty *l'r) =0,
with Lie bracket induced by (6.14). To conclude the previous discussion, the map

p:ogt—p
is an injective map of bigraded Lie algebras.

DEFINITION 6.7. We use the notation D, C Q[z1,...,x,] to denote the space p(ls,) in depth r.
It is the space of polynomial solutions to the linearized double shuffle equations in depth r and
is the direct sum for all n, of spaces denoted D,, , in [IKZ06].

6.6 Generators in depth 1 and examples
It follows from Theorem 1.1 that in depth 1, the Lie algebra dg™ has exactly one generator in
every odd weight > 3:
p(ogT) = P Qi
n>1

In particular, the algebras 9g™ C grgdmg(Q) C s are all isomorphic in depth 1.
DEFINITION 6.8. Denote the Lie subalgebra generated by x2", for n > 1, by

g% c og™ (6.15)
Ezxample 6.9. The formula for the Thara bracket in depth 2 can be written

{x3m 23" = g3m (m%" — (29 — :c1)2") + (29 — 1)*™ (:c%” — 3:%") + (E%m((l’g — ) — x%n)

6.7 Relations between depth-graded motivic multiple zeta values

We briefly explain how we may describe all relations between (g using this formalism.
Proposition 4.2 states that gr®H is the free bigraded right 4dg™-module generated by the

(5(2n), and can be represented by polynomials as follows. The role of the even zeta value (™(2n),

for n > 1, is played by the depth-graded associator element 7(!) in weight 2n constructed in

[Brol7a, §§7.3 and 7.4], and is encoded by the monomial in one variable:

= 2n—1
Ton = 7 .

Therefore, a relation

Z >\n17~~7nd Cg(nla ey nd) =0

nitetng=N
holds between (shuffle-regularized) depth-graded motivic multiple zeta values in depth d and
weight N if and only if > Ancpn = 0 for all

ﬂ:(nlr-‘:nd)

_ ni—1 ng—1
&= g Cni,..ng T1 coewgt
ni+--+nqg=N
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where ¢ is of depth d and weight N of the form

x:glg(gzg( ...... (gd,lggd)---)) if N=d (mod 2),
r=gio(g2o(..... (ga—107ok)--+)) i N#d (mod2),

in which the g; are the polynomial representatives of generators of 0g™ and k > 1.

Ezample 6.10. We give some simple examples in depth 2. For this, our formula for o gives, for
any m,n > 1,

2m 2m,_n

Mozt = Ml 4 (zy — x1)?™ (2} — 2h). (6.16)

(1) In weight 5, depth 2, gr3 DHs is one-dimensional generated by the element &3 o 7o, which
we can compute using (6.16) to be

riox) = a3 — 23xe + 3wy23 — 3.

It encodes the coefficients of (™(3)¢™(2) in the following (shuffle-regularized) depth-graded
multiple zeta values in depth 2 and weight 4, as one can see from the relations

¢™(3,2) = 5¢™(5) — 2¢M(3)¢C(2),

¢™(2,3) = =5 ¢M(5) +3¢™(3)¢™(2),

(M(1,4) = 2¢(5) = ¢C"(3)¢C™2).
For instance, we may read off the relation 3 (§(3,2) +2¢g3(2,3) = 0 from r2ox.

(2) In weight 7, depth 2, grH7 is two-dimensional generated by the two elements &5 o 7
and &3 o T4, which we compute via

riox) = af —dafey + 102323 — 102323 + 5125 — 25
wiox? = af — 2wy + 2323 + 2125 — a3,

The coefficients in these expressions encode the coefficients of (™(5)¢™(2) and ¢™(3)¢™(4) in
depth 2 multiple zeta values of weight 7. For example,

¢™(5,2) = 10¢™(7) = 4¢M(5)¢™(2) = 2¢M(3)¢M(4),
("(4,3) = —18¢C™(7) +10¢™(5)¢™(2) + CT(3)¢™(4),
¢™(3,4) = 17¢™(7) = 10¢™(5)¢™(2),

¢™(2,5) = —11¢™(7) +5¢M(5)¢™(2) +2¢M(3)¢CM(4).

Choosing any linear functional on the coefficients of zjz2, 2323 and 2?3 which vanishes on

r{omr and 22 0z} leads to a relation between depth-graded motivic multiple zeta values, for
instance:

(5(5,2) +2(5(4,3) + £(5(3,4) = 0.

(3) In weight 8, depth 2, gryHs is two-dimensional generated by the pair of elements &3 o &5
and 05 o 3, which we compute using (6.16) by

x‘llg = ?—2x1x2+x1x2+2m1x3—mg
fox] =2l —4afz, +6 5ajrs +4xiad — 2§
10Ty =1 .'L'll'Q .1'11'2 fIJl.Z'Q .’I}leQ Zy.
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From these, we deduce all relations between depth-graded motivic multiple zeta values of weight
8 and depth 2, such as

2((3,5) +5¢B(2,6) + 10¢5(1,7) = 0

since 2.(0) + 5.(2) + 10.(—1) = 0 and 2.(—5) + 5.(4) + 10.(—1) = 0 where the numbers in brack-

ets are the coefficients of z3z3, z123, 2§ in 2{ox? and 22 03, Indeed, one may check that

5¢™(2,6) +2¢™(3,5) +10¢™(L,7) = 3¢M(2)*

7. Modular relations in depth 2

7.1 Reminders on period polynomials
We recall some definitions from [KZ84, §1.1]. Let So(SL2(Z)) denote the space of cusp forms of
weight 2k for the full modular group SLa(Z).

DEFINITION 7.1. Let n > 1 and let W5 C Q[X,Y] denote the vector space of homogeneous
polynomials P(X,Y") of degree 2n — 2 satisfying

P(X,Y)+P(Y,X)=0, P(+X,+Y)=P(X,Y), (7.1)
P(X,Y)+P(X —Y,X)+P(-Y,X —Y) =0. (7.2)

The space Wy, contains the polynomial pa, = X =2 _y?2n=2 and is a direct sum

W26n = 52n @ Qp2na

where Sy, is the subspace of polynomials which vanish at (X,Y’) = (1,0). We write S = ,, Son.
The Eichler-Shimura—Manin theorem gives a map which associates, in particular, an even-period
polynomial to every cusp form:

Sok(SL2(Z)) — W3, ®q C.

Explicitly, if f is a cusp form of weight 2k, the map is given by

100 +
— z —2Y)* 24z .
roe ([T e -t (73)

where + denotes the projection onto invariants under the involution (X,Y) — (X,-Y), that
is, a™(X,Y) = (a(X,Y) + a(X,-Y)). The three-term equation (7.2) follows from integrating
around the geodesic triangle with vertices 0, 1,700 and is reminiscent of the hexagon equation
for associators. The map (7.3) is an isomorphism onto a subspace of W§, @ C of codimension
1. Thus dim So(SLa(Z)) = dim Sy and it follows from classical results on the space of modular

forms of level 1 that
12

3 dim Sp, 8™ = = 543) T =56 (7.4)

7.2 Linearized double shuffle in depths 2 and 3
We first recall from [IKZ06] that D is the graded space of homogeneous polynomials f € Q[x1, z2]
in two variables satisfying the linearized double shuffle equations in depth 2:

f(x1,22) + f(x2,21) =0 and f(z1,21 +x2) + f(22, 1 + 22) = 0.
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The space D3 consists of homogeneous polynomials f € Q[x1,x2, x3] such that

f(x1,m2,23) + f(22, 21, 23) + f(22, 73, 71) = 0,
FH (@1, 22, 23) + fH (22,21, 23) + fH (22,23, 21) = 0,
where f¥(z,y,2) = f(z,z +y,z +y + 2). The general double shuffle equations and their lin-

earized versions are derived in [Brol7b, §§4-7] using Hopf-algebra-theoretic techniques.

7.3 A short exact sequence in depth 2
The Thara bracket gives a map

{,} 151 Alsy — [s9. (75)

Applying the isomorphism p leads to a map
Dy ADy — Dy, (7.6)

given by the formula in Example 6.9. Since D; is isomorphic to the graded vector space
Q[z3",n > 1], it follows that Dy A Dy is isomorphic to the space of antisymmetric even poly-
nomials p(r1, 79) with positive bidegrees, with basis z2mz3" — 22"23™ for m > n > 0. It follows
from Example 6.9 that the image of p(z1, z2) under (7.6) is

p(z1,22) + p(xe — 21, 21) + p(—22, 21 — 22).
Comparing with (7.2) and (7.1), we immediately deduce (cf. [IT93, Gon05, GKZ06, Sch06]) that
ker({,}:D; AD; — Dy) = S. (7.7)

In fact, the dimensions of the space Do have been computed several times in the literature (e.g.
by some simple representation-theoretic arguments), and it is relatively easy to show [GKZ06]
that the following sequence is exact:

0—S—DAD; — Dy — 0. (7.8)

Ezxample 7.2. The smallest non-trivial period polynomial occurs in degree 10 and is given
by s12 = X2Y?(X —Y)3(X +Y)3 = X8Y? - 3X6y* 4+ 3X4Y% — X2Y®. By the exact sequence
(7.8) it immediately gives rise to the equation

3{a1, 21} = {ad, 2}, (7.9)

which, by the faithfulness of the map p, is equivalent to Thara’s formula (1.7).

7.4 A short exact sequence in depth 3

If V is a vector space let Lie, (V) C V®" denote the component of degree n in the free graded
Lie algebra Lie(V) generated by V, viewed inside the tensor algebra T'(V) = @,,5, V®". It is the
subspace spanned by Lie brackets of the form [vy, [va, ..., [Un_1,vn] . ..] where the Lie bracket on
T (V) is the antisymmetrization of the tensor multiplication (i.e.[v1, v2] = vive — vovy). Thus, as
a graded vector space, Lie(V') = @, -, Lie,(V'), and each Lie, is a direct sum of Schur functors
(e.g. Lie;(V) = V and Lieg(V) = A?V).
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The triple Thara bracket gives a trilinear map
Lieg([ﬁl) — [53,

and hence a map Liez(D;) — D3 whose image is spanned by {3, {x2? 22¢}}, for a,b,c > 1.
Goncharov has studied the space D3, and computed its dimensions in each weight [Gon05]. It
follows from his work that the sequence

0—S XQ Dy — Lie3(D1) — D3 —0 (710)
is exact, where the first map (identifying S with ker(A?D; — Ds)) is given by
S ®g D1 — A’D; ®g D1 — Lieg(Dy),

and the second map in the sequence immediately above is [a,b] ® ¢ +— ¢, [a, b]]. Starting from
depth 4, the structure of [s4 = Dy is not known.® In particular, it is easy to show that the map
given by the quadruple Ihara bracket

Lies(D;) — Dy

is not surjective, since in weight 12, dimDy = 1, but Lies(ID;) = 0. Our next purpose is to
construct the missing elements in depth 4.

Remark 7.3. A different way to think about the sequence (7.10) is via the curious equality
dim S ®g D = dim A3(ID;) which follows from (7.4). I do not know if there is an appropriate
combinatorial or modular interpretation of this identity which could be relevant to the previous
exact sequence.

8. Exceptional modular elements in depth 4

8.1 Linearized equations in depth 4

For the convenience of the reader, we write out the linearized double shuffle relations in full
in depth 4. There are four equations. In order to write them down we shall use the following
notation, where f € Q[z1,...,x4], and we are given any set of indices {3, j, k,l} = {1,2,3,4}:

f(ijl) = f(:ni,xj,xk,xl),

FAagkl) = f(ai,zi + xj, 25 + 1) + g, 20 + 25+ )+ 27). (8.1)

Then Dy (see [IKZ06, §8]) is the subspace of polynomials f € Q[z1,. .., z4] satisfying
f(lm234) =0, f(12m34) =0, (8.2)
ff(1m234) =0, f*(12m34) =0, (8.3)

where f and f* are extended by linearity in the obvious way, and

1m234 = 1234 + 2134 + 2314 + 2341,
12m 34 = 1234 4 1324 + 1342 4 3124 + 3142 4 3412.

6 After T wrote the first version of this paper, S. Yasuda kindly sent me his private notes [Yas06] in which he gives
a conjectural group-theoretic interpretation for the dimensions of D4, in accordance with the Broadhurst—Kreimer
conjecture.
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For example, the first equation of (8.2) is simply
f(x1, 22,23, 24) + f(22, 01, 23, 24) + f(22, 23,71, 74) + f(22, 23,24, 21) = 0.

We construct some exceptional solutions to these equations from period polynomials.

8.2 Definition of the exceptional elements
Let f(x,y) € Sant2 be an even-period polynomial of degree 2n which vanishes at y = 0. It follows
from (7.1) and (7.2) that it vanishes along z = 0 and x — y = 0. Therefore we can write

f(@,y) = zy(z —y) folz,y),
where fo(z,y) € Q[x,y] is symmetric and homogeneous of degree 2n — 3, and satisfies
fo(z,y) + foly — 2z, —2) + fo(—y, 2 —y) = 0. (8.4)
Let us also write fi(x,y) = (x — y) fo(x,y). We have fi(—z,y) = fi(z,—y) = — fi(z,y).
DEFINITION 8.1. Let f € Q[z,y] be an even-period polynomial as above. Define

er S Q[y07y17y27y37 y4]7

er = Z (f1(ya — y3,y2 — y1) + (wo — 1) fo(y2 — y3, ya — y3)), (8:5)

Z./5Z

where the sum is over cyclic permutations (yo, y1, Y2, Y3, y4) — (Y1, Y2, Y3, Y4, Y0). Its reduction
€r € Qlx1,...,x4] is obtained by setting yo = 0,y; = 5, for i =1,...,4.

Remark 8.2. The full expression for e is explicitly

er(w1,x2,23,24) = fi(wa — 23,22 — 1) + fi(—x4, 23 — x2) + fi(z1, x4 — x3)
+ fi(xe — x1, —24) + fi(zs — x2,21) — 21 fo(z2 — 3,24 — 23)
+ (z1 — ®2) fo(ws — w4, —x4) + (22 — 23) fo (74, 71)

+ (z3 — z4) fo(—71, 22 — 1) + T4 fo(T1 — T2, 73 — 72). (8.6)
Since f is even it vanishes to order 2 along x = 0,y = 0,z = y. Therefore
fU(Ovy) = fO(:E’O) = fO(xax) = 07

and the same holds a fortiori for fi. If we set 3 = x4 = 0 in equation (8.6) then all terms except
for the fifth vanish and we are left with

éf(.iﬂ,y,0,0) :fl(_yvx) :fl(xay) (87)
In this way, the period polynomial f can be retrieved from &;: it is xy€s(x,y,0,0). This compu-

tation is related to the discussion in [BBV10, §9.2], regarding multiple zeta values of depth 4 of
the form ¢(1,1,m,n).
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8.3 Exceptional elements and linearized double shuffle equations
THEOREM 8.3. The reduced polynomial €; obtained from (8.5) satisfies the linearized double
shuffle relations. In particular, we have an injective linear map

éZS—>]D)4.

Proof. The injectivity follows immediately from (8.7). The proof that the linearized double shuffle
relations hold is a finite computation. In the absence of a purely conceptual proof, we shall break
the calculation into more easily verifiable pieces.

We first consider the stuffle equations. It follows from general properties of the Dynkin
operator on shuffle algebras that a homogeneous polynomial in four variables satisfies the two
linearized stuffle equations (8.2) if and only if it is in the image of the map A : Q[z1,...,z4] —
Q[z1,...,x4], with eight terms defined by

A )1,y ... xq) = a(f)(z1, 22, 23, 24) — (f) (24, 23, T2, T1),

where a(f)(z1,...,x4) is the linear combination

f(@1, 22,23, 24) — f(21, 22, 24, 23) — f(21, 24, T2, 3) + f(21, T4, T3, 2).
For a detailed discussion and proofs, we refer to [Brol7b, § 16.4 and Corollary 16.6]. The linearized
stuffle relations (8.2) hold for the sum of the first five terms in f;, and for the sum of the second
five terms in fj in (8.6) separately. Consider first the terms in f;. They consist of two parts:
Ty = fi(z4 — 23,72 — 71)
and
Th = fi(—za,23 — 22) + fi(z1, 24 — 23) + [i(22 — 21, —24) + f1(23 — T2, 21).
One easily checks that A(71) = 4T3, and that A(fi(x1,x2 — 3)) equals

Ji(w1, 20 — x3) — fi(wr, 22 — 24) — fr(21, 24 — 22) + f1(21, 24 — 3)
— fi(za, w3 — x2) + fi(wa, 23 — 21) + f1(2a, 21 — 23) — f1(xa, 71 — 22) = 4T3,
using only the fact that f; is antisymmetric and odd in « and y. Thus 77,75 lie in the image of
A and are solutions to the linearized stuffle equations.
Now consider the terms in fj in (8.6). Once again, they break into two parts:
T3 = wafo(z1 — x2, 23 — 22) — w1 fo(T2 — 23,74 — T3)

and

Ty = (x1 — x2) fo(xz — x4, —x4) + (22 — x3) fo(wa, 1) + (23 — 24) fo(—21, 22 — 21).

One checks that A(T) = 4T}, for k = 3,4 using the three-term relation (8.4), and hence T3, Ty
are solutions to the linearized stuffle equations. This is the only point in the proof where the
three-term relation is needed.

For the linearized shuffle relations, note that there exists g € Q[z,y] such that fo(z,y) =
(x +1y)g(z,y) and fi = (2? — y?)g(x,y) since an even-period polynomial f(x,%y) vanishes along
x =y and is even in both z and y. The polynomial g(x,y) is symmetric and odd in = and in y
(i.e. g(z,y) = 9(y,z) and g(—x,y) = g(x, —y) = —g(x,y)). These properties suffice to prove that
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(8.6) satisfies the shuffle equations. The full expression again splits into two pieces with four and
six terms, respectively:
Ts = (a3 — 253)g(x4, w23) + Tas(w1 + 24)g (21, T4) + 212(234 — 4) (w34, —74)
+ (‘7:%2 - :E?L)g(xl?v $4)’

where we use the notation x;; = z; — x;, and

Te = x34(w21 — 1)g(21, T12) + Ta(T32 + 212)g(212, T32) + (235 — 23) (232, 71)
+ (21 — 233)9(21, 243) + 21 (T34 + 232)9 (32, T34) + (T3 — 231)9 (243, T21).

Both T5 and Ty can laboriously be verified to satisfy the two shuffle equations in depth 4. The
statement follows since ey equals 11 + T + 13 + Ty = T5 + Tg. O]

Identifying [s4 with Dy via the map p, we can view e as a map from S to Is4. Note that
relation (7.2) is proved for the periods of modular forms by integrating round contours very
similar to those which prove the symmetry and hexagonal relations for associators. It would be
very interesting to see if there is any connection between the five-fold symmetry of the element
er and the pentagon equation.

Ezample 8.4. Tt follows from (7.4) that the space of period polynomials in degrees 12,16, 18 and
20 is of dimension 1. Choose integral generators:

hi2 = [af, 23] - 3[af), 23],

fio = 2 [z, @3] = 7w, 23] + 11 [aF, 23],
fis = 821", 23] — 25 [, 23] + 26 [21°, 28],
fao = 3[21%, 23] — 10 [21", 23] + 14 [21?, 28] — 13 [a1°, 23],
where [2¢, 28] denotes 29z — 2%x3. Let ea,...,ez denote the corresponding exceptional ele-

ments. We know by Theorem 1.1 that g™ is of dimension 2 in weight 12, spanned by {03, 09}
and {o5,07}. We know by (7.9) that in weight 12, 0g%' is of dimension 1, dg§* vanishes by parity,
so it follows that dgj] is of dimension 1 and hence spanned by €2 (since we know that [s4 in
weight 12 is one-dimensional). Writing out just a few of its coefficients as an example, we have:

1y = wixy — 116 23a3a3zy — 57 23x5xs + - (118 terms in total).

Using €12, one can write all depth-graded motivic multiple zeta values of depth 4 and weight 12
as multiples of (p(1,1,8,2). For example, one has

€©(47 37 31 2) = -116 C@(la 17 87 2)7 C@(?)’ 67 1> 2) = 57 C@(lﬁ 17 87 2)

modulo products and modulo multiple zeta values of depth < 2.

8.4 Are the exceptional elements motivic?
We say that an exceptional element ey is motivic if it lies in the depth-graded motivic Lie algebra:

er €0gy C lsy.

CONJECTURE 3. The exceptional elements ey are all motivic.
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Since 0g; = Isy for k = 1,2, 3, to prove that an exceptional element e; is motivic it is enough
to show that, modulo commutators, it lies in the image of the map

d:S — (0g)*,

where S C A%0g is the space of relations in depth 2, and d is the first non-trivial differential in
the spectral sequence on g™ associated to the depth filtration (§4.5).

The map d can be computed explicitly as follows. Choose a lift o2,11 € g™ of every generator
Oon+1 € 0gT, and decompose it according to the D-degree:

_ (1) (2) (3)
O2n+1 = Oy 1+ 0ot q T 09y g + 000y

where 052 41 1s of D-degree i, and Uég +1 = O2p+1. Then, for any element

&= Z)‘i’j oiNa; €S =ker({.,.}: A*og]" — 0g¥)

1<j

with A; ; € Q, we have

a€ =3 Ao ot + 4ol ot + {0 o)D),

1<j

where {.,.} : /\2gm — g™ can be computed on the level of polynomial representations by exactly
the same formula as the one given in § 6.

Ezample 8.5. The elements o3, 05,07, 09 defined by the coefficients of ((3),¢(5),¢(7), and ¢(9)
in weights 3, 5, 7, 9 in Drinfeld’s associator are canonical, and we have

{03,09} — 3{05,07} = %612 mod depth > 5, (8.8)

which proves that the element ejs is motivic. Using the depth-parity proposition (Proposition
6.4), one can show that the corresponding congruence

{o3,09} — 3{05,07} =0 mod 691,

propagates to depth 5 also. Compare with the ‘key example’ of [ITha02, p. 258] and the ensuing
discussion. Thereafter, one checks that

d(20’3 Noig—Tos Ao+ 11o7 A Ug) = %616 (mod Cl),

d(803 No1s —2bos A o3 + 26 o7 /\0’11) = %elg (mod Cl),

d(303 Ao — 1005 ANo1s+ 1407 Aoz — 13 fg A fn) = 13754268101620 (mod Cl),

where a = {g™, g™} + D©°g™, that is, the previous identities hold modulo commutators and mod-
ulo terms of depth 5 or more. In this manner, I have checked that the elements e; are motivic
for all f up to weight 30. In particular, it seems that the differential d is related to our map e
(which is defined over Z) up to a non-trivial isomorphism of the space of period polynomials. The
numerators on the right-hand side are the numerators of ¢(16)7 =16, ¢(18)7 =18, and ((20)7 2.
Unfortunately, it does not seem possible to construct canonical zeta elements gg,41 for n > 5 in
a consistent way such that the above relations hold exactly in gj* (and not modulo a).
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Using the theory of the unipotent fundamental group of the Tate elliptic curve, we showed
in [Brol7a] how to construct canonical elements 05‘21 modulo depths > 5, which enables one to
write down the differential d explicitly. The only remaining difficulty in proving that the elements
ey are motivic is therefore to understand better the quotient [s/{ls, [s} in depth 4. Yasuda has
since shown, assuming that the ey are motivic, how to relate the exceptional elements to the
differential d using the action of Hecke operators on the space of period polynomials.

If the elements ey can be shown to be motivic, then they provide in particular an answer
to the question raised by Thara [Tha02, end of §4, p. 259]. The appearance of the numerators of
Bernoulli numbers is related to [Tha02, Conjecture 2], and the Thara—Takao relations [IT93], and
has been studied from the Galois-theoretic perspective by Sharifi [Sha02] and McCallum and
Sharifi [MS03].

9. Some properties of the elements ey

The exceptional elements ey satisfy many remarkable properties, only some of which will be
outlined here. Of particular relevance are those properties which are motivic, that is, stable
under the Ihara bracket.

9.1 Unevenness
For any polynomial f € Q[z1,...,z,], let

W];i f = coefficient of z¥ in f
and denote the projection onto the even part in x; by
2k 2k
noy f =Y (wi*f) a3t
E>0

We can also write 75) f = %(f(ml,...,:pi,...,xr)+f(1:1,...,—xi,...,xr)).

LEMMA 9.1. The elements e¢(yo, Y1, Y2, Y3, Y4) are uneven:

o0 Ton Tas Mo Ty (€F) = 0. (9.1)
Proof. The term of the form (yo — y1) fo(y2 — y3, ¥4 — y3) in definition (8.1) is obviously uneven
since it is linear in yg, y1. The term f1(ys — y3,y2 — y1) is likewise uneven because f;(z,y) is odd
in x and y. The fact that ey is uneven follows by cyclic symmetry. ]

We shall see later in § 11.1 that the property of being uneven is motivic, that is, stable under
the Thara bracket, and is related to the totally odd zeta values. We conjecture that a solution to
the linearized double shuffle equations is uneven if and only if it is in the Lie ideal of s generated
by exceptional elements.

9.2 Sparsity
LEMMA 9.2. The elements e¢(yo, Y1, Y2, Y3, Ya) are sparse:

85
0Y00y10y20y30y4

(ef) =0. (9.2)
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In other words, ey is a linear combination of monomials which only depend on four out of five
of the variables yq, ..., Y4.

Proof. Immediate from the definition. g

One can show that this property is also motivic, that is, forms an ideal under the Ihara
bracket. Call an element f € p, sparse if it is annihilated by

ar+1

8yo...6yr'

PROPOSITION 9.3. The sparse elements in @, p, form a Lie ideal.

Proof. Let f € p, and g € ps where f is sparse. The Thara bracket {f, g} is given by (6.14) and
consists of a cyclic sum over terms of the form

(f(y07 cry yT) - f(yT+say07 L 7yrfl))g(y7“7 s 7y7"+s)7

to which we apply the product of 9/dy; for 0 <i < r + s. Using the chain rule with respect to
0/0y, and 0/0y,+s and invoking the sparsity of f, we obtain

r+s
0

r—1 8
(H 8y-> (f(yo,...,yr) _f<yr+37y0,..-,y7~_1)) X <E ayi>g(yr,...,yr+s). (9.3)

By cyclic symmetry of f, we have

f(yr+sayOa <. ayrfl) = f(y07 ceey yr‘flay?drs)'

Using the sparsity of f once more, we find that

<1;[; >f(y0f"’yr)_ <1;I:

since the left-hand side is a polynomial which is annihilated by 9/9y,, and hence does not depend
on y,. In particular, it equals the right-hand side. It follows that the left-hand factor of (9.3)
vanishes, which completes the proof. O

0 0
ayz 8yi>f(y07'-~7y7’—17y7‘+s>

In fact, there are other differential equations satisfied by the e; and one can use these
equations to define various filtrations on the Lie algebras p and [s. It would be interesting to try
to prove that the degree in the exceptional elements defines a grading on the Lie subalgebra of
p spanned by the 23" and the & t, as predicted by the conjectures below.

Remark 9.4. The properties of unevenness and sparsity imply that almost all the coefficients of
es are zero. This implies that the freeness of the motivic Lie algebra (Theorem 1.1) hangs by a
thread (see, for example, (8.8)).

If we define the interior of a polynomial p € Q[z1,...,z,] to be p° = 7T122 ... 72%p, where
722 f) = s 7% (f)«¥, then in fact the majority of the non-trivial monomials in & are
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determined by a single term,
(&7)° = fi(ws — w3, 29 — 21)°, (9.4)

which follows easily from the definition (8.6).

9.3 Other properties

We mention briefly some directions for further investigation. The proofs of the following facts
are trivial yet sometimes lengthy applications of the definitions, basic properties of period
polynomials, and the definition of {.,.}.

Suppose that f1), ..., f) are period polynomials, and let fl(z) be as defined in §8.2. Then,
generalizing (8.7), we have

n
0 .0 0 (a - - - i
Tpn+2Tn43 - - - 7r271—17T4n (ef(l) © (ef(2) S (ef(n—l) o ef(")) o )) = H fl(Z)(xzﬁ Tit1)- (9.5)
i=1
Unfortunately, some information about the polynomials f; is lost in this equation, but one

can do better by using the operators mf¥ = m;7. For example, one checks that

ev,_ev_0

T e mameny (8p 0 8g) = (m§V e (z1, m2, 73, 24)) X (75 TGEy (T3, T4, 5, T6)) (9.6)
factorizes. Applying the operator 7'('% to this equation gives
(w%wfvﬂgéf(azl,xg,xg,m)) X (ﬂ%ﬂ%vﬂgég(xg,x4,x5,x6)) € Qlx1, z2] ®g Q[x4, 5]
and causes the variables to separate. Next, one checks that
Ty e (21, v2, 23, v4) = 7Y (a9 — 21)%°8 ) 4 fo(x1, 21 + 22))

for some a € Q, and it is easy to show that the right-hand side of the previous equation is
non-zero and uniquely determines the period polynomial f (using the fact that the involutions
(x1,22) — (21,22 — 221) and (21, x2) — (—x1,x2) generate an infinite group). Putting these facts
together shows the following result.

COROLLARY 9.5. There are no non-trivial relations between commutators {€s,€,}.

Since similar factorization properties to (9.6) hold in higher depths, one might hope to prove,
in a similar manner, the conjecture that the Lie subalgebra of [s generated by the exceptional
elements ey is free.

10. Lie algebra structure and Broadhurst—Kreimer conjecture

10.1 Interpretation of the Broadhurst—Kreimer conjecture

In the light of the Broadhurst—Kreimer conjecture on the dimensions of the space of multiple zeta
values graded by depth (1.2), and Zagier’s conjecture which states that the regularized double
shuffle relations generate all relations between multiple zeta values, it is natural to rephrase their
conjectures, tentatively, in the Lie algebra setting as follows.
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CONJECTURE 4 (Strong Broadhurst—Kreimer and Zagier conjecture).

Hy(ls, Q) = ls; ® e(S),
Hy(1s,Q) 2 S, (10.1)
H;(Is,Q) =0, foralli> 3.

This conjecture is the strongest possible conjecture that one could make: as we shall see
below, it implies nearly all the remaining open problems concerning relations between (motivic)
multiple zeta values. The numerical evidence for this conjecture is substantial [BBV10], but
not sufficient to remove all reasonable doubt. More conservatively, and without reference to
the double shuffle relations, one could make a weaker reformulation of the Broadhurst—Kreimer
conjecture.

CONJECTURE 5 (Motivic version of the Broadhurst—Kreimer conjecture). The exceptional ele-
ments ey are motivic (i.e. ¢(S) C og™), and

Hy(0g™, Q) = 0g7" ® €(S),
Hy(dg™,Q) =S, (10.2)
H;(d0g™, Q) =0, foralli>3.

Since the conjectural generators are totally explicit, it is possible to verify the independence of
Lie brackets in the reduced polynomial representation p(g™) simply by computing the coefficients
of a small number of monomials. In this way, it should be possible to verify (10.2) to much
higher weights and depths than is presently known. Note that the Broadhurst—Kreimer conjecture
could fail if there existed non-trivial relations between commutators involving several exceptional
elements ey. These would necessarily have weight and depth far beyond the range of present
computations.

10.2 Enumeration of dimensions
Let b be a Lie algebra over a field k, and let U} be its universal enveloping algebra. The homology
groups H;(h; k) of b are defined to be the homology of the following complex:

coo— A3 — A%p — h — 0. (10.3)

Suppose that b is bigraded, and finite-dimensional in each bigraded piece. Then A’h,Ub, H;(b)
inherit a bigrading. For any bigraded k-module M,,, which is finite-dimensional in every
bidegree, define its Poincaré—Hilbert series by

The following proposition follows from standard homological algebra.
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ProrosiTIiON 10.1. With the above assumptions, the Poincaré series of Uh and the homology
of b are related by the equation

1
XH.(b)(_l’ S,t) '

Xup(s,t) = (10.4)

Proof. Let € : Uh — k be the augmentation map. Recall that the Chevalley—Eilenberg complex
[Wei94, §7.7] is exact in all degrees:

U R A2 — U R h — UH — k — 0. (10.5)

It therefore defines a resolution of k. Viewing k as a Uh-module via € and applying the functor
M — k ®uyp M to (10.5) gives a complex whose truncation is exactly (10.3).
Writing A'h = b, and A’h = k, the exactness of (10.5) yields

1= Z(—l)lXub(s,t)XAzh(s, t) = Xy (s,t)Xnen(—1,5,1),
>0

since this is nothing other than the bigraded Euler characteristic. Since (10.3) computes the
homology of §, we deduce similarly that

XA'*J(_L Svt) = XH.(F))(_L Sat)

which implies formula (10.4). O

10.3 Corollaries of Conjectures 4 and 5
Let us first apply Proposition 10.1 to the algebra [s, bigraded by weight and depth.

LEmMA 10.2. Conjecture 4 implies that

1
Aue(s:) = T g T S0 2 —S(s) B (10.6)

If we identify lsy via the isomorphism p with the space of polynomials Dy satisfying the linearized
double shuffle relations, we obtain the conjecture stated in [IKZ06, Appendix].

Proof. Assuming Conjecture 4, we have
Xiy (1) (5,1) = O(s) £ +S(s) 1,
Xy (1) (3, 1) = S(s) 12,
where O and S were defined in (1.3). Apply (10.4) to conclude. O

ProprosiTION 10.3. Conjecture 4 is equivalent to Conjecture 5, together with dg™ = [s.

Proof. The inclusion 0g™ C [s implies that, for all weights N and depths d,

dimQ (Z/{gm)Nd < dim@ (U[5)N,d' (107)
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This uses the fact that gretfg™ = Udg™, which follows from the Poincaré-Birkoft-Witt theorem.
Now we know from Theorem 1.1 that

o = o (Zdim@(ug“‘)N,d) .

N>0 “d>0

If conjecture 4 holds then, specializing (10.6) to ¢ = 1, we obtain

o = 3 (et

N>0 \d>0

and therefore, for all IV,

Z dimQ (Z/{gm)Md = Z dimQ (U[E)N,d.
d>0 d>0

Since the dimensions in (10.7) are non-negative, this implies equality in (10.7), and so groldg™ =
Udg™ = Uls and hence 0g™ = Is. Replacing 0g™ with Is in Conjecture 4 gives the statement of
Conjecture 5, and proves the first direction of the implication. The converse is obvious. ]

The conjecture 0g™ = [s implies that g™ = dmy(Q), which is the statement that all relations
between motivic multiple zeta values are generated by the regularized double shuflie relations
(which is equivalent to a conjecture of Zagier’s). By Furusho’s theorem [Furll], it would in turn
imply Drinfeld’s conjecture that grt is free with one generator in every odd degree < —3 (which
is in turn equivalent, in the light of Theorem 1.1, to the statement that all relations between
(motivic) multiple zeta values are generated by the associator relations.)

COROLLARY 10.4. Conjecture 5 implies a Broadhurst—Kreimer conjecture for motivic multiple
zeta values. More precisely, Conjecture 5 implies that

1+ E(s)t

(dimg griHy) s™Vtd = , (10.8)
N%;O Q&N 1— O(s)t + S(s)t2 — S(s)t
where Hy is the Q-vector space generated by motivic multiple zeta values of weight N.
P g y P g
Proof. Apply Proposition 10.1 to 9g™. Then Conjecture 5 implies via (10.4) that
1
di LUgh)sNt? = : 10.9
D, (dimg groligR)s 1—O(s)t+S(s) 12— S(s) t4 (10.9)

N,d>0
Equation (10.8) follows from (4.3), which states that
grH = (gr”A) ®g (sr°QIC™(2))).

The statement follows from gr®A = (groldg™)" (see §4.2) and the fact that 1+ E(s)t is the
Poincaré series for the bigraded algebra

gr®Q(™(2)] = Qe EH ¢B(2n)Q

n>1

using a corollary [Brol2] of the motivic version of Euler’s theorem: Q¢™(2n) = Q¢™(2)". O
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11. Totally odd multiple zeta values

Let H°dd € H denote the vector subspace generated by the elements
¢M(2ny +1,...,2n, + 1), (11.1)

where n1,...,n, are integers > 1. Then grH°dd C gr®H is the vector subspace spanned by the
depth-graded versions (g(2n1 +1,...,2n, + 1) of (11.1). It is clear from the linearized stuffle
product formula that gr®H°dd is an algebra, indeed, it is a quotient of the shuffle algebra

(Q<3,5,7,...,>, H_I)

with exactly one generator 2n + 1 in each degree 2n + 1, for n > 1. Let A% denote 799 modulo
the ideal generated by ¢™(2), and let gr®A4°d denote gr®H°dd modulo the ideal generated by

((2).

PROPOSITION 11.1. The space H° is almost stable under the motivic coaction:
AM(®, 1) C A0 D, 1M + A0 D, oH.

Furthermore, the group Uy 7(z) acts trivially on the associated graded groHedd,

Proof. By the remarks at the end of § 3.1, it suffices to compute the infinitesimal coaction (3.3)
in odd degrees only. Therefore apply the operator Dag11 to the element

m™o;1,0,...,0,1,0,...,0,...,1,0,...,0;1).
—— = ——
2n1 2n2 2n,
We use the terminology ‘subsequence’ to denote a term which occurs on the left-hand side of
(3.3), and ‘quotient sequence’ to denote a term which occurs on the right. Every subsequence

with two or more 1’s gives rise to a quotient sequence of depth < r — 2. Every subsequence of
depth exactly 1 and of odd length is either of the form

1(0;0,...,0,1,0,...,0;1) or I™(1;0,...,0,1,0,...,0:0)
—_—— N — —_—— N —
odd odd odd odd

(which cannot occur since every pair of successive 1’s in the original sequence are separated by
an even number of 0’s), or of the form

mo;o,...,0,1,0,...,0;1) or I™(1;0,...,0,1,0,...,0;0).
—— = —_—— =

In this case, the quotient sequence has the property that every pair of successive 1’s are separated
by an even number of 0’s, which defines an element of H°4, In the case when the subsequence
has no 1’s, the left-hand side of (3.3) is zero and the action is trivial, which proves the last
statement. O

It follows immediately from the proposition that the action of the graded Lie algebra

LieUpni7(zy on the two-step quotients D, H°Y /D, _yH° factors through its abelianiza-
tion (Lield MT(Z))ab, which has canonical generators in every odd degree 2r + 1, for r > 1.
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Thus for every integer n > 1, there is a well-defined derivation
Dq j0dd D dd
T

which corresponds to the action of the canonical generator ogy,+1 € (Lield MT(Z))ab. Ifmg+---+
m, =ny + --- + n, are integers > 1, then we obtain numbers

C(ml.“mT) = 62m1+1 ce 82mr_1+182mr+1 Cg(in +1,...,2n, + 1) e

ny...npe
where, by duality,

2my 2my 1

Tt e o (e o (o (]

C(mymr) = coefficient of 7" ... x5

ny...np

Recall that the action o is given by the formula

Q[w%] ®q Qlz1, ..., 2r—1] — Q[z1,. .., z/]
T
a3t og(ar,. .., xrm1) = Z ((xi — 2 1) — (m — :ci+1)2")g(x1, ey Ty ),
i=1
where 79 = 0 and 2,41 = z, (i.e. the term (2, — x,,1)?" is discarded). Note that o coincides
with o here by Proposition 2.2 since 2" lies in the image of g™.
If Sy, denotes the set of compositions of an integer IV as a sum of r positive integers, let
Cn, denote the |Sy | X |Sn | square matrix whose entries are the integers

(Cny)ij = C(siyy  Sis S € SNy (11.2)

Sj

11.1 Enumeration of totally odd depth-graded multiple zeta values
DEFINITION 11.2. We say that a polynomial f € Q[yo,y1,...,¥yr] is uneven if the coefficient of

ygno ...y?™ in f vanishes for all ng,...,n, > 0.

Recall from (9.1) that the exceptional elements ey € s are uneven. The following proposition
is a kind of dual to the previous one.

PROPOSITION 11.3. The set of uneven elements in ls is an ideal for the Thara bracket.

Proof. Let f,g € p(Is) such that f is uneven. It suffices to show that {f, g} is uneven. By the
parity result (Proposition 6.4), we know that f and g are of even degree. It follows from (6.3)
that {f, g} is a linear combination of terms of the form

f(Wa)a(ys),
where «, 3 are sets of indices with | N (| = 1. Since the polynomial f is homogeneous of even
degree, it follows that the coefficient of ygno . ..y%”" in {f,g} is a linear combination of the

coefficients of totally even monomials in f, which all vanish. In more detail, let us consider
two sets of indices with e @ = {7}, and the corresponding monomials which occur in f,g

cl H Yoo and cj H U,
aca bep

respectively:
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where cé, c% € Q. A monomial in {f, g} is of the form

ey ™ I v T wi

aca\{v} beB\{~}
Suppose that m. 4+ n, and all my,ny are even for a € a\{v} and b € 5\{~}. If m, is odd, then

c£ = 0 since f is of even degree by Proposition 6.4. In the case when m., is even, cé = 0 since f
is uneven. Therefore {f, g} is uneven. O

COROLLARY 11.4. The Lie ideal in s generated by the exceptional elements is orthogonal to
(i.e. annihilated by) gr® A,

Proof. The elements ey are uneven. O
In the light of Conjecture 5 it is therefore natural to expect that gr®.4°d is dual to g°dd,
which suggests the following conjecture.
CONJECTURE 6 (‘Uneven’ part of motivic Broadhurst-Kreimer conjecture).
> (dimg gry AR )sVed = ! (11.3)

_ 2
NS00 1 —0O(s)t+ S(s)t
Since the action of the operators d2,.1 on the totally odd depth-graded motivic multiple
zeta values can be computed explicitly in terms of binomial coefficients, one can hope to prove a
version of this conjecture by elementary methods. Indeed, assuming Conjecture 5, the left-hand
side of (11.3) is the generating series

Z rank(Cy ) sV,
N>0,d>0

where Cl, are the matrices of binomial coefficients defined in (11.2). Therefore, one is led to
conjecture that this generating series also coincides with the right-hand side of (11.3). I have
verified this up to weight 30.

Standard transcendence conjectures for multiple zeta values would then have it that if Zj{;}fl
denotes the space of totally odd depth-graded multiple zeta values modulo ((2), of weight N
and depth d, then we obtain the new conjecture

1

dim ZOdd Nyd — ) 11.4
NN%O( e ZR)s 1— O(s)t + S(s)2 (11.4)

Remark 11.5. These conjectures measure the relations between totally odd (motivic) multiple
zeta values modulo all (motivic) multiple zeta values of lower depth, not just modulo totally
odd (motivic) multiple zeta values of lower depth (in other words, Z})Vflg denotes the span of the
totally odd zetas in the space of depth- graded multiple zeta values, and not the depth-graded
of the space of totally odd multiple zeta values).

ACKNOWLEDGEMENTS
This project has received funding from the European Research Council (ERC) under the Euro-
pean Union’s Horizon 2020 research and innovation programme (grant agreement nos. 257638

570

https://doi.org/10.1112/50010437X20007654 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X20007654

DEPTH-GRADED MOTIVIC MULTIPLE ZETA VALUES

and 724638). I would like to thank the Institute for Advanced Study and the Humboldt Foun-
dation. This work was partly inspired by Zagier’s lectures at the College de France in October
2011, in which he explained parts of [IKZ06, § 8|, and partly based on a talk at a conference in
June 2012 at the IHES in honour of P. Cartier’s eightieth birthday. It is a pleasure to dedicate
this work to him, with my deepest gratitude.

REFERENCES

BBV10

BK97

Brol2
Brol4a

Brol4b

Brol7a

Brol7b
Car02

Del89

Del10

Del13

DGO05

Dri90

Eca03

EL16

Furll
GKZ06

Gon0Ola

Gon0O1b

Gon05

Tha02

J. Bliimlein, D. J. Broadhurst and J. A. M. Vermaseren, The multiple zeta value data mine,
Comput. Phys. Commun. 181 (2010), 582-625.

D. Broadhurst and D. Kreimer, Association of multiple zeta values with positive knots via
Feynman diagrams up to 9 loops, Phys. Lett. B 393 (1997), 403-412.

F. Brown, Mized Tate motives over Z, Annals of Math. 175 (2012), 949-976.

F. Brown, Motivic periods and P'\{0,1,00}, Proceedings of the International Congress of
Mathematicians—Seoul 2014, vol. IT (Kyung Moon Sa, Seoul, 2014) 295-318.

F. Brown, Multiple modular values and the relative completion of the fundamental group of
M 1, Preprint (2014), arXiv:1407.5167.

F. Brown, Zeta elements in depth 3 and the fundamental Lie algebra of the infinitesimal Tate
curve, Forum Math. Sigma 5 (2017), E1.

F. Brown, Anatomy of an associator, Preprint (2017), arXiv:1709.02765.

P. Cartier, Fonctions polylogarithmes, nombres polyzétas et groupes pro-unipotents, Séminaire
Bourbaki, (2000-01) 885 (2002), 137-173.

P. Deligne, Le groupe fondamental de la droite projective moins trois points, in Galois groups
over Q (Berkeley, CA, 1987), Mathematical Sciences Research Institute Publications, vol. 16
(Springer, New York, 1989), 79-297.

P. Deligne, Le groupe fonc{amental unipotent motivique de G, — un, pour N =2,3,4,6 ou 8§,
Publ. Math. Inst. Hautes Etudes Sci. 101 (2010).

P. Deligne, Multizétas, d’aprés Francis Brown, in Séminaire Bourbaki, Vol. 2011/2012, Exposés
1048-1058, Astérisque, vol. 352 (Société Mathématique de France, 2013), 161-185.

P. Deligne and A. B. Goncharov, Groupes fondamentaux motiviques de Tate mixte, Ann. Sci.
Ec. Norm. Supér. (4) 38 (2005), 1-56.

V. Drinfeld, On quasi-triangular quasi-Hopf algebras and some group closely related with
Gal(Q/Q), Algebra i Analiz 2 (1990), 149-181.

J. Ecalle, ARI/GARI, la dimorphie et l’arithmétique des multizétas: un premier bilan, J. Théor.
Nombres Bordeaux 15 (2003), 411-478.

B. Enriques and P. Lochak, Homology of depth-graded motivic Lie algebras and koszulity,
J. Théor. Nombres Bordeaux 28 (2016), 829-850.

H. Furusho, Double shuffle relation for associators, Ann. of Math. (2) 174 (2011), 341-360.

H. Gangl, M. Kaneko and D. Zagier, Double zeta values and modular forms, Automorphic forms
and zeta functions (World Scientific, Hackensack, NJ, 2006), 71-106.

A. B. Goncharov, Multiple polylogarithms and mized Tate motives, Preprint (2001),
arXiv:math.AG/0103059.

A. B. Goncharov, The dihedral Lie algebras and Galois symmetries of m{(P*\{0, 00} U ux, Duke
Math. J. 110 (2001), 397-487.

A. B. Goncharov, Galois symmetries of fundamental groupoids and noncommutative geometry,
Duke Math. J. 128 (2005), 209-284.

Y. Thara, Some arithmetic aspects of Galois actions on the pro-p fundamental group of

P'\{0, 1,00}, Proc. Sympos. Pure Math. 70 (2002), 247-273.

571

https://doi.org/10.1112/50010437X20007654 Published online by Cambridge University Press


https://arxiv.org/abs/1407.5167
https://arxiv.org/abs/1709.02765
https://arxiv.org/abs/0103059
https://doi.org/10.1112/S0010437X20007654

IKZ06

1T93
K784

Lev93

Li19

Maal9
Mal6

Mat16

MS03

Pol09

Rac02

Sch06

Sch1b

Sha02

Tas16

Ter02
Tsu04
Wei94

Yas06

Zag93

DEPTH-GRADED MOTIVIC MULTIPLE ZETA VALUES

K. Ihara, M. Kaneko and D. Zagier, Derivation and double shuffle relations for multiple zeta
values, Compos. Math. 142 (2006), 307-338.

Y. Ihara and N. Takao, Seminar talk (May 1993).

W. Kohnen and D. Zagier, Modular forms with rational periods, Modular forms (Durham, 1983)
(Ellis Horwood, Chichester, 1984), 197-249.

M. Levine, Tate motives and the wvanishing conjectures for algebraic K-theory, Algebraic
K-theory and algebraic topology (Springer, Dordrecht, 1993), 167-188.

J. Li, The depth structure of motivic multiple zeta values, Math. Ann. 374 (2019), 179-209,
doi:10.1007/s00208-018-1763-z.

M. Maassarani, Bigraded Lie algebras related to MZVs, Preprint (2019), arXiv:1907.07200.

D. Ma, Relations among multiple zeta values and modular forms of low level, PhD thesis,
University of Arizona (2016), https://repository.arizona.edu/handle/10150/613133.

N. Matthes, FElliptic multiple zetas, PhD thesis, University of Hamburg (2016), https://people.
maths.ox.ac.uk/matthes/phd_final.

W. McCallum and R. Sharifi, A cup product in the Galois cohomology of number fields, Duke
Math. J. 120 (2003), 269-310.

A. Pollack, Relations between derivations arising from modular forms, Undergraduate thesis,
Duke University (2009).

G. Racinet, Qoubles mélanges des polylogarithmes multiples auz racines de 'unité, Publ. Math.
Inst. Hautes Etudes Sci. 95 (2002), 185-231.

L. Schneps, On the Poisson bracket on the free Lie algebra in two generators, J. Lie Theory 16
(2006), 19-37.

L. Schneps, ARI, GARI, Zig and Zag: an introduction to Ecalle’s theory of multiple zeta values,
Preprint (2015), arXiv:1507.01534.

R. Sharifi, Relationships between conjectures on the structure of pro-p Galois groups unramified
outside p, Proc. Symp. Pure Math. 70 (2002), 275-284.

K. Tasaka, On linear relations among totally odd multiple zeta wvalues related to period
polynomials, Kyushu J. Math. 70 (2016), 1-28.

T. Terasoma, Mized Tate motives and multiple zeta values, Invent. Math. 149 (2002), 339-369.
H. Tsumura, Combinatorial relations for Euler—Zagier sums, Acta Arith. 111 (2004), 27-42.

C. Weibel, An introduction to homological algebra, Cambridge Studies in Advanced Mathemat-
ics, vol. 38 (Cambridge University Press, Cambridge, 1994).

S. Yasuda, W (Fy) — symmetry and the linearized double shuffle spaces of depth 4, December
(2006).

D. Zagier, Periods of modular forms, trace of Hecke operators, and multiple zeta values, RIMS

Kékytroku Bessatsu 843 (1993), 162-170.

Francis Brown francis.brown@all-souls.ox.ac.uk

Mathematical Institute, University of Oxford, Andrew Wiles Building, Radcliffe Observatory
Quarter, Woodstock Road, Oxford OX2 6GG, UK

572

https://doi.org/10.1112/50010437X20007654 Published online by Cambridge University Press


doi:10.1007/s00208-018-1763-z
https://arxiv.org/abs/1907.07200
https://repository.arizona.edu/handle/10150/613133
https://people.maths.ox.ac.uk/matthes/phd_final
https://people.maths.ox.ac.uk/matthes/phd_final
https://arxiv.org/abs/1507.01534
https://doi.org/10.1112/S0010437X20007654

	1 Introduction
	1.1 Depth filtration on multiple zeta values
	1.2 The projective line minus three points
	1.3 Depth filtration on the motivic Lie algebra
	1.4 Results
	1.4.1 Missing generators
	1.4.2 Linearized double shuffle equations
	1.4.3 Discussion

	1.5 Contents of the paper
	1.5.1 Related work


	2 Reminders on 1m(P1"026E30F {0,1,})
	2.1 The motivic 1 of P1"026E30F {0,1,}
	2.2 Action of the motivic Galois group
	2.3 The motivic Lie algebra

	3 Motivic multiple zeta values
	3.1 The Ihara coaction

	4 The depth filtration
	4.1 Definition
	4.2 Depth-graded motivic multiple zeta values
	4.3 Depth-graded motivic Lie algebra
	4.4 Depth-parity
	4.5 Depth spectral sequence

	5 Linearized double shuffle relations
	5.1 Reminders on the standard relations
	5.1.1 Shuffle product
	5.1.2 Stuffle product
	5.1.3 Linearized double shuffle relations

	5.2 Summary of definitions

	6 Polynomial representations
	6.1 Composition of polynomials
	6.2 Translation invariance
	6.3 Antipodal symmetries
	6.4 Parity relations
	6.5 Dihedral symmetry and the Ihara bracket
	6.6 Generators in depth 1 and examples
	6.7 Relations between depth-graded motivic multiple zeta values

	7 Modular relations in depth 2
	7.1 Reminders on period polynomials
	7.2 Linearized double shuffle in depths 2 and 3
	7.3 A short exact sequence in depth 2
	7.4 A short exact sequence in depth 3

	8 Exceptional modular elements in depth 4
	8.1 Linearized equations in depth 4
	8.2 Definition of the exceptional elements
	8.3 Exceptional elements and linearized double shuffle equations
	8.4 Are the exceptional elements motivic?

	9 Some properties of the elements ef
	9.1 Unevenness
	9.2 Sparsity
	9.3 Other properties

	10 Lie algebra structure and Broadhurst–Kreimer conjecture
	10.1 Interpretation of the Broadhurst–Kreimer conjecture
	10.2 Enumeration of dimensions
	10.3 Corollaries of Conjectures 4 and 5

	11 Totally odd multiple zeta values
	11.1 Enumeration of totally odd depth-graded multiple zeta values

	Acknowledgements
	References

