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F U N C T I O N x(r) 

WILLIAM H. SIMONS 

1. Introduction. In [3], H. Rademacher obtained a convergent series for 
the Fourier coefficients of the modular invariant J(j). He found that in the 
expansion 

oo 

123/(r) = e~2"T+£ Cme2*imr 

m=0 

the coefficients Cm, for m > 1, are given by 

2TT 
(1) 

where 

v-'Wl — E Ak(m) T I4T Vm\ 

•\/m * - i « 

Ak(m) = £ V * 6 " w * \ Aft' s - 1 (mod *), 
h mod ft 

and Ii(z) is the Bessel function of the first order with purely imaginary argument. 
The ]£' above indicates the sum with respect to h from 0 to k — 1 with (h,k) = 1. 
The purpose of this paper is to discuss the Fourier coefficients of X(r), the 
fundamental modular function of level (Stufe) 2. It may be defined either in 
terms of theta-functions by 

x( ' U ( 0 l r ) J 

(2) 

E« (rc+è)2 

00
 a 

E g " 

» / l + ( 7 2 « V 
= 16ff I I L , 2„-J = 16ff[l - «2 + 4 V . . .], 2 = e' 

or by the equivalent definition 

(3) X(r) = K\T) = 
02 — 03 

«i - e* 

where £1,02,03 are given in terms of the Weierstrass elliptic function p(z) and its 
periods 2o>i, 2co2 by 

01 = j ? (wi ) , 02 = ÉP(wi + C02), 03 = É?(C02). 

The function X(r) is invariant under the substitutions of the congruence sub
group r(2) of the full modular group defined by all substitutions 
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68 WILLIAM H. SIMONS 

where a,b,c,d are integers with 

ab 
ç d 

1 0 
0 1 

ar + b 
cr + d1 

(mod 2) and 
\a b 
c d 

For the expansion 

XO) = J2 ^m.qm, q = <?lT, 

it is four id tha t 

7T Tp Ak(m) ( 4 7T V ^ 
(4) 8 V W A:=l # 

A=2(rnod 4) l-*— 
Moreover, it is found tha t the coefficients in the expansion of the reciprocal 
function 

1 1 °° . 
^ ( r ) = \7~\ = TT„ + ^o + X) bmeTlTm 

A{T) ioq m=i 

are given by the series 

7T ^ ^ ( m ) T (4:7r\/m\ 
bm = —-7 2 ^ — i ^ i \ — u — / (w > 1). 

(5) 8w2 *;= 
&=0(mod 4) 

The method is essentially the same as t ha t used by Rademacher. In §2 the 
transformation equations for X(r) are derived. The main result (4) is obtained 
in §§3 to 7, and equation (5) is derived in §8. 

The following interesting comment was made by the referee of this paper. 
"The function j (r) is determined essentially by its pole a t r = oo ; it is regular 
everywhere else. Bu t l / j ( r ) has a pole a t an interior point of the upper half-
plane, and so its Fourier coefficients cannot be determined in as simple a manner . 
This situation is unavoidable with functions of the full modular group, which 
has bu t one parabolic cusp. On the other hand, the subgroup which Dr. Simons 
t reats has 3 parabolic cusps, so it is possible to define functions which together 
with their reciprocals are regular in the upper half-plane by merely placing the 
zero and the pole a t the cusps of the fundamental region. X (r) is such a function. 
I t is of interest to note t ha t both for X(r) and 1/X(r), the Fourier coefficients are 
given by series which, apar t from a trivial numerical factor, are composed of 
terms taken from the series for j(r)." 

2. The transformation equations. 

LEMMA 1. Let a, b, c, d be integers with ad — be = 1, and let 

T = a r + ^ 
CT + d' 
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Then X(T) and X(r) are related as follows: 

69 

1° 2° 3° 4° 5° 6° 

{Va) (mod 2) (i?) (Si) ( i î ) (ÏÎ) 
,0 I N 

Uo) ( i i ) 

X(T) X(r) 
X(r) 

X(r) - 1 
1 

X(r) 
1 

1 - X(r) 
1 - X(r) 1 ~ W) 

The lemma is an immediate consequence of the transformation equations for 
the theta-functions and definition (2), or of the transformation equations for 
01,02,03 and definition (3) [cf. 5]. 

LEMMA 2. 

By definition, 

But [5, p. 268], 

and 

where 

Therefore 

X(2r) 
r { i - X ( T ) } * - n» 

L{l-X(r)}* + lJ 

X(2r) 
di(o\2T) 

9UO\2T) 

Now 

and therefore 

20|(O|2T) = dl(0\T) - 6l(0\r), 

26Î(0\2T) = 0|(O|T) + 0Î(O|T), 

?«(0|r) = Ë ( - DY" = 1 - 2<z + 2g4 - . 

,. / ~ N 8-j — 2^ : J^4 -f- dj 

*{<iT) = "4 2~2 4' 
63 + 2Ô3Ô4 + 64 

X(2r) + 1 = 6j + flt 
Ï - X ( 2 r ) 26l9l ' 

4 L i -x (2r )J ei + ey 

#4 #3 
1 - ^ = 1 - X(T), 

X(2T) + 
•)J 

1 - X(T) + 
1 

so that 
.1 - X(2r)J v ' ' 1 - X(T) 

X(2T) + 1 _ 2 - X(T) 

+ 2 
[2 ~ X(r)]2 

1 - X(r) ' 

1 - X(2r) 2{1 - X(T)}* 
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Solving for X(2r) gives 

2 - X(T) J 

X(2r) = 2 i l ^ X f r ) J * 
2 - X ( r ) , 1 

2 { 1 - X ( r ) } i + 1 

_ 2 - X(r) - 2{1 - \(r)}» 
2 - X(r) + 2{1 - X(T)}* 

T{1 - X ( r ) } * - l l 2 

L{1 - X(r)}*+ l j " 

THEOREM 2. Lei & be an even integer and h and V be integers such that (h, k) = 1, 
and hh' = — 1 (mod &). Further, let 

Then 

Proof. Define 

I" X(r) ifk^O (mode), 

~ 1 I / X ( T ) # & = 2 (mod 4). 

(ab\ ( h' 2 ( - 1 - M ' ) / A 
V <*/ W 2 - h /" 

X(T) 

V*/2 

Then a, &, c, <2 are integers with ad — be = 1, and 

„ _ ar + b 
CT + d' 

If & = 0 (mod 4), then 

and so by Lemma 1, case 1°, X(T) = X(r). If & = 2 (mod 4), then 

and so by Lemma 1, case 3°, X(T) = 1/X(r). 

THEOREM 2. L ^ & fo a^ odd integer and let h and hf be integers such that 
(h,k) = 1 and hh = — 1 (mod ft). 
Further, let 

= (* + J5) T = (*L + -I") 
\k^ kj ' \k^ kz/ 

Then 
f[{X(T) - l } 4 - \ ( T ) ] ' , , J ^ 1 (mod 2), 

X ( 2 r ) = i [ { x m ! l ; ! T ' ^ ^ 0 ( m o d 2 ) . 
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Proof. Define 

71 

(ab\ = U ( - 1 -hti)/k\ 
\c d) \k -h J' 

Then a, b, c, d are integers with ad — be = 1 and 

X = aT + ° 
CT + d' 

(a). Let V = 1 (mod 2) and h = ' 1 (mod 2). Then 

l'Mîï) (mod 2), 

and so by Lemma 1, case 3°, X(T) = 1/X(r). Substituting for X(r) in Lemma 2 
gives 

1A(T)}* - 1 ? _ r { X ( T ) - l } } - {X(T)|* _ f { l - 1 /X(T)}*- l l 2 _ [{ 
M ; ~ L { 1 - 1 / X ( T ) M + l j " L l 1/X(T)}1+1J | _{X(T) -1}*+{X(T)} 

(b). Let h' = 1 (mod 2) and A = 0 (mod 2). Then 

3-

\c d) ~ \1 0/ 
(mod 2), 

and so by Lemma 1, case 6°, X(r) = 1/(1 — X(T) ). Substituting for X(r) in 
Lemma 2 gives 

X(2r) 

7 x(T) y _ 
(X(T) - l j 

/ x(T) y +11 
LIX(T) - l j J 

r{x(T)}*- {x(T)- i }n 2 

L{X(T)H+{X(T)-1}U 

(c). Let V = 0 (mod 2) and A = 1 (mod 2). Then 

and so by Lemma 1, case 4°, X(r) = 1 — 1/X(T). Substituting in Lemma 2 gives 

W2rï - r { X ( T ) } - * - l ? _ [ "{X(T)}^ - l l 2 

KKlT> LiX(T)}-J+lJ ~ L { X ( T ) } i + l J -

(d). Let h! = 0 (mod 2) and A = 0 (mod 2). Then 

(^)-Ci)<^> 
and so by Lemma 1, case 5°, X(r) = 1 — X(T). Substituting in Lemma 2 
then gives 

X(2T) - HMD}*-!? 
X ( 2 r ) ~ LTMTÏÏ* + d • 
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By combining the results of (a) with (b) and those of (c) with (d) the result of 
the theorem is obtained. 

q = e 

3. The Farey dissection. Let 

X(r) = / ( 2 ) 
CO 

= 2^ amq 

Then by Cauchy's theorem, 

1 
2wtml c a ^ 

where the integration is in the positive sense around the circle C defined by 

N being a positive integer. Using the Farey dissection of order N of the circle 
C, the integral may be expressed by the sum 

{h,k)=l 
%h,k Q 

T^i <k> 

where £htk is the Farey arc corresponding to the fraction h/k in the Farey series 
of order N, and 

Then 

0</K/c<AT 

Xp ( — 2 TT 

iyexp-j -

•N~2 + 2 r r i | + 2TT^ 
k 

.h 
2TN~ + 2Tri T + 2?ri 

k 4) 
•c exp I — 2TTWI7V_" + 2 Trim - + 2irimc 

d<t>, 

where 

(6) 

.> = h _ h + Ji! = 1 

<t> = 
h + h2 h 

k 
1 

k + k2 k k(k + k2y 

hi/ki, h/k, h2/k2 being three consecutive terms of the Farey series of order N. 
For convenience the double sum over 0 < h < k < N with (hfk) = 1 will be 
denoted by 

E. 
Then 

am= exp 
N ( h\ 

(2irmN~2) X! exp ( — 2 Trim- ) 

A exp \ — 2TTN
 2 + 2Tri -r + 2-wi^\ j exp ( — 2irim<i>)d4> 
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= exp (2irmN 2) X e xP \ ~~ 2-Kim-r j 

• J Jy exp J 2 T T ^ - + ^ ) ( J exp ( ~ 2irini<l>)d<t>, 

where z = k(N~2 — i(j>). 
Now let the above summation be broken up into three sums Si, S2, S3, the 

first consisting of those terms for which k = 1 (mod 2), the second those for 
which k = 2 (mod 4), and the third those for which k = 0 (mod 4), and let 
A, 12, and 73, be the parts of am corresponding to Si, S2, S3 respectively. Thus 

am = Ii + h + Ii. 

4. Evaluation of the integral Iz. 

N fc-1 / 7 \ 

73 = exp (2 irmN~2) X S e xP \ ~~ 2 7rim-r ) 
ft=0(mod 4) (Z»,A;)=1 

'*" / L /h , iz 
f[ exp "^2^1 T + -T )f J exp ( — 2-ïïirn<t>)d4>. 

Applying the transformation equation of Theorem 1, for k = 0 (mod 4) gives 

Ar Jc~~1 ( h\ 
73 = exp ( — 271-miV-2) X X e x P I ~" 2-Kim-r j 

&=0(mod 4) (h,k)=l 

But 
:x-{-(^è)}) exp ( — 2irirn<t))d<j). 

f(q) = X(T) = X <W\ 3 = e x P ^ r> 

and so, substituting for f(q), rearranging terms, and putting co = N 2— icj>, 
z = ko:, gives 

^3 = S S X) ^ e xP )-7-(nh' — vnh) ( exp ( 2TTWO; — 7-— k<£. 
&=1 h=0 J - 0 ' n = l v & J \ « W / 

fc=0(mod4) (h,k)=l 

Use is now made of a result due to Estermann [2]. Let $' and </>" be defined 
by (6), and let 

1, f or — <j> < $ < 4> ', 
« < * , * , * , * ) = l 0 i o t h e r w i s e . 

Then 

& = X Z?rexp \2irirJi /&}, 

where h! is an integer satisfying hh' = — 1 (mod k), and br is independent of 
& and 
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X) IM < log 4*. 

Introducing the function g(N,<l>,h,k) into the integral 73 gives 

ri/ACiv+i) 

i*3 = 2 23 #rc 
A;^0(mod 4) 

-1/*(2V+1) S6 r e x p(2 x4) 
• exp [lirmu — ^ — ) E e x P |"T~(W^' "~ mh)çd<l>. 

The latter sum is a Kloosterman sum [4;1] and has the estimate 0(kvz+tmin). 
Also, the real part of 2irn/k2œ is 

SRI 
2imirÂ 

> 
2wn 

and 

Therefore 

/ _ J 2 j 2 L _ _ \ = 

\k\N-2 - it)J k\N~" + <t>2) " k2N~2 + k2N24>"2 

2-KU 

9î(27rmco) = 2wmN~ . 

\h\ = o{ £ £<*»*• 
• *=0(mod 4) 

'1/JfcCiV+l) k 

Ê IM exp (2TWiN-2)k2/8+€ni1/Zd<t> 
-l/HN+l) r= l 

= 0[ I> 1 / 3£ 2 / 3 + e log4£ 
fl/*(AT+l) 

*=1 
A=0(mod 4) 

-1/*(2V+1) 
d<f> 

\ *«0(mod 4) / 

and so 

5. Evaluation of the integral I2. 

12 = exp (2 irrnlSr2) £ £ e x P \ ~~ 2 Triw -̂ ) 
fc=2(mod 4) (ft,fc)=l 

Z^Hi+'i)}) exp ( — 2irim<j>)d<t>. 

Now, by Theorem 1, with k = 2 (mod 4), and putting q — eTiT and g' = eTiT, 
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m x(T) = xcf)=/ i ( î ) = L^ôrf)J 
1 

= 77-7 + E bni" log £r0 

16g' + /2(2). 

Therefore 

72 = exp 
N k-1 / A 

(2TrmN~2) X £ exp ( - 2 irim^ ) 
*=! h=0 \ kj 

&=2(mod 4) (h,k)=l 

exp ^27r^~ + — J f ) exp ( — 2irim^dcj) X - M i + è)}) 
= 72,i + 72,2, 

where/i(ç') is replaced by 1/16g' in J2,i and by/2(g') in 72,2. Introducing the 
function g{N,<j>}h1k) into the integral 72,2 and proceeding as in §4 gives 

/ N 00 

= of 2 £ to~™ 
\ *=2(mod 4) 

*l/fc(2V4-l) * 

Ê |&r|exp (2Tm^-2)jfe2/3+e
w

1/3rf0 
-l/k{N+l) r = l 

= 42'*"""') 
- offf-""-»."*). 

Next, 

72,i = exp 

Now, 

N k-1 / A 
(2 TrmiV"2) X E exp ( - 2 râ»£ ) 

k=l h=0 \ */ 
k=2 (mod 4) (h,k)=l 

' L Àexp ( - 2wiw+wexp (_ 2*imw* 

£=2 (mod 4) (ft,A;)=l 

[2wmoû + T^~)d(j) 

(-¥{»*+4) 
exp l 2 7TWW + 7-r- jaco. 

77 X Z exp 
jfc=2 (mod 4) (A,£)--l 
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< 
1 

and 

and so 

k(ki + k) ^ k(N+ 1) 

1 
< 

1 
k(k2 + k) ^ k(N+ 1) ' 

1 
^2,1 = — 7T X X e x P 

fc=2 (mod 4) (A,A;) = 1 

2irij >\ 

T\mh + hf 
f(0+) 

exp I 2 7rmco + 
2TT 

'dco 

+ 
—iV +z7/;(iV+l) 

iV~a+*/A;C2V+l) 

'N~*—i4>" 

+ 
-N — i/k(N+l) 

-N 2+i/k(N-\-l) + 

'N *+i/A(Ar+l) 

.V_a-i7A;0V4-l) 

-.V~J-J//;(.V+1) 

eXp I 2 7TWC0 + T ^ ~ J<^ 
N~"—i/k(N+l)J \ K 0)/ 

N 

(7) 

where 

Now 

1 

fc=2 (mod 4) 

'(0+) 
e x p I 2 7rmco + TT~ )do) 

+ K, + i£2 + i£3 + KA + Kb, 

Ak(m) H e x p ( -
mod k \ 

—j-{mh + h } j . 

K-i = jv X Ak(m) 
&=2 (mod 4) 

'AT 2+tA'(AH-i) 

J N 2+z^ 
exp ^ 2 irmco + T ~ j ^ w -

Introducing the function g(iV,<£,/z,&), and integrating from iV_2+ i/k(N + &) 
to iV"2+ i / * ( ^ + 1) gives 

Similarly 

lnK2, 

so that 

Therefore 

\Ki\ = o ( | > 2 / 3 + W / 3 l o g 4 ^ ) = 0(;V"1/3+ m1 / s). 

|2C8| = 0(AT 1 / 3 +V / 3 ) . 

W 

a> = u + i/ife(iV + 1), - iV~2 < u < iV"2, 

M2 + i / £ 2 ( ^ + i ) 2 -2 <N-k-(N+ 1)- < r , 

exp I 2 7[W« + < exp (2irmN ' + 2TT). 
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Similarly 

Again, in i£3, 

Also 

and hence 

Therefore 

\Kt\ = o ( è k2/3+em1/3N-^) = 0(IT1/3+W/3). 

\K4\ = 0(N-lri+'m1/Z). 

1 
a) = — N~ 4- iv, — <v< k(N+ 1) ^ ^ k(N+ 1)" 

3Î («) = - iV~2 < 0 

{ R ^ ) = SR 
JV" 

- iV~~2 + W TV-4 + t/2 

' ( 2 x w c o + M;) exp I 2 xmco + -rr- ) \ < 1. 

Collecting these results together and substituting back into (7) gives 

L2/34-e 1/3 ->- \ /O/AT-i/S+e l / 3 \ 

h.i = I £ 4*(m)i*(w) + 0(i \T1 / 3+W / 3) , 

where [6; 3] 
£=2 (mod 4) 

L*(w) = 
2TT^J 

(0+) (1 2 T T V 1 r (±7ry/m\ 

7i(s) being the Bessel function of the first order with purely imaginary argument. 
Therefore 

j = £_ Y Ak(m). 
2 Sy/m fei £ ^ - ^ 

£=2 (mod 4) 

(4:T\/m\ 
+ 0{N-l/i+*ml/i) 

6. Evaluation of the integral Ii. In Iu consider 

= - 4.ÏË. T = — 4- — 

so that 

/ ( exp J 2 « ( j + j ) } ) = / ( exp {2T*T}) = X(2r). 

Then, by Theorem 2, with / = exp wiT, 

X(2r) = 1 + 16** - 128/ + . . . 

when h! = 1 (mod 2), and 

\(2r) = 1 - 16/* + 128/ - . . . 
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when h' = 0 (mod 2). These may be combined by replacing t by 
t' = exp « ( T + h') = t exp(wih'), giving 

X(2r) = 1 + 16<'è + 128/ + . . . 

= Ê «.*'*". 
Applying the transformations of Theorem 2 to the integrand of I\ gives 

I\ = exp 

fcsl (mod 2) (h,k)=l 

\4>f' oo 

N k—l / i \ 

(2 wmN~2) 2 3 S exp ( — 2 7rira- ) 

t s l (mod 2) (h,k)=l 

X wn exp ^j^r-( — + — )} exp (-7^™2" ) exp ( - 2irim4l)d<l> 

= Z Z ( - i r V 2 £&rexp(2«4 
2) 

(2XMW - 2^) S e x p \ S ( M f e ' - 4w*)/<**-

fc=l (mod 2) 

• exp 
h=0 

Now the lat ter sum in the integrand is an incomplete Kloosterman sum for 
which we have [2 ; 4] the estimate 

0(£ 2 / 3 + 6 (4m,&) 1 / 3 ) = 0(&2 / 3 + em1 / 3) . 

Also 

7rw7V ~~ ^ irn 
\2JfeW - - 9 — * -*--* " - ^ - * 2(k*N-2 + k2N24>"2) " ~ 4 

Therefore 
"1/fcOV+l) / iV co 

W = <A E ^ 2 / 3 + W / 3 E | ^ | ^ n / 4 e x p 2 7 r m A 7 -
\ A;=l h=0 

d<t> 
-1/*W+1) / 

_ * r 1 / 3 + W / 3 ' 

= 0(7V-1 / 3 + em1 / 3) . 

7. The convergent series for am. Collecting together the results of §§4, 5, 
and 6, we have 

am = I\ + 12 + Iz 

IT ^ Ak\m) I 4 7 r y w \ , i / 3 + € i / 3 

%y/m fc= 
fc=2 (mod 4) 

g A^Ù-jj^m^ + oiN-^W). 

Finally, letting N —-> œ , we get 

. 7T ^ Ak(m) ( 4* r \ /m\ 
(4) a- = 8V^ S T - J l V - F - | 8 V w fc=i 

fcs2 (mod 4) 
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As a numerical example we may compare the actual value of au with the 
value obtained from the series (4). Thus an = — 316342272. Using the series 
for au, we have 

~A2 {K»)!^ — ) = - 316342253.1678 

32 H k \ k J' 
fc=2 (mod 4) 

—A* (16)/x(- 18.6991 

8. The reciprocal function H(T). 

THEOREM 3. Let 

, . , . 1 r^(0|r)l4 

= Î ^ ( 1 + 8g + 20S
2 + . . .) 

Then, for m > 0, 

(5) Î W - ô 7 7 = I l ^ ^ l ( ^ ) . 

Proof. Since the analysis in this case is essentially the same as for X(r), we 
will only outline the proof. The transformation equations for /JL(T) may be 
obtained directly from those for X(r). Now, by Cauchy's theorem, for m > 0, 

CO 

m=0 

IT 
CO 

E 
k=l 
(mod 

Ak(m) 

4) 

CO 

E 
k=l 
(mod 

Ak(m) 

4) 

h 1 
2-KI. 

where, as before, C is the circle of radius |g| = exp( — 2wN~2). Therefore 

N Jc-1 / j \ 

bm = exp (27rwiV"2)22 2 e x P \ "~ ^Tim-r) 
(h,k)=l 

g[ exp^27r^( T + j^)l) exp (— 2mm§)&§. 

Let bm = bmti + bmt2 + &m,3, where bmA consists of the terms of bm for which 
k = 1 (mod 2), bm>2 those for which & = 2 (mod 4), and Z>m,3 those for which 
k = 0 (mod 4). Then it may be shown that 
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bm,i = 0 ( iV- 1 / 3 + V / 3 ) , bm.t = 0(N-1/i+tm1/3) 

and 

S^/m fcl k \ k / 
k^O (mod 4) 

Then letting N —-> œ we get equation (5). 

Similar results may be obtained for the Fourier coefficients of powers of X (r) 
and ju(r). However, these are omitted here since the method used in obtaining 
them is merely a repetition of that given for X(r). 
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