16

Noncommutative gauge theories

We have seen in the previous chapter that the twisted reduced models
reproduce planar graphs of the d-dimensional quantum field theories as
N — oco. However, the twisted reduced models make sense order by order
in 1/N2. For the continuum twisted reduced models, the topological
expansion goes in the parameter det (B, ).

At finite B, the twisted reduced models are mapped [CDS98, AII00]
into quantum field theories on noncommutative space characterized by a
(dimensional) parameter of noncommutativity 6, = B;Vl The noncom-
mutative gauge field is no longer matrix-valued as in Yang—Mills theory
but noncommutativity of matrices in the reduced models is transformed
into noncommutativity of coordinates in the noncommutative gauge the-
ory. The planar limit of ordinary Yang—Mills theory is reproduced at
large noncommutativity parameter ¢,, — oo, while ordinary quantum
electrodynamics is reproduced as 6, — 0.

Noncommutative gauge theories possess a number of remarkable prop-
erties. The noncommutative extension of Maxwell’s theory is interacting
and asymptotically free. The group of noncommutative gauge symmetry
is very large and incorporates space-time symmetries, in particular, trans-
lation, Lorentz transformation, parity reflection. This restricts a set of
observables in noncommutative gauge theory which are built out of both
closed and open Wilson loops. At rational values of a (dimensionless)
noncommutativity parameter, noncommutative gauge theories on a torus
are equivalent to ordinary Yang—Mills theories on a smaller torus with
twisted boundary conditions representing the 't Hooft flux.

We begin this chapter by mapping the twisted reduced models into
noncommutative theories. Then we discuss some properties of noncom-
mutative scalar and gauge theories including their lattice regularization.

377
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378 16 Noncommutative gauge theories

16.1 The noncommutative space

As we have seen in the previous chapter, the twisted reduced models
make sense order by order of the topological expansion in the parameter
det (Byy). We start this section by showing how the twisted reduced
models are mapped into noncommutative quantum field theories. We
simply repeat the consideration of Sect. 15.2 using the continuum operator
notation of Sect. 15.4.

Substituting the expansion (15.100) into the action (15.104) of the con-
tinuum twisted reduced model and using the orthogonality condition,

(2m)%/2 t d5(d)
S = (2 — 16.1
br (g T = e ), (16.1)
we obtain for the kinetic term
1 [ d%
2 - = 2 2\
SO = 5 [ gt (4 m?) =)t
1

2

Here () is given by Eq. (15.101), i.e. it is related to the operator ¢ by
the Weyl transformation. The RHS of Eq. (16.2) is simply the free action
for a scalar field in d dimensions.

Let us now repeat the calculation for the cubic self-interaction. Using
Eq. (16.1), we find

/2 J . |
%tm ? - / (gﬂl))d / (;w(;d@(_p — q)p(p)p(q) e P/,
(16.3)

_ —/ddx{ [8u90($)]2+m2902(x)}. (16.2)

where 0, = B;yl This is a continuum analog of Eq. (15.35).

The RHS of Eq. (16.3) involves the phase factor e P%4/2 represent-
ing noncommutativity of the generators Jj. Relabeling the operators by
introducing

z, = —0u,P,, (16.4)
which obey
[z, )] = 101, (16.5)
we obtain
Jp = e (16.6)
and
JiJy = Jpyqe k092 (16.7)

according to the Baker-Campbell-Hausdorff formula (15.98).
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In order to represent the multiplication rule (16.7) by the Fourier-basis
functions e'** we introduce a noncommutative product of functions:

fi@)* fo(z) L fi(2) exp <%5M9uyay> fo(z). (16.8)

Here 0, acts on fi(x) and 0, acts on fa(x). It is noncommutative but
associative, i.e.

A@)* fo@)| « @) = A@)*[fH@)«hE)],  (169)

similarly to the product of matrices (operators).
The product (16.8) is called the star product or the Moyal product. It
becomes the ordinary product when 6, — 0 since

fl(l‘)*fg(l‘) = fl(x)fQ(x)“‘%e,uu [a,ufl(x)] [8yf2(1‘)]+0(92) (16.10)

to the linear order in 6.

Given the star product (16.8), the function f(x) can be viewed as a
coordinate-space representation of the operator f to which it is related
by the Weyl transform. Whenever we have a product of two operators,
its coordinate-space representation is given by the star product of the two
functions associated with the operators by the Weyl transform.

In particular, the function z is the coordinate-space representation of
the operator  and the commutation relation (16.5) has the coordinate-
space representation

Ty *x Ty — Ty * Ty = 104, (16.11)

Equation (16.11) holds as a result of the definition (16.8) with f; = x,
and fo = x,.
Similarly, we have

olh? o oigr _  ilktq)w —ikfq/2 (16.12)

reproducing the coordinate-space representation of Eq. (16.7).
With the aid of the star product, we can represent Eq. (16.3) in the
coordinate space as

QY - / Az p(e) xple) kp(z)  (16.13)
and similarly for higher interaction terms

n

)d/2
];E?(iéuy)tm{ 4,5” — /ddx gp(;p)*...*@(m) (16.14)
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so that
/2 _
%tm V(pg) = / Az V (xp(z)) . (16.15)

The prescription for writing down the action of the noncommutative
theory that comes from the mapping of the operator action (15.104) of the
continuum twisted reduced model is obvious. We simply replace products
of operators by the star products of their Weyl transforms and substitute
the trace over the Hilbert space by the integral over coordinate space
according to Eq. (15.106). In fact, the star product (16.8) is defined
precisely in the way needed for this prescription to be valid!

One could ask why there is a usual product rather than the star prod-
uct in the kinetic term (16.2)7 The point is that it does not matter
what product we write for the integral of a product of two functions: the
ordinary product or the star product. It is easy to show that

[t n@ @ = [den@he) = [dnene)
(16.16)
for functions decreasing with their derivatives at infinity as a consequence
of the definition (16.8). This is a counterpart of the cyclic symmetry of
the trace.*
Finally we obtain the following action:

Slel = [t [F0uela) *ela) + Vise(@)) |- (1647

The parameter of noncommutativity 6, enters the action via the star
product (16.8).

The action (16.17) is associated with a noncommutative scalar theory.
In the limit of ,,, — 0, it reproduces the ordinary theory of a single scalar
field. In the opposite limit of 6, — oo, only planar graphs survive and
the noncommutative scalar theory is equivalent to the theory of a matrix-
valued scalar field with the action (14.20) at N = oco. This can be easily
shown directly using the theorem of Sect. 15.2 which was considered for
noncommutative quantum field theories in [Fil96], where the phase factor
associated with a generic nonplanar diagram was calculated.

Problem 16.1 Prove associativity of the star product (16.8).

Solution Equation (16.9) can easily be proven by expanding in §. To the
quadratic order in 6, we are to verify that

e,uqup (a,uf1> (a)\auf2) (apf3> = o,uue)\p (a,uf1> (aua)\f2> (apr) (1618)

which is true since 0, commute. It is similar to the next orders.

* To avoid confusion, let us mention that Eq. (16.16) is not valid when f; and f2 are
not decreasing at infinity, say, for fi = z, and f» = x,. The trace of a commutator
is then reproduced as a surface term.
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If 0,, were noncommutative derivatives (say, like covariant derivatives in an ex-
ternal electromagnetic field), the star product would not be, generally speaking,
associative.

Remark on the Weyl transformation

The Weyl transformation from operators to functions and vice versa can
be written conveniently with the aid of the operator-valued function

Ak . ik .
A _ —1k:z:J _ S v ik(z—x) 16.19
@ = [T = [ e 119
which is an operator counterpart of Eq. (15.40).

We then represent the Weyl transformation by

f = / d%z A(z) f(z) (16.20)
and
_ (27T)d/2

flz) = Pf(B,,) try [f A(m)}. (16.21)

Remember that

1

P (Bn) Pf(0) - (16.22)
Note that A(z) becomes an ordinary delta-function as # — 0 when x,,

commute.

Problem 16.2 Derive Eq. (16.8) by calculating the Weyl transform of the prod-
uct of two operators.

Solution The star product can be defined via the Weyl transform of the product
of two operators:

/2
fil@)  folz) P(?? 5 [f1£28)]. (16.23)
Inserting Eq. (16.20) and using Eqs. (16.7) and (16.1), we obtain

)d/2
Ay 'z 1(0)l2) g ton [ A AWAC)|

d d
/ddyddZ fl ( )/ ((21 ];d (;1 gd ei(azfy)kJri(a:fz)qfiqu/Q
™ us

1 : —1
— dd dd = L 2i(z—y)e (wfz)' 16.24
[ @tz fi) o) e (16.24)

fi(@) x fo(x) =

This is just the representation of the operator in Eq. (16.8) via a kernel.

The associativity of the star product is clear from the integral representa-
tion (16.24) as a consequence of the associativity of the matrix (operator) mul-
tiplication.

https://doi.org/10.1017/9781009402095.017 Published online by Cambridge University Press


https://doi.org/10.1017/9781009402095.017
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Remark on the Moyal bracket

The term linear in # in Eq. (16.10) for the star product is in d = 2 just
the Poisson bracket. It is a “semiclassical” limit of the Moyal bracket of
the two functions:

(fohwe & —i(frg—gxf). (16.25)

The Moyal bracket represents the Weyl transform of the commutator
of two operators. It allows one to construct quantum mechanics without
operators using instead functions on noncommutative phase space. It is
known as the Weyl-Wigner-Moyal approach [Wey27, Wig32, Moy49] to
quantum mechanics. Generically, the Moyal bracket appears in various
physical problems whenever the large-N limit of a matrix commutator is
represented by functions. It was associated [FZ89] with the commuta-
tor (15.55) and discussed in early works [Li96, Far97] on the star product
in matrix theory.

Remark on nonlocality of the star product

A nonlocal structure of the star product is obvious from the integral
representation (16.24), while part of the integration region is suppressed
by oscillations of the kernel. If f; and f has support on a small region of
size €, their star product fi(z)* f2(x) is nonvanishing over a larger region
of size |0 /e. In particular, we find

1

60 (@)»60(@) = e

(16.26)

for € — 0.

Remark on the double scaling limit

It has been recognized recently that the continuum noncommutative
quantum field theories can be obtained as a large-N limit of the twisted
reduced models.

In the previous chapter we considered the limit of the twisted reduced
model when N — oo at fixed a. Then § — oo according to Eq. (15.38) and
this limit is associated [EN83, GO83b] with the 't Hooft limit of lattice
matrix theory, where only planar diagrams survive.

Alternatively, one can approach the continuum limit of the twisted re-
duced models keeping 6 fixed as N — oo, which requires a ~ 1/ VL ~
N—1/d The period ¢ = alL ~ VL ~ N1/4d _ 55 in this limit so noncom-
mutative theories on R? are reproduced [AI100]. This limit is of the same
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type as the double scaling limit which is considered in Sect. 13.5 for the
matrix models.

In Sect. 16.6 we shall describe how the original construction of [CDS98]
for a torus can also be reproduced from the twisted reduced models.

16.2 The Uy(1) gauge theory

A noncommutative gauge theory can be constructed from the continuum

version of the twisted Eguchi-Kawai model described in Sect. 15.5. We

should only remember that the operator A, represents the reduction of

the covariant derivative, as has already been pointed out, so we first

substitute A, = —P, + A, and then identify the noncommutative gauge

field A, (x) with the Weyl transform (W.t.) of the operator Au-
Proceeding in this way, we have

[A,,A)+iB,1 = —[PM,A,,] + [P,,,AM] + [AM,A,,}
W F(2), (16.27)
where F denotes the noncommutative field strength

Fuy = 0phy— A, —i(Aux A, — Ay« A) . (16.28)

It appeared as the Weyl transform of the LHS of Eq. (16.27).
Using Eqgs. (16.27) and (15.106), we rewrite the action (15.110) as

S[IA] = %/d% F2, (16.29)

where A = g?N coincides with the 't Hooft coupling of the twisted Eguchi—
Kawai model. This action determines the noncommutative Uy(1) gauge
theory [CR87].

The action (16.29) involves cubic and quartic interactions of A,. This
is quite the same as Yang—Mills theory! For this reason the noncommuta-
tive gauge theory is often called the noncommutative Yang—Mills theory
(NCYM).

The action (16.29) is invariant under the gauge transformation

Ay ES Qe A, 0 +i0Q%0,0° (16.30)

which is related to the Weyl transform of the gauge transformation (14.56)
for the twisted Eguchi-Kawai model, where Q(x) is the Weyl transform

of 2. Correspondingly, the complex conjugate function 2*(z) is the Weyl
transform of QF. The transformation (16.30) is often termed the star
gauge transformation.
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384 16 Noncommutative gauge theories
Note that
(e = fiow(-50000.) f5 = i+ (1030

owing to the definition (16.8) of the star product. This represents the
rule for Hermitian conjugation of the product of two operators.
The function Q(z) in Eq. (16.30) is star unitary, i.e. it obeys

QxQ° =1 = Q" x0. (16.32)

This is, of course, just the Weyl transform of the unitarity condition for
the operator €.
A star unitary function can be constructed via the star exponential

Qz) = &7, Q@) = ", (16.33)
where
ia(x def > i
ey (x) = Zﬁ Oé(.%‘)*"'*a(l‘) (16.34)
n=0

is defined via the Taylor expansion with the ordinary product substituted
by the star product and « is real. This is simply the Weyl transform of
the exponential of i times a Hermitian operator a.

Problem 16.3 Prove that the action (16.29) is invariant under the star gauge
transformation (16.30).

Solution The noncommutative field strength (16.28) is changed under the star
gauge transformation (16.30) as

T 5 QuF+ Q. (16.35)

Correspondingly, we have
/ Al F2 B / A%z QxF2x* = / A%z Q% QxF2 = / A%z 72 (16.36)

as a result of Egs. (16.16) and (16.32).
Note that only the integral of .7-'31, over space is star gauge invariant rather

than F7, itself.

The group of the star gauge transformations (16.30) of the noncom-
mutative gauge theory is much larger than the group of the gauge trans-
formations (5.4) of ordinary Yang—Mills theory and contains some of the
space-time symmetries.

Let us illustrate this statement by the simplest example of a star gauge
transformation given by the star unitary function

Qz) = e 077, (16.37)

https://doi.org/10.1017/9781009402095.017 Published online by Cambridge University Press


https://doi.org/10.1017/9781009402095.017

16.2 The Uy(1) gauge theory 385

We have
Qz) % o(z) * Q" (x) = p(z+n) (16.38)

which means that the star gauge transformation with the function (16.37)
results in a translation by the d-vector 7.

We have considered here the star gauge transformation of a field p(x)
which is uniformly transformed. This could be a scalar field (in the ad-
joint representation), the field strength F,,, () or the covariant derivative
i0, + Au(x).

A similar formula can be written down for a Lorentz rotation of a scalar
field in a noncommutative plane, say, the (1,2)-plane. It is generated by
the star gauge transformation with the star unitary function

Qz) = V1 + a202eit3) (16.39)

where 8 = 015. Then we obtain
Qz1,22) * p(x1, T2, ...) x* Q¥ (21, 22) = (], 2h,...) (16.40)
with

xy = cosyx +siny g,
! } (16.41)

zh, = —sinyz + cosy g,

which is a rotation in the (1,2)-plane through the angle v = 2 arctan af.
Finally, the parity reflection is represented by the star gauge transfor-
mation with the star unitary function

Qz) = 772 Pf(0,,) 09 (x) (16.42)
(cf. Eq. (16.26)). It acts as
Qz) *x p(z) * Q" (z) = ¢(—x). (16.43)
We shall see later in Sect. 16.5 how these properties of the star gauge
transformation restrict observables in noncommutative gauge theory.

Problem 16.4 Prove Egs. (16.40) and (16.43) for the Qs given, respectively, by
Egs. (16.39) and (16.42).

Solution It is convenient to use the integral representation (16.24) of the star
product. For the star product of three functions, we have

f1(z) x f2(x) * f3()

= i ] e @+ O + €+ i),
(16.44)

Substituting f1 = f3 = Q given by Eq. (16.42) into Eq. (16.44), we obtain
Eq. (16.43). Choosing there ¢(x) = 1, we prove that Q(x) given by Eq. (16.42)
is star unitary (cf. Eq. (16.26)).
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Analogously, it is easy to derive Eq. (16.40) substituting for ¢(x) a Fourier
decomposition (15.101) and performing the Gaussian integral over £ and 7 in
Eq. (16.44) for f1 = Q, f3 = Q* with Q given by Eq. (16.39). Again, it is easy
to show that this Q(z) is star unitary choosing p(z) = 1.

Remark on the Lorentz invariance

The presence of a tensor 6, in Eq. (16.5) superficially breaks the Lorentz
invariance for d > 2. We can always represent ¢,, in a canonical skew-
diagonal form

0 -0
+6 0
O = (16.45)
0 —Op
+9d/2 0

by a unitary transformation. In noncommutative gauge theory, this uni-
tary matrix can be gauged away by a star gauge transformation of the
type (16.39). Therefore, the only dependence on 6, is via 6, ... NV
and the Lorentz invariance is preserved.

Remark on the Ug(n) gauge theory

An extension of the results of this section to the group Uy(n) is obvious.
The noncommutative gauge field becomes an n x n matrix-valued field
Ayl (z). The field strength is again given by Eq. (16.28) since the order-
ing in matrix multiplication is consistent with the ordering in the star
product. The action of the noncommutative Uyp(n) gauge theory is

1
S[A] = P dz tr, F2, (16.46)
where tr(,) denotes the n x n matrix trace.
The noncommutative Uy(n) gauge theory can be obtained from the

twisted Eguchi—Kawai model by choosing a more general twist with
n; = nLY?71 which is described at the end of Problem 15.3 on p. 354.

16.3 One-loop renormalization

One of the main original motivations for studying quantum field theory
on noncommutative spaces was the expectation that noncommutativity
provides an ultraviolet regularization. We shall see in this section that
this is not quite the case, while ultraviolet properties of noncommutative
theories are somewhat better than those of their ordinary counterparts.
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N\

(a) (b)

Fig. 16.1. One-loop correction to the gauge-field propagator in the noncommu-
tative Up(1) gauge theory. Diagram (a) is planar and has logarithmic ultraviolet
divergence. Diagram (b) is nonplanar and converges for 6 # 0. The diagrams in-
volve momentum integrals shown in Eqgs. (16.47) and (16.48). The contribution
of diagram (b) is suppressed as § — oo according to Eq. (16.50).

We start from the noncommutative Upy(1) gauge theory described in
the previous section, the Feynman diagrams of which have the form of
ribbon graphs for a U(/N) Yang—Mills theory. We shall use for them the
double-line notation similar to that of Sect. 11.1.

In order to construct the perturbation theory, we should first treat the
gauge symmetry properly by adding the gauge-fixing and ghost terms to
the action (16.29). They can be obtained easily once again by the Weyl
transformation from those in the twisted Eguchi-Kawai model which are
simply the reduction of the standard gauge-fixing and ghost term to zero
dimensions. In the one-loop calculation of Sect. 14.5, they are given by
Eq. (14.75) to quadratic order.

The one-loop corrections to the propagator are depicted in Fig. 16.1.
The diagrams are the same as for a U(N) Yang-Mills theory rather than
SU(N). The diagram in Fig. 16.1a is planar and that in Fig. 16.1b is
nonplanar. The latter is not usually considered in the ordinary SU(N)
Yang-Mills theory, since it is associated with propagation of diagonal
elements (Al (x).A7 (y)), while the former describes an off-diagonal prop-
agator (A (x)A} (y)) with i # j.

The relative sign of the two diagrams in Fig. 16.1 is minus since the
relative sign of the two terms in the commutator of A, and A, is minus.

For this reason, the two diagrams cancel each other in the § — 0
limit associated with ordinary commutative Maxwell theory where there
is no interaction between photons. They do not cancel however in the
noncommutative case where the contributions of planar and nonplanar
diagrams are different.

There is nothing special about the planar diagram in Fig. 16.1a, the
contribution of which is the same as in ordinary Yang—Mills theory. Ac-
counting for ghosts, we obtain in the Feynman gauge for the self-energy
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correction

20 (M dk 1 5 A2
Fig. 16.1a = —A\ ~ Aln — 16.4
8- 16.1a = = / G k2~ T2y (1647

in d = 4 with logarithmic accuracy.
Similarly, we obtain for the nonplanar diagram in Fig. 16.1b:

20 (A atk  eirtk 5 A2
Fig. 16.1b = —=—\ ~ — —\ln—<t
ig- 16 3 / A k2(p — k)2 12m2 " e
(16.48)
where
AZ = |6p)P+A2 (16.49)

and we have assumed that |p||6p| < 1 for the logarithmic domain of
integration to exist.

In the opposite limit of |p||fp| > 1, the integrand in Eq. (16.48)
oscillates rapidly and the integral vanishes as

d*k  eiPfk 1
2 k2(p— k)2~ pPldet (0,)

This last formula is in accord with the general consideration of Sect. 15.2
(cf. Eq. (15.39)).

At arbitrary finite 6, the integral in Eq. (16.48) is convergent at |k | ~
1/|0p| so we can disregard the A-dependence of A.g. Consequently, only
the planar graph in Fig. 16.1a has an ultraviolet logarithmic divergence.

A very important consequence of these results is that only planar graphs
contribute to the Gell-Mann-Low function of the noncommutative Up(1)
gauge theory. For this reason it coincides [VG99, CDP00, MS99, She99,
KWO00] with that for ordinary Yang-Mills theory in the 't Hooft limit.

Another intriguing property of noncommutative theories is a mixing of
ultraviolet and infrared scales [MRS99]. It has already been seen from
Eq. (16.48) for which the RHS becomes singular at A = oo as |p| — 0,
which plays the role of an effective ultraviolet cutoff in the coordinate
space. Therefore turning on 6 replaces the ultraviolet divergence by a
singular infrared behavior. In other words, the infinite-cutoff limit A — oo
does not commute with the low-momentum limit p — 0.

The ordinary U(1) theory, where the coupling is not renormalized, is re-
covered at very small momenta p < 1/A |6, of the order of the inverse mo-
mentum cutoff for finite #, which are associated with very large distances
~ A |0]. This result is quite surprising since naively we would expect from
Eq. (16.5) that the ordinary theory would be recovered at distances of the
order of \/W . We shall return to this aspect of the UV/IR mixing in the
next section when discussing noncommutative quantum electrodynamics.

) A
Fig. 16.1b = ——0)\/ (

. (16.50)
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Remark on the UV /IR mizing

If we introduce an infrared cutoff by putting a noncommutative theory
in a box of size ¢, the minimal value of momentum is pp,i, = 27/¢. It is
related to the ultraviolet cutoff ppa.x = A by

pmin|9|pmax = 27 (1651)

because the position operator x, and the momentum operator P, are
related by Eq. (16.4).

For the lattice regularization which is described in Sect. 15.2, we have
Pmin = 27/aL, |0| = a®>L/7, pmax = m/a and Eq. (16.51) is obviously
satisfied.

16.4 Noncommutative quantum electrodynamics

A noncommutative extension of quantum electrodynamics (NCQED) can
be constructed by the Weyl transformation of the continuum twisted
Eguchi-Kawai model with fermions in the fundamental representation,
the action of which is given by Eq. (15.121).

The action of noncommutative quantum electrodynamics is

1 - _
SNCQED = /ddaﬁ [E}Q + (0, — 1A )Y + mpp |, (16.52)

where ¢ and ¢ are in the fundamental representation of the star gauge
group, contrary to the adjoint scalar field ¢ described previously in this
chapter. The fields ) and 1) are associated with “noncommutative” elec-
trons and positrons.

Under the star gauge transformation when the gauge field is changed
according to Eq. (16.30), they are transformed by

Bk, 9 BN Q. (16.53)

The action (16.52) is invariant under the star gauge transformation
(16.30) and (16.53).

The ordinary quantum electrodynamics with e = ) is obviously repro-
duced as 8 — 0.

Feynman graphs of noncommutative quantum electrodynamics recall
those described in Sect. 11.4 for a U(N) Yang—Mills theory with quarks.
It is most important that the vertex for emitting the gauge field by the
fundamental matter is oriented owing to the presence of the noncommu-
tative product. The gauge field can be emitted only to one side of the
fermionic line but not to the other.
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Table 16.1. Limits of noncommutative Uy(1) gauge theory at various distances.

| Distances | Theories
r< Vo Veneziano limit of QCD
VO <r < A Noncommutative Uy(1) gauge theory
ON < r Quantum electrodynamics

For this reason only the diagram in Fig. 11.14a on p. 230 describes the
one-loop correction to the gauge-field propagator coming from fermions.
This diagram is planar and there are no nonplanar diagrams with
fermionic loops to this order.

This allows us to immediately conclude that the one-loop Gell-Mann—
Low function of noncommutative quantum electrodynamics coincides with
that (11.83) of multicolor QCD in the Veneziano limit. Given ny species of
the fermions, the one-loop Gell-Mann—Low function of noncommutative
quantum electrodynamics is [Hay00]

2

B(\) = %ﬂz (=11 + 2ng) . (16.54)

This formula shows that noncommutative quantum electrodynamics is

asymptotically free at small distances for ny < 5, in contrast to ordinary
QED.

Singular infrared behavior in noncommutative quantum electrodynam-
ics is the same as in the pure noncommutative Uy(1) gauge theory since
there are no nonplanar diagrams with a fermionic loop. The usual Gell-
Mann—Low function of QED is therefore reproduced at very large dis-
tances r = GA.

To say it once again, the # — 0 limit is not interchangeable with the
A — oo limit. Ordinary QED is reproduced for all distances when 6 — 0
at fixed A.

In the opposite limit of # — oo, noncommutative quantum electrody-
namics is equivalent to multicolor QCD in the Veneziano limit when the
number of flavors in QCD is Ny = ng¢N. This is because only the same
planar diagrams survive in both cases. We have already pointed out this
property in the Remark in Sect. 15.5 when describing the twisted Eguchi—
Kawai model with matter in the fundamental representation. It is utilized
to obtain the one-loop Gell-Mann-Low function (16.54).

These results are summarized in Table 16.1.
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Remark on large but finite A

The value of the cutoff A in quantum electrodynamics (or ¢*-theory)
cannot be infinite because of its “triviality” dictated by the positive sign
of the Gell-Mann—Low function. The renormalized charge would vanish
as A — oo. Therefore, the theory cannot be fundamental, but rather is
an effective theory applicable down to the distances ~ 1/A where new
degrees of freedom become essential. The property of renormalizability
tells us that nothing depends on this scale so the effective theory is self-
consistent at large distances.

A standard way to cure the “triviality” of quantum electrodynamics is
to embed it (or, strictly speaking, the SU(2) ® U(1) electroweak theory)
into an asymptotically free theory with a compact gauge group at a grand
unified scale.

Remark on phenomenology in NCQED

The current experimental bound on the value of 6 in our world is
6 < (10 TeV)_2. Phenomenological consequences of noncommutative
quantum electrodynamics are discussed, in particular, in the recent papers
[BGHO1, CHKO01, HPR00, Mat01, MPROO].

16.5 Wilson loops and observables

Observables in noncommutative gauge theory are to be invariant un-
der the star gauge transformation. As has been mentioned already in
Sect. 16.2, the star gauge invariance strongly restricts the allowed set of
observables.

Just as in ordinary Yang—Mills theory, observables can be expressed
via the Wilson loops. The standard way to derive proper formulas is to
integrate over fundamental matter fields by performing the Gaussian path
integral. This strategy can be repeated for noncommutative gauge theory.
We describe in this section what kinds of Wilson loops then emerge.

We first define a path-dependent phase factor associated with parallel
transport from the point z to the point y in an external gauge field A, (z).
The analogy with Yang-Mills theory prompts one to define

UG < ] *[1—|—id£"¢4ﬂ(ﬂc—|—£)], (16.55)

Ex+€eCys

where the product on the RHS is the star product with respect to =,
€(0)=0,&(1) =n=y—xis a d-vector pointing from the initial point z
of the contour to its final point y, and the ordering is along the contour
Cyz-
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Under the star gauge transformation (16.30), U(Cy;) is changed as

UCy) B Qy) U(Cya) * Q' () (16.56)

quite similarly to the phase factor in Yang—Mills theory. The property
(16.56) shows that U (Cy,) is indeed a parallel transporter.

This analogy with Yang—Mills theory can be made precise by returning
to the continuum twisted Eguchi-Kawai model and noting that U(Cly,)
is the Weyl transform of the product

DI (Cpo)U(Co) 5 U(Cya), (16.57)

where D(Cyyo) is given by Eq. (15.91) and we have denoted

dér A,

U(Cp) = Pelow (16.58)

to emphasize that it does not depend on the position of the initial point
x of the contour since A, is constant.

Similarly, Eq. (16.56) is related to the Weyl transform of the operator
formula

U(Cp) 5% QU(Cp) 0 (16.59)

which resulted from the unitary transformation
A, 5 a0 (16.60)

We demonstrate this by explicit formulas for the lattice regularization in
Problem 16.8.

Multiplying by exp (in@‘lm) from the left, Eq. (16.57) can be repre-
sented equivalently as

Z(Coo)U(Cyo) X5 07 5 U(Cy) (16.61)

where a c-number phase factor
Z(Cp) = " '=Dl(C) (16.62)

resulted from the difference between the path ordering of operators in
D'(Cyp), given by Egs. (15.91) and (16.4), and the symmetric ordering in
exp (in@‘lm). For a straight line, the difference disappears and we have
Z(Cpo) = 1.

In Yang-Mills theory, the trace of a phase factor for a closed loop is
gauge invariant. Since the trace over the Hilbert space is substituted by
the integral according to Eq. (15.106), we define

Wi (€)= / AluU(C) (16.63)
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which is star gauge invariant as can be easily seen using Eq. (16.16). This
determines closed Wilson loops in noncommutative gauge theory.

The role of the integration over the initial point x of the contour C,,
is to parallel transport the contour over the space. Since an average over
quantum fluctuations of the field A, is invariant under translation, the
(normalized) average of the closed Wilson loop is given simply by

1
Wne(C) = 7 (Waos(C)) = (U(Cua)) . (16.64)
It recovers the average of the closed Wilson loop in Maxwell’s theory as

0 — 0.
Quite surprisingly there exists yet another kind of star gauge-invariant

object in noncommutative gauge theory — open Wilson loops. They are
given by [ITKO00]

Wopen(CnO) = / ddl' Z/[(Cyz) eimﬁ;,,lxu’ (1665)

where the integration over x translates the contour as a wholeson =y—=x
does not change under the translation. The closed Wilson loop (16.63)
corresponds to y = z (or n = 0) in Eq. (16.65).

Problem 16.5 Show that the open Wilson loop (16.65) is star gauge invariant.

Solution The star gauge invariance of the open Wilson loop in noncommutative
gauge theory can be shown as follows:

/ A% U(Cy) €7
&ty /ddx Q(z + ) *U(Cyp) % Q () 77

= / Q2 U(Cye) V(1) % &7 5 Qe + 1)

= / Q2 U(Cya) ' 4 0 (@ + ) Qe + 1)

> [ rucny o0 s

The noncommutative Wilson loop is simply related to the integral over
space of the Weyl transform (16.61) with U(C}) given by the operator
expression (16.58) for the (open or closed) contour Cj. Since the trace
over the Hilbert space and the integral are related by Eq. (15.106), the
open Wilson loop (16.65) is simply proportional to the trace of U(Cyyo)
for an open contour:

Wepen(Co) = Z(Co) 2m)72 PO tryU(Cro),  (16.67)
where the c-number phase factor Z(Cy) is given by Eq. (16.62).
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The RHS of Eq. (16.67) is obviously invariant under the unitary trans-
formation (16.60) both for closed and open contours. It is of the same
type as the expression under the average in Eq. (15.113), while the first
trace is replaced by Z(C,o). These are the same for the closed Wilson
loops.

As was shown in [AMNOOa], the closed Wilson loops (16.63) natu-
rally appear in the sum-over-path representation of the matter correlator
((z) * 1p(x))y, while the open Wilson loops (16.65) do so for the cor-
relator (¢(z + 1) x exp (inf~'x) * ¢(z)),. Both correlators are invariant
under the star gauge transformation (16.53). The second one is invariant
owing to Eq. (16.38).

Noncommutative extensions of local operators, such as tr F2, are con-
structed using the open Wilson loops in [GHI00].

Remark on the definition of open Wilson loops

The RHS of Eq. (16.67) looks slightly different from the expression under
the sign of averaging in Eq. (15.113) since the first trace is replaced by
Z(Cho), which only coincide for the closed Wilson loops. This difference
between the two factors becomes inessential for the averages of open Wil-
son loops since they vanish in the noncommutative gauge theory owing
to translational invariance

(WopenlCya)) = Wice(©) / ddy oind '
= (2m)%det 069 (z — y) Wnc(O). (16.68)

Note that the vanishing of the open Wilson loops in the twisted Eguchi—
Kawai model was guaranteed by the first trace in Eq. (15.113).

This difference of the two definitions of the open Wilson loops is a
result of historical reasons. Once again they are essentially the same in
the large-N limit where the averages factorize.

Problem 16.6 Obtain an explicit expression for the noncommutative phase
factor expanding in A,,.

Solution The calculation is similar to that in Problem 5.2 on p. 89. Expanding
in A, we obtain finally

UCy) = iik/ndfl /df“’”/dg 1)
0

k=0
Aﬂk(x+£k)*“4ﬂk 1(x+€k 1) AM1(x+fl)
(16.69)
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where the star product is with respect to x and the theta function orders the
points &; along the contour. This formula is simply the Weyl transform of an
operator version of Eq. (5.27).

Problem 16.7 Derive the loop equation in noncommutative Uy (1) gauge theory
as § — oo.

Solution The derivation is similar to that in Yang—Mills theory. Applying the
operator 0,,0/60,, to U(Cyg) at the point z € Cyy, we have

0

" 00,,(2)

= U(Coz) * (10uFuw + Aprx Fuy — Frv *x Ap) (2) xU(Cg) -
(16.70)

This calculation is purely geometrical and results in the insertion of the noncom-
mutative Maxwell equation at the point z. Replacing it by —id/6.A,(z) in the
average, we obtain [AMNO99]

U(Cyy)

" S0 (%)

d LWNC(C) = A/dg” <U(CIZ)*6(‘1)($+§—z)*L{(sz)>.
0

(16.71)
Using translational invariance of the average and the identity

/dd:vfl(x)*é(:v+§—z)*fg(x)‘

1 o o
= @o[detf,)] / 'z fi(w) e / dly fo(y) e (16.72)
Hv

which can be easily derived from Eq. (16.44), Eq. (16.71) finally takes the form

[ADO1]
Gl W () = 2 L Wopen(Coz) Wopen(Cos).
#(SO'W,(ZC) clos (27T)d|det epyl open\“zxz open\“zx
C

(16.73)

Note that Eq. (16.73) relates the average of closed Wilson loops to the corre-
lator of two open Wilson loops. The latter has a factorized part and a connected
part:

<W0pen(sz) Wopen(sz)>
= <Wopcn(0xz)><wopcn(czx)> + <Wopcn(0xz) Wopcn(czz)>

conn’

(16.74)

The resulting equation for the factorized parts is the Weyl transform of the loop
equation in the continuum twisted Eguchi-Kawai model owing to Eq. (16.67)
relating the Wilson loops in both cases. Remember, that the volume V =
N (27)%2 Pf § provides the correct normalization.

Each average in the factorized part is proportional to a delta-function as a
result of Eq. (16.68), which should be treated by introducing a regularization as
is discussed in Sect. 14.4. Since the connected correlator is suppressed at large
0 as 1/det 6, we arrive at Eq. (12.59) as 6 — oc.
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16.6 Compactification to tori

To describe compactification of noncommutative theories to tori, we start
again from the twisted reduced models. We consider a lattice regular-
ization of noncommutative gauge theories in order to make the results of
this and the next sections rigorous.

A compactification of reduced models to a d-torus T? can be described
[CDS98] by imposing the quotient condition

Ay +21R, S = QA0 (16.75)

on A,. Here €, are unitary transition matrices like those in Eq. (15.76).

In a moment we shall see that the twisted Eguchi-Kawai model with
imposed quotient condition (16.75) and a certain choice of 2, describes,
at N = oo, the noncommutative Uy(1) gauge theory on a torus. This
explains the terminology used in this section.

Taking the trace of Eq. (16.75), we see that a solution only exists for
infinite matrices (= Hermitian operators).

Motivated by the discretization (15.2) of the Heisenberg commutation
relation (15.87) at finite N by the unitary matrices, we exponentiate A,
according to Eq. (15.108) with a dimensional parameter a to obtain

eQﬂiaéuyRuUu — QVU#Q:T/ (1676)

This U, is unitary and Eq. (16.76) is an N x N matrix discretization of
Eq. (16.75) which has solutions (described below) for finite N.

Taking the trace of Eq. (16.76), we conclude that U, should be traceless,
which is the case for the twist eaters I',. Taking the determinant of
Eq. (16.76), we conclude that aR,N should be integral. The consistency
of Eq. (16.76) also requires

0 = Zuw 0, (16.77)

with Z,,, € Z(N). The quotient condition (16.76) is compatible with the
gauge symmetry (14.39) if  commutes with the transition matrices €.
Let us choose

Q, =[]0, (16.78)
v
where m is an integer and
0 +1
-1 0
Euy = . (16.79)
0 +1
-1 0

These 2, obviously obey Eq. (16.77).
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Then a particular solution to Eq. (16.76) with aR, = m/L is given by
U, =T'y, while a general solution is

U, = T,U,, (16.80)
with U . obeying
U, = QU0 (16.81)

We are interested in a very special solution [AMN99] to Eq. (16.81) at
finite N when m is a divisor of L so that n = L/m is an integer. Then a
solution to Eq. (16.81) can be written as

0 = % S ()P Uk, (16.82)

kezd,

where Jj, are defined in Eq. (15.22). Here k, runs from 1 to m since
r ﬁ = 1. This U, obviously commutes with 2, given by Eq. (16.78).
Given the c-number coefficients U, (k) which describe the dynamical

degrees of freedom, we can use a Fourier transformation to obtain the
field

1 mixek/am
Upl) = —; > etmeEklen g (k) (16.83)

kezd,

which is periodic on an m? lattice (or equivalently on a discrete torus
T% ). The spatial extent of the lattice is therefore £ = am.
The field U,(x) describes the same degrees of freedom as the (con-

straint) N x N matrix U7, while the unitarity condition U,U,} = 1 is
rewritten as

U (o) xUy(z) = 1 (16.84)

similarly to Eq. (16.32) in the continuum.
The lattice star product in Eq. (16.84) is given by

fule) > fole) = 3 30 B k) fo(e 2) (16.85)
y,Z
with

2 2
a‘mn = n
9/“, = _Tguy = — ?Eeuy- (1686)
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This expression for 6, is of the same type as Eq. (15.38) for the given
simplest twist with*

nw = 2L%% e, (16.87)

These formulas follow from comparing the expansions (16.82) with
(16.83) and using Eq. (15.26). As a — 0, Eq. (16.85) recovers the in-
tegral representation (16.24) of the star-product (16.8) in the continuum.

The twisted Eguchi-Kawai model (15.65) (in general, with the quotient
condition (16.76)) can be rewritten identically as a noncommutative Up(1)
lattice gauge theory. Given the relations (16.82) and (16.83) between
matrices and fields, we rewrite the action (15.64) of the twisted Eguchi-
Kawai model as

%STEK = % >y (1 — U (z) * Ui (x + ap) x Uy (2 + aji) *uu(;p)),
z€TE, p#v
(16.88)
where the coupling constant A = ¢g>N.
Analogously, the (constraint) measure dU,, turns into the Haar measure

[Mdvz) = [[dv.(k). (16.89)
X, k,u

In fact, both (constraint) dU, and [], ,dU,(z) are simply given by the
RHS of Eq. (16.89) since the degrees of freedom are the same.

The action (16.88) is invariant under the lattice star gauge transforma-
tions

U, (x) LA Qx + ap) *Uy(x) x QA (x) (16.90)

where Q(z) is star unitary.

The usual twisted Eguchi-Kawai model (without the quotient condi-
tion) is associated with n = 1. Then Q, = 1 (remember that I‘{; =1)
and Eq. (16.76) becomes trivial. The large-N limit of the usual twisted
reduced models can be associated [AII00] with noncommutative theories
on R? as has already been discussed in the Remark on p. 382.

For n > 1 (that is the twisted Eguchi-Kawai model with the quotient
condition), the noncommutativity parameter (16.86) can be kept finite
as N — oo, even for a finite ¢ if the dimensionless noncommutativity
parameter

e 2
0, K—ZHW (16.91)

* The discrepancy in a factor of 4 is because we have changed the definition of the
lattice momentum: p, = 2ne,ky /al = mnyuuky /aN, which is more natural for even
nuy and odd L (see the footnote on p. 356).
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is kept finite (and becomes an irrational number as N — oo). This
means that the resulting continuum noncommutative theory lives on a
torus [CDS98]. The case of finite N corresponds [AMN99] to the non-
commutative lattice gauge theory (16.88) which is a lattice regularization
of this continuum theory. The noncommutative theory on R? is reached
as { — oo.

Remark on finite Heisenberg—Weyl group

The noncommutative lattice gauge theory can be constructed [BM99,
AMNOOb] on the basis of finite-dimensional representations of the
Heisenberg—Weyl group without the use of the matrix approximation.
Equation (16.86) relating 6 and the lattice size then emerges as a consis-
tency condition.

Remark on Wilson loops on the lattice

A lattice contour C' consisting of J links is given by the set of unit vectors
fi; associated with the direction of each link j (j =1,...,J) forming the
contour (cf. Eq. (6.40)). The parallel transporter from the point x to the
pointy=x+n (n= aZj fi;) along C,, is given by

J-1
U(Cyz) = UHJ(;E +a Z ,&j) * ek Uy (T + afin) * Uy, () . (16.92)
j=1

It is star gauge covariant,
UCy) B Qe+ n) «UC) 2 (x), (16.93)

under the star gauge transformation (16.90) of the link variable.
The lattice analog of the open Wilson loop (16.65) is

Wopen(OUO) = Z eimﬁ;ulxu *U(ny) > (1694)

where 7, = anj, with integer-valued j, (modulo possible windings). It is
star gauge invariant.

The continuum limit of Eq. (16.94) determines star gauge-invariant
Wilson loops in noncommutative gauge theory. The open loops (16.65),
which exist in addition to closed Wilson loops, can have an arbitrary value
of 7 on R? [ITK00]. On T% the open Wilson loops are star gauge invariant
only for discrete values of 1 measured in the units of 276/¢ [AMN99].

We shall see in the next section that the open Wilson loops in noncom-
mutative Up(1) gauge theory for integral m/n = p are Morita equivalent
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to the Polyakov loops in a U(p%?) Yang Mills theory on a smaller torus
of period ¢/p with twisted boundary conditions.

Problem 16.8 Find a map between the Wilson loops in the twisted Eguchi-
Kawai model and the noncommutative lattice gauge theory.

Solution The map between the Wilson loops in the twisted Eguchi-Kawai
model and the noncommutative Up(1) gauge theory on the lattice can be written
down explicitly using the relation (15.47) and (15.48) between matrices and
fields. We consider for simplicity the twisted Eguchi-Kawai model without the
quotient condition.

We mention first that A% (z) defined in Eq. (15.40) obeys the property

A(y) = D(Cys)A(z)D(Cya) (16.95)

where D(Cy,) is given by Eq. (15.7) but the RHS is path-independent as is
shown in Problem 15.1 on p. 352.
It also satisfies

g 1 .
AY(z) « AF(z) = NWMJ (z) (16.96)
as a consequence of the formula
I A A A (AP (16.97)
mezZ{

which recovers the completeness condition (15.25) for n = 0.
Given Egs. (16.95) and (16.96), we have

Ntr [AA(a:—i—n)} N tr [BA(J;)} - Ntr [DT(OW)AD(OW)BA(QJ) :

(16.98)

where y = x4+ 7. Equation (16.98) is simply a matrix analog of the extension of
Eq. (16.23) for the case when y does not coincide with z.
Noting that

U,(x) = Nt [ﬁ#A(m)} (16.99)
and applying Eq. (16.98) several times, we obtain
U(Cye) = Ntr [DT(CW) U(Cya) A(x)} (16.100)

with U(Cyz) = Hcyz U,,. This is a lattice analog of Eq. (16.57).

Under the gauge transformation (14.39) the RHS of Eq. (16.100) transforms
as

Ntr [DT(CW) U(Cy) A(x)} 2 N [DT(CW) QU(Cye) QTA(x)}
= Nt [DT(CW) QD(Cye) D (Cha) U(Ca) QTA(x)}

W9 Q) xU(Cy) * () (16.101)

which is a lattice version of Eq. (16.56).
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For a closed contour, D(Cy,) in Eq. (16.100) is a c-number and summing over
xz by >, A(x) =1, we arrive at

> U(Cor) = txDI(C) trU(C). (16.102)

This reproduces Eq. (15.68) for the Wilson loops in the twisted Eguchi-Kawai
model after averaging and dividing by the volume factor of LY = N? which
appears on the LHS owing to Eq. (16.64).

For an open contour, we obtain analogously

ST UC) €7 = Z(Cyo) NtrU(Cyo) (16.103)

where Z(Cpo) = J,,aDT(Cho) is a lattice analog of the c-number phase fac-

tor (16.62) (cf. Eq. (15.60)). Equation (16.103) is a lattice analog of Eq. (16.67).

16.7 Morita equivalence

The continuum noncommutative gauge theory with rational values of
the dimensionless noncommutativity parameter © defined in Eq. (16.91)
has an interesting property known as Morita equivalence [Sch98].* We
shall describe it for the lattice regularization associated with the simplest
twist (16.87), assuming that the ratio m/n = p is an integer.

Then the noncommutative Uy(1) gauge theory on an m? periodic lattice
is equivalent to ordinary U(p) Yang-Mills theory with p = 72 on a
smaller n¢ = (m/p)? lattice with twisted boundary conditions and the
coupling g2 = A/p (where X is the coupling of the Uy(1) gauge theory).

In the previous section we have discussed the equivalence of the twisted
Eguchi-Kawai model (with the quotient condition in general) with N =
(mn)%? and the noncommutative Ug(1) gauge theory on T¢ . Both theo-
ries have the same m? degrees of freedom, which are described either by
the (constraint) N x N matrix (16.82) or the lattice field (16.83).

In the matrix language, the noncommutativity emerges since

JRIE = g ePrikean/m (16.104)

as it follows from the general Eq. (15.26) for the given simplest twist.
In the noncommutative language, this noncommutativity resides in the
star product

e27rikz—:m/é* e27riqe:v/€ —  2m (k+q)ex /¢l e27rikeqn/m (16105)

as follows from the definition (16.85).

* It is often defined in a broader sense relating the values of ©,, in two equivalent
noncommutative theories (see the review [KS00] and references therein).
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When m = pn, a third equivalent model exists where the same dynam-
ical degrees of freedom are described by a p X p matrix-valued field Uﬁb (7)
on an n¢ lattice, the sites of which are denoted by .

Let us introduce p x p twist eaters I', obeying the Weyl-"t Hooft com-
mutation relation

UL, = Z,0,0,,  Z, = e'mew/? (16.106)

and p is also assumed to be odd. The integers p and p play, respectively,
the same role as L and N above.
A solution to Eq. (16.81) can then be represented as

rrab ~ 1 Ta i zek/apn
Ust(z) = — > JpbermiEER e (k). (16.107)
kezd,

Here we have introduced a basis on gl(p; C) given by the formulas similar
to Eq. (15.22):

Jo = JJT0 e hney fucukelp, (16.108)
w

where k € Zg. They obey, in particular,
Jedy = Jprqe¥™*e/P (mod p). (16.109)

The action of the third model is just the ordinary Wilson lattice action

S = % 3 (1 - %tr(p) UH(#) U1 (% + a)U, (7 + a,&)Uﬂ(i‘)),
FeTd n7v
(16.110)
while the coupling constant g2 = \/p. The field (7”(5:) is quasi-periodic
on 'fz and obeys the twisted boundary conditions

U,(% +and) = TIU,(F)T, (16.111)
since
LuJil, = Jjetmienke/p, (16.112)

It is of the type of Eq. (15.78) with Q, = T'}. Therefore, Z/w € Z(p) in
Eq. (16.106) represents the non-Abelian 't Hooft flux.
The number of degrees of freedom of the third model is n%p? = m¢ for
p = p%? and coincides with those in the other two equivalent models.
For n =1 when p = m and p = N, the third model lives on a unit hy-
percube with twisted boundary conditions and coincides with the twisted
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Eguchi-Kawai model as is shown in Problem 15.6 on p. 366. There-
fore, the derivation of noncommutative gauge theories from the twisted
Eguchi-Kawai model is the simplest example of Morita equivalence.

In the continuum limit (N — oo0) when the twisted Eguchi-Kawai
model is formulated via operators, the noncommutative Uy(1) gauge the-
ory lives on T with period ¢ and is Morita equivalent at the rational
value of ©,, to the ordinary U(p) gauge theory on a smaller torus T¢
with twisted boundary conditions and period (=1 /p. Its coupling con-
stant is given by g? = \/p. This twisted torus is precisely the one which
first appeared in Eq. (16.75) since ¢, = 1/R,,.

The lattice regularization makes these results rigorous. An arbitrary
rational value of ©,, can be obtained for the most general twist described
in Problem 15.3 on p. 354. And vice versa, a continuum noncommutative
theory with an arbitrary irrational value of the ©, can be obtained start-
ing from the ordinary Yang—Mills theory on a twisted torus as p — oo or,
equivalently, the (constraint) twisted Eguchi-Kawai model as N — oo.

Remark on constraint TEK

The results of this section show that ordinary Yang—Mills theory on a
twisted torus (i.e. with the 't Hooft flux) can be represented as the twisted
Eguchi-Kawai model with constraint matrices. This fact was not known
in the 1980s.

Remark on fundamental matter

The results of this and the previous sections can be extended [AMNO0Oa]
to the presence of matter. Let ¢(x) be a scalar matter field in the funda-
mental representation of Uy(1). The matter part of the action is

Smat = =Y ¢ (@ +afp) kU () xp(x) + M* Y~ " (x)p(x)
o ’ (16.113)
and is invariant under the star gauge transformation
plz) 55 Q@)xp(@), @) BB @) <0 @) (16.114)

simultaneously with that (16.90) for U, (x). Equation (16.114) is similar
to Eq. (16.53) in the continuum.

At a rational value of ©, the action (16.113) on a torus is Morita equiv-
alent to

Smat = — Y trg) 61+ ap)Uu(#)p(F) + MY trg) o1 (2)6(F),
o ! (16.115)
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where (ﬁ“b(ﬁé) is a p x p matrix-valued field on a n¢ lattice which obeys
the twisted boundary conditions

$(i 4 00) = THe(E)T, (16.116)

similar to Eq. (16.111) for the gauge field.

The index a of ¢ plays the role of color, while b plays the role of
flavor (labeling species). The color symmetry is local, while the flavor
symmetry is global. In particular, the model (16.115) reduces for n = 1
to the twisted Eguchi-Kawai model with fundamental matter [Das83], the
action of which is given by Eq. (15.117).

The continuum limit of the above formulas is obvious. The continuum
Up(1) gauge theory with fundamental matter (noncommutative QED) is
reproduced as N — oo. For § — oo it is equivalent to large-IN QCD
on R? in the Veneziano limit when the number of flavors of fundamental
matter is proportional to the number of colors so the matter survives in
the large-NV limit. This makes the results of Sect. 16.4 rigorous since they
are now obtained with regularization.

Remark on classical solutions

Noncommutative theories admit a whole zoo of classical solutions: in-
stantons [NS98], solitons [GMS00], monopoles [GN00]. Some of them,
such as instantons in the noncommutative Up(1) gauge theory or soli-
tons in a four-dimensional noncommutative scalar theory, are new in the
sense that they do not exist in ordinary cases. Some of them, such as
monopoles in the noncommutative Uy(1) gauge theory, are counterparts
of the known solutions, which are usually associated with an infinite ac-
tion. Now they become essential since turning on 6 regularizes tension of
the Dirac string. More on these classical solutions can be found in the
reviews [Nek00, Har01].

It is intriguing whether or not these classical solutions in noncommuta-
tive gauge theories can give us a new insight into the problems of large- N

QCD.
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Reference guide

There are no books on the reduced models. The existing reviews include
those by Migdal [Mig83] and Das [Das87]. I would recommend to read
the well-written original papers [GK82, GO83b| as well as the others
cited in the text. A modern survey of the twist-eating solutions is given
by Gonzélez-Arroyo [Gon98].

The reduced models were discovered by Eguchi and Kawai [EK82].
The quenched Eguchi-Kawai model was introduced by Bhanot, Heller
and Neuberger [BHN82] and elaborated in [Par82, GK82, DW82, Mig82].
The twisted Eguchi-Kawai model is constructed by Gonzalez-Arroyo and
Okawa [GO83a, GO83b] for the Yang—Mills theory and by Eguchi and
Nakayama [ENS83] for scalar fields.

The literature on noncommutative theories is vast. A mathematical
background is described in the books by Connes [Con94], Landi [Lan97],
and Madore [Mad99a]. The Weyl transformation is presented in the
books by Weyl [Wey31] and Wong [Won98]. The properties of the star
product are considered in [BFF78]. Its relation to the large-N limit is
discussed in the review [Ran92] and the original papers cited therein.
Some recent reviews on noncommutative theories and their applications
are [Mad99b, KS00, DNO1], which contain a comprehensive list of refer-
ences. The classical solutions in noncommutative theories are discussed
in the lectures by Nekrasov [Nek00] and Harvey [Har01].

The recent interest in noncommutative gauge theories came from
string theory [SW99]. Their relation to the twisted reduced models was
pointed out in [AII00]. Its extension to the original toroidal construction
of [CDS98] was given in [AMN99]. The Wilson loops in noncommutative
gauge theories are constructed in [IIK00]. The lattice regularization of
noncommutative gauge theories is described in [AMNOOb]. The issue of
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the UV/IR mixing in noncommutative quantum field theories is discussed
in the paper [MRS99]. Subtleties with renormalization of noncommuta-
tive field theories are discussed in [CROO].

Some other papers on noncommutative quantum field theories are cited

in the text.
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