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ABUNDANT CENTRAL EXTENSIONS OF
NON-TRIVIAL GENERA
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§1. Introduction

Let & be either a local or a global field, and K be a finite Galois
extension of k with g = Gal (K/k). Let L be a Galois extension of K
which is also Galois over k. Such an extension is called central if
Gal(L/K) lies inside the centre of Gal(L/k). Clearly L is abelian over
K. Next set L* = LN K-k,, where k,, is the maximal abelian extension
of k in its algebraic closure. This is the genus field of L over K/k.

It isnow well established that there is a connection between the
theory of central extensions and the Schur multiplicator, H*(g, Q/Z), of
g (see Frohlich [1], and Miyake [4] for example). A direct approach to
this connection is via a theorem of Tate and the Hochschild-Serre exact
sequence.

TaTe’s THEOREM. Let 2, = Gal (k/k) where F is the algebraic closure
of k. Then HXQ,,Q/Z) = 0. (See Serre [6, p.227] in Frohlich [2].)
Hochschild-Serre Exact Sequence. Let N <| G. Then there is an exact
sequence
0 —> HY(G/|N, A¥) —> HY(G, A) —> H'(N, A)¢/¥
—> H*G|N, AY) — H(G, A)

for a G-module A. (See Hochschild-Serre [3].)

Now let G = 2,, and N = 2, so that ¢ = G/N. Then we have an
exact sequence
() 0—> H'(g, Q/Z2) —> H'(2,, Q/Z)
" —> H(2,, Q/Zy —> Hi(g, @/2) —> 0.

A finite central extension L is determined by a finite set {X,, ---,X,} of
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elements of H'(2,, Q/Z) such that M7_, ker (X;) = 2,. The kernel of the
mapping

t: H'(24, Q/Z) —> H¥(g, Q/Z)

is precisely the image of H'(£,, Q/Z) in H'(2g, Q/Z), i.e. the set of those
characters of 2, which determine abelian extensions of K lying in K-k,,.
From this discussion, we see that Gal (L/L*) is isomorphic to the dual
of the image of (X, ---,%,> in H*g, Q/Z).

Moreover since |H*(g, Q/Z)] is finite and the transgression mapping ¢
above 1s surjective, we easily see that there exists a finite central ex-
tension, L, such that Gal (L/L*) is isomorphic to the dual group, S(K/k),
of Hg, Q/Z). Such extensions are called abundant central extensions of
K/k. In Miyake [4] the question was asked whether there exists an
abundant central extension L such that L* = K. This question was fur-
ther investigated in [5]. Here we shall prove by a careful analysis of
the local cases of characteristic 0 that this is not always possible. This
will allow us to construct examples of global extensions of algebraic
number fields where it is impossible to construct abundant central ex-
tensions with the trivial genus fields.

Note that the following definition is natural since ©(K/k) is abelian:

DeriniTION. For a prime p, we say that L is an abundant central
p-extension of K/k if

(i) LJ/K is a central p-extension, and

(ii) Gal(L/L*) is isomorphic to ©&®(K/k) where ©®(K/k) is the
p-primary component of S(K/k).

The following result is then typical of what we will prove.

THEOREM. Let v be the discrete valuation of the local field k. If
v(p) = 0, then there is an abundant central p-extension L of K|k such that
L/K is cyclic and that

[L*: K] = [Naslpe,» N K*)]|.

Furthermore, for any abundant central p-extension M of K|k, we have
[M*: K] > |Niji(pe,= N K|

unless ©»(K|[k) = {1}.

Here p,.. is the group of p-power roots of 1 in k.
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§2. Local Cases I

In this section and in the next we shall take our fields k, K etc. to
be completions of algebraic number fields at non-archimedian prime
places. Our starting point is the following observation.

ProprosiTioN 1. Let K be a Galois extension of k with the Galois
group g. Then S(K[k) is isomorphic to Nzi,(1)/K* where Ny, K* — k*
is the norm mapping, and K* = (x'-"|xc K*, o€ g).

Proof. Dualise the exact sequence () above and apply the Artin
map of class field theory. (Cf. Miyake [4].)

Thus we may study central extensions by a careful analysis of the
groups K*, Nz/, (1) and K4,

For a profinite abelian group A, we denote the p-primary part of
A by A®,

Let V be an open subgroup of K* which determines an abelian ex-
tension L of K via class field theory. Then it is clear that L will be
an abundant central p-extension if and only if V satisfies the following
three conditions:

(i) VDOKH#%;

() VAN D = (K9;

(ii1) [K*: V] =p™ for some m > 0.

Note that (i) implies V° = V for every oc€g. Therefore L is certainly a
Galois extension of k.

Given the above, the genus field L* of L over K/k has the degree

over K given by

[L*: K] = [K*: V-Ng (D®].

Let v be the valuation of the field k. Our analysis will vary ac-
cording to v(p) = 0 or y(p) > 0.
Throughout we will write p,(K) for u,-NK* etc.
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Case 1: v(p) = 0.

THEOREM 1. If v(p) = 0 and S (K|k) + {1}, then there is an abundant
central p-extension L of K over k such that L/K is cyclic and that

[L*: K] = | Ng/u(p(K))| -
Furthermore for any abundant central p-extension M of K|k, we have
[M*: K] > [Ny/(p(K))| -
Proof. We have a decomposition
K> =) X p(K) X U

where n is a prime element of K and U is a p-divisible subgroup of the
unit group Uy of K. Thus we have

K% = (a'""|oe @) p(K)* - U”.
Since x,(K) and U are g-stable, we have p,(K)* C y,(K) and U C U.
Lemma 1. (K%)® = u(K) N K*.

Proof. Let e be the exponent of U N Ng!.(1)/U%. Then (e,p) =1
because U is p-divisible. Let x be an element of {(z'"°|seg), and take
ye(K*)® and ze KN U so that x = y-z. Then y* = x°-z2-°e{x'"")-Us
C K%, Since ye (K™ C p(K) and (e,p) =1, we have ye p,(K)NK*,
This shows that (K“)® C u,(K) N K*. Since the converse inclusion is
obvious, the lemma is proved.

Now, it is clear that

Nzl (D® = {C € pp(K) [ Ng(§) = 1}.
Thus provided S»(K/k) = Nii, (1)@ /(K*) {1}, then
(U K9P = p1,(K)[p,(K) N K

does not split over N/, (1)@ /(K“*)® unless u,(K) = Ng/,(1)® since p,(K)
is cyclic. Hence we cannot find an open group V which satisfies the
conditions (i)~ (iii) above with

[K*: V.Ngj, (D)®] <|pp(K)/Ngj 1)®].
If we take
V=<{)X @E)NK XU,
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then (i) ~(iil) are certainly satisfied, and we have
[K*: V-Ngji (1)®] = | p,(K)/Ngj 1) = [Ngpulpn(K))| -
Given our remarks above this proves the theorem.
CoroLLARY. Suppose that v(p) = 0 and SP(K[k) + {1}. Then there
exists an abundant central p-extension of K|k with the irivial genus field
if and only if Ng,(u,(K)) = 1.

This follows from Theorem 1 at once.
Given these results it is not difficult to construct an example of an

extension K/k any abundant central extension of which has non-trivial
genus.

ExampLE 1. Let {, denote a primitive p™th root of 1 chosen so
that & = ¢, _,. Suppose that , €k but {,., 2k for some m > 1. Now let

K = k({)/}?O) Cm«rl)

where =, is a prime element of 2 Then g = Gal(K/k) is abelian of type
(p, p), which implies that H%g, Q/Z) is cyclic of order p. Thus the con-
ditions of the theorem are fulfilled, and it is easy to see that

INg/i(po(K))| = INgjuldCnii)) | = KCn-D| =P" ' =P
Therefore for any abundant central extension L of K/k we have [L*: K] > p.

§3. Local Cases II
Case 2: u(p) > 0.
In this case £ and K are finite algebraic extensions of the p-adic

rational number field @,.

THEOREM 2. There exists an abundant central p-extension L of Kk
such that L*|K is cyclic, and that

[L*: K] < | p5(k) N Nyeyi(K)|

Proof. Let U, and U, be the unit groups of £ and K respectively.
Then as a Z,-module, U, is a direct product of the finite cyclic group
#,(k) and a free Z,module of rank [k:Q,]. Put d=[k:Q,]. Since
N (UP) is a Z,-submodule of U of finite index, it is a direct product
of p,(R) N N/ (K*) and a free Z,-module of rank d. Choose u,, ---,u, € UP
so that Ny (), - - -, Ng/(u,) generate over Z, a maximal free Z,-submodule
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of Ng,(U®). Then the submodule (u,, ---,u,);, of U generated by
U, -+, U, over Z, is a free Z,-module of rank d. Put
X = Ngji (p(R)® = {x € K*|x? € NgJ, (1)® for some q = p™}.
LEmMA 2. UP = X X {uy, -+ -, Ug)z, (direct product).

Proof. The group on the right hand side is a subgroup of U®, and
mapped onto Ny, (U®). Since X contains Ng,(1)® = Nz, () N UL, we
have U = X-Cuy, -, Us)z, Let ye X N uy, -+, )z, Then Ng,(y) is

a torsion element of (Ng,.(u), - -, Nx/k(u4)>zp~ Since Ny, (), - - -, Ngs(u,)
are free over Z,, the element y of (u,, - -, u,);, should be equal to 1.
Q.E.D.

Lemma 3. X N {(K*)P -y, -+ -, sz} = (K.
This is clear by Lemma 2 because X contains (K%)®,

LemMMA 4. For xe UP, X = (x)-Nz,, 1)® if and only if (Ng,.(2)> =
#o(R) N N/ (KX).

Proof. TItisobvious that p,(k) NNy (K>) = p,(B) N\ N, (UP) = Ng,(X).
Since Ny, (X) is cyclic, and isomorphic to X/Nzj, (1)®, the lemma is clear.
Returning to the proof of Theorem 2, put

V:<TL'> X #;)(K) X (KAH)(p) X <ul, SN ud>Zp

where y,(K) is the group of all the roots of 1 the orders of which are
prime to p. It is clear that K“ is contained in y#(K) X (K“)®. There-
fore V satisfies the three conditions (i)~(iii) in the previous section.
Furthermore we have

K*|V-Ng (D® = X/Ngh (D® = 1,(k) N Ngu(K).

Therefore the abelian extension L of K corresponding to V assures
Theorem 2. The proof is completed.

CorOLLARY 1. Suppose that ©S®(K[k) + {1}, and put q = |p,(R)N
N, (K*)|. There exists an abundant central p-extension of K|k with the
trivial genus field if and only if there exists an element x of U® such
that {(Ng (%)) = p(R) N Ng,(K*) and x? € K*.

Proof. Suppose that there exists an x of Corollary. Let V be the
group in the above proof of the theorem. Then it is easy to see that
the abelian extension of K corresponding to (x)-V is a desired central
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extension of K/k. Conversely suppose that there exists an abundant
central p-extension of K/k with the trivial genus field. Let W be the
open subgroup of K* corresponding to it. Then we have K* = W-Ng}, (1)®
and WN Nz, (D)® = (K*)®, Let z be an element of U$ such that
(Ng(2)) = p(k) N Ng,(K*). Then there are xe W and y € Ngj, (1) such
that 2z =x-y. Then Ny, (x) = Ng,(2). Furthermore x? =27y 7¢ WN
Nz (D)® = (K#)®, Q.E.D.

COROLLARY 2. Suppose that there exist no abundant central p-exten-
sions of K[k with the trivial genus field. Then we have

[L*: K] > q/max{r = p"|X? C Ngj,(1)"- K"} > p
for every abundant central p-extension L of K|k.

Proof. Put W=N,,(L*). Then [L*: K]=[K*: W-Ngi ()] =[Ny, {K*):
N (W= (1) N Nogro(K): 1y(8) N N o (W] =l with 7=z, () N N (W)
Since WN Nz, (1)® < K by the choice of L, we easily see that X‘C
Nz -K*. It is also easy to see that the last condition of Corollary
1 holds if we have X?CN5z(1)?-K*, which is not the case. Q.E.D.

In the rest of this section, let £ be a finite algebric extension of @,
such that ¢ =g, (k)| > p. Let { be a generator of p,(k).

ExaMmPLE 2. Let &, be the unramified extension of & of degree ¢, and
k, be a totally ramified Kummer extension k(Yw) with we U, — E*?
such that u,(k) = (&> C N,/(kY). Put K = k,-k,. Then Gal (K/k) is abelian
of type (q, q). We show that there exists an abundant central p-extension
of K/k with the trivial genus field.

Take x e K* satisfying N, (x) = {. By Corollary 1 above, it is suffi-
cient to show that

{2y N N (1) = (x*) C K™

It is obvious that (x> N Nz}, (1) = (x?>. Put y = N, (x). Then y = x*
mod K“ since [K: k] = q. Let us show that y belongs to K. We have
N9 = Niyw(¥) = Niw(x) = £ Since K/k, is unramified, ¥u belongs
to Ng,,(K*). Therefore ¢ = (Y u)' 7 e Ng,, ,(K*)*, where ¢ is a generator
of Gal(k,/k). Then we have the desired result by the following lemma.

Lemma 5. Let K/k be a finite Galois extension of local fields, and
g = Gal(K/k). Let M be an intermediate field of K/k, and suppose that
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K|M is cyclic and that M|k is normal. Then for a e K* to belong to K%,
it is necessary and sufficient that Ny, ,(a) € N, (K*)*.

Proof. Since Gal(K/M) is a normal subgroup of Gal(K/k), we have
N/ u(K%) = Ng,u(K*)*.  Suppose that Ng,,(a) € Ny, ,(K*)*. Take xec K*
such that Ny, (@) = Ngx(x). Then Ny, ,(ax~") = 1. Therefore we can find
ye K* such that ax ' =y’ where {(¢) = Gal(K/M). Thus we have
a=xy""eK" Q.E.D.

Exampre 8. Let k, = k(¥ v) be a Kummer extension of % such that
(1) vekX — kX7, (2) (vmodk*?) N {&modk*?) = {1} in k*/k*?, and (3)
N..:(B) 2L Let k, be a cyclic extension of degree q over k2 such that
U)-N,,o(kY) = B and that N, (k)5 If k, is chosen, then such &,
exists. Put K = k,-k, this time. Then there is no abundant central
p-extension of K/k with the trivial genus field.

To see this, first observe that

Ni/eo(K™) = NN o(Bi)) = Nige(Ny/(R3) N N (k))
By the choice of k,, therefore, we see that
(x%) (W) BN Ngpo(K*) = ¢

for r, a power of p less than q.

Let x be an element of K such that Ng,(x) = {. Let us show that
() N K% = (e, Put y = Ngjyp(x). It is sufficient to show that y" e K%
for r = p* implies r > ¢ since y = x?mod K. We have Ng,,(y) = By
the above lemma applied to M = k,, it is enough to see that {" & N, (K*)%
if r <q. Let ¢ be a generator of Gal(k,/k) such that (¥ v ) '=¢ We
have

N/ (K% = {277 2 € Ng i (K} .

Therefore if (e Ny, (K*)*, then (" =2z""' for some ze N, (K*), and
{z'-(Yv)}y-'=1 But then we have ze (¥v) -k*, which contradicts
(xx) if r <gq.

Remark. By a careful examination of Theorems 1 and 2 and their
proofs, one can easily see the following.

THEOREM 3. Let K|k be a finite Galois extension of local fields of
characteristic 0. Then for each prime p, there exists a Galois extension
K, of k which satisfies the following conditions:
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(1) K,CK-ky;

(2) KK is cyclic of degree at most |p,(k) N Ng, (K*)|;

(8) There exists an abundant central p-extension of K[k with the
trivial genus field K,.

§4. Global Results

In order to apply our results to global fields, it is necessary to study
the connection between central extensions of local and global fields.
Initially we deal with the case where the decomposition group gy of some
prime divisor § in K is simply g. This is sufficient for the construction
of a global extension whose abundant central extension cannot have
trivial genus. The more general situation can be analysed via cohomology.

ProprosiTioN 2. Let K|k be a finite Galois extension of algebraic
number fields, and L be a finite central extension of K/k. Let S be an
intermediate field of L/k such that SN K = k. Then S is abelian over k.
Moreover the genus field L* = L N\ K-k, of L over K|k coincides with the
genus field of L over KS|S.

Proof. Put & = Gal(L/k), $ = Gal(L/S), A = Gal(L/K) and %N =
Gal(L/KS) =N &. Then U lies in the centre of ® since L is central.
Moreover & = %-9 since KN S = k. Thus the commutator & of & is
simply &'. Clearly $ is normal, and Gal (S/k) is isomorphic to &/H=A/N,
hence abelian. The genus field L* of L over K/k is characterised by
Gal(LIL*) =& NA =9 NUA =9 NN. Thus L* is also the genus field
of L over KS/S. Q.E.D.

We may now consider localisation.

ProrositioN 3. Let K/k and L be as above. Let p be a prime divisor
of k, and k, be the completion of k. Let K = K-k, and L = L-Fk, be the
corresponding local extensions. Suppose that [I? 1k = [K:El. Then L is
a central extension of K/kp such that

Gal(L/L*) = Gal (L/L*).

Proof. Let B be a prime divisor of L over p such that the comple-
tion Ly coincides with L, and let S be the decomposition field of L in
Llk. Since [K:k) = [K: k], we have KN S =*k. Gal(L/k) is natually
isomorphic toc Gal (L/S) so that by Proposition 2 we have a natural iso-
morphism of Gal (L/L*) onto Gal (L/L*). Q.E.D.
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COROLLARY 1. Let the notation and the assumption be as in Proposi-
tion 3. Then L is an abundant central extension of K[k if and only if L
is one for Iz/kp.

Proof. Since [K: k) = [K: k], we have a natural isomorphism of
Gal (K/k,) onto Gal (K/k), which induces an isomorphism of H*(Gal (K/k,,),
Q/Z) onto HYGal (K/k), Q/Z). The corollary is then immediate from Prop-
osition 3.

COROLLARY 2. Let the notation and the assumption be as in Proposition
3. Let S be the decomposition field of a prime divisor of L dividing .
Then we have

[L*: K] = [L*: K]-[S: k] .

Proof. We have KN S = k. Therefore KS is contained in L* by
Proposition 2. Thus we have [L*: K] = [L*: KS] X [KS: K]. However
[KS: K] = [S:k]. Furthermore it follows from Proposition 3 that

[L*: K] = [L: K)/[L: L*] = [L: KS]/[L: L*] = [L*: KS].
Therefore we have [L*: K] = [IN'J*:IZ']-[S: k). Q.E.D.

More generally, let g = Gal(K/k) and g, = Gal (Iz/kp). Then we have
a commutative diagram

HY(Q,, Q/Z) —> Hi(g, Q/2)

res.l lres.

H'(Qz Q[Z)» — B QIZ)

where the vertical maps are restriction and the horizontal maps are trans-
gression. It is clear that Proposition 3 remains true so long as

ReS: Hz(gy Q/Z) —> H2(gm Q/Z)
is injective.
Similarly an abundant central extension of a GaloisTextension of
global fields remains abundant upon localisation so long as

Res: H'(g, Q/2) —> H(g,, Q/2)

is surjective.
Thus Corollary 1 remains true if the condition E[Izszv] = [K k] ie.
=~ g,, is replaced by the weaker condition that
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Res: H(g, Q/Z) —> H¥(g,, Q/Z)
is an isomorphism.

ExampLE 4. Now we give an example of a global extension K/Q
any abundant central extension of which cannot have the trivial genus
field.

Fix a prime p and an integer m > 2. Let ¢ be a prime number such
that p™||¢ — 1. Then the ¢-adic completion @, contains a primitive p™-th
root £, of 1 but does not ¢,,,. The group of p-power roots of 1 in
Q/Cn+y) is just L)

Let k, and %, be cyclic extensions of @ of degree p such that ¢ is
ramified in k,/Q but is unramified and remains prime in k,/Q. Put
K = ky-k,. Then Gal(K/Q) is abelian of type (p, p). Therefore S(K/Q) =
S (K/Q) is a cyclic group of order p.

THEOREM 4. Let L be an abundant central extension of K/Q. Then
[L*: K] > p™~!' > p. Therefore there is no abundant central extensions of
K|Q with the trivial genus field.

Proof. Let K be the local extension K-Q, of Q. Then Gal(K/Q,) is
naturally isomorphic to Gal (K/Q). Therefore G™(K/Q,) = &(K/Q) is not
trivial. Since g, (K) = (Cn..p, we have

N (BN = Cn-d| =p" "' =p.

The theorem is now an immediate consequence from Corollaries 1 and 2
above and Theorem 1 in Section 2.
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