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Abstract. We compute the gap distribution of directions of saddle connections for two
classes of translation surfaces. One class will be the translation surfaces arising from
gluing two identical tori along a slit. These yield the first explicit computations of gap
distributions for non-lattice translation surfaces. We show that this distribution has support
at zero and quadratic tail decay. We also construct examples of translation surfaces in any
genus d > 1 that have the same gap distribution as the gap distribution of two identical
tori glued along a slit. The second class we consider are twice-marked tori and saddle
connections between distinct marked points with a specific orientation. These results can
be interpreted as the gap distribution of slopes of affine lattices. We obtain our results by
translating the question of gap distributions to a dynamical question of return times to a
transversal under the horocycle flow on an appropriate moduli space.
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1. Introduction

We are interested in the distribution of directions of saddle connections on translation
surfaces. A translation surface is a pair (X, »), where X is a compact, connected Riemann
surface of genus g and w is a non-zero holomorphic 1-form on X. The singular flat
metric induced by w has isolated singularities at the zeros of w, with a zero of order k
corresponding to a point with cone angle 27 (k + 1).

A saddle connection is a geodesic segment in the flat metric connecting two (not
necessarily distinct) singular points, with no singular points in its interior. See Figure 1
for an example of a saddle connection on a translation surface. Integrating w over y yields
the holonomy vector of y, which keeps track of how far and in what direction y travels.
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FIGURE 1. A saddle connection y on a translation surface. This translation surface is an example of a doubled
slit torus.

vy:=/a)e(C.
v

A, = {vy : y is an oriented saddle connection on (X, w)} C C

We write

The set of all holonomy vectors,

is a discrete subset of the plane, see e.g. [16].

The counting and distribution of saddle connections and their holonomy vectors is a
very well-studied problem and we review the relevant history in §1.1. Our motivating
question is understanding how random the set of saddle connection directions are for some
classes of translation surfaces. We study this by considering the gap distribution of slopes
of holonomy vectors which we now describe.

The slopes of saddle connections of a translation surface (X, @) in the first quadrant
and underneath the diagonal are given by

S(Ay) = {slope(w) = %
1

w=w1+iwzeAw,0<wl,OSwszl}.

We will see in §2.2 why we need the restriction to the first quadrant and underneath the first
diagonal. In fact, by applying a rotation matrix, we can move saddle connections outside
of the first quadrant and underneath the diagonal into it so that this restriction is a mild
one.

Let S®(A,,) be the set of slopes of saddle connections in w that are in the first quadrant,
underneath the diagonal, and in the ball of radius R about 0 with respect to the max norm
on R2,

SR(Ay) = {slope(w) - ‘ w € A, wi € (0, R, w € [0, wl]}.
wi

Let N(w, R) := |S®(A)| and write the elements of S¥(A,,) in increasing order:
SR(AL) ={50=0 <51 < - <SNWR}-

By the seminal work of Eskin and Masur [13], for almost every translation surface, there
are positive constants c; = c1(w) < ¢z = c2(w) so that

¢1R* < N(w, R) < c»R>.
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Later on, Eskin, Marklof, and Morris [12] obtained similar asymptotics for branched covers
of lattice surfaces.

We are interested in slope gaps and since N (w, R) grows quadratically, then it is natural
to consider the set of renormalized slope gaps,

GR(Aw) ={R*-(si —si—1) |i=1,..., N(w, R)}. (1)

The gap distribution of saddle connection directions on a translation surface (X, w) is
given by the weak-* limit as R — oo of the probability measures

1
ﬂR(w)Zm Z Sx 2
xeGR(Ay)

if it exists.
Evaluating the weak-* limit of these measures on the indicator function of an interval 1,
we obtain

IG* (M) N 1|

koo N(w, R) ®)

the proportion of gaps in an interval /.

1.1. Motivations for gap distributions. The counting and distribution properties of
saddle connections and their directions have been studied extensively. Masur [18] showed
the angles of saddle connections are dense on the circle for any translation surface.
Vorobets [30] and Eskin and Masur [13] showed that the angles equidistribute on the circle
for a generic translation surface. More recently, Dozier [9, Theorem 1.3] showed that for
every translation surface, the distribution of angles converge to a measure that is in the
same measure class as the Lebesgue measure on the circle. Precise descriptions of their
results are in the references above, but they suggest that angles (and thus slopes) seem to
behave ‘randomly’ at first glance. Thus, the gap distribution of translation surfaces can be
thought of as a second test of randomness that yields insight to the fine-scale statistics of
holonomy vectors.

Probability theory provides some context for what one would expect from ‘truly
random’ gaps. In the case of a sequence of independent identically distributed uniform
random variables on [0, 1], the gaps converge to an exponential distribution. Following
[2], we call gap distributions that deviate from an exponential distribution exotic.

1.2. Main results. We compute the gap distribution for the set of translation surfaces
that arise from gluing two identical tori along a slit. See Figure 1. We call such a surface a
doubled slit torus. Every doubled slit torus has genus two and two cone-type singularities
of angle 4. Denote the class of doubled slit tori by £ We prove that the gap distribution
of doubled slit tori exists and is given by an explicit density function. This provides the
first explicit computation of a gap distribution for a non-lattice surface.
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FIGURE 2. Proportion of gaps for doubled slit tori.

THEOREM 1.1. There is a limiting probability density function f : [0, co) — [0, 00), with

IGR(Aw) NI
koo N(w, R) / fx)dx

for almost every doubled slit torus w with respect to an SLy(R)-invariant probability
measure on & that is in the same measure class as the Lebesgue measure.

The density function is continuous, piecewise differentiable with four points of
non-differentiability, and each piece is expressed in terms of elementary functions.

The proof of Theorem 1.1 can be found in §4 and an explicit description of the
cumulative distribution function can be found in Appendix A.1.3. As a corollary, we also
show that the gap distribution has a quadratic tail so that the gap distribution of doubled
slit tori is exotic (Theorem 4.4(3)). We prove other results related to the gap distribution,
but we wait until §4 Theorem 4.4 before more precisely stating them.

Perhaps surprisingly, Theorem 1.1 will follow from the following dynamical result
(relevant definitions will be given in §2).

THEOREM 1.2. The set VW consisting of doubled slit tori with a horizontal saddle
connection of length less than or equal to 1 forms a transversal for the space of doubled
slit tori € under horocycle flow. There is a four-dimensional parameterization of W (see
Proposition 3.10) and the return time map in these coordinates is given explicitly (see
Theorem 3.11).

In fact, the connection between the slope gap questions and return times on moduli
space is relatively well understood, see Athreya [2] or §2.3 where we recall this connection.
The main contribution of this theorem is the explicit return time map (Theorem 3.11)
that requires new techniques arising from the high dimensionality of the parameter space.
Another key ingredient in proving Theorem 1.2 is the study of unipotent flows on the space
of affine lattices. By an affine lattice we simply mean a set of the form gZ? + v, where
g € SLa(R) and v € R?. We prove the following result for the space of affine lattices.

THEOREM 1.3. The set Q2 consisting of affine lattices with a horizontal vector of length
less than or equal to 1 forms a transversal for the space of affine lattices AX> under
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horocycle flow. There is a four-dimensional parameterization of Q2 (see Proposition 3.5)
and the return time map in these coordinates is given explicitly (see Theorem 3.6).

In addition to using the above theorem to prove Theorem 1.2, we also use it to prove a
slope gap question for affine lattices that we phrase in §2.5.

1.3. Why doubled slit tori are important. The space £ of doubled slit tori has a long
history of being studied to provide insight into general questions on the dynamics and
geometry of translation surfaces. That the space and the surfaces within it have very
concrete descriptions make it an excellent testing ground for conjectures.

For example, Masur [20] showed that the space £ provided the first examples of higher
genus surfaces with a minimal but non-uniquely ergodic directional flow. Cheung [6] used
these surfaces to show that an upper bound on Hausdorff dimension of the directions which
are non-ergodic was sharp. A dichotomy on the Hausdorff dimension of such directions
for doubled slit tori was later given by Cheung et al [7].

The space £ is also interesting from the point of view of the SL, (R) action on translation
surfaces. In the remarkable paper [21], McMullen completely classifies orbit closures
(under SL,(R)) of genus 2 translation surfaces. One consequence of his work is that
there are translation surfaces that have non-closed SL;(IR) orbits but are not dense. These
intermediate orbit closures consist of an infinite family called the eigenform loci. The space
£ is a part of this family and often called the Eigenform locus of discriminant four in the
literature.

1.4. Some history of gap distributions. This paper makes use of unipotent flows on the
space of affine lattices to prove a gap distribution result for doubled slit tori. Elkies and
McMullen [10] famously used unipotent flows on the space of affine lattices to compute
the distribution of gaps of the sequence (,/n),en on the unit circle. Similarly, Marklof
and Strombergsson [17] used dynamics on the space of affine lattices to study the gap
distribution for the angles of visible affine lattice points.

Through personal communication with Athreya, we learned that the paper of Marklof
and Strombergsson provided much inspiration for the use of homogenous dynamics in the
context of gap distributions of translation surfaces. Athreya and Chaika [3] showed that the
gap distribution for generic surfaces exists and has support at zero. Gap distributions of
lattice surfaces were considered shortly thereafter. Athreya et al [4] computed the explicit
gap distribution for a genus 2 lattice surface (the Golden L) and Uyanik and Work [29]
for the genus 2 surface arising from the regular octagon. In some sense, these papers
were generalizations of Athreya and Cheung [5], which used homogenous dynamics to
compute gap distribution of Farey fractions (which can be interpreted as slopes of saddle
connections of the torus with a marked point). There is also the related work by Heersink
[15] who considered the limiting gap distribution of various subsets of Farey fractions. In
all the cases above, the parameter space is three-dimensional whereas the parameter space
for doubled slit tori and affine lattice is five-dimensional.

The present paper and [4, 5, 29] are examples of the general strategy developed by
Athreya [2]. This strategy involves turning the question of gap distributions of slopes of
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saddle connections to a dynamical question of return times to a transversal under horocycle
flow on an appropriate moduli space. We recall this strategy in detail in §2. Examples of
explicit cross-sections for horocycle flow can also be found in [28, 31].

1.5. Organization of the paper. In §2, we outline the general strategy from [2],
which reduces the gap distribution question to a dynamical question. We also introduce
twice-marked tori and construct transversals needed for our paper. In §3, we give a
parameterization of the transversals for twice-marked tori (Proposition 3.5) and doubled
slit tori (Proposition 3.10). We also compute the first return time under horocycle flow for
each (Theorem 3.6 and Theorem 3.11). In §4, we consider measures on our transversals,
classify measures for the transversal on twice-marked tori (Theorem 4.2), and give precise
descriptions of our results (Theorem 4.4). In Corollary 4.6, we construct examples of
translation surfaces in any genus d > 1 that have the same gap distribution as doubled slit
tori. In the appendix, we prove our estimates for the various gap distributions we consider.

2. Setting the stage
Here, we will outline the general strategy from [2], introduce the relevant spaces, and
define our transversals.

2.1. On translation surfaces. We review the basics of translation surfaces needed for
this article. For a detailed treatment of these topics, we refer the reader to [19, 20, 32].

Recall that a translation surface is a pair (X, @), where X is a compact, connected
Riemann surface of genus g and w is a non-zero holomorphic 1-form on X. We can also,
equivalently, view a translation surface as a union of finitely many polygons P; U P, U
- - - U Py in the Euclidean plane with gluings of parallel sides by translations such that for
each edge, there exists a parallel edge of the same length and these pairs are glued together
by a Euclidean translation. In this case, the total angle about each vertex of the polygons is
necessarily an integer multiple of 25r. The vertices where the total angle 0 is greater than
27 are called cone points and correspond to the zeros of the 1-form. In fact, a zero of order
k is a cone point of total angle 27 (k + 1).

By the Riemann—Roch theorem, the sum of order of the zeros is 2g — 2, where g denotes
the genus of X. Thus, the space of genus g translation surfaces can be stratified by integer

partitions of 2g — 2. If k = (ky, . . . , ks) is an integer partition of 2g — 2, we denote by
‘H (k) the moduli space of translation surfaces w, such that the multiplicities of the zeroes
are given by ki, ..., ks;. As an example, any doubled slit torus belongs in the stratum

H(1, 1). In the case that there are no zeros of the differential but we want to mark points,
it is common to use a vector k with all zeros. For example, the space of genus 1 translation
surfaces have no cone points, but it is convenient to mark a single point and denote it as
H(0).

There is a natural action by SL,(R) on the space of translation surfaces. This is
most easily seen via the polygon definition: Given a translation surface (X, w) that is a
finite union of polygons {Py, ..., P,} and A € SL,(R), we define A - (X, w) to be the
translation surface obtained by the union of the polygons {A Py, . .., AP,} with the same
side gluings as for w. This action makes sense since the linear action of A preserves the
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notion of parallelism. Notice that the action of SL,(R) preserves the multiplicities and
number of zeros so that it induces an action on each strata (k). Furthermore, SL;(R)
acts equivariantly on the holonomy vectors of translation surfaces in that Ag.,, = g - A,.
A lattice surface is a translation surface (X, w) whose stabilizer under the SL;(R)-action
is a lattice in SL; (R).

We will consider the action of the one-parameter family of matrices

{hu:z(l O>GSL2(R):ueR}.
—u 1

The action of these matrices on # (k) is called the horocycle flow.

2.2. Reducing to gaps in a vertical strip. We now phrase a parallel gap question. We
will see that this question will turn out to be equivalent to our original one. Let V denote
the vertical strip V = {(x, y) € R2:0<x<l, y > 0}. For a translation surface (X, w),
we can consider the set of slopes of saddle connections contained in the vertical strip V

Sy(Ay) ={0=s9g<s5] <---<SN<---}
Let S{}’ denote the first N slopes. We can associate to these slopes the set of gaps
gl‘\//(Aw)={Si—Si—1 l[i=1,...,N}. 4)

Notice that the slopes tend to infinity and so we do not need to normalize. Then the gap
distribution for slopes in the vertical strip given by
N
Ap) N1
lim Gy ( ]\(;) | 5)

N—o00

for an interval 1. We prove the following.

THEOREM 2.1. There is a limiting probability density function f : [0, co) — [0, 00), with

N R
lim Gy (M) N I] lim 197 (Aw) N 1| /f(x)dx
N—00 N R—00 N(a) R)

for almost every doubled slit torus @ with respect to an SLy(R)-invariant probability
measure on &£ that is in the same measure class as the Lebesgue measure. The density
function is continuous, piecewise differentiable with four points of non-differentiability,
and each piece is expressed in terms of elementary functions.

The density function f is the same for both gap distribution questions. For the remainder
of the paper, we focus on proving the above theorem since it implies Theorem 1.1. Indeed,
the two gap distribution questions are related by applying the diagonal matrix

_(R" O
YR = 0 R
which takes vectors in the first quadrant with (max norm) norm less than or equal to R and

sends them to vectors in the vertical strip. Notice yg changes slopes of vectors in the first
quadrant by a factor of 1/R? and so the renormalized gaps from equation | become the
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unnormalized gaps from equation 4. Thus,
_1GRA NI 16y P k- M) N
lim ——————— = lim
R—oo N(w, R) R—00 N(w, R)

and we have reduced proving Theorem 1.1 to proving Theorem 2.1, a gap distribution for
the gaps coming from slopes of vectors in the vertical strip V.

2.3. From gaps to transversals. We show how to implement the strategy from [2], where
they translated the question of gaps between slopes of vectors into return times under the
horocycle flow on an appropriate moduli space to a specific transversal. This method was
utilized in [4, 5, 29]. By transversal to horocycle flow, we mean a subset T so that almost
every orbit under horocycle flow intersects 7 in a non-empty, countable, discrete set of
times.

We consider the transversal on £ under horocycle flow given by the set of doubled slit
tori that contain a non-zero horizontal saddle connection with horizontal component less
than or equal to 1 and denote this by WW. More explicitly, this transversal is

W={we&: AyN O, 1] # 0},

where A, denotes the set of holonomies of saddle connections. We will call a horizontal
saddle connection with a horizontal component less than or equal to one a short saddle
connection and an element in W a short doubled slit torus. Occasionally the phrase
‘cross-section’ or ‘Poincaré section’ will be used instead of transversal, but these all mean
the same thing in this paper. Note that WV is indeed a transversal to horocycle flow by
Lemma 2.1 in [2].

Let us denote the return time map to ¥V under horocycle flow by R and the return map
by 7. Then, R : W — (0, 00) is given by

R(w) = min{u > 0 : h,(w) € W}
and T : W — Wis given by
Tw) = hR(w)(@).

A simple, but key, observation is that the horocycle flow preserves slope differences of
vectors v since

slope(h, V) = slope(v) — u.

Consequently, this holds for holonomy vectors of saddle connections. This observation
links slopes with WV since if we apply horocycle flow to an element in W, we see that the
next vector to become short is the vector with short horizontal component and smallest
slope, and the return time to the Poincaré section is exactly its slope. Similarly, the second
vector to become short will be the vector with short horizontal component and second
smallest slope and the return time will be its slope minus the return time of the first, which
is a slope difference. Continuing in this fashion, we see that the ith-return time is the
difference of the ith + 1 slope and the ith. This is formalized by

R(T (@) = sit1 — si-
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FIGURE 3. An example of a twice-marked torus. This is the standard torus of area 1 with marked points at the
origin and at (1, 7/3).

Hence, we can relate our gap distribution to this induced dynamical system via

1 1 N-1 _
—1GV AN NI == D" X1y (T (Aw)), 6)
N N = TR0

where R™!(I) is the set of slope differences in an interval I. Thus, the gap distribution
reduces to understanding return times of V. The remainder of this paper will be concerned
with computing the return times.

2.4. Moduli space. We introduce the moduli space of twice-marked tori and explain its
connection to the space of doubled slit tori £.

By a twice-marked torus, we simply mean a (unit area) torus with a preferred vertical
direction and two marked points. We denote the set of all twice-marked tori by (0, 0).
Concretely, a twice-marked torus is given by the data of a torus C/gZ?, the flat metric dz
inherited from the complex plane, and two district marked points vy + 72, vy + 72 where
g € SLo(R). We will always assume that the first marked point is at the origin and denote
the second marked point by v. Denote such an element by ']I‘;v. To each ']I“;U, we can
associate the affine lattice given by the orbit of v under the lattice gZ2,

gZ2 + v.

Denote the space of all affine lattices by AX». Given an affine lattice gZ> + v and taking
its quotient by gZ? yields a twice-marked torus Ti,,v. It is easy to see that these operations
are inverses and so there is a bijection between the space of twice-marked tori (0, 0) and
the space of affine lattices A X>.

Recall the affine action of SL»(R) x R? on R? given by (4, w) - v = hv + w. Thus, we
can consider the natural action of SL,(R) x R? on AX, defined by

(h, w) - (§Z* + v) = (hg)Z? + (hv + w).

Note that SL,(R) x R? acts transitively on A X, and that the stabilizer of 72 is given by
SL,(Z) x Z?*. Thus, we may identify AX5 (and hence H (0, 0)) as the homogenous space

H(0,0) = AX5 = SLy(R) x R?/SLy(Z) x Z2.

We denote an element in any of the above spaces (and hence all) by (g, v) and leave the
coset implicitly defined. Denote by X, the space of lattices which we can identify with the
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homogeneous space
X> = SLLr(R)/SLa(Z).

There is the projection map H(0,0) = AX, — X, given by (g, v) — g. This will be a
torus bundle since the fiber of a point gZ? in X» is a vector v that is only defined up to
g7? and hence we think of v as living in the torus R?/gZ?.

Recall, that £ is the family of translation surfaces obtained by gluing two identical tori
along a slit. Every such surface projects to a twice-marked torus by restricting to one torus
and forgetting the slit. By reversing this process, we can obtain a doubled slit torus from
a twice-marked torus, although some care must be taken. Indeed, suppose we have an
element in #(0, 0) which depends on the data g € SL>(R) and v € C/gZ?. We can take
two copies of it and then consider a slit between the marked points to construct an element
® = (g y) in &. There are four oriented trajectories between the marked points that we can
choose corresponding to the ‘corners’ of the fundamental domain of C/gZ?* spanned by
the columns of g. Hence, each pair (g, v) € H(0, 0) gives rise to four elements in &, which
is to say there is a degree-four map

I: &— H(0,0)

given by ‘forgetting the slit’. Any time IT(w) = (g, v), we use the notation @ = w(g,y).
Since the degree of I1 is four, then £ can be identified as four copies of (0, 0), one copy
for each oriented trajectory between the marked points.

Ultimately, we are interested in saddle connections of elements in £ and one way to find
saddle connections of a doubled slit torus is to look for trajectories between marked points
of the twice-marked torus. This explains our interest in (0, 0).

2.5. Gap distribution for twice-marked tori. We also consider the gap distribution
of twice-marked tori H (0, 0). However, instead of considering all trajectories between
marked points, we will only be interested in those between distinct marked points with
a specific orientation. The reason for this is because these trajectories define an affine
lattice.

Let AZ;‘" denote the holonomies of trajectories that start at the origin and end at the
other marked point. Let Sy (AZ;‘") denote the set of slopes of holonomy vectors in the
vertical strip V. Then as before, we can order them

SV(AZ)’+):{0250<51 <"'<SN<"'}-
Let S{}f denote the first N slopes. We can associate to these slopes the set of gaps
GY(Ad) ={si—sicili=1,...,N}
and consider a gap distribution question for the slopes in the vertical strip V

i IGY (AT N |
N—oo N

for an interval 1. We prove the following.
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THEOREM 2.2. There is a limiting probability density function g : [0, co) — [0, 00), with

N A d+
ALTYyNIT
lim M:/g(x) dx
N—o0 N I

for almost every twice-marked torus w € H(0, 0) with respect to an SLy(R)-invariant
probability measure on H(0, 0) that is in the same measure class as the Lebesgue measure.

In fact, we prove that the slope gap distribution for twice-marked tori always exists,
but is not always the same. This is done by proving a measure classification result for
the transversal under the map induced by horocycle flow (see §4.1). The gap distribution
density is the same for twice-marked tori that are in the support of the same measure.

Moreover, if w € H(0, 0) corresponds to (g, v) € AX», then Aff;+ is the affine lattice
gZ2 + v. See §3.2.1 for a detailed discussion on this. Hence, the above theorem can be
interpreted as a theorem about gaps of slopes of an affine lattice. The distribution of gaps
of angles of affine lattices was studied in [17]. They show that the gap distribution agrees
with the distribution of gaps of the sequence (1/7),eN on the unit circle found by Elkies
and McMullen [10].

A consequence of Theorem 2.2 is that the gap distribution of affine lattices has a
quadratic tail and hence is not exotic (Theorem 4.4(1)). As with the gap distribution of
doubled slit tori, we prove much finer results, but we wait until §4 Theorem 4.4 before more
precisely stating them. Our proof technique is the same as for doubled slit tori, namely,
we translate the gap distribution question to one of return times to a transversal on the
moduli space of twice-marked tori (0, 0). The explicit computation of these return times
addresses a question from [2, §6.2].

The transversal we consider is given by the set of twice-marked tori that have a
horizontal saddle connection that starts at the origin and ends at the other marked point
with a length less than or equal to 1. Denote this set by €2. Thus,

Q= {weHO0,0): AT N©O,1]#0).

Under the identification of (0, 0) and AX>, L2 is the same as the set of affine lattices that
contain a non-zero horizontal vector with horizontal component less than or equal to 1.
That is, 2 can be identified with

(A€ AXs: AN(O,1] % 7).

We will abuse notation and refer to the above set as 2. The set Q C H(0, 0) is a transversal
for horocycle flow. We postpone proof of these statements until §3. We will call a
horizontal vector with a horizontal component less than or equal to one a short vector
and an element in €2 a short affine lattice.

Henceforth, we will only think about elements (g, v) as affine lattices. Furthermore,
unless explicitly stated, we will assume that for an element (g, v) € H(0, 0) or w(g,y) € &,
we have v ¢ gQ?. This assumption only removes a set of measure zero elements from our
spaces and, since we are concerned only with almost everywhere results, is a mild one.
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3. Parameterization of the transversal and return times
We give coordinates to the transversals from the last section and compute the first return
time under these coordinates.

3.1. On twice-marked tori H(0, 0). Here, we parameterize our Poincaré section 2 and
compute the first return time to 2. We also recall some results from [5] that will aid us.

3.1.1. A Poincaré section for X,. Before parameterizing our section, we recall some
results from [5] where they considered a Poincaré section for X5, which they used to obtain
statistical properties of Farey fractions. We fix the notation

) a b
Papb ‘= 0 a!
(€ 0
s55= o e )

Let A denote the set of lattices that contains a short vector (recall that short for us means
length less than or equal to 1). It is shown in [5] that this set is

and

b

A:{Aa,b::pa’b22=<g a-! )Zz:0<a§1,l—a<b§1}.

There is a bijection between A with the actual triangle
{(a,b):0<a<1,1—a<b<1}CR?

via (a, b) = A, p and thus we give an element in A,p € A the coordinates (a, b).
Because of the bijection, we abuse notation and use A for the subset of X» and the actual
triangle.

We now restate the main theorem [5, Theorem 1.1] with slightly different notation.

THEOREM 3.1. The subset A C X» is a Poincaré section for the horocycle action on X,.
More precisely, every horocycle orbit {hs A}scr (outside a codimension 1 set of lattices)
intersects A in a non-empty, countable, discrete set of times.

Moreover, the first return time map r : A — [0, 00) is given by

r(Agp) =r(a,b) =min{s > 0: hyAyp € A} = (ab)™!
and the returnmap S : A — A is
S(Aap) = hr@pyAap = As,b)

where S(a, b) = (b, —a + [ (1 + a)/b]b).

They also identify the codimension 1 set as those lattices that contain a short vertical
vector, which geometrically correspond to embedded closed horocycles that foliate the
cusp. Dynamically, for any 0 < a < 1, each horocycle is a periodic orbit under horocycle
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flow hy with period a? and orbit

0 —a!
Per(a) := {hsglog(a)Zz = ( 0 sa-! ) 7% s € [0, az)} .

Notice above, we implicitly used that

0 —1 0 —a!
hsglog(a)Zz = hsglog(a) ( 1 0 > Z2 = < a sa—! ) Zz

so as to further drive the point that such elements are outside of the generic set of lattices.

Of course, any a > 0 gives rise to a periodic orbit Per(a), but only the 0 < a < 1 giverise

to points that never enter the transversal A.

As a consequence of their theorem, we have that every g € X» is one of the two forms.

(1) g=hspap,where 0 <a<1l,1—a<b<1l,and 0 <s < (ab)’l. These are the
generic elements in X».

(2) g =hs8log@)» Where 0 <a <1 and 0 <s < a®. These are the elements in the
codimension 1 set of lattices with a short vertical vector.

3.1.2. A Poincaré section for AX;. In this section, we show €2 is indeed a transversal
and give coordinates to 2. Observe that since the dimension of the space of affine lattices
AXj is five, the cross-section by horocycle flow will have dimension equal to four. Thus,
we aim to find a four-dimensional parameterization.

We prove a lemma that says that any affine lattice (g, v) € €2 can be expressed as an
affine lattice where the affine piece is horizontal.

LEMMA 3.2. The set of short affine lattices is given by

Q:{(g,v)eAXzzv=<a

0 > and o € (0, 1]}.

Proof. Suppose that (g, v) € 2, that is that the affine lattice (g, v) contains a short
horizontal vector. Recall that v is only defined up to elements in gZz. Hence, if w € gZz,
then as an affine lattice, we have

gZz+v=gZ2+(v+w).

In particular, if we assume our affine lattice is short, then there is some w € gZ? so that
w + v is a short horizontal vector. In particular, it is of the form

(1)

gZ2+v=gZ2+v+w=gZz+<z>. 0

for some o € (0, 1]. Thus,

Armed with the above lemma, we also provide proof of our claims from the previous
section.
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LEMMA 3.3. Under the identification of H(0, 0) and A X,, we have that
{w e H(0,0) : AT N (0, 1] # @)

is the same as the set of affine lattices that contain a non-zero horizontal vector with
horizontal component less than or equal to 1,

(A€ AX,: AN, 1] #£ ).

Proof. This follows from the identification of H(0, 0) and AX> and use of Proposition
3.9 that yields if w € H(0, 0) is the twice-marked torus formed by (g, v), then AZ;Jr =
g7? +v.

If € Q with short horizontal saddle connection y with holonomy in AZ;‘", then tiling
C by a fundamental domain of w produces an affine lattice with a short horizontal vector
given by the holonomy of y. Conversely, if we are given an affine lattice A with A N
(0, 1] # @, then we can assume the affine part is producing the vector in (0, 1] by the
previous lemma. That is, we can assume

A = g7? ¢
2+(5)

for a € (0, 1]. Taking the quotient by gZ> produces a twice-marked torus along with a
saddle connection y that has holonomy ( § ). O]

LEMMA 3.4. The set Q2 is a transversal for horocycle flow. That is, almost every orbit
under horocycle flow intersects 2 in a non-empty, countable, discrete set of times.

Proof. This follows along the same lines of justification as Lemma 2.1 of Athreya [2]
and the discussion in §2.3. Notice that generically an affine lattice A € AX> has infinitely
many vectors contained in the vertical strip V = {(x, y) € R*: 0 < x < 1, y > 0}. Then,
hy, A € Q exactly when u is the slope of the smallest vector contained A N V. Similarly,
hyhy A € Q when ' is the slope of the smallest vector contained 4, (A) N V. This shows
almost every orbit under horocycle flow intersects €2 in a non-empty, countable set of times.
These intersections have to happen at discrete times since A itself is discrete. O

We use this lemma along with the coordinates on the space of lattices developed in [5]
to parameterize €.

PROPOSITION 3.5. The set of of short affine lattices is given by the union of

{(hspa,h, ( g )) cae1,be(l—all]se [o, (ab)—l) La € (0, 1])}

{(hsglog(a), ( g )) cae0,1],s € (0,a?], @ € (0, 1])} :

Proof. First notice that any affine lattice from the union is a short affine lattice.
Now suppose (g, v) € Q2. By the last lemma, we can assume v is a short vector.
Combining this with the coordinates developed in [5], which we recalled in the last section,

and
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we can finish the proof of our parameterization. By the results of [S], a generic lattice
872 € X, (of a codimension 1 set) has the form

b
72 = 2= ¢ 72
8 hspa,b < —sa a-'—sb

withO<a<1,1—a<b<1,and0 < s < (ab)~!.
Thus, we can give such an element in (g, v) € 2 the coordinates (a, b, s, o), where

gZ2 = hspa,bZ2 and v = ( ?) ) .

If g is in the codimension 1 set, then it is of the form

0 —a!
2 2 2
gL = hsglog(a)Z = < a sa-! > Z

with0 <a < 1,and 0 < s < a2, and we give it the coordinates (a, s, «). O]

We note that the affine lattice (a, 0, s, @) is not the same as the affine lattice (a, s, «).

3.1.3. First return time to 2. As mentioned above, our goal is to find the return map to
our transversal, which will calculate the gap distribution for slopes in the vertical strip V.
We outline the strategy of how to do this: If we had the point (g, v) € 2 that is an affine
lattice with a short horizontal vector, then we have v = (‘8 )for some 0 < o < 1. Choose
any vector () € g7Z?. Then the horocycle flow action on the vectors of the affine lattice

(g, v) is given by
X o\ X+t
h”(y >+h”<0)_<y—u(x+a) )

Thus, if we want a short vector, then we need the horizontal x + « between O and 1, y > 0
(so that (x + o, y) is in the vertical strip), and

y
u =
X+«

so that the vertical is zero. As there are several lattice points that will meet this criteria and
since we are seeking the first return time, we will minimize # > O over all lattice points in
g7Z? and the vertical strip V. Which is to say, we want to compute

u= min Y .
(,)Tegz2nV X + o

We can unpack a little more by observing that an element in a generic lattice has the
form g = hypyp, Wwhere0 <a <1,1—a<b<1,0<s < (ab)*l,andO <a<l1.
Thus, we are trying to find the minimum of the slopes of these vectors
(a_1 —sb)yn — sam

R(a, b, s, a) := min
( ) m,nez ma +nb + «

subject to the constraints:
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(1) 0 < ma+ nb+ o <1 so that the horizontal is short;

(2) (a~' —sb)n — sam is positive so that we are sampling points in the vertical strip V,
because this minimum is the return time. Our main result in this part is an explicit return
time computation for generic affine lattices.

THEOREM 3.6. Let j = |(1+a —a)/b]. Ifa > a, then

sa . a—a
ifs < b
v —a aba
R(a,b,s,a) = ja ' —sb)y+sa . a—a
. ifs > .
a—a-+jb aba
Ifa < a, then
a~! —sb ifb+a <1
— l a_ 2
R(a,b,s,a) = -b_—’_la
jla ' —sb)+sa
: ifb+a>1.
o —a+jb

Proof. The main idea is to notice that for any fixed n, there is a unique m = m,, for which
the affine lattice point
ma +nb+ o
< (a ' = sb)yn — sam )

may be a candidate to minimize slope. From there, we can single out a candidate vector
that provides an upper bound to the minimum slope and then use that candidate along with
the structure of the affine lattice to find the actual minimum.

Fix n € Z, if we have a candidate affine lattice point, then the horizontal must satisfy

—(nb + a) 1— b+ a)
—_— Y <m < —
a a

O<ma+nb+a<l <<

Since we require m € Z, we have that m must be one of the following:

"—(nb—l-oc)—" "—(nb—i-a)—‘ Ll {—(nb—i—a)—‘ o {1 — (nb—i—a)J.
a a a a

Now notice that to minimize the slope

(a ' = sb)yn — sam
ma +nb + o

we should maximize m. Hence, we choose m, = | (1 — (nb 4+ «))/a]. In particular, for
every n € Z, there is a single m = m,, for which the associated affine lattice point may be
a minimizer.

Using this fact, we will single out a candidate and use the structure of the lattice to find
the true minimum.

We proceed by cases.

Case 1: a < a. Consider the candidate minimizers when n = 1. Since their horizontal
must be short, we deduce that

—(b+a) 1—(b+a)

—_— <m< —

O<ma+b+a<l <—
a
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Since we are trying to minimize the slope (a=' — sb — sam)/(ma + b + «), then we want

to maximize m and so
{1 — (b—i—ot)J
m=|——|.
a

We claim that the only possible values for this floor are 0 and 1. Indeed, notice by our
choice of coordinates we have

l—a<b<l << —a<l—-0b+a)<a-—a.

An obvious upper bound is a and due to our assumption that @ < a, we have that a lower
bound is —a. Hence,

11—+
_— <
a

—a<l—-(b+4+a)<a < —-1< 1.

This proves the claim that m € {0, 1}. Moreover, we see that

Ll—(b—}—a)J 0 ifb+oa <1,
m=|———=|=
a -1 ifb+a>1.

Hence, in the case that « < a, the candidate whenn = 1 is

b
T ifh+a<l,
. a !l —sb
= < b+a—a

| ) ifb+a>1.
a ' —sb+sa

Now, the minimum slope is bounded above by slope(y;) and that to get any other candidate
vector, we must add/subtract multiples of the basis vectors of ( —Za a,llls b )Z?. Recall we
found y; by fixing n = 1, this means that we cannot obtain any other candidates by adding/

subtracting the first basis vector. First notice that

B b
" al—sb

has vertical zero so that it is not a candidate to minimize slope. Hence, to find other
candidates to minimize slope, our only option to is to add the second basis vector ( a’lb—r b)
to y1 to get the other candidates at different levels (as long as the horizontal is less than 1).

For example, the level 2 candidate

V2=V al—sp |-

More generally, all of our candidates are

b
yn—m+<n—1><a_1_sb),

where n > 1 and so long as the horizontal is less than 1. Of course, once the horizontal
becomes bigger than 1, we subtract the other basis vector, but since we are decreasing the
horizontal, we are increasing the slope so that we do not need to look at these candidates.

https://doi.org/10.1017/etds.2021.81 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2021.81

3208 A. Sanchez

Now notice that

if b+ o <1, adding .

) to y1 increases slope,
at—s

to y1 decreases slope.
al—s

if b4+ o > 1, adding (

We conclude that the return time is

slope (1) ifb+a <1,
slope (y;)ifb+oa > 1,

where j is the maximum number of times we can add ( a*‘b—s » ) to 1 so that the horizontal
of y; is smaller than 1. We compute this value of j: This is the largest number so that

. : : . a+1l—a
horizontal (y;) = jb+a—-a <1< (j+Db+tao—-a < j=| ——|.

b

Case 2: a < a. This case is slightly easier since we have a candidate at n = 0 given by

[« a [ a—a
=1 —sa | sa '
This candidate is in the vertical strip V by our assumption a < « and does not exist in
Case 1. Notice that subtracting the second basis vector will yield a negative horizontal.

Now, as before, to obtain any other candidate, all we can do is add the second basis
vector yielding the candidates

b
yﬂ:y0+n(a_l_sb )3

where n > 0. Since we are considering a minimum, then slope (yp) is an upper bound.
When we compare the slope of yy and

M= al—sb )’

we see that the slope of yj is

. o —a
greater if s < ,
aba

—a

smaller if s > ¢ .
aba

In the second situation, we continue to add the second basis vector as many times
as possible so that the horizontal of the new vector is less than or equal to 1. We
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deduce,
sa . oa—a
slope (yp) = ifs < ,
R(a,b,s,a) = - abo
P lope (1) j@a ' —sb) +sa ” o—a
slope (y;) = if s > ,
pe i oa—a+jb aba

where j is the maximum number of times we can add ( a’lb—v » ) 10 ¥ so that the horizontal
of y; is smaller than 1. We compute this value of j: This is the largest number so that

1 —
horizontal (y;) = jb+a—a<1<(j+Db+a—a j:{ +c[; aJ. L)

Notice the above theorem was for a generic affine lattice that is one such that the lattice
part has the form g = A, p, . On the codimension 1 set of lattices, the proof is even easier.

PROPOSITION 3.7. Suppose a € (0, 1]. The return map for the codimension 1 set of
lattices with a short vertical vector is given by

o a
R hsglog(a)’ 0 =R(a,s,a) = a

Proof. All of the points inside of a short vertical lattice (a, s, «) are of the form

a—aln
sa~'n+am
for m, n € Z. Since we want a slope of such a point in the vertical strip, then we have the
constraints 0 < « —a~1n < 1 and sa~'n + am > 0. We have

1

O<a—a n<l<al@—-1) <n<aanm.

Since a, o < 1, then we must have n = 0. Hence, the slope of the points we are interested
in reduces to minimizing

sa‘1n+am am

o —Cl_ll’l o

subject to am + sa ™!

whenm = 1. ]

n = am being positive. Since a is positive, then this is minimized

Remark 3.8. We establish some notation suggested by the partition from the theorem. This
notation will be used frequently in later sections.

QL=Q U UR3URUQyL

where

Q :={(a,b,s,a)e§2:a<aands< oz—a}’
aba

Q= {(a,b,s,a)eQ:a<oeanda_a <s},
aba

Q3 :={(a,b,s,0) e Q:a<aand b <1 —«a},
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Qq:={(a,b,s,x) e:ax<aand 1 —a < b},
Qvr ={(a,s,0) €Q:ae0,1],s € (0,d%], anda € (0, 1])}.

Furthermore, we have that the return time map is given by

sa )
lf (a7 b’ s, a) € Qla
a—a
oo~
—sb
Ja ZSH TS b sia) € @
a—a-+jb
a= ' —sb
R(a,b,s,a) = e if (a, b, s, a) € Qs3,
o1
—sb
J(a—s.) if (a, b, s, @) € Qq,
a—a+jb
a .
- if (a, s, o) € Qyp,
o

where j = |[(1 +a — «)/b].
We remark that in the next sections, we will mostly be uninterested in the piece Qy,
since this is a lower dimensional subset of €2.

3.2. Ondoubled slit tori E.

3.2.1. A Poincaré section for £.  We describe a parameterization of WV. Before doing this,
we describe more explicitly the saddle connections of a doubled slit torus.

The following description is well known, but does not seem to be written in the
literature. A special case of the following proposition can be found in that paper by Cheung
et al [7], where they consider the case (g, v) = (Id, ( § )), where « is an irrational number
in (0, 1). Recall our standing assumption that v ¢ gQ? and that Zgrim denotes the set of
primitive integers.

PROPOSITION 3.9. Let w = w(g,v) € € and suppose that the slope of v is not contained

. 2 . ..
inside of the slopes of gZp”.m. Then, the saddle connections set is given by

= gZ2 U (gZ2 +v) U (—gZ2 —v).

prim

A(g,v) = Aw(g,v)
Proof. This essentially amounts to observing that for an element @ = w(, ) € &, the cone
points are at the origin of the torus C/gZ? or at the affine piece v € C/gZ>. Hence, any
saddle connection begins at the origin or at the affine piece v and ends at the origin or the
affine piece v.

Any saddle connection starting and ending at the origin necessarily has holonomy inside
of gZ%rim. The condition that the slope of v is not contained inside of the slopes of ngrim,
guarantees that the holonomies of saddle connections starting and ending at the origin are
all of gZ?. Notice that this argument works for saddle connections starting and ending at
the affine piece as well and so the set of all saddle connections that start and end at the

origin (or at the affine piece) is gZprim.
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Next let us consider saddle connections that start at the origin and end at the affine
piece v. In the notation of §2, this is the set Ai’*. The holonomy of such a saddle
connection can be computed projecting the saddle connection to the nearest corner, taking
the holonomy which will be in gZ?, and then adding the contribution of the affine piece.
That is, the holonomy of these saddle connections is gZ? + v. The fact that there is the
contribution of the affine piece and the restriction that the slope of v is not contained inside
of the slopes of ngrim means that we obtain the full set gZ? + v.

Using this argument on saddle connections that start at the affine piece and end at the
origin shows they have holonomy in —gZ? — v. O

Thus, saddle connections beginning and ending at themselves (loops) lie in
gZﬁrim,while gZ2 + v represents those saddle connections beginning at one of the
singularities and ending at the other one. The piece —gZ? — v corresponds to saddle
connections starting at the affine piece and ending at the origin. In the case that we remove
our restriction on the slit v, then a lot can still be said but care is required since we can
have affine lattice points blocking some saddle connections with holonomy in gZ2. We
continue to focus on the generic case.

The explicit description of saddle connections of doubled slit tori allows us to describe
W more explicitly as well. Essentially, what we will deduce is that for a doubled slit torus
® = W(g,v) to have a short horizontal saddle connection (that is to be in V), then the short
horizontal saddle connection must come from the primitive vectors ngrim or from the
affine lattice (gZ2 + v).

Recall, A = {p,pZ” : (a, b) € A} and

o

Q= {hspa,bZ2 + < 0

) (a,b) € A, s €0, (ab)™ 1), a € (0, 1]}.

We write €2 more succinctly as

Q:{(g,v):gZ2+v:geSL2(R),v=(g)}.

Denote the projection map from AX> — X5 by 7. Then, define
Wy = {we E: Tl(w) e 771 (A))
and
Wsa = {w € £: TI(w) € Q).

Of course both of these sets are preimages of IT but we use this notation to avoid notation
overload. It is not hard to see that W consists of those doubled slit tori so that the image
under IT is an affine lattice where the lattice part is short. Thus, it is a short lattice and that
is from where the subscript ‘sI’ comes. Similarly, W, consists of the doubled slit tori so
that the image under IT is an affine lattice where the affine piece is short. Thus, it has a
short affine vector and that is from where the subscript ‘sa’ comes. Unwrapping a bit more,
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WE S€€
Wi ={w € &: (@) = (pap, v)} and Wy = {w €&l = (g, ( g >>}

for where (a, b) € A and @ € (0, 1].

This discussion proves that we have the following description of W: if w is short
(w € W), then the short vector is either in the lattice part gZﬁrim or in the affine lattice
part gZ* + v. We state this as a proposition.

PROPOSITION 3.10. The transversal W is

W = Wq U Wa.

For doubled slit tori, we will remove lower dimensional subsets such as the affine lattices
that have a periodic lattice.

3.2.2. First return time to VY. We compute the time it takes for an element in W to
return to YV under the horocycle flow. This return time will require the return map on AX»
computed in the last section.

Our strategy to do this is to consider the return time for an element @ on the partition
Ws U Wsa of W. Then, IT(w) = (g, v) can be decomposed into a lattice piece g and an
affine vector piece v. We can check exactly how much time needs to pass under horocycle
flow before returning WV using the results of [5] and the results on affine lattices. Then the
minimum of the two times will be the return time to 2.

THEOREM 3.11. Suppose w € W and let u denote the return time to VW under the horocycle
flow. Then we have two cases, either w € W, or @ € W.

(1)  Suppose w € Wq. Then I1(w) = (pap, V) for some a, b € A, where v = (vy, v)T
and the return time to YV under horocycle flow is

v2/v1 ifb+vy <1, and

R =
(@) {(ab)_l ifb+v > 1.

(2) Suppose w € Wsy. Then I(w) = (hgpap, (o, 07 for (a,b,s,a) € Q and the
return time to VV under horocycle flow is

(ab)y™' —s  ifI(w) € 2 U Qy4,

R(w) = asa if (w) € Q1, and
a~l —sb FTlw) € 2
* 07 i ’
b+« @ 3
where Q;,i =1, ..., 4, form the atoms of the partition of SQ.

We first prove a lemma that computes the time it would take to travel from Wy to Wy
under horocycle flow.
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LEMMA 3.12. Let p = p(a, b, vy, v2) denote the time it would take to travel from Wy to
Wil under horocycle flow. Then

el = slope (v) ifb+vy <1, and
V1

pla,b,vi,v2) =4 ) 4 gl
_ if b+ 1.
v+ jb—a i v

Proof. Suppose that w € Wj. Then IT(w) = (pgp, v) for some (a, b) € A. Then, the only
way (pa.p, v) Will have a short horizontal affine vector under the horocycle flow will be
when &, v is short. Recall that v is actually only defined up to p,,Z>. However, when
we write ‘v’, we mean the representative inside of the standard fundamental domain of
Rz/ Pa,bZ2-

Then, 1, q,p,v;,0,) ¥ 1s short when p(a, b, v1, v2) = slope(v) = v2/v;. Since v is actually
only defined up to pa,bZZ, we see the next value u so that &, v is short is

. vy + a~ln
p(a, b, vi, v2) = min m,

where the minimum is taken over (m, n) € Z such that
() (v+aln) /(v1 +am + bn) > 0, since we want positive slope/return time, and
2) vy +am+bn e (0, 1], since we want a short vector.
The first condition says that vy + an>0<=n>—va>—1. Since n € Z, then
n>0.

Now fix n > 0. Then the second condition of v{ + am + bn € (0, 1] tells us that

—(nb+vy) 1 —(nb+vy)
_— <m< —
a a

Since we are trying to minimize the slope, then we want to maximize m, so that we take

{1—(nb+v1)J
m=m,=| ——=|.

a
Hence, for every n > 0, we have the candidate
_ vi+amy +bn
LA vy + aln ’
Now observe that since we are looking at a minimum, over n of y,, ¥ is an upper bound.
We are interested in y;, because we can describe it explicitly. In particular,
0 ifb+v <1,
my = ]
-1 ifb+v >1,
so that

b
( Lt 1) ifb+uv, <1, and
vy +a-

V1=
(v1+b—a

| ) ifb+wv; > 1.

vy +a-
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We are interested in explicitly knowing y; because this allows us to compute all the other
candidates y,,. For example, to go from the candidate y; to the candidate at level 2, all we
have to do is add the basis vector (b, a— )T of the lattice pa,bZZ:

< ’ >
v2=y1+ 1 .
a
b b
V3=V1+2<a1 ) andV0=71—<a1 >

Of course, if we add the basis vector (b, a”! )T too many times, the horizontal will become
larger than 1 and hence we will cease to have a candidate. This is amended by subtracting
the other basis vector (a, 0)7, but this makes the slope larger since we are decreasing the
horizontal. In other words, the only candidates y, in which we are interested are those
to which we can add the basis vector (b, a~ 17 so that they still have a horizontal less
than or equal to 1. In particular, this is a finite list. We can then obtain the candidate with
minimum slope by observing how adding the basis vector (b, a~!)T changes the slope
compared with y;. Now notice that

Similarly,

if b+ v; < 1, adding ( | ) increases slope,

a-

a!

if b 4+ vy > 1, adding ( ) decreases slope.

We conclude the following.

(1) If b+v; <1, then the minimum of the slopes is min{slope (), slope (y1)}.
A direct calculation shows that the minimum of these two is slope (yp) = va2/v;.

(2) Ifb+ vy > 1, then the minimum of the slopes is slope (y;), where j is the maximum
number of times we can add ( a}il ) to y1 so that the horizontal of y; is smaller than 1.
We compute this value of j: this is the largest number so that

. . . . _|a+1l—wu
horizontal (y;) = jb+vi—a <1< (+Db+vi—a & j= — |

Hence, for an element w € Wy, with IT(w) = (pgp, V), to return to W, under the
horocycle flow, it needs to travel p units of time, where

slope (yo) = slope (v) = vp/v; ifb+ vy <1, and

pla,b, vy, 1) = o+ ja~!
slope (yj) = ——F——— ifb+v; > 1. 0
v+ jb—a

Now we give the proof of the return time to ¥V under horocycle flow.
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Proof of Theorem 3.11.

Step 1: Computing time from Wy, /Wy to Wsa/Ws. We implement the first part of the
strategy outlined at the beginning of this section and compute how much time is needed
for an element in VV to return to either W or W,.

(1) Time from W, to Ws,: Suppose that @ € Wi, so that TT(w) = (hspap, (o, 0)7) for
(a, b, s, a) € Q. Consequently, the return time to W, C Wis exactly the return time from
the previous section on affine lattices. Namely, the return time is R(a, b, s, o).

(2) Time from W, to W1 Suppose that w € Wk, so that [T(w) = (hspap, (@, 0)T) for
(a, b, s, a) € Q. Consequently, under the horocycle flow, the next time we get a short
vector in the lattice part is when the lattice part contains a short vector. Hence, the return
time to Wy C Wis (ab)~! — s from the results of [5].

(3) Time from Wq to Weq: Suppose that w € Wy so that IT(w) = (pgp, v) for some
(a, b) € A. Thus, under the horocycle flow, the next time we get a short vector in the
lattice part is the return time obtained from [5]. Hence, the return time to Wy C W is
(ab)~! from the results of [5].

(4) Time from Wy to W, The only difficult return time p (a, b, v1, v2) to compute is for
an element w € Wy to return to Wy,. This was computed in the previous lemma to be

n ifb+v <1, and
V|

p(a7 b7 UI,UZ): v2+ja_1
——— ifb+4v; > 1.
v+ jb—a

We collect the times collected above now to deduce that for w € W, the return time u to
W under the horocycle flow is given by the following two cases.

Case 1: w € Wj|. For w € Wy, the return time is
u = min{(ab)~", p(a. b, v1, v2)}

where p is the minimum time it takes for an affine lattice (p, 4, v) to have a short affine
vector in the affine piece.

Case 2: w € Ws,. For € Wi,, the return time is

u= min{(ab)_1 —5,R(a,b, s, a)}

where R is the return map for affine lattices.

Step 2: Computing the minimum. We now implement the second step of the strategy and
compute the minimums of the times calculated from step 1. We have two cases given by
the partition of W.

Case 1: w € Ws1. For w € Wy the return time is

u = min{(ab)", p(a, b, v1, v2)}
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where we have IT(w) = (pap, v) for some (a, b) € A and v = (v, )’ e pa,bZz. The
return time is

min{(ab)~!, va/v1} ifb+v; <1, and
u= P |
min {(ab)l, M} ifb+vy > 1.
v+ jb—a

By our choice of v as the representative lying in the standard fundamental domain of
R2 / pa,bZ2 spanned by the columns of p,;, we have

min{(ab)~", va/v1} = v2 /v ifb+wv; <1, and
u = .1
min {(ab)_l, M} =(ab)™' ifb+v > 1.
v+ jb—a

Case 2: w € Ws,. For € Wi,, the return time is
u= min{(ab)_1 —s,R(a,b,s, a)}

where R is the return map for affine lattices and (a, b, s, o) € Q. Recall the map is defined
piecewise as

sa )
if (a, b, s, a) € 2,
a—a
. _1_ b
[ ZSDESE b s ) € 2,
a—a—+jb
R(a,b,s,a) = :
a_—sb if (a, b, s, a) €
. l 9 9 9 k]
b+« 3
coo—1
—sb
J(a—s.) if (a, b, s, ) € Q4.
a—a+jb

where j = [ (1 +a — «)/b]. We now compute the return time
u= min{(ab)f1 —5,R(a, b, s, a)}.

(1) If(a,b,s,a) e Qq,then
sa

oa—a
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because

sa - o—a
<(ab)y” —s¢Ee=s <
oa—a aba

and this inequality is one of the defining inequalities of €2;.
2) If(a,b,s,a) e 2, then
u= (ab)_l -5
because

ja= ' —sb) + sa oa—a

R —
(ab) 5= oa—a+jb S>aba

and this inequality is one of the defining inequalities of €2,.
3) If(a,b,s,a) € Q3,then

a ' —sb
T Thtra

because
a~l —sb ) 1
b—i-—a<(ab) _S<Z>S<E

and this inequality is one of the defining inequalities of 2.
4) If(a,b,s,a) € Q4,then

U= (ab)_1 -5
because
oo—1
—sb 1
(ab)fl —5 < M =5 < —
oa—a+jb ab
and this inequality is one of the defining inequalities of 2. O

4. Invariant measures and gap distributions

Here, we prove the existence of a density function for the slope gap question for
twice-marked tori and for doubled slit tori. We will classify measures on the transversal
2 and show various properties of the cumulative distribution function of the gaps such
as support at zero and the decay rate. We will also consider an invariant measure on the
transversal W.

4.1. Invariant measures on Q. In this section, we review some Ratner theory and use it
classify invariant measures on €2.

4.1.1. Ratner theory for AX>. In the early 1990s, Marina Ratner published a series of
influential works [22—24] that gave a mostly complete understanding of ergodic probability
measures for unipotent dynamical systems on homogenous spaces. We briefly review
her work in the context of horocycle flow on AX»>. Our exposition borrows ideas from
[1, 11, 27].
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Consider the vertical translation Vg : AX; — AX;

sen=(e- (1)

for some B € R. Notice that this flow always commutes with 4. Hence, if u is an ergodic
probability measure invariant under horocycle flow, then so is the measure obtained by
precomposing with Vg. This makes it interesting to consider the vertical translation if one
is interested in measures invariant under the horocycle flow.

By disintegrating, any measure du(g, v) on AX»> can be decomposed into the measure

dp(g, v) = dirg(v) dv(g),

where dv(g) is a measure on the lattice part and dA,(v) is a measure on the fiber. Notice
that the vertical translation only acts on the fiber piece of an affine lattice (g, v). (That
is, it acts on the torus R?/gZ2.) We can use previous results of [14] (in the cocompact
case) and [8] (in the general lattice case) to understand the possibilities for v(g). These
results show that either v is a Haar measure on X5 or supports a periodic measure. Given
these two possible measures on the lattice part, we can then try to understand how vertical
translation acts on the fiber R?/gZ? to gain a complete understanding of the possibilities
for p. This is carried out in [11]. Before being more precise, we make some definitions.

The denominator of an affine lattice (g, v) is the minimal d > 0 so that v € d 1 gZ?
whenever this is defined. We denote the denominator by d(g, v). Let X[g] denote the set
of affine lattices with denominator ¢ > 0. That is,

X[gl={(g,v) € AX; :d(g,v) =q}.

In the literature, this is also referred to as the set of forsion affine lattices since the vector
v for any (g, v) € X[q] is a torsion point under the group structure of C/gZ?. The set
of torsion affine lattices forms an SL;(IR)-invariant subset of AX, of dimension 3. In
particular, it is a homogenous space and can be identified as the quotient of SL,(R) by
I"'(g), where I'(q) is the congruence subgroup

I'(g) ={y € SLx(Z) : y = 1d mod ¢}.
Explicitly, this identification is given by the map
§(Z* +w) = gT'(q),

where w is any vector with denominator g.

To get an idea of the properties of these types of affine lattices, notice that X[1] is just
the space of lattices. Also notice that (Id, ( }Z )) is X[2], but not in X[4] by our minimality
condition on the denominator.

Thinking about torsion affine lattices as twice-marked tori, we see that torsion
twice-marked tori are lattices surfaces. This explains our assumption that restricts to
affine lattices with v ¢ g@2. In fact, we have (g, v) is a lattice surface if and only if
v € gQ?, see the work of Schmoll [25] for proof of this.

We now state Ratner’s measure classification for horocycle flow on AX».
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THEOREM 4.1. If p is an hy-invariant ergodic probability measure, then [ is one of the

following:

(1) @ =max,, the Haar measure on AX»;

(2) w is a torsion measure, that is, there is ¢ > 0 so that the support of | is contained
in the set of torsion affine lattices X|[q];

(3) thereisa > 0and 0 < a < a™' so that the support of ju is

Per(a, a)

= {hsvﬂ (glog(a)a ( g )) = (hsglog(a)’ < ; )) s €0, 02)’ Bel0,a);;

(4) wis supported on a h,-periodic orbit.

The first two measure above are those whose lattice measure is a Haar measure on
X5, while the remaining two are those for which the lattice measure is supported on a
h,-periodic orbit.

Lastly, we observe that any measure in the list above can be precomposed by a vertical
translation Vg to produce more ergodic probability measures. We will mainly concern
ourselves with the above list.

4.1.2. Invariant measures for Q. To classify ergodic probability measures invariant
under the return map on the transversal 2, we use Ratner’s theorem, which classifies
ergodic probability measures for unipotent dynamical systems on homogenous spaces.
Since we have a transversal, then there is a bridge between measures on (AX>, i) and
measures on (€2, 7). While this bridge is well known by now, the interested reader can
find details in [5].

As a corollary to Ratner’s theorem, we can classify T-invariant measures on the
transversal €2 by disintegration.

THEOREM 4.2. Ifv is a T-invariant ergodic probability measure, then:

(1) v isinduced by the Haar measure on AX», that is, dv = 2 ds db da do;

(2) v is induced by a torsion measure on AX, and is given by the two-dimensional
Lebesgue measure on a finite number of triangles;

(3) vissupported on

QN Per(a,a) = {(hsglog(a), ( g )) 15 € [0, az)}

Jorsomea > 0and ) <o < min{a‘l, 1},
(4) v is supported on a T-periodic orbit.

Proof. By our discussion about disintegration in the last section, it is clear that the
disintegration of the Haar measure on A X3 is given by the product of the two-dimensional
Lebesgue measure on the torus R?/gZ? and the three-dimensional Haar measure on X».
This measure is SLy (R)-invariant and hence horocycle invariant. On €2, we must consider
only those affine lattices with a short horizontal vector so that the disintegration of the
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Haar measure on 2 will be
dmg =2ds dbda da.

Now suppose that v is a T-invariant ergodic probability measure on €2, different than mgq.
Consider dv du on AX»>. By Ratner’s theorem, we know the support of this measure on
AX> can only be three-, two-, or one-dimensional.

In case it is three-dimensional, then it must be supported on X[g] for some g > 0. In
particular, this means that we are in the territory of lattice surfaces and the work of Uyanik
and Work [29] applies. Their work shows that the transversal of short horizontal saddle
connections 2 N X[g] is given by k triangles, where k is the number of cusps of X[¢]
thought of as SL>(R)/ I'(¢). In particular, the T-invariant ergodic probability measure is
given by the Lebesgue measure on these triangles. We refer the interested reader to their
work for more details.

In case dv du is two-dimensional, then it is supported on Per(a, «) for some a > 0 and
0<a< min{a’l, 1}, that is, those affine lattices for which the lattice part is periodic and
the affine piece has an arbitrary vertical component. Hence, dv is supported on

Q N Per(a, a) = {(hsglog(a), ( g )) .5 e o, a2)} .

Lastly, if dv du is one-dimensional, then on 2 it becomes zero-dimensional. This simply
means that it is supported on a periodic orbit for 7. O

We continue to refer to the measure mgq as the Haar measure on €2 and we use mg to
denote a torsion measure on the transversal. We obtain the following.

THEOREM 4.3. The measure dmg =2 ds db da da is a unique T-invariant ergodic
probability measure on Q that is absolutely continuous with respect to the Lebesgue
measure. Hence, for almost every mgq point (a, b, s, o) and every [ € L! (),

N—-1

1 .
— T (a,b,s, dmgq.
Ngf( (a sa))—>/ﬂfmsz

In coordinates (a, b, s, o), integrating with respect to dmg takes the form

1,1 pl (ab)~!
/ fdmg =/ / / / f(a,b,s,a)ds dbdada.
Q 0 0 1—a JO

4.2. An invariant measure on VY. Recall that H(0, 0) = AX, is a homogenous space
so that it comes equipped with a Haar measure m 4x,. Since W is a four-fold cover of
AX>, we can endow it with a natural measure that is four copies of m4x,. Denote this
measure by mg. This measure is SL, (R)-invariant and finite. In particular, this measure is
also invariant under the horocycle flow.

There is a correspondence of measures invariant under a flow and measures invariant
under the first return map of that flow to a transversal. Specializing to our situation, there is
an induced measure on our transversal V¥, which we denote by my, that is invariant under
the first return map.
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It can be written as the sum of a Lebesgue measure on Wy and Wg,, which we denote as
ms, and mg). Explicitly, on Wk,, we have IT(w) = Aps,0) € 2 and so for f € L'Ws),
we have

fdmsa :4f f(d,b,S,Ol) ds dbdada,
Wia Q

where the 4 reflects the fact that the IT: & — #(0,0) = AX; is a four-to-one map.
Similarly, on W, we have IT(w) = (pap, v), Where (a,b) € A and v € Rz/pa,bZZ, and
so for f € L'(Wj), we have

fdmg =4 /f / f(a,b,v)dvdbda.
Wi veR2/p, 72

(a,b)eA

Thus, the flat measure on W is given by the sum,

fw £ dmyy = /ws. fdmg + /W f dmg.

4.3. Gap distribution results. 1In this section, we prove the existence of the slope gap
limit for twice-marked tori and doubled slit tori and state various properties about their
distribution and density functions.

Proof of Theorem 2.2. We prove that the slope gap limit in Theorem 2.2 of twice-marked
tori exists. Recall from (6), we have
1 =
N _ .
ngv ANI= N 'E_O XRfl([)(Tl (A)).

Now suppose that A is p-generic for some ergodic probability measure p. We classified
all such measures in Theorem 4.3. Then by definition of a p-generic point, we have that
N—-1

D xre1n(THA)) > w(R™HD).

i=0

1

N

Since the cumulative distribution function is given by the total area bounded by
the return time hyperbolas, it is piecewise real analytic. In particular, it is continuous
and differentiable. The probability density associated with the slope gap is simply the

derivative of the cumulative distribution function. For example, for mg-generic points, we
have the probability density is given by

8(t) i= —mo(R™(0,1)).

Hence, the proportion of gaps in an interval / of an mq-generic affine lattice A € Q is
given by

N-—1
1 1 ; _
Nh_r)nC>o NIQQ’(A) Nnil= Nh—r>noo v E_O Xr-1(y(TH(A) = ma(R™' (1) = /1 g(1) dt.
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Similarly, for m,-generic points, we have the probability density is given by

d -1
8¢ (1) := —mg (R0, 7))

and the proportion of gaps given by

1
lim —|GNA)NT| = .
Jim GV (M) N1 | /ngm dt 0

Proof of Theorem 2.1. A similar argument works to prove that the slope gap limit (5) for
doubled slit tori exists for any myy-generic point of V. Indeed,

N-1
N Qe 1 : 1
Jim =1Gy (Ao) N T| = lim Z(; Xr-1 1y (TH(Aw)) = mp(R™ (1)),

This proves Theorem 1.1. The probability density associated with the slope gap is simply
the derivative of the cumulative distribution function. We denote this density by f. That is,

- d R—l 0
f@ = EmW( 0, 1)),

where R is the first return map to WW. Hence, the proportion of gaps of saddle connections
in an interval I of an my-generic translation surface w € Wis given by

. 1
Jim ig¥ a0 1= [ o .

We state more precisely the conclusions of the above theorems now as well. Recall that
F ~ G means that for large enough #, the ratio is a positive constant and F << G means
there is a positive constant ¢ so that for large enough ¢, |F (¢)| < c|G(?)|.

THEOREM 4.4.
(1)  For any affine lattice in Q that is generic for mq, we have that the proportion of gaps

/oo g(t) dt
t

o0
172 <<f g dr <171,
t

larger than t,
satisfies

Here g(t) is the density function for affine lattices from the proof of Theorem 2.2.
(2) There is support at zero for any affine lattice in S2 that is generic for mgq. That is, for
any € > 0,

/s g) dt > 0.
0

(3) For any doubled slit torus in VV that is generic with respect to myy, we have that the
proportion of gaps of saddle connections larger than t decays quadratically. More
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D

FIGURE 4. An example of a d-symmetric torus cover.

precisely,

/oo f@)dt ~ 172
t

Here, f(t) is the density function for doubled slit tori from the proof of Theorem 1.1.
(4) There is support at zero for any doubled slit torus in VV that is generic with respect
to myy. That is, for any ¢ > (),

/8 f@) dt > 0.
0

Remark 4.5. While the statements in part (1) of Theorem 4.4 are for gaps of affine lattices
that are already in the transversal €2 and generic for mg, we can obtain information about
the gaps of an affine lattice A that is generic for max,. Let A’ € € be such that h, A = A’
and u is the smallest time for which this occurs. Then,

R R A7 00
i OGNy, BONGN [,
R—00 N(R) R—00 N(R) t

Similar arguments can be used for the rest of Theorem 4.4 to turn statements about the
transversal to statements about the ambient space.

4.4. d-Symmetric torus covers. We can apply our results of doubled slit tori to a more
general class of translation surfaces. Let d > 1 and consider d-copies of a torus X that we
label X1, ..., X4. Now glue the copies along a slit and identify opposite sides of the slits
according to the permutation (1, 2, . . ., d). Following [26], we call a surface constructed
in this way a d-symmetric torus cover. Notice that a doubled slit torus simply corresponds
to this construction with d = 2.

Any d-symmetric torus cover has two cone points of angle 2dsr and has genus d. Let &l
denote the class d-symmetric torus covers. We have & cHd—1,d—1). See Figure 4
for an example of a d-symmetric torus cover.

We remark that we can do a similar construction with any cycle o € S¢ (cycle so that
the resulting surface is connected). By relabeling the d-copies, there is no loss in generality
in assuming (1,2, ..., d).

The results for doubled slit tori allow us to compute the gap distribution of a typical
element in £%. In particular, this yields an explicit gap distribution for a translation surface
in any genus d > 1.
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COROLLARY 4.6. For d > 1, the gap distribution of a d-symmetric torus cover can be
computed using the density function for doubled slit tori. That is,

. 1GR AL N
A TN R / o) dx

for almost every w € &4 with respect to an SLy(R)-invariant probability measure on &l
that is in the same measure class as the Lebesgue measure. Here, f(t) is the density
function for doubled slit tori from the proof of Theorem 1.1.

Proof. Consider a typical element w; € £. We obtain a twice-marked torus (g, v) €
H(0, 0) by projecting to a single copy and forgetting the slit. Use this twice-marked torus to
construct a doubled slit torus w>. Each has the same set of saddle connections (A, = Aw,)
so that their respective gap distributions are the same as well. O
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A. Appendix. Measure computations and estimates

In the appendix we compute an explicit limiting gap distribution for slopes of saddle
connections on a doubled slit torus. We also prove estimates on the decay of gaps for
affine lattices.

A.l. Haar-measure computations and estimates for VV. In this section, we explicitly
calculate the gap distribution function given by

m(w € WIR(w) > t),

where ¢ > 0. As a corollary, we compute the decay rate of the tail and show there is support
at zero.

We compute the distribution by considering the partition on W given by surfaces with
projection of a short affine lattice W, and surfaces with projection of a short lattice V.
On either part of the partition, we will have the return time map R explicitly. The basic
idea of proof will be to use the condition of there being a gap larger than ¢ (i.e that the
return time R is larger than f) and see what conditions are imposed on the coordinates
where the return time is defined. This will yield explicit integrals whence we can compute
the integrals and make arguments with a Taylor series to show their decay.
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FIGURE Al. The contribution on 21 when t > 4.

A.l.1. Haar-measure computations and estimates for Ws,. ~ We compute the contribution
on the doubled slit tori coming from a short affine piece. That is,

my({e € Waa|R(@) > 1}).

The return time map R is a piecewise map on three pieces depending on IT(w). In each
piece, we know explicitly the return map and so we can compute the contribution.

Contribution when T1(w) € Q1. Suppose IT(w) € Q1. Notice that €2 can be written as

Ql:{(a’b’s’a)egz:be(o’ lLae(d—-b1l,ae(—-b,alse |:0’ab_a)}.
aoo

We have,
mw({w € Ws|R(w) > t, [T(w) € Q1)) =4mo({(a, b, s,a) € Q1 : R(a, b, s, a) > t}).

Thus, we now compute mq (21 N {R > t}).
The condition on the return time says

sa tla—a)
= — <

t < R(a,b,s,a) = S.

oa—a a
Notice that this is a valid lower bound for s since s is non-negative. On 21, s has an
upper bound of (o — a)/aba so in order for the return map R to be larger than ¢, we must
also satisfy the cross-term condition (¢ — a)/a < s < (¢ — a)/aba <=t < 1/ba. We
rewrite this as o < 1/bt. Hence, all we need to understand is how the hyperbola o =
1/bt intersects the (b, a)-triangle {(b, @) : b € (0, 1], ¢ € (1 — b, 1]}. See Figure Al for
an illustration for the (b, a) slice of the contribution of 21 when ¢t > 4.
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If t € (0, 1), then everything lies below the hyperbola @ = 1/bf and our contribution is

given by
(¢—a)/aba
mo({R >t} N Q) :/ / / / 1ds dadoa db.
a=1-b Ja=1-b Js=t(a—a)/a

Ift € [1, 4), then

1/t (a—a)/aba
mg({R>t}ﬂ§21)=/ / / / ldsdadodb
b=0 1-b Ja=1-b Js=t(a—a)/a

1/bt (—a)/aba
/ / / / lds dadadb.
b=1/t Ja= a=1-b Js=t(a—a)/a
If t € [4, 00), then

1/t (¢—a)/aba
mQ({R>t}091)—/ / / / ldsdadadb
a=1-b Ja=1-b Js=t(a—a)/a

(=/1—=(4/1)/2 p1/bt (a—a)/aba
+ / f / f ldsdadadb
b=1/t o= a=1-b Js=t(a—a)/a

1 1/bt (a—a)/aba
+ / / / / 1ds da do db.
1+1-(4/1))/2 Ja= a=1-b Js=t(a—a)/a

By evaluating each integral and then approximating the result by its Taylor series, we can
understand how it decays. As an example, we do this for the first integral.

1/t (—a)/aba
/ / / / ldsdadodb
b= a=1-b Ja=1-b Js=t(a—a)/a

B /Uf b(b(2+ b)t —8) +2(b(2 +1) — 4) log(1 — b) b
b

=0 4b
N /W b(b(2 + b)t — 8) +2(b(2 + 1) — 4)(—b — (b*/2) — (b*/3)) b
b0 4b

_ 1/1/tb2(b(2+t) Ddb=— 4 !
6 Jioo 124 723

Hence, on this piece, we have a cubic decay. Doing this for the rest of the integrals, we

have
1/t (¢—a)/aba
/ / / / 1 ds da da db ~ 173,
b=l a=1-b Ja=1-b Js=t(a—a)/a

(1—-J1-(4/1))/2 1/bt (a—a)/aba
/ / / / 1ds dadadb~ 17,
b=1/t a= a=1-b Js=t(a—a)/a

1 1/bt (a—a)/aba
f / / / 1ds da da db~ 172
(1+/1-(4/1))/2 Ja= a=1-b Js=t(a—a)/a

Hence, the decay rate on the tail of €2 is quadratic. By multiplying each integral above by
4, we have that contribution of

my({w € Wa|R(w) > 1, I(w) € Q1})
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and also the decay rate
myy({® € WalR(w) > t, TI(w) € Q1)) ~ 172,

Contribution when I1(w) € Q3. Suppose IT(w) € Q3. Notice that 23 can be written as

1
Q3:{(d,b,s,a)69:be(0, 1, e (0,1 —=bl,aec (1 —>b,1],s € [O—b)}
a

We have
mw({w € Wsa|R(w) > t, [I(w) € Q3}) =4mq({(a, b, s,a) € Q3 : R(a, b, s, a) > t}).

Thus, we now compute mq (23 N {R > t}).
On Q3, we have

a ' —sb al—tb+w)
—_— >3

t<R(a,b,s,a)=T<:> A
o

Notice that the left-hand side is always bounded above by (ab) . In order for there to be

any valid values, we need the left-hand side to be positive, which is equivalent to

1
a << ———.
t(b+ a)

Hence, we seek the minimum between 1/7(b + «) and a.

Case I: a < min{1/t(b + «), 1} = 1. This happens when

1
— >1 - —b.
t(b+a)> <:>a<t

Notice now that @ < 1 — b on 23 and that

1-b ift <1,

o <min{l/t —b,1 — b} =
1/t —b ift>1.

Hence, if # < 1, the integral is

1 1-b p1 (@' =t (b4a))/b 72 P
/ / / / ldsdadadb=——1— —.
b=0 Ja=0 Ja=1-b Js=0 6 3

On the other hand, if # > 1, then @ < 1/¢t — b and since o > 0, we must have 1/t > b.
Thus, for large ¢ (larger than 1), the integral is

1t plji—b pl (@' =t (b+a))/b
/ / lds dadoadb.
b=0 Ja=0 a=1-b Js=0

A Taylor series argument shows that this decays quadratically.

Case Il: a < min{l/t(b + ), 1} = 1/t (b + «). This happens when
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Since 1 — b < «, then combining the inequalities, we obtain

b*—b+1/t
1-b

o<

By understanding how these functions intersect the (b, o)-plane
{b,a) | 0<b<landO0 <a <1—0b},

then we can understand how this function grows in ¢.
We obtain the following. If ¢ € (0, 1), there is no contribution.
If t € [1, 2), the contribution is

mo({R > 1} N Q3)

=1/t pB*>=b+1/0)/(=b) pl/(tb+a)) pla'—t(b+a))/b
/ / f / 1ds dadadb
b= —l/t—b a=1-b s=0

1/t 1/t b+a) @' —t(b+)/b
/ / / / lds dadoadb
b=1-1/t Ja=1/t—b Ja=

—b 1/t (b+a))  pla'—t(b+a))/b
+ f / / / 1ds dado db.
b=1/t Ja=0 Ja=1-b s=0

If ¢t € [2, 4), the contribution is

mo({R >t} N Q3)

1/t pB2=b+1/0)/(A=b) p1/(t(b+a)) @ '=t(b+a))/b
f / / f lds dadadb
b= 1/t—b a=1-b 5=0

1=1/t  p@B*=b+1/)/(1=b) pl/(t(b+a)) pla~'—t(b+a))/b
/ / / / 1ds dadodb
b=1/t Ja= a=1-b s=0

1/t (b+a)) pla'=t(b+a))/b
+ / / / / 1ds dadoadb.
b=1-1/t Ja=

If t > 4, the tail on this piece of Q3 is given by

mo({R > t} N Q3)

1/t pB*=b+1/1)/(1=b) pl/t(b+a) @ '—t(b+a))/b
/ / / / 1ds dadoadb
b=0 Ja=t"1-b a=1-b s=0

(I—VT=/1))2  pB2—b+1/1)/(1=b) pl/t(b+a) pla~'—t(b+a))/b
+ / / f / 1ds dadodb
b o a s

=1/t =0 =1-b =0
1—1/t B2=b+1/1)/(1=b)  pl/t(b+a) @™ '=t(b+a))/b
+/ / f / 1ds dada db
b=(1++/1—4 *)/2 a=1-b s=0

1/t(b+a) pla='—1(b+a))/b
/ / / / 1ds dado db.
b=1-1/t Ja= a=1-b s=0
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By evaluating each integral and then approximating by its Taylor series, we see that

1/t pb2=b+1/0)/(A=b) pl/t(b+a) (@ '=t(b+a))/b
/ f f / lds dadadb~ 174,
b= a=t—1-b a=1-b s=0

A=V1=4]0)/2 pB2=b+1/1)/(1=b) p1/t(b+a) @' —t(b+a))/b
/ / / ldsdadoadb~ 17>,
b o K

=1/t =0 a=1-b 0

-1/t B2=b+1/0)/(1=b)  pl/t(b4+a) pa='=t(b+a))/b
/ f / / ldsdadadb~17>,
b=(14++/T=4]1)/2

1/t(b+a) (a"ft(b+a))/b
/ / / / 1 ds da da db ~ 172
b=1-1/t Ja= a=1-b s=0

By adding the contributions from both cases, we conclude that
ma({R >t} NQ3) ~ 12
By multiplying each integral above by 4, we have that contribution of
myy({w € Wa|R(w) > t, I(w) € Q3})
and also the decay rate
myw({w € Wa|R(w) > t, I(w) € Q3}) ~ 172

Contribution when T1(w) € Q2 U Q4. Suppose IT(w) € 2;. Notice that €2, can be writ-
ten as

Q= {b cO 1L aec(l—b1l,ac(—ba)sec |:(ab)_l<u), (ab)_1>}.
o
‘We have
mw({w € Ws|R(w) > t, [TI(w) € Q2}) =4mq({(a, b, s, a) € Q2 : (ab)_l — 5 >t}).
Unpacking a little, we see
(ab)f1 —85>1 << (ab)fl —t>s

and this is always the minimum upper bound for s in €2, since # > 0. On the other hand, to
satisfy the cross-term condition, we need

(ab)l(u) <@b) =t & a < 1/bt.

o

Hence, we want to understand how the hyperbola « = 1/b¢ intersects the triangle
{(b,a) |be (0,1, e (-0, 1]}

If t € [0, 1), then everything lies below the hyperbola « = 1/b¢ and the contribution is

(ab)™'—
mo({R >t} N Q) = / / / / ldsdadodb.
b=0 1-b Ja=1-b Js=(ab)~ ((a—a)/a)
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If € [1, 4), then the hyperbola o = 1/b¢ intersects once at b = 1/t and the contribu-
tion is

1/t (ab)~1—
mQ({R>t}ﬂ§22)—/ / / / 1ds dada db
a=1-b Ja=1-b Js=(ab)~ ((a— a)/ot)

1/bt (ab)~1—
/ / / / ldsdadoadb.
b=1/t Ja= a=1-b Js=(ab)~ ((a—a)/a)

If t € [4, 00), then the hyperbola o« = 1/bt intersects twice and the contribution is

mo({R >t} N Q)

1/t (ab)~1—
f / / / lds dadadb
b=l a=1-b Ja=1-b Js=(ab)~((a—a)/a)
(—1=@/1)/2 p1/bt (ab)~1—
+ / / / / 1ds dadoadb
b=1/t a= a=1-b Js (ab)"((ot—a)/ot)

1 1/bt (ab)~1—
+ / / / / 1ds dadadb.
1+/1-(@4/1))/2 Ja= a=1-b Js=(ab)~ ! ((a—a)/a)

By evaluating each integral and approximating the result with a Taylor series, we see that

1/t (ab)~'=
/ / / / 1 ds da do db ~ 172,
b=l a=1-b Ja=1-b Js=(ab)~ ((a— a)/oc)
A—v1=@]0)/2 p1/bt (ab)~1—
/ / f [ lds da do db ~ 1%,
b=1/t o= a=1-b Js (ab)—‘((otfa)/ot)

1 1/bt (ab)™!
/ / / / 1ds da da db ~ 172
(1+/1-(4/1))/2 a=1-b Js=(ab)~! ((@—a)/a)

In total, we have a quadratic tail when IT(w € $27)
mo({R >t} N ) ~ 172
Now suppose IT(w) € 4. Notice that €24 can be written as
Q=1{be©1,aed—b,1],ae(l—b,a),sel0, @b .
We have
myw({w € Wa|R(w) > t, [T(w) € Q4}) =4mo({(a, b, s, o) € Q4 : (ab)f1 —s5 > 1}).
The condition on the return time says
(ab)f1 —5>1 << (czb)f1 —t>s

and this is always the minimum upper bound for s in €24 since ¢ > 0. On the other hand, to
satisfy the cross-term condition, we need

0<(ab)y' =t < a<1/bt.

Hence, we are interested in the hyperbola a = 1/bt and how it intersects the triangle {b €
0,1, a e 1 —0b,1]}.
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If t € [0, 1), then everything lies below the hyperbola « = 1/b¢ and the contribution is

1 1 a (ab)y 1=t
mo({R >t} NQy) = / / / / 1ds dadadb.
b=0 Ja=1-b Ja=1-b J5s=0

If t € [1, 4), then the hyperbola & = 1/bt intersects once at b = 1/t and the integral is

1/t (ab)~1—
mo({R >t} NQy) = / / / / 1 ds da da db
b=l a=1-b Ja=1-b

1/bt (ab)~'—
/ / f / 1 ds da da db.
b=1/t Ja= a=1-b

If t € [4, 0c0), then the hyperbola o = 1/bt intersects twice and the integral is

1/t (ab)~'—
mo({R >t} NQy) = / / / / 1 ds da da db
b= a=1-b Ja=1-b
(A=V1=@/1)/2 p1/bt (ab)~1-
+ [ / / / 1 ds da da db
b=1/t a= a=1-b

1 1/bt (ab)~1—
+/ / / / 1 ds da da db.
1+/T=@/) /2 Ja= a=1-b

By evaluating each integral and approximating the result with a Taylor series, we see that

1/t (ab)~1—
f / / / 1dsdadadb~t2,
b= a=1-b Ja=1—-b

(—T=@/1)/2 p1/bt (ab)~'—
f / f / 1dsdadadb~t4,
b=1/t a= 1—b

1 1/bt (ab)~' =
/ / / / 1dsdadadb~t2,
(14+/T=@/1)) /2 Ja= a=1-b

mo({R >t} N Q) ~ 172

Tail contribution of Ws,. Hence, combining all the above contributions, we have that the
tail on W, has quadratic decay,

mpw({w € We : R(w) > 1}) ~ 172

A.l.2. Haar-measure computations and estimates for Ws.  We now compute the contri-
bution on the doubled slit tori coming from a short lattice piece. That is,

myy({w € WailR(w) > t}).
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b+vy>1 [
0.8 { b 0.8 htv > 1}
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{b +v; < 1}
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{b+tvi <1}
00 02 04 06 08 10 00 02 04 06 08 10
(a) A generic picture when b < 3 (b) A generic picture when b > 1

FIGURE A2. A generic picture of the two cases that arise for the return map.

For w = w,p,v,,v,) € Wi, we have a piecewise map on two pieces depending on the
length of b 4 v;. In each piece, we know explicitly the return map and thus can compute

mw(w € Wy|R(w) >t) =4 /f / X(R>ny(a, b,v) dvdbda.
UGRz/pa,bZZ
(a,b)eA

It will be useful to parameterize R?/ pa,bZ2 as the set
(i, v2) = (ax +by.a”'y) | (a,b) € A, (x,y) € [0, D).

The condition that determines what the return map is depends on whether b + v is larger
than or smaller than 1. In the coordinates (v, v2) = (ax + by, a~'y), we have

1-b b
b+vi>1 <—==x>—7 ——y=1(y).
a a
Hence, there is natural interest in the behavior of /. Notice
(1) 1(0) = (1 — b)/a is always less than one for any (a, b) € A, and
2) I(1)<0 «<b=>1/2.
Hence, we can represent the two cases of our return map through the (y, x) slice as in

Figure A2.

Case 1: b+ v; > 1. Notice that /(1) < 0 <= b > 1/2. Moreover, [ hits the y-axis at
y =b~! — 1. As indicated at the start of this subsection, we break our computation up
into the case where b > 1/2 and b < 1/2. Notice that [ hits the y-axis at y = b= — 1.

Case 1A: b+v; > 1 and b <1/2. If b < 1/2, then our region b+ vy > 1 can be
described as

{(b,a,x,y)|be(0,1/2],ac (1 -b,1),y €[0, 1), x €[l(y), D}.

See Figure A2(a).
On this region,
1

R) = (ab) ' >t & a< v
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Hence, all we have to do is understand how this hyperbola intersects the triangle {(b, a) €
A:be(,1/2),ae(1—->b,1)}.
If t € [0, 2), then everything lies below the hyperbola and the contribution is given by

1/2
/ / / / 1dx dydadb.
b= a=1-b Jy=0 Jx=I(y)

If t € [2, 4), then the contribution is given by

1/t 12 pl/be
/ / / / ldxdydadb—i—/ / f / 1dx dyda db.
b= =0 Jx=I(y) 1/t Ja= y=0 Jx=I(y)

If t € [4, 00), then the contribution is given by

1/t
/ / / / 1dx dydadb
b= a=1-b x=I(y)

(I—/T=(@&/1))/2 pl1/bt
+ / / / / 1dx dyda db.
b=1/t a= x=I(y)

By evaluating each integral and approximating the result with a Taylor series, we see

that
1/t
f / f f ldx dydadb~ 173,
b=l a=1-b Jy=0 Jx=I(y)

A—I=@J0)/2 p1/bt
/ f / f ldx dydadb~ 1%
b=1/t a= x=I(y)

Hence, the tail on this region is less than quadratic. More precisely, we have

mwy({R>1}N{b+v; > 1}N{b<1/2}) ~177.

Case IB: b+ vy > land b > 1/2.If b > 1/2, then our region is the union of
((bya,x,y) | be(1/2,1),ac(1—b,1),ye[0,b~'—1),x € [I(y), )}
with
{(bya,x,y)|bed/2,1),ac(1—b,1),yeb ' —1,1),x€[0, )}

See Figure A2(Db).
Now we can implement the return time condition. On this region,

Rw)=@h) ' >t & bn)~' >

Hence, all we have to do is understand how this hyperbola intersects the triangle {(b, a) €
Albe(1/2,1),ae(1—-0b,1)}.
If t € (0, 1), then everything lies below the hyperbola and the integral is

1 1 b1 pl 1 1
/ / [/ / ldxdy—i—/ / 1dxdyj|dadb.
b=1/2 Ja=1-b y=0 x=I(y) y=b"1-1 Jx=0
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Ift € [1, 2), then the integral is

1/t 1 b~1-1 pl 1 1
f |:/ / 1dxdy+/ / 1dxdyi|dadb
b=1/2 Ja=1-b y=0 x=I(y) y=b—1-1 Jx=0
1 1/bt b l-1 p1 1 1
+/ / |:/ f 1dxdy+/ / ldxdy:|dadb.
b=1/t Ja=1-b y=0 x=I(y) y=b=1-1 Jx=0

Ift € [2, 4), then the integral is

1 1/bt bl-1 p1 1 1
/ / |:/ / ldxdy+/ / 1dxdyi|dadb.
b=1/2 Ja=1-b y=0 x=I1(y) y=b"1-1 Jx=0

If t € [4, 00), then the integral is

1 1/bt b1 1 1 1
/ / [f / 1dxdy+/ / ldxdy]dadb.
b=(14+/1—=(&/1))/2 Ja=1-b y=0 x=I(y) y=b—1-1 Jx=0

By evaluating this integral and approximating the result with a Taylor series, we see that

1 1/bt b1 1 1 1
/ f U / 1dx dy—i—/ / 1 dx dy]da db~172.
b=(14+/1—-(4/1))/2 Ja=1-b y=0 x=I(y) y=b—1-1 Jx=0

Hence,
mw({R >t}N{b+v > 1}N{b > 1/2})

decays quadratically.
Combining this with the part where b < 1/2, we see that

mw(R > 1}N{b+v > 1}) ~ 172
Case 2: b + v < 1. We are interested in the situation underneath /(y) in Figure A2. Now
we impose the return time condition. On this region (that is, when b + v < 1), we have

%) 1 b

Rlw)=—=>t < x < —. == y =: L(y).

V1 a<t a
Notice that L is a line through the origin and since it is an upper bound for x, then we are
only concerned when it has positive slope. That is, when

1 b 1

— ——>0 < — >a.
a’t a bt

Lastly, we notice to parameterize the (y, x)-plane, we need to understand how the two
lines / and L intersect each other. Since they are each lines, it suffices to understand how
they interact when y = 1. We obtain three cases:

(1) b>1/2and L(1) > I(1);
2) b<1/2and L(1) = I(1);
(3) b<1/2and L(1) <I(1).

We do not have the case b > 1/2 and L(1) < I(1) because when b > 1/2, then we have

[(1) as negative, which forces L to be negative, but this is not possible since it is an upper
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FIGURE A3. A generic picture of the three cases that arise for the return map.

bound for x. Lastly, we note that L and / intersect at the point y = (1 — b)ar. We illustrate
the three cases in Figure A3.
We now compute the contribution on each of the above cases.

Case 2A: b+vy < 1,b>1/2,and L(1) = I(1). If b > 1/2 and L(1) > I(1), then the
region is the union of

{(bya,y,x):be(1/2,1l,ae (1—=0b,1],y € (0, (1 —b)at], x € (0, L(y))}
and

{(bya,y,x):be1/2,1,aec (1 —b, 1],y € ((1 —b)at,b~' =11, x € (0, 1(y))}.
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The condition L(1) > /(1) is equivalent to a < 1/¢t(1 — b). Combining this with the
condition from the return map means that we are interested in

. 1 1
a<min{—, —— .
bt t(1 —>b)

However,

1

— <

tb t(1-0>b)
so that actually we only care about how the hyperbola a = 1/tb intersects the region
{(b,a) :be(1/2,1],ae (1 —D>b,1]}.

If ¢ € [0, 1), then everything is under the hyperbola and the integral is

(1=b)at  pL(y) b1 1)
/ / |:/ / 1dxdy+/ / ldxdy]dadb.
b=1/2 Ja=1-b y= x=0 y=(1—-b)at Jx=0

Ift € [1, 2), then the integral is

1/t (A=byar pL(y) b1-1 1(y)
f / |:/ / 1dxdy+/ f ldxdy:|dadb
b=1/2 Ja=1-b x= y=(1-b)ar Jx=0
1/bt (1=b)at pL(y) b1-1 1(y)
/ / |:/ / 1dxdy+/ / 1dxdyj|dadb.
b=1/t Ja= x=0 y=(1-b)at Jx=0

If t € [2, 4), then the integral is

1/bt (1-b)at  pL(y) b~1-1 1(y)
/ / |:/ / 1dxdy+f / ldxdy]dadb.
b=1/2 Ja= y=0 x=0 y=(1-b)at Jx=0

If ¢ € [4, 00), then the integral is

1 1/bt (1=b)ar pL(y) | 1(y)
/ / [/ / ldxdy—i—/ / 1dxdyi|dadb.
b=(14+/1=(4/1))/2 Ja=1—b y=0 x=0 y=(1—b)at Jx=0

By evaluating the above integral and approximating it with its Taylor series we see that
the decay is cubic. That is,

—1/2<b

mw(R > t}N{b+v < 1}N{b> 172} N{L(1) > I1(1)}) ~ 173

Case 2B: b+vy <1,b < 1/2,and L(1) =1(1). If b < 1/2 and L(1) > I(1), then the
region is the union of

{(b,a,y,x):be(0,1/2],ae (1 —>b,1],y € (0, (1 —b)at], x € (0, L(y))}
and
{(b,a,y,x):be0,1/2],ae (1 —=>b,1],y € (1 —b)at, 1], x € (0,1(y))}.

As before, the condition L(1) > /(1) is equivalent to a < 1/¢(1 — b). Combining this
with the condition from the return map means that we are interested in

1 1
a<mmi{y—, ——¢.
{bt t(l—b)}

https://doi.org/10.1017/etds.2021.81 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2021.81

Gaps of saddle connection directions for some branched covers of tori 3237

‘We have,
1 1

>
tb t(1—-0>)

= 1/2>b.

Consequently, we are interested in how the hyperbola a = 1/¢(1 — b) intersects the
triangle {(b,a) : b € (0, 1/2],a € (1 — b, 1]}.
If t € [0, 1), then everything is under the hyperbola and the integral is

1/2 (1=b)at pL(y) 1 1(y)
/ f |:/ / 1dxdy+/ / ldxdy]dadb.
b= a=1-b x=0 y=({1-b)at Jx=0

Ift € [1, 2), then the integral is

1—t1 1/t(1—b) (1=b)ar pL(y) 1 1(y)
/ f [/ / ldxdy—i—/ / ldxdy}dadb
b=1—+1"T y=(1—b)at Jx=0
172 1 (I—byat  pL(y) 1 1(y)
/ / |:/ / ldxdy—i—/ / 1dxdyj|dadb.
b=1-t"1 Ja=1-b y=0 x=0 y=(1-=b)at Jx=0

If ¢ € [2, 4), then the integral is

1/2 1/t(1-b) (1-b)at L(y) 1 1(y)
/ / [/ / ldxdy—i—/ f 1dxdy:|dadb.
b=1—+1"T y= y=(1—b)at Jx=0

If t € [4, 00), then the hyperbola passes below the triangle and there is no contribution.

Case 2C: b4+vy <1,b < 1/2,and L(1) <I(1). If b < 1/2 and L(1) < I(1), then the
region is

{(b,a,y,x):be(0,1/2],ac (1 —-b,1],y € (0,1],x € (0, L(y)}.

Using that L(1) < I(1) is equivalent to a > 1/t(1 — b). we have that we are interested
in the condition:

max {1 — b, ! < a < min 1,l.
t(1—0>) bt

By understanding this region in the (b, a)-slice we deduce the following.
Ift € [0, 1), the condition that a > 1/¢(1 — b) says there is no contribution here.
Ift € [1, 2), the integral is

1-V1/t pl 1 L(y)
/ / / / 1dx dydadb
b=0 a=1-b Jy=0 Jx=0
1-(1/1) 1 L(y)
+ / / / / 1 dx dy da db.
b=1-J/1/t Ja=1/t(1—b) Jy=0 Jx=
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If 7 € [2, 3+ +/5)/2), the integral is

1-(1/4/1) L(y)
/ / / / 1dx dydadb
a=1-b Jy=0 Jx=
1/t 1/bt L(y)
+ / / / / 1dx dydadb
b=1-J1]t Ja=1/t(1-b) Jy=0 Jx=

1/2 1/bt L(y)
+/ / / f 1dx dyda db.
b=1—-JT7t Ja=1/t(1—b) x=

Ift € [(3++/5)/2, 4), the integral is

1/t L(y) 1/bt 1 L(y)
/ / / / ldxdydadb—}-/ / / f ldx dydadb
b= a=1-b Jy=0 Jx= 1/t a= x=0
1/2 1/bt 1 L(y)
+/ / / / 1dx dyda db.
b=1—/T/t Ja=1/t(1—b) x=0

Lastly, if ¢ > 4, the integral is

1/t L(y)
/ / f / 1dx dydadb
b= a=1-b Jy=0 Jx=

(A=v1-@4/1))/2  p1/bt L)
+ / / [ / 1 dx dy da db.
b=1/t a= y=0 Jx=

By evaluating the integrals and approximating it with its Taylor series we see that the decay
is cubic.

A.1.3. Proof of Theorem 4.4, (3) and (4). Combining the results of the previous two
subsections we see that we have quadratic decay for the slope gap distribution of doubled
slit tori and support at zero.
An explicit description of the tail distribution G is given below. Recall, that this is
defined as G () = %(3 + %) — F(t) where F(t) is the cammulative distribution function.
Piecewise, we have: G(1) - xj0,11 = ¢ (3 + %) — (71/8),

G- xa.2
1 (1 C(t—1 )

=% 24( Lip n — Lip - — 12 log”(t) + 24 log(t — 1) log(r) + 12 log(z)
I 24 log(t — 1) + 54 log(t) + 51
steat 4t(—24log(t—l)+2410g(t)—4)+ og( );:n og(r) + ’

G0 X.61v52

L —as(Lin 1) - i (= 3 log (%) — 24 1og2(1) ) + —
1 —Lip| — — — —
~ a8 Ar) 2\ o8 o8 2372
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| 12log(1 - (1/3/1)) — 36 log(t — 1) + 48 log(t) — 12 log(t — /1)
4812

72 coth~'(1 — 2¢) — 18 N 24 log(1 — (1/+/1)) + 24 log(r) — 36
4812 48/t

1 1 4
+ &<—12 log (1 - \—/;> — 3(7 + 10g(256)) log (;))

+ %(—63 — 45 log(2) — log(8) log(256))

1
+ Et(—48 log(t — 1) + 48 log(t) — 16)

4 —121og(1 — (1/4/1)) + 48 log(t — 1) 4+ 96 log(t) + 192
48t¢

1
+ &(48 log(t — 1) log(#) + 24(3 4+ log(2)) log(z)),
GO X((3+v5)/241

~ U as(in( ) (! 3 log(r3) — 24 log?
—E<— <12<?>— 12<T — 3 log(r") — 24 1og™(r)

—121log(1 —t) — 24 log(t — 1) + 12 log(—t) + 24 log(t)
+ 48¢2

72 coth™' (1 — 2¢) — 24
4812

1 1
+ 13 ( —121log (1 - $> — 144 — 2 log(8)(15 + log(256))>

+ % (12 log(v/1 — 1) 4 3(7 + 10g(256)) log (;))

24 log(1 — (1/4/1)) — 24 log(v/t — 1) + 12 log(r)
_|_
48/t

1
+ &t(—48 log(t — 1) + 48 log(t) — 16)

n —121og(1 — (1/4/1)) + 12 log(v/t — 1) +24 log(t — 1) + 24 log((t — 1)//1)
48¢

n 114 log(t) + 198
48t

+ %(48 log(t — 1) log(z) + 6(13 + log(16)) log(?)).
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The formula for G(#) when ¢t > 4 is extremely long so we do not write them down. The
main characteristic is that it has quadratic tail decay as shown in Theorem 4.4(3).

A.2. Haar measure computations and estimates for 2. We prove the estimate of
Theorem 4.4(1). We also show that there is support at zero for the density function.

Proof of Theorem 4.4(1). We compute the cumulative distribution function for the gaps of

slopes

mo({R >t} N Q;)
separately for each i =1, ...,4 where ; are the regions where the return map is the
same.

We notice that much of these computations were needed in computing the gap
distribution on W, specifically the ones for the tail of €21 and €23. As such, we do not
reproduce them here.

For 21 and 23 we can compute exact asymptotics, while we only compute upper and
lower bounds for 2, and €24. This is because the return time function includes a floor
function in these cases which make explicit computations difficult.

Tail on 21. This computation was implicit in the section of measure estimates on W. It
was shown there that for t > 4, we have

mo({R >t} N Q) ~ 12

Hence, the decay on €2 is quadratic.
Tail in €2;. Due to the floor function in the formula for the return map on €2, we only
compute lower and upper estimates on the decay. We first notice that €2, can be written as

a—a

Q= {b €0 1,ae(l—b1,ax € (al),se [(ab)—‘ (—) (ab)_1>}.
o

We compute an upper bound for the contribution on 2. Recall that j =
L(1 +a — a)/b] is in the formula for the return map on €2;. An upper bound is found

by
R ja ' =sb)y+sa ((14+a—a)/b)a! —sb)+sa
= <
% oa—a-+jb o—a-+jb
(I+a—-a)ab) ' —s(1 —a) 2(ab)~!
= < .
oa—a+jb oa—a+jb
Using that

1 _
a—a—l—jb>a—a+<¥—l>b=l—b

and continuing our estimate from before, we find

2(ab)~! 2
< =U
a—a+ jb ab(l —b)

R|Q2 <
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To compute the contribution of mq({t < U}), we notice that

2

t<U e&=a<—"_
= 4= —b)

Thus, we need to understand how the curve 1/tb(1 — b) intersects the triangle {(b, a) :
b e (0,1],a € (1 — b, 1]}). Due to this, the following points will be of interest

2 1 54 2w x k
by :=—| cos|-arccos | ——1])— +1
3 3 2t 3

where k = 1, 2. For ¢ large, we note that b is close to 1 and b» is close to 0. These points
correspond to where the curve a = 1/tb(1 — b) intersects the linea = 1 — b.

Hence,
(1-/1-(8/1))/2 1 1 1/ab
mQ({t<U})=/ / / / lds da da db
b=0 a=1-b Ja=a Js=(a—a)/aba
by 1/(bt(1-b)) pl1 1/ab
+ / / / / lds do dadb
b=(1-y/1=@®/1))/2 Ja=1-b a=a Js=(a—a)/aba
(4+/1=@®/1)/2  p1/(bt(1=b)) p1 1/ab
+ f / f / lds dadadb
b=x a=1-b a=a Js=(a—a)/aba

1 1 1 1/ab
+ / / / / ldsdadadb.
b=(1+/1-(8/1))/2 Ja=1-b Ja=a Js=(a—a)/aba

By evaluating each integral and approximating the result with a Taylor series, we see

that
(1—/1=(8/1))/2 1 1 1/ab
/ f f / 1ds da da db ~ 12,
b=0 a=1-b Ja=a Js=(a—a)/aba

by 1/(bt (1-b)) 1 1/ab
/ / / / lds dadadb~17",
b=(1—/1-(8/1))/2 Ja=1-b a=a Js=(a—a)/aba

(I+4/1—(8/1))/2 1/(bt(1-b)) 1 1/ab
/ / f / lds da dadb~ 17",
b=b a=1-b a=a Js=(a—a)/aba

1 1 1 1/ab
f / f / 1 ds da dadb~ 1"
b=(1+/1-(8/1))/2 Ja=1-b Ja=a Js=(ax—a)/aba

Hence, an upper bound for the decay is
mao({t < R}N ) <ma({t <U}) ~17\.

We now compute a lower bound for the contribution on €2,. Using that the denominator
of R is bounded above by 1 and that all the terms in the numerator are positive, we have

https://doi.org/10.1017/etds.2021.81 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2021.81

3242 A. Sanchez

that

ja ' —sb)y+sa sa
R|Q2 = - > —.
oa—a+jb 1

Finally, using the lower bound of s in €2, yields that

Rlg, > 2% _.p
> —— =: L.
= ba
To compute the contribution of mq({t < L}), we notice that
t<L < a<aoa(l—bt),

which indicates interest in how the curve a = «(1 — bt) intersects the («, a) triangle. A
computation confirms that we only have points in this triangle whenever b < 1/¢. Of those
points, we only get a contribution whenever 1 — tb > 1, which gives the integral

1/t pl a (ab)™!
/ / / 1ds dado db.
b=0 Ja=1-b Ja=1-b Js=(a—a)/aba

Evaluating and using Taylor series shows that this integral has quadratic decay that is

1t pl P (ab)™!
/ f / 1ds da da db ~ 172,
b=0 Ja=1-b Ja=1-b Js=(a—a)/aba

Tail on 23. This computation was implicit in the section of measure estimates on W. It
was shown there that for t > 4, we have

ma({R >t} NQ3) ~ 12

Hence, the decay on 23 is quadratic.
Tail on Q4. We first notice that 24 can be written as

Q={be©1l,ac(—b1],ae(d—b,als |0, (@b) "))

Second, we notice that the upper estimate from €2, works. Namely,

2
R — =U
los < =)

Moreover,

t U < —_—
= 4= —b)

Thus, we need to understand how the curve 1/¢b(1 — b) intersects the triangle
{(b,a) :b e (0,1],a € (1 —b, 11}).
As before, we will be interested in
2 1 54 2w x k
by :=—| cos|-arccos | — —1) — +1],
3 3 2t 3

where k = 1, 2. For t large, we note that by is close to 1 and b; is close to 0. Lastly, these
points correspond to where the curve a = 1/¢tb(1 — b) intersects the linea = 1 — b.
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An upper bound for the contribution is given by

(1—1=(8/1))/2 1/ab
mg({t<U})=/ / / 1ds dodadb
a=1-b 1-b

by 1/(bt (1-b)) 1/ab
+ / / / / 1ds dodadb
b=(1—y1=8/1))/2 Ja=1-b a=1-b Js

(I+vT=G/D)/2  p1/(bt(1—b)) 1/ab
+ / / / / lds da da db
b=b, a=1-b a=1-b Js

1 1/ab
+/ / / / 1ds da da db.
b=(14++/1=8/1))/2 Ja=1—b Ja=1—b

We find the decay of each term to be

(1—T=@/1)/2 1 a 1/ab
/ / f / lds da dadb~t2,
b=0 a=1-b

by 1/(bt(1-b)) 1/ab
/ / / f ldsdadadb~1t",
b=(1—/1=8/1))/2 Ja=1—b a=1-b Js

(+VT=G/D)/2 1/t (1—b)) 1/ab
/ f / f ldsdadadb~1t",
b=b a=1-b a=1-b Js=

1 1/ab
/ / f / ldsdadadb~1t".
b=(14+/1-(8/1))/2 Ja=1-b Ja=1-b J5s=0

We now compute a lower bound for the contribution on €24. Using that the denominator
of R is bounded above by 1 and that all the terms in the numerator are positive, we have
that

ja ' —sb)y+sa sa

> =: L.
oa—a+jb 1

R|Q4 =

To compute the contribution of mgo({L > t}), we notice that
L>t < s>t/a.

This is a valid lower bound for s since ¢ /a is always positive. The upper bounds on s yield
the condition

t/a < (ab)™' = b<1,

which yields the integral

1/t 1/ab
mo({R >t} N Q) >mq({L >1t}) = / / f / 1ds dadoa db.
a=1-b Ja=a Js

t/a

Evaluating this integral and approximating the result by its Taylor series, we have that

1/t 1/ab
/ / / / ldsdadadb~1t2,
b= a=1-b s=t/a

so that a lower bound on the contribution of 24 is given by a quadratic function. O
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As a corollary of the measure estimates from above, we obtain that the distribution
function for gaps of an affine lattice are supported near 0.

Proof of Theorem 4.4(2). Note that the volume of Q3 is given by mq(23) =
(72 /6) — 1. Notice that in the measure estimate of the tail of 23 in case I, yields that

1 1-b pl (@ '—t(b+a))/b
/ / / / 1ds da do dbs
b=0 Ja=0 a=1-b Js=0

mo({R > 1} N Q3)

v

whenever ¢ < 1. We only have an inequality because there may be contribution from the
other pieces €2;. Hence,

& 2
/ g()dt > mo({R < e} N Q) = % —1—mo(R > e} NQ3) > /3.
0

This contribution is positive for any ¢ > 0 and so we conclude that there is support at
ZEero. O
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