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A note on the omega lemma
Sadayuki Yamamuro

A class of locally convex spaces, a B-subfamily of finite order,
is defined and the omega lemma for spaces belonging to this

family is proved.

1. Introduction

Let us denote the family of all finite-dimensional euclidean spaces by
E. Let E be a member of E and X be an open subset of E . We
denote by F(X, E) , or more simply, by F , a class of topological linear
spaces F(X, F) for all F € F , whose elements are maps of X into F .

For example, when F = Ck . Ck(X, F) is the space of all Ck—maps of X
into F .

Let Y be an open subset of F and consider a subset F (X, ¥) of
F(X, Y) defined by

F (X, Y) = {f € F(x, F) : F(X) c ¥} .
Let G be another member of E , and let
¢ : Y >GC

(o]
be a C -map such that ¢ o f belongs to F(X, G) for every

f € Fu (X, ¥Y) . Then we can consider a map

w(b:F*(X’ YY) > F(X, G) : f+dof .

The original omega lemma, proved in [, Corollary 3.8], claims that,

when F =C and X has compact closure, m¢ is a dm-map. In this
case, F (X, ¥} is an open subset of the Banach space Ck(X, F)
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When F consists of spaces whose elements are Cw-maps, there are
several results of similar type. Among these, the sharpést is the one due
to Omori [6, Lemma 2.1.3]. However, from the viewpoint of the theory of
differentiation in locally convex spaces, the omega lemma in [2, Satz 21]

(see also [4]) has the most general form.

Fischer considers the space B(X, F) of all C«Lmaps f: X ->F such
that

Il = sup{lfxi)(x)| i 2 €X,0 <1 =k} < 4w

for all k = 0 , where f(l)(x) denotes the Zth derivative of f at

X , and | denotes the norms in the spaces in € . With these norms

=
{”‘”k} , B(X, F}) is a Fréchet space. Fischer has shown that B,(X, Y)
is an open subset of B(X, F) and

w, : B,(X, ¥) » B(X, G)

¢

(o]
is a HCO-map. In fact, B,(X, Y) is open with respect to the 0th norm

”'”O on B(x, F)

The Hcg—smoothness, which has been defined by Fischer in the same

paper, is equivalent in this case to the C?—smoothness in [§] for a

suitably defined calibration I . The aim of this note is to present an
omega lemma in a more general setting. We shall consider only the

T-smoothness; we refer to [§] for its definition and its properties.

Before proceeding further, we need to observe the fact that there are
locally convex spaces coﬂsisting of dm-maps for which the omega lemma does
not hold or holds only for a special type of the map ¢ . One of such is
the space Cm(X, F) of all Cm—maps of X into F , equipped with the

calibration consisting of
- () < 4 o<
”f”k K= sup{|F "(z)| : 0= 7 =k, x €K}

for all k2 0 and all compact subsets X of X . 1In this space, which
is the biggest among spaces of Cp—maps, the subset C:(X, ¥) is not
necessarily an open subset of Cm(X, F) and, therefore, it is not a

suitable domain of a smooth map. The smallest among those spaces of
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o] o
C -maps will be the space D(X, F) of C -maps with compact supports with

the usual inductive 1limit topology. In this space, the smoothness of m¢ )
which is regarded as a map of D, (X, ¥Y) into D(X, G) , can be meaning-
fully considered only if ¢ is flat, that is

¢(n)(0) =0 forall n =0,
because w¢(f) must have compact support whenever f does. An omega
lemma in this space will be given in §6.

A typical example of spaces of lemaps to which a general method is
applicable is the space K{Mm}(X, F) defined by Shilov [3, p. 86] in the

following way. Let {Mm} be a sequence of functions
Mo X -+ R (the reals)
which take on finite or simultaneously infinite values and are continuous

where they are finite. It is assumed that

1< Mb(x) = Ml(w) = ...

Then the space K{Mﬁ}(x, F) is the set of all dw—maps f+X~=>F such
that

”f“m,k = sup{Mm(x)|flk(x) i x € X} < 4o
for all m2 0 and k Z 0 , where
|f|k(x) = max{'f(i)(x)| : 0= {5k}

The topology of this space is defined by the calibration

el . :m=o0, k= o}

When all M%(x) are equal to a constant, it obviously coincides with

B(Xx, F) . Another example is the space of all rapidly decreasing Cw—maps.

2. B-subfamilies of finite order

We start with the family B = B(X, E) which consists of the spaces
B(x, F) for all F € E . This family has the calibration T(B) , which

consists of countable semi-norm maps Py for k=0, 1, 2, ; the
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value of p; at a member of B is the kth norm ”'”k defined in the

previous section. In other words, this is a calibration with "identical

components" (see [8, Appendix]).

Now let T(F) be a set of semi-norm maps on B with the additional
assumption that elements of T(F) may take the value +» on B . For

this TI(F) , we define for each F € E a locally convex space F(X, F) by
F(x, F) = {f € B(Xx, F) : p(f) < +° for all p € T(F)} ,

where p{(f) denotes the value of the B(X, F)-component of p at f .
Then we can define a [(F)-family F = F(X, E) as the totality of all
F(x, F) for F € E .

A family F defined from B in this way is called a B-subfamily if
p(£) = lIfll,

for every p € I(F) , f € F(x, F) , and F € E . This last condition
ensures that F_(X, ¥Y) 1is an open subset of F(X, F) for every open
subset Y of F , because B, (X, ¥Y) is already H'Ho-open in B(X, F)

The family K{M%} in the previous section is obviously a B-sub-

family. As we shall show in §6, a calibration can be defined for the
family D = D(X, E) so that it becomes a B-subfamily, but the family
(=]

C (x, E) is evidently not a B-subfamily.

An essential difference between the families K{M%} and D is that
K{Mm} is of finite order in the following sense. A B-subfamily F(X, E)

is said to be of finite order if, for any p € I'(F) , there exists k= 0 ,
which is called the order of p , such that, for each F € E ,

(2.1) p(f) = Ilfllk for all f € F(x, F) ,

(2.2) for f, g € F(x, F) , if
< 2 n
lflk(x) = Gllglk(x) + aelglk(x) + o+ anlglk(x)
for some ai > 0 and every x € X , then

p(f) = alp(g) + a2p(9)2 S anp(g)n .
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The family K{Mﬂ} has the calibration consisting of semi-norm maps
pm,k for m, k=0, 1, 2, ... , whose components are ”.”m,k defined in
the previous section. The order of Py is obviously k . The family D

b
can not be of finite order.

Except for §6, we shall only be concerned with the B-subfamilies

which are of finite order.

3. Some inequalities

Let E, F, and G be members of E , and let X and Y be open

subsets of F and F respectively. We take a Cm—map
¢ Y >G .

For positive integers m and »n such that 1 =»n <m , we define the

Fao-di-Bruno constants B{(m, n) by B(m, 1) =B{(m, m) =1 and
B(m, n) = B(m-1, n-1) + nB(m-1, n)

These are coefficients in the Faa-di-Bruno formula (see [7, 1.8.3]).

O
Then, for C -maps

fogi X>Y,

we have the following inequalities:

m
(3.2 100 N@) ] = 8] (7| T 80n, mfl @7 5

n=1
(3.2) (6 o (F4g) —po) ™ ()]

3 (n) (n)
= L Blm, )|[67 o (£rg) -0 ogl ()] 1] (&)

n=1 L
6 o () | @) T VAL (=) |g] (&)™
o (fradlgle) L L= gl (=

(3.3) PFor

(n)

r(‘b(n)’ r g] -6 o (f+g) _ ¢(Vl) o f - (¢(n+l) ° f‘) X g,

we have
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|(r(o, £, )™ ()|
< 008", £, )| (@) I£] (=) + (6" o (£rg) ~ 0" o £l ()] (2)

m
) [}m, ) 26", £, )l (@ 7] ()"
n=2

n-2
+ B(m, n) |¢|m(f(x)+g(x)) PEO (Z) |f|m(x)7’|g|m(x)n-r

m=1
m n -1

v T (D8, 2 07 o (rrg) - o™ o £l (@) 5], (@) gl ()
r=n-1

In the above, we used the notation

(b x gix) = ¥(x)[g(x)]

for Y : X >L(F, G) and g : X * F . For this operation, the Leibnitz
formula gives the following inequality:

(3.4) v > gl (2) < "] @7l (2)

Here we add two simple consequences of (3.1) and (3.4). We denote by
Ln(F, G) the space L(F, L(F, ..., L(F, @), ...)) where F appears
n times. Let F Dbe a B-subfamily of finite order.

(3.5) If f € F (X, 7¥), then o) o 5 e F(x, DUF, ©)

Proof, We only need to prove the case when #n = 0 . First we note

that, for any k = 0 ,

(0, £) = supl ol (=) = € x} < o,

because f(X) is compact. Hence ¢ o f € B(X, ¢) by (3.1). Now let
p € T(F) , and let k be the order of p . Then, by (3.1) and (2.2), we

have
K i
p(o o f) =Y, (6, AT Bk, Dp(A)*| <+,
=1

which shows that ¢ o f belongs to F(Xx, G)

This fact implies in particular that the B-subfamilies of finite
order are closed under composition. The following fact shows that the

B-subfamilies of finite order are also closed under products.
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(3.6) If v €F(x, L(F, G)) and g € F(X, F) , then ¢ x g € F(X, G)
and, for each p € T(F) ,
p(p x g) = g%(wnﬂg)
for the order k of p .

Proof. From {3.L4), we have
k
lv x gl (2) = 27 [vl (=) gl (=) .

and, by (2.1), we have lek(x) < p(¥) . Hence, by (2.2), we have the

desired inequality.

4, T-smoothness of w¢

Let F(X, E) be a B-subfamily of finite order, where X is an open
convex subset of a space E in & . Let F, G €E , and let Y be a
convex open subset of F . The assumption of convexity is required to

accommodate the mean-value theorem (see [7, 1.1.3]). Let
¢ : Y >G

be a Cw-map. Then, by (3.5), it is meaningful to consider the T(F)-

smoothness of w¢
(k1) w, <s of class co and w(n =
) r'(F) ¢ ¢(n)
The remainder of this section is devoted to the proof of (4.1).

First, we prove that the map w¢, , a candidate for the derivative of w

¢ 3

is T(F)-continuous.

(b.2) For each f € F (X, Y) , the linear map

w¢.(f) : F(x, F) > F(X, 6) : g» (¢' o f) x g

is T (F)-continuous.

Proof. Let p € T'(F) , and let Xk be its order. Then it follows
from (3.6) that

p(ay,((g) = (8" o Pplg)
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for every g € F(X, F) , where p(¢' o f) <+ by (3.5). This shows the
P(F)—continuity of w,(f)

The essential part of the remainder of the proof of (4.1) are the
following two facts, which can be derived from (3.2) and (3.3)
respectively. The fact that f(X) is a compact subset of F is an

indispensable condition here.

(4.3) Assume that g, €Fx, F), z €Xx, and

lim Ig , (x ) =0
n'k'n

n‘)w
for some k = 0 . Then, for any f € F (X, ¥)

lim |w¢'(f+gn)‘w¢'(f) Ik(xn) =0 .

noe

(4.4) Let f€F(x,7Y), g, € F(x, ) , and © € X . Assume that
iﬂ Ign'k(xn) =0
for some k =2 0 and Ignlk(xn) #0 forall n21l . Then
. -1
3-{:2 'gnlk(xn) |w¢(f+gn]'w¢(f)'m¢'(f) (gnﬂktxn] =0 .

Now we show that the [©(F)-continuous linear map m¢,(f) is the

derivative of w¢ at f .

(L.5) w, s T(F)-differentiable on F (X, ¥) and m¢,(f) 15 its
I(F)-derivative at f € F (X, ¥)

Proof. Assume that w¢,(f) is not the T(F)-derivative of @y at
f € F X, ¥Y) . Then there exist p € I'(F) , € >0 , and g, € F(x, F)

such that 1lim p(g ) =0 and
nie 7

pluy (r+g,) w0y, (M0, 1 () (g,)] > ep(g,)

for all n 21 . Let k be the order of p . Then it follows from (2.2)
that there exist x, € X such that
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la, (F+9,) -0, (A0, (N (g) | (=) > elg | (=)
Furthermore, by (2.1), we have

1i X =0,
n_l’g Ignlk( YZ)

which is impossible by (L.4).

If we replace ¢ Dby ¢(n)

, the above argument gives that w (n) is
T(F)-differentiable at each f € F (X, ¥Y) with w (n+l)(f) as its
¢

derivative. This means that w¢ is of class C;(F) and

w(”)(f) =w, (f) forall n=1.
¢ ¢(n)
5. Completional T-smoothness of W
We use the same notation as in the previous section. The map
w¢ : F (X, Y) » F(X, G) 1is completionally T(F)-continuous if, for each

p € T(F) , the following condition is satisfied: <if {fh} and {gn} are

two p-Cauchy sequences in F (X, ¥Y) such that 1lim p[f%—gn) =0, then

7130

lim p(m¢(f )'u’¢, (gn)) =0

n-o

If w is of class C?(F) and each derivative

wé") Fox, v) ~ Fx, LMF, @)
is completionally T(F)-continuous, then Wy, is said to be of class
CC?(F) . This notion was introduced in [9] in order to describe the

smoothness used by Omori [4] in terms of the T-differentiation.
The aim of this section is to prove the following fact.

(5.1) If ¢ : Y > G 1is of class cc” , then m¢ 18 of class

CCF(F) .

00
However, since w¢ is already a CF(F)-map, this is an immediate
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consequence of the following fact.

(5.2) Let ¢ : Y >G bea CCm-map. Then, for any p € I'(F) , if

{fh} and {gn} are p-Cauchy sequences in F (X, Y) , there exists a

positive constant Y such that
p(w¢(fn)‘w¢(9n)) = Yp(fh“gn) .

Proof, Let p € T(F) and % be its order. From (2.2) with n =1,
it suffices to show that, under the above assumptions, there exists vy > 0

such that
- < -
qu)(fn) w¢(9n)lk(x) Ylfn 9n|k(x)
for all x € X . But this is an immediate consequence of (3.2), if we use
the following fact.

(5.3) If {zn} i8 a bounded sequence in Y , then

sup{l¢(i)(zn)l 1nz 1} < oo
for all 720

This follows from the fact that a completionally continuous map

transforms a Cauchy sequence to a Cauchy sequence.

6. The family ©»(x, E)

When a B-subfamily is not of finite order, the omega lemma will take
a more complex form. As an example, we shall consider the case of the
family D(Xx, E) , where OD(X, F) for F € E is the space of all C?—maps
with compact supports of X into F , equipped with the usual inductive
limit topology. The calibration T(D) for this family was given in [§]

in the following way. First, we take and fix a sequence

{Kk : k=0, 1, 2, ...} of compact subsets of X such that Ko =9,
0 . . ‘
c .
Kk Kk+l (the interior of Kk+1 ], and every compact subset of X is

contained in some Kk . Let a = {ak} and m = {mk} be increasing

sequences of positive numbers and non-negative integers respectively, and

let us define a semi-norm map Py m by
3
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Pomlf) = sup suploy [F], (@) s = ek )]

for all f ¢ D(X, F) and F € E . The calibration T(DP) consists of all

these Pyom for all such sequences o and m
b

The notion of gradings of a calibration T has been introduced in

[9]. A grading of T is a sequence 0 = {Un =0, 1, 2, ...} of maps

o :I'-»T
n

such that

°n+1(p) k4 on(p) and oo(p) =p

for all p € I' . The notion of 0-smooth maps has also been given in [9]
in order to describe the smoothness of the product operations in some

groups of Cgldiffeomorphisms. It is easy to see that every O-smooth map
0

is a CArmap in the sense of Keller [5, p. 109].

The following fact is the main result of this section. Let &, F, G,

X, and Y be as in the previous section, and assume that 0 € Y .

(6.1) For any flat CP-map ¢ : Y > G, there exists a calibration
T(¢) for D(X, E) and a grading o(¢) of T(¢) such that

w

% : D,(X, ¥Y) »0(x, G)
is a 0o(¢$)-smooth map.
We recall the fact that the conditions that 0 € Y and ¢ is flat,

(n)(

that is ¢ 0) =0 'for all »n = 0 , are indispensable.

To prove (6.1), we should first determine the calibration T(¢) and

the grading o(¢) . Since

x — |¢|m(x)

is continuous and |¢|m(0) = 0 , there is an increasing sequence {a(m)}
of positive numbers such that

(6.2) lo] (z) =1 ir |z| < 1/alm)

and
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(6.3) 28(m) = af{m) ,
where
m
B(m) = Y B8(m, n) ,
n=1

where B{(m, n) is the Faa-di-Bruno constant defined in §3. It is easy to

see that

B(m) = L for all mz 1 .

Now we define T(¢) by

T(¢) = {pa,m € T(D) : a, z a(mk] for all k = 1} ,

which is obviously a calibration for D(X, E) . The grading o = {on} is
defined by the following relations:
o) TP ) ()

’

where

(6.1) ™) = fo 50 (m4n)-a(n )}
and

(6.5) n - {m, +n}

As in [7], let F(X, F)[p] bve the space F(X, F) regarded as a semi-
normed space with respect to a semi-norm p , and let F (X, Y){p] be the

set F (X, Y) regarded as a subset of F(X, F)[p] . Then the map W, is

o(¢)~-smooth if and only if, for each n 2 O and each Py.m € T(¢) , the
t ]

map w, isa " -map of D,(X, Y)[on(pa’m)] into 0(x, ¢)[p

]
We start the proof of (6.1) with the following two simple facts.
(6.6) The map

Wy D(x, ¥) = D(x, &)

is infinitely many time Giteaux-differentiable and, 1f we denote the nth
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o) ()

Gateaux-derivative of Wy, by P have Wy =Wy

¢

)

(6.7) For each f € DX, Y) , the map wé” (f) isa

I'{¢)-continuous n-linear map of UV(X, F) into D(X, G)

(6.6) is equivalent to

(ne1) () X 9

1.0

lim egl[wq)(n) (f+sig)—w¢(n)(f)] = w¢

for each n =2 0 if Ei + 0 . The limit is in the sense of the usual
inductive limit topology; the left-hand side converges uniformly on the

compact set that is the union of the supports of f and g .

(6.7) is implied by the following fact, because ¢ = ¢(n) © g has

compact support.

(6.8) Let X, Y, E, and F be as above, and let G be an arbitrary
member of E . Assume that Y € D(X, L(F, G)) . Then, for the map

u, : D(X, F) > D(X, G) : g+ X g

v

and pa,m € T(¢) , we have

pa,m(uw(g)) = pa,m(w)pa,m(g)

The proof is a simple application of the Leibnitz formula and the

m

relation ak =2 k

It follows from (6.6) and (6.7) that the map

o D.(x, Y)[on[pa,m)] > 0%, 6) [pa,m]

w

is infinitely GAteaux-differentiable and its nth derivative is a
continuous #n-linear map. If we denote the norm of this #n-linear map

w(n)

b (f) vy “wén)(f)N , then (6.8) means that
a,m

B = p 6 e

o,m
o,m ?

Therefore, the proof of (6.1) is completed when the following fact is
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proved.

(6.9) Let E, F, G, X, and Y be as above. Then, for any flat -
mp ¢ :Y>G, the map

am)

k]

“’¢(n) : DX, ¥) [On(Pa,m)] >D(x, LMF, &) p

ig continuous for each n = 0 .

Proof, Assume that Gn[p J{g,) 0 as i +® . Let f€ DX, ¥)

a,m ‘U1
and its support be contained in Kk . Then
0
P, ml® (ny (Fra5)-0 () ()]
¢ ¢
=  max sup{ak|¢(n) o (f#gi]_¢(n) o f‘ (x) : = € Kk \Kk l}
0=k=k m o
0 k
+ sup {ak ¢(7’l) o gi () : x ¥ Kk l}
kzko g -

The second line converges to zero as % + ®© , because

Igilmk(x) =Py plag) /oy if @ § Ky

and hence the inside of the brackets { } converges to zero uniformly in

0
the compact set X \Kk , for each k . As to the third line, assume that
‘o k-

kzk , x¢ Kk—l , and 7 1is large. Then, by (3.1),

0
e
i (n) (n) N, g-1 i
o (x) = () [e , J) /ol ][ . J]
ak|¢ gt mk |¢ Imk (91, £ )[ng [mk JJ 0‘]( uklgl lmk(x)

<
= Py K] (gz) )
because it follows from (6.2) and (6.5) that

I¢‘”’Imk(9i<x>) = Jo| () =1,

mk+n(gi
since
]gi(x)l < 1/a(mk+n)

and (6.3) implies
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[4]

£5]

Lé]l

£7]

[&]

£91
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mk mk
v |8, 9 /a‘i_l) =6lm. 1)+ L (B, d)/a) =2
J=1 J=2
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