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1. Introduction

In connection with Relativity, Kottler [2] introduced the space V,
whose metric tensor is given by

En=¢% gu= —%], gy = —a;sin’x,
(L.1) 1 L
g44=“$§’ 8;=0 (i #7),

z, being space coordinates and ¢ being a function of #; only, and showed
that if

by\—1
#= - (1+a+ )
Z

where a4 and b are arbitrary constants, then the V, is an Einstein space.
The present paper deals with a type of Riemannian space of # dimensions
(n = 4) for which the metric tensor is a generalisation of that of Kottler’s
space V, and is given by

(1.2) En=9% gu=—2, gu=-sin’%, g 1. E<h<mn)

1 . .
gnuz_de’ gll=0 ('#1)

where ¢ is a function of x; only.
Denoting an n-dimensional space of this kind by T, the following
theorems will be proved in this paper.

THEOREM 1. If a T, is conformally flat, then it is of constant Riemannian
curvature.

THEOREM 2. If a T, is symmetric in the sense of Cartan, then it is of
constant Riemannian curvature.

THEOREM 3. If a T, is Ricci-symmetric, then it is an Einstein space.
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2. Proofs of Theorems 1 and 2

Let us consider an #n-dimensional Riemannian space V, (n = 4) whose
metric tensor is given by (1.2). It can be easily verified that for this space
R,;x=0 (h 1,1, & unequal) and R,;, = 0 (Eisenhart, (1], p. 44). By
actual calculations we get the nonzero components of the Riemann tensor

as follows:
z, dd .
Rypm = j;i—x- v Ryg =sin®z, Ry g (2<k<n)
1
3 /dd\?* 1 d2¢ 2 - 1
e Riypm= — T (Z{l) + @ t—i;f » Ryggp = ay sin?z, (1 + gz)
2, - |
Ryre = SIN® &y Ryp ypq2 (3 < k<), Rypne = — ‘Fl Rysn
Ry =s? 0, 1 Ry g (2 < h <k =)
Put
. 1 R
2.2 S — N,
(2.2) hk Y [th 2(n—1) ghk]

where R;, is the Ricci tensor and R is the scalar curvature. It is known
that if an #-dimensional Riemannian space (% = 4) is conformally flat, then

(2.3) Ryiiv = gueLlnsy—8&isLant8&niLic—8nrL,;

where L,, is given by (2.2).
Let now T, be a conformally flat space. Then from (2.3) we get

—at d*¢  3x} (dd\* 2z, dd _
(2.4) $ a T g¢ (E”—l) + 3 dz, + (1442 = 0.
The solution of (2.4) is given by
(2:5) $2 = — (1+azi+bz,)!

where a and b are arbitrary constants.
As proved by Hlavaty ([3], p. 477), in a conformally flat V, (n = 4)
a consequence of (2.3) is

(2-6) Lu,k = Lu.i

where comma denotes covariant differentiation with respect to g,,. From
(2.6) it follows that b = 0. Hence from (2.5) we get ¢* = —(14az})™
and therefore R;; = R/n g,,. Thus the space T, is a conformally flat Ein-
stein space and therefore it is a space of constant Riemannian curvature
(Eisenhart, {1], p. 93).
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Let us next suppose that T, is symmetric in the sense of Cartan, i.e.

let
(2~7) Rhiik,l = 0.
In consequence of (2.7) we get
z, dé
2.8 2L =
(29) (1+5) + 5 =0

Solving (2.8) we get
(2.9) ¢t = —(1-+azd)?
where @ is an arbitrary constant. From (2.9) it follows that

Ryise = (80386 8:58n1)-

Hence the T, is of constant Riemannian curvature.

3. Proof of Theorem 3

Let us now suppose that T, is Ricci-symmetric, ie., let R,; = 0.
Taking covariant derivatives of R, we obtain

1 d3¢ 4+ a2¢ [9 d¢ (n—2)]

W= TR T AR ($rde, e
;j (:li:,) + (;19522) (::1) T ¢ ZZ’I

Ry,=0 p#1
2 a2 dp\?
=2 ozt a9
R22,1 - x1¢4 {- 1 dzz 3x§. (dxl)
d
=) 2 g+
2y
Ry, =0 p#1, Ry = sin® #,_y Ry 1a-1,1
Rpmpo=0 p#1 (@<h<n)

1
Rnn,l == ;Fl Rll.l Rnn,v =0 ? # L

Since T, is Ricci-symmetric

dé

T T =0

d2¢ dg\?
(G1) gt 7 — 32 (d—x—) Ry —

Solving (3.1) we get
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(3.2) ¢ = — (1+azd+bad—m)1

where 4 and b are arbitrary constants.
But a T, for which the value of ¢ is given by (3.2) is an Einstein space
(H. Sen, [4]). Hence the T, is, in this case, an Einstein space.

In conclusion, I acknowledge my grateful thanks to Dr. M. C. Chaki
for suggesting the problem and for his helpful guidance in the preparation
of this paper.
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