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In the past few years meshless methods for numerically solving partial differen-
tial equations have come into the focus of interest, especially in the engineering
community. This class of methods was essentially stimulated by difficulties re-
lated to mesh generation. Mesh generation is delicate in many situations, for
instance, when the domain has complicated geometry; when the mesh changes
with time, as in crack propagation, and remeshing is required at each time
step; when a Lagrangian formulation is employed, especially with nonlinear
PDEs. In addition, the need for flexibility in the selection of approximating
functions (e.g., the flexibility to use non-polynomial approximating functions),
has played a significant role in the development of meshless methods. There
are many recent papers, and two books, on meshless methods; most of them
are of an engineering character, without any mathematical analysis.

In this paper we address meshless methods and the closely related generalized
finite element methods for solving linear elliptic equations, using variational
principles. We give a unified mathematical theory with proofs, briefly ad-
dress implementational aspects, present illustrative numerical examples, and
provide a list of references to the current literature.
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The aim of the paper is to provide a survey of a part of this new field, with
emphasis on mathematics. We present proofs of essential theorems because
we feel these proofs are essential for the understanding of the mathematical
aspects of meshless methods, which has approximation theory as a major
ingredient. As always, any new field is stimulated by and related to older
ideas. This will be visible in our paper.
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1. Introduction

1.1. A brief historical review of the numerical solution of partial
differential equations

The numerical solution of partial differential equations has been of central
importance for many years. Significant progress has been made in this
area, especially in the last 30 years; this progress is directly related to the
developments in computer technology. Methods such as, for example, the
finite element method, are used in many applications.

Although significant progress has been made, numerical methods for the
solution of differential equations are still often based on heuristic ideas, and
verified by numerical experiments. Mathematical analysis is often shallow,
and fails to address fully important issues that arise in the application of
the methods to important problems in engineering and science.
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There are three classical families of numerical methods for solving PDEs:

(1) finite difference methods;
(2) finite volume methods;
(3) finite element methods.

These three families have two common, basic features:

(a) they employ a mesh;
(b) they use local approximation by polynomials.

We discuss each of these features in turn.
Mesh generation is often very expensive — especially in human effort.
There are several reasons for this effort.

e The domain of the problem can have very complex geometry.

e The domain of the problem may change with time, which requires
remeshing at each time step, as for example in the problem of crack
propagation or when Lagrangian coordinates are used.

e Adaptive procedures require changes of mesh during computation.

Although great progress has been made in the theory and practice of mesh
generation, the construction of the mesh is still a very delicate component
of the numerical solution of differential equations. For this reason there is
an interest in the development of methods that eliminate or reduce the need
for a mesh.

Although polynomials have outstanding approximation properties, there
are situations in which they are not effective. We mention problems whose
solutions are not smooth, in the sense that they may not have several
bounded derivatives. For such problems, there are sometimes other effective
approximating functions, which we will refer to as special. The classical
methods are not flexible in this regard: they do not use these special non-
polynomial approximating functions. There is thus an interest in developing
and analysing methods that can flexibly use these special approximation
functions.

This created the need to develop methods that address both of these
issues: the elimination, completely or partially, of the need for meshes; and
the effective use of special (nonpolynomial) approximating functions. The
inspiration for such methods came mainly from two sources.

The first of these sources is the class of classical particle methods that
arise in physical simulation in connection with the Boltzmann equation or
with fluid dynamics. Particle methods attempt to describe the motion of the
atoms or their averages (or density) in Lagrangian coordinates (see Gingold
and Monaghan (1977, 1982), Monaghan (1982, 1988), Nanbu (1980) and
Neunzert and Struckmeier (1995), for example).
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The other source is the idea of interpolation in the context of general vari-
ational methods (of Galerkin type). These methods select approximations
from a finite-dimensional space, called the trial space, and, under certain
general conditions, it is known that the error in approximation is no larger
than a constant times the error in best approximation by functions in the
trial space. Thus the quality of the method is determined by the approxima-
tion property of the trial space. It is thus natural to try to find a trial space
that has good approximation properties. This property relates directly to
interpolation by the approximating functions. For functions in one dimen-
sion this is a classical issue in numerical analysis, and, from around 1950,
was studied in higher dimensions and for arbitrary distributions of points.
It was recognized that the construction of trial spaces could be based on the
idea of interpolation.

1.2. Meshless methods

Let us now make the discussion of variational methods more precise. We
consider an elliptic PDE, which has the variational or weak form

u € Hy, B(u,v) = F(v), forall ve Hs, (1.1)

where Hj, Hy are two Hilbert spaces, B(u,v) is a bounded bilinear form
on Hy x Hy, and F(v) is a continuous linear functional on Hs. Under
certain general conditions (the inf-sup or BB condition; see Babuska (1971),
Babuska and Aziz (1972)), the solution u is characterized by (1.1). We are
interested in approximating u. To that end, we assume we have two finite-
dimensional spaces My C Hi, Ms C Hy that satisfy the discrete inf-sup
condition (see Babuska and Aziz (1972)). The approximate solution wuyy, is
characterized by

un, € My, B(upr,,v) = F(v), for all v e Ms. (1.2)

As a consequence of the fact that M; and M satisfy the discrete inf-sup
condition, we know that the approximation uys, is quasi-optimal, that is,

— <C inf — . 1.3
Hu uMlHHl = XIEHM1 ”u XHHI ( )

We note that there are delicate problems related to the discrete inf-sup
condition for problems that are not coercive, or where the spaces M; and
Ms are different, e.g., in the mixed method or non-self-adjoint problems.
Atluri and Shen (2002) use different spaces (without mathematical analysis
of the discrete inf-sup condition).

Thus the quality of the approximation, that is, the error ||u — upz, || g, is
mainly determined by the approximation properties of the trial space My,
that is, by

Fi = inf — .
1= inf lu — x|l =,
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It is therefore natural to select the trial space M; so that Ey is small. To
do this effectively we should use whatever information is available for the
solution u. Note that, with a general variational method, as we have for-
mulated it, there is no mention of a mesh. Of course, we may use a mesh
to construct a good trial space; that, in fact, is exactly what is done with a
finite element method. For example, the trial space might be the space of
piecewise linear functions over a mesh.

Meshless methods, however, either avoid the use of a mesh, or use a mesh
only minimally, for example, only for the numerical integration. The Petrov—
Galerkin method given by (1.2) is a meshless method if the construction of
M; and M> either does not require a mesh or requires a mesh only minimally.
Thus, in designing meshless methods within the framework of variational
methods, we have two general goals.

(1) The construction of trial spaces M; that effectively approximate the
solution, and the construction of test spaces My ensuring the inf-sup
(stability) condition.

If the solution has special features, e.g., if it is not smooth, we should
have the flexibility to use special approximating functions.

(2) The minimizing of the need for a mesh.

In meshless methods, there is sometimes a mesh in the background,
used for numerical integration, but we may not need a mesh generator.

We note that there are meshless methods that are not of the type given
by (1.2), for instance, methods based on collocation, but the construction
of approximating space follows the guidelines of the construction of Mj, as
mentioned before.

The approximating (trial) spaces can be the spans of specific approxi-
mating functions (shape functions), with either global or local supports.
Polynomials and non-compactly supported radial basis functions are exam-
ples of approximating functions that are defined over the entire domain of
interest. See Mikhlin (1971) for a discussion of the use of polynomials and
Buhmann (2000) and Powell (1992) for a discussion of the use of radial basis
functions. Another type of approximating function is related to interpola-
tion and data fitting procedures. For a survey of various approaches we refer
to Atluri and Shen (2002), Dierckx (1995), Franke (1978, 1979), Gordon and
Wixon (1978), Lancaster and Salkauskas (1981, 1986), McLain (1974), and
Shepard (1968). Typical finite element approximating functions and spline
functions have local supports. Babuska, Caloz and Osborn (1994) identified
and analysed shape functions that are effective for the approximation of
solutions of elliptic equations with rough coefficient; the idea in this paper
was extended and developed in Babuska and Melenk (1997). The approx-
imating functions used in Babuska et al. (1994) and Babuska and Melenk
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(1997) can be characterized as solutions of particular homogeneous differ-
ential equations. In one dimension, L-splines — a generalization of splines
that satisfy a differential equation — are used as approximating functions:
see, e.g., Varga (1971). Principles for the selection of shape function were
addressed in Babugka, Banerjee and Osborn (2001, 2002b).

We note that in the engineering literature many names are used for meth-
ods that differ only in their implementation or in the shape functions em-
ployed: see, e.g., De and Bathe (2001) and Sukumar, Moes, Moran and Be-
lytschko (2000), among others. For a survey of results on meshless methods
we refer to Babuska, Banerjee and Osborn (2002a), Belytschko, Krongauz,
Organ, Fleming and Krysl (1996), Duarte (1995), Griebel and Schweitzer,
eds (2002a), Li and Liu (2002), Liu (2002) and Schweitzer (200x).

One of the major problems of meshless methods is the imposition of
boundary conditions, especially Dirichlet boundary conditions. It is well
known that, if the underlying problem is a Dirichlet BVP, the essential
boundary condition is addressed with a method such as the penalty method
or the Lagrange multiplier method. On the other hand, the boundary con-
dition of a Neumann problem is natural, and does not need to be explicitly
imposed in the variational formulation. In both situations, a simple uniform
mesh on a rectangle containing the domain can be used; the mesh need not
conform to the boundary and a mesh generator is not needed. These ideas
are classical and have been extensively analysed (for example, see Babuska
and Aziz (1972)). This way of imposing boundary conditions can be used
in the context of meshless methods, and this approach was also mentioned
in Li and Liu (2002). The boundary of the domain does come into play in
the construction of the stiffness matrix, but a mesh generator is not needed.
This approach was generalized and used together with the ideas in Babuska
et al. (1994), Babuska and Melenk (1997) and Strouboulis, Babuska and
Copps (2001a) in solving problems with very complex geometries: see, e.g.,
Strouboulis, Copps and Babuska (2001b).

We finally mention a meshless method — the generalized finite element
method (GFEM) — which attempts to achieve simultaneously the two goals
of variationally formulated meshless methods. With this method we begin
with a partition of unity. Construction of a partition of unity is a relatively
simple task. It can be done by various means. One is to use a simple mesh,
for example a uniform mesh, and use the associated hat functions as the
partition of unity. We could also use ideas from various interpolation proce-
dures, for instance, the Shepard method. It is essential that the construction
can, but is not required to, utilize the geometry of the domain. The par-
tition of unity on the domain is obtained by restriction. The partition of
unity functions typically have compact supports with small diameters.

Then we multiply the partition of unity functions by functions that are
defined separately and independently on the supports of the partition of
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unity functions. In this way we create shape functions that belong to H'(£2),
and can be used in the variational method. We thereby obtain a large
flexibility in the construction of shape functions, and the associated trial
spaces. This flexibility can be used to construct approximations that utilize
the available information, the character of a singularity, or a boundary layer,
e.g., on the approximated function (solution). Hence the method achieves
the goals mentioned above.

We do face three serious difficulties in the implementation of the GFEM.
First there is the problem of numerical integrations when the areas over
which we integrate are not simple triangles, simplices, etc., as with the
usual FEM. We note, however, that the process is completely parallelizable.
A second difficulty is the treatment of essential boundary conditions. The
third issue concerns the system of linear equations. It may be singular, and
thus certain classical methods, such as multigrid, may not be applicable.
These difficulties can be, and have been, overcome in some implementations,
so it is clear that the GFEM shows a definite advantage over the classical
FEM in certain situations. We mention problems with complex geometry,
crack propagation, and analysis of multi-site local damage.

Of course, any new method should be compared with previously developed
methods, and the class of problems for which the new method is superior
should be identified. Theoretical and practical experience (see Babuska et al.
(2002a), Li and Liu (2002) and Strouboulis et al. (2001b)) is progressing in
this direction. Meshless methods in various forms, e.g., within the frame-
work of collocation or variational methods, are now the subject of many
papers and (engineering) books, which mainly focus on practical aspects
without serious theoretical analysis.

This paper focuses on ideas and theoretical results. Some are adjustments
of old ideas and results. Some results are based on papers that are submitted
or in the final stage of preparation. Although we focus on the theory, we
have attempted to address theoretical issues that illuminate practical issues.
We will show that the results presented here are natural generalizations of
the classical FEM, which is a special case of some of the methods presented
here. This paper addresses only problems related to linear PDEs.

Various relevant and typical references are provided. The reference list is
not comprehensive, but together with the citations in the references provide,
in our opinion, a very reasonable description of the current state of the art
in meshless methods.

1.3. The scope of this paper

The short Section 2 defines the model problem, a linear elliptic bound-
ary value problem. Section 3.1 presents approximation results when the
particles are uniformly distributed. The presented results were obtained
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using the Fourier transform. Section 3.2 presents an alternative proof of the
approximation results that can be generalized to the case of non-uniformly
distributed particles. Section 3.3 discusses approximation for arbitrarily dis-
tributed particles. Section 4 discusses the construction of shape functions,
and presents some results on interpolation and on the asymptotic form of
the error. Section 5 addresses the question of superconvergence. Section 6
discusses the generalized finite element method. Section 7 discusses the ap-
plication of the approximation results developed in Section 3, and discusses
the treatment of Dirichlet boundary conditions. Section 8 explains some
implementational aspects. Section 9 reports some numerical examples ob-
tained by the GFEM, when the domain is very complex. Finally, Section 10
presents additional results and challenges.

2. The model problem

For concreteness and simplicity we will address the weak solution of the
model problem

—Au+u=f(z), onQCR" (2.1)
and
0
% =0, on 09, (2.2)
or
u=0, on oS, (2.3)

where f € Ly(Q) is given. We will assume that € is a Lipschitz domain;
additional assumptions on 9f) will be given as needed.
The weak solution ug € H*(Q) (Hg (), respectively) satisfies

B(ug,v) = F(v), forallve HY(Q) (ve H}(Q),respectively), (2.4)
where

B(u,v) = /Q(Vu - Vv 4 uv)dz and F(v) = /va dz. (2.5)

The energy norm of ug is defined by

1/2

uoll e = B(uo,uo0) = = |luol| g1 (q)- (2.6)

We will write H instead of HY(Q) or H}(Q) if no misunderstanding can
occur.

Let S C H be a finite-dimensional subspace, called the approximation
space. Then the Galerkin approximation, ug € S, to ug is determined by

B(ug,v) = F(v), forallvels, (2.7)
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where B is either B or a perturbation of B. If B = B, it is immediate that
uo — usl|g1(o) = )161612 lwo — x|l 1 (02)- (2.8)

Hence, the main problem is the approximation of ug by functions in S.

Remark 1. The finite element method (FEM) is the Galerkin method
where S is the span of functions with small supports. For the history of the
FEM, see Babuska (1994) and the references therein.

Remark 2. The classical Ritz method uses spaces of polynomials on the
entire domain € for the approximation spaces: see, e.g., Mikhlin (1971).

As mentioned above, the finite element method uses basis functions with
small supports, for example, ‘hill’ functions. The theory of approximation
with general hill functions with translation-invariant supports was developed
in Babuska (1970) using the Fourier transform. The results in Babuska
(1970) were applied to the numerical solution of PDEs in Babuska (1971). A
very similar theory, also based on the Fourier transform, was later developed
in Strang (1971) and Strang and Fix (1973); see also Li and Liu (1996).
Later, hill functions were, in another context, called particle functions (see
Gingold and Monaghan (1977)). In the 1990s, hill functions began to be
used in the framework of meshless methods. For a broad survey of meshless
methods see Li and Liu (2002). A survey of the approximation properties of
radial hill functions, previously referred to as radial basis functions, is given
in Buhmann (2000).

In this paper we will survey basic meshless approximation results and
their use in the framework of Galerkin methods.

3. Approximation by local functions in R":
the h-version analysis

As mentioned in Section 2, we are interested in the approximation of func-
tions by particle shape functions. We first consider uniformly distributed
particles, and then general (non-uniformly distributed) particles.

3.1. Uniformly distributed particles and associated particle shape functions

Let Z be the integer lattice, and, for j = (j1,...,75n) € Z™ and 0 < h < 1,
let

ol = (jih, ..., jnh) = hj.
The points x? are called uniformly distributed particles. When considering

such families of particles, we often construct associated shape functions,
called particle shape functions, as follows. Let ¢ € H?(R"), for some 0 < ¢,
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be a function with compact support; let n = supp ¢, and suppose
nCBy={z eR": ||z]* =2+ -+ 22 < p}.

We assume that 0 € 77 (77 is the interior of 7). Then define
h h x —jh x1 — jih Tn — Jnh
ha) = dhton o) = o T o (TR ),

for j € Z™ and 0 < h < 1. Clearly,

x — jh j
n? = supp qb? = {x: € 77} C Bzh ={z: Hx—x?” < ph},

and a:é1 € 7];’ Particles and particle shape functions defined in this way will
be called translation-invariant, since they satisfy

h h o .k h h h
zjy = zj + ;" and ¢j(x) = ¢j(x — a7').

They are a special case of general (non-uniformly distributed) particles,
which will be introduced in Section 3.3. We refer to h as the size of the
particle, and the function ¢ is called the basic shape function. In this section
we will be interested in the approximation properties of

th’q = {v =v(x) = Z w?qb?(a;) : w;-l € R}, (3.2)
JEL™

which is the linear span of the associated shape functions, as h — 0. The

parameter k in th’q is related to a property of the {(;5?(1:)}, which will be

discussed later. We will refer to th’q as the particle space in R™. The {wjh}
are called weights. Specifically, given u € H*1(R"), we are interested in
estimating
inf lu = x| gsrn), (3.3)
xeV,"?

for 0 < s < min{q, k + 1}. We are especially interested in the maximum g
such that

inf lu — x|l s rey < Ck, @) [[ul| o gny, (3.4)

xev, !

for 0 < s < min{q, k + 1}, where the constant C = C(k, q) depends on k, ¢,
but is independent of h (C' also depends on ¢).

Because we are assuming the particles are uniformly distributed, and
hence the particles and shape functions are translation-invariant, estimates
of the form (3.4) can be obtained via the Fourier transform. This was done
in Babuska (1970), Strang (1971) and Strang and Fix (1973). We will cite
one of the results in the last paper.
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Let
P(&) = (&1, ..., &) = - P(x)e 8 du

denote the Fourier transform of ¢(x). We note that ¢(¢) € C(R™) since
¢(x) has compact support. We use the usual multi-index notation: a =
(a1,...,00), with o; > 0; |a| =g + -+ + ap; 2% = 27" -+ - 2%7; and

ool

Theorem 3.1. (Strang and Fix 1973) Suppose ¢ € HY(R") has com-
pact support, where the smoothness index ¢ > 0 is an integer. Then the
following three conditions are are equivalent:

(1)

D¢ =

5(0) # 0 (3.5)
and
D%p(2715) =0, for 0#j € Z" and |a] <k, (3.6)
where k is a nonnegative integer.
(2) For |a] <k,
> %z —j) = Aa® + ¢%(z), for all z € R", (3.7)
JEL™

where A\ # 0 and ¢“(x) is a polynomial with degree < |a/.
The equality in (3.7) is for almost all z € R™. The function of the
right-hand side of (3.7) is, of course, continuous. If the function on the
left-hand side is continuous, which will be the case if ¢ > n/2, then
(3.7) will hold for all x € R™.

(3) For each u € H¥T1(R") there are weights w? € R, for j € Z" and
0 < h, such that

h . h
u= Y wid;

JEL™
< C’hk+1_s||uHHk+1(Rn), for 0 < s < min{q, k + 1}, (3.8)

Hs(R™)

and

P @) < Kl (39)
jezr
Here C and K may depend on ¢, k, and s, but are independent of u and h.

The exponent k£ + 1 — s is the best possible if k£ is the largest integer for
which (3.7) holds.

https://doi.org/10.1017/50962492902000090 Published online by Cambridge University Press


https://doi.org/10.1017/S0962492902000090

12 I. BABUSKA, U. BANERJEE AND J. E. OSBORN

If (3.7) holds, the basic shape function ¢ is called quasi-reproducing of
order k. If (3.7) holds with A =1 and ¢*(z) = 0, ¢ is called reproducing of
order k. If ¢ is quasi-reproducing of order k (respectively, reproducing of
order k), then the corresponding particle shape functions gbf-” are also called
quasi-reproducing of order k (respectively, reproducing of order k). The
parameter k in th’q, defined in (3.2), is the quasi-reproducing order of the
basic shape function ¢.

Remark 3. If one were to define the notion of quasi-reproducing basic
shape function ¢ of order k£ by the formula
D %@ —j) = Aaa® + ¢%(z), forallz €R”, for |o| <k, (3.10)
JEL™
where A\, # 0, it might appear that this would lead to a larger class of

functions. This, however, is not the case; it is easily shown that if ¢ satisfies
(3.10), then Ay = A, for |a| < k.

In one dimension we can prove more.

Theorem 3.2. (Strang and Fix 1973) Suppose ¢ € HI(R) (in one di-
mension) has compact support and satisfies condition (1) of Theorem 3.1,
that is, it satisfies (3.5) and (3.6). Then

sin kt1
30 -z (52) (3.11)

where Z() is an entire function.

Proof. Because ¢ has compact support, qg(f) is an entire function and,
because of (3.5) and (3.6), ¢(0) # 0, and ¢(&) has zeros of at least order k

at 2wy, 0 # j € Z. Let
- k+1
o1(§) = (%) : (3.12)

The function 6% (&) is entire with only zeros of order k + 1 at 27j, for 0 #
J € Z. Hence

Z(&) = 9(€)/a1(€)
is entire, and

sin kt1
30 =2 (52) (3.13)

as desired. |

Theorem 3.3. (Babuska 1970) Suppose ¢ € H1(R) (in one dimension)
has compact support and satisfies condition (1) of Theorem 3.1, that is,
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it satisfies (3.5) and (3.6). Then, for any € > 0,
k+1 k+1
(k+1)  (k+1)

suppo ¢ |— 5 Ty e (3.14)
Proof. Suppose, on the contrary, that
supp ¢ C [—(k+1)/24+¢€,(k+1)/2—¢€], for some € > 0. (3.15)

We will show that this assumption leads to a contradiction.
The function ¢(§) is entire and, with & = & + i2, (3.15) implies

16(6)] < Celt5P—9lel, (3.16)

This estimate follows directly from the definition of the Fourier transform
and assumption (3.15). Using elementary properties of the sine function, we

find that .
‘<Sin§/§2/2))k+l > c%ki', for |&,| large. (3.17)
Using (3.5), (3.6), (3.16), and (3.17), we have
2(6) = % < Co+ Crual€lH, forallcec,  (3.18)
e

where Z(§) is as in (3.11). Since Z(€) is entire, estimate (3.18) implies (via
a generalization of Liouville’s theorem for entire functions) that Z(§) is a
polynomial of degree < k + 1. Next, we use (3.11) and (3.16) to get

o[ =12)”

Combining this estimate with the lower bound in (3.17), we have

— 1$(6)| < Cel5 el (3.19)

1Z(€)] < ClefFre el for |&] large. (3.20)
This implies Z(£) = 0. Thus, (3.11) implies ¢(¢) = 0, which contradicts
(3.5). Thus (3.15) is false, which proves (3.14). O

The case of uniformly distributed particles is very special, but we have
considered it, and cited Theorem 3.1 from Strang and Fix (1973) because
the result provides necessary and sufficient conditions on the basic shape
function ¢ for the validity of the approximability result (3.8) and (3.9),
leading to the optimal value for p in (3.4).

Remark 4. Condition (2) of Theorem 3.1 implies that

> bz —j4)=b. (3.21)

jezn
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Hence the functions ¢(x — 7)/b,j € Z", form a partition of unity. Thus
sets njh form an open cover of R™.

Remark 5. Condition (2), i.e., (3.7), of Theorem 3.1 is the definition of
the notion of quasi-reproducing of order k, and from Theorem 3.1 we see
that this notion is equivalent to condition (1), i.e., to (3.5) and (3.6). It is
of interest to have a condition similar to (3.5) and (3.6) that is equivalent
to the related notion of reproducing of order k, which can be stated as

Z p(7)é(x — j) = p(x), for all polynomials p(x) of degree < k.
Jezr
It can be shown that ¢ is reproducing of order k if and only if
(a) $(0) =1,
(b) D*¢(0) = 0, for 1 < |a| < k,
(¢) D*¢(2rj) =0, for 0 # j € Z™ and |a| < k.
The proof follows the argument of the proof of Theorem 3.1 in Strang and
Fix (1973).

Remark 6. The B-spline of order k, denoted by o (z), is the (k4 1)-fold
convolution of the characteristic function of the cube (—1/2,1/2)". The
support of o (z) is the closed cube [—(k+1)/2, (k+1)/2]", and the Fourier
transform of oy (x) is given by

wo-TI(%H)

i=1

Here 61 (§) satisfies (3.5) and (3.6), and thus oy (z) is quasi-reproducing of
order k. We note, however, that oi(z) is not reproducing of order k for
k > 1, since 61(&) does not satisfy condition (b) in Remark 2 for k& > 1.

In one dimension (n = 1), we can say more. If ¢(x) satisfies (3.5) and
(3.6), then from Theorem 3.2, ¢(£) is the product of 63(¢) and a suitable
entire function Z(§). Using the Paley—Wiener theorem (see Rudin (1991)),
it can be shown that Z(&) is the Fourier transform of a distribution 1 with
compact support: Z(€) = 1(€). We can thus express (3.11) as

B(&) = V(€5 (&)

Thus any ¢(z) that satisfies (3.5) and (3.6), which may or may not be
piecewise polynomial, can be constructed via the convolution of the B-spline
with a distribution with compact support. If n > 1, no such divisor ¢/
exists in general.

Remark 7. Theorem 3.3 has an especially simple interpretation for ¢ sat-
isfying (3.5) and (3.6), and whose support is a symmetric interval about 0;
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namely, supp¢ 2 [—%,k—;l], and hence grows with k. As mentioned
above, the support of o (x) is [—%, %], and hence oy (z) has minimal

support.

Remark 8. The size of the support 7 of ¢, i.e., the diameter of the small-
est closed ball containing 7, plays an important role when particle shape
functions are used in a Galerkin method to approximate the solution of a
variationally posed boundary value problem. The Galerkin method leads to
a linear algebraic system, where the (stiffness) matrix is banded, and it is
well known that such linear systems can be solved efficiently by the elimi-
nation method when the bandwidth is small. The size of the bandwidth is
directly proportional to the size of n. Thus it is desirable to use a ¢ whose
support is as small as possible, of course, without sacrificing the accuracy
of the computed solution of the differential equation. In one dimension, as
mentioned above, the basic shape function o(z) has the minimal support
[—(k+1)/2,(k+ 1)/2], which increases with k.

Remark 9. Suppose ¢(z) € HI(R™) has compact support and is quasi-
reproducing of order k. For s < ¢, let

¢*(z) = (1 + aﬁDﬂ> ().
IB1<s
Then ¢*(z) € H*(R™), ¢* is quasi-reproducing of order k, and supp ¢* =
supp ¢.
Remark 10. Suppose ¢ € H?(R") is quasi-reproducing of order k. It
is possible to construct another shape function ¢*, in terms of ¢, that is
reproducing of order k, is in H4(R™), but will have a larger support than

¢. For example, ¢* can be constructed as a linear combination of translates
of ¢.

Remark 11. For the sake of simplicity, suppose k = 2 or 3 in this remark.
Consider the function ¢(z),x € R, whose Fourier transform is given by

iue) = aue)(1- Ze2), (322)

where o (x) is the B-spline of order k (recall ok (x) is quasi-reproducing
of order k and its support is [—(k + 1)/2, (k 4+ 1)/2). Here ¢(€) satisfies
conditions (a), (b), (c) of Remark 2, and hence ¢(x) is reproducing of
order k. From (3.22) it is clear that

"

b (x) = [Uk * (50 - ‘%2(0)58” (),

where g is the Dirac distribution, and hence supp ¢y = supp or. From the
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expression for &5, (€), we easily see that oy, € H¥1/27¢(R). Using the expres-
sion for ¢ (&) (i.e., (3.22)), we get ¢, € HF3/2-¢(R), but ¢}, ¢ H*1(R).
Thus, for k = 2, we have ¢o € HY27¢(R), but ¢o ¢ H'(R). And for k = 3,
we see that ¢3 € H3/27¢(R), and hence ¢3 € H'(R). For approximating so-
lutions of second-order differential equations, it is important that the shape
functions are in H!'. This dichotomy between the cases k = 2 (even) and
k = 3 (odd), in fact, holds for all k. Thus, for k even, there is no ¢, € H*(R)
that is reproducing of order k with support [—%, %] This latter result
can be seen as follows. From Remark 3 we know that ¢y, is the convolution of
o1 and a distribution with compact suport. If we require supp ¢ = supp oy,
then this distribution must be supported at the origin, and hence its Fourier
transform must be//a polynomial. We have examined the case when the
polynomial is 1 — U’“T(O)§2; the general situation is similar.

Remark 12. The weights in (3.8) depend on u, but they are not unique.
We note that the functions gb;? may be linearly dependent. Taking ¢ = k+1
allows application of Theorem 3.1 for all s < k + 1. Taking ¢ > k + 1,
i.e., assuming extra smoothness on the particle shape functions, does not
change the estimate. The approximability of the classical finite element
shape functions (the hat functions) can be analysed with Theorem 3.1 with
qg=k=1.

Remark 13. The space V,f 4 is a SY*-regular system (this notion will be
introduced in Section 3.2), with k* = ¢ and t = k + 1. S“¥-regular sys-
tems are analysed in Babuska and Aziz (1972). They have many important
properties, some of which will be used in the following sections.

3.2. Alternative proof for uniformly distributed particles and particle shape
functions

In this section we first give an alternative proof that condition (2) of Theo-
rem 3.1 implies estimate (3.8), again for uniformly distributed particles and
associated shape functions. This alternative proof does not use the Fourier
transform, and it can be naturally generalized to non-uniformly distributed
particles.

We review our notation before stating the theorem. Recall that

gt = jh, forjeZ"and 0 <h,

are the particles, and ¢ € H4(R™), with ¢ > 0, is the basic shape function.
Also n = supp ¢ C B,, and 0 € 7. Then the particle shape functions,

gb;b(:c), are defined by
_ih
0} (x) = ¢<x - >;
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it is immediate that
n} = supp ¢} C BY,,
and :c? € njh
Theorem 3.4. Suppose ¢ € HI(R"), with smoothness index q > 0, has

compact support n C B,, and suppose the qﬁ?(az) are defined in (3.1). Sup-
pose k =0,1,2,... and suppose, for |a| < k,

> 0w - j) = Aa® + " (); (3.23)
JEZL™
here A # 0, and ¢%(z) is a polynomial of degree < |a/|, i.e., suppose ¢ is
quasi-reproducing of order k. Suppose u satisfies
Z Hu”?{TJH(Bih) < 00, where0<r; <k, (3.24)
jezn ?

where p > 1 is sufficiently large and independent of h. Then there exist
weights wlh such that

u— > w'e

lezm

2
<C Z h2(r]-+1—s)”uH2 _—
Hs(Rn)  jezn
for 0 < s < min{q,r; + 1}, (3.25)
J€ZLn

(B2,)

where C' is independent of u and h. If u € H¥1(R"), where 0 < k' < k,
then

u—>Y  wiey

lezn

< C’hklﬂ_sHuHHk/H(Rn), for 0 < s < min{q, ¥’ +1}.
Hs(Rn)

(3.26)
Proof. The proof is in several steps.

1. Suppose ¢ satisfies (3.23), and write ¢®(x) = >}, |<|q|-1 dyax”. Then

> @@ =Y (jh) ¢ ()

jezn jezn

= hlel Y j%(% —j)

jezn

=) e ()
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T Y
e s )

1y|<lel—1
=Az%+ Z plel=Mld a7, for |o| <k (3.27)
1y|<lel—1
Equations (3.23) and (3.27) are in fact equivalent: (3.27) could be viewed

as a scaled version of (3.23). For any p € P* . there is a uniquely determined
w = wy, € P satisfying

p(z) = Z wnh(a:?)qb?(:c), for all z € R™. (3.28)
JEL™
We first prove the existence of w, 5, and begin by considering the monic
polynomials p, = 2%. Suppose || = 0. Then from (3.27) we have

1
=3 5@ = 3 waaa) @,
JEL™ jezn
where w1y 5 (7) = 1/A. Next suppose |a| = 1. Using (3.27) again we have
(] 1 o tha
T = Z X(x?) Qb?(x) TN T Z w{xa},h($?)¢?($)

jezn jEZN

where
%  hdya
Q,U{xahh(x) = 7 — )\2 .

Proceeding in this way, by induction, we get wgay () for |af < k, where
Wigay p(2) is of the form

Wigay p(T) = €aar™ + Z eaghla‘_|ﬂ|x’6, (3.29)
1BI<la|—1

where e, = A7! and e,p are expressions in dya, 7| < |a|. For p(z) =
2 laj<k Cax, we let wy p(x) = 37| <k CaWizey n(®). It is immediate that

p(@) = Y wyn(x})d](x),
jezn

which establishes the existence of wy, ,(x). We can show that

wp p(x) = Z Z cadaghl®=101| 25, (3.30)

1BI<k |IBl+1<]al<k, a=4

To prove uniqueness, suppose wy;(x) = 0. We will show that p(z) =
2 laj<k Cax® = 0. Since wyp(z) = 0, it is clear from (3.30) that the coeffi-

cient of z7 is zero for | 8| < k, from which we can deduce that ¢, = 0, |a| < k,
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and thus p(z) = 0. It will be convenient to write wy,,(z) = A"p. Then
Al . Pk — PF is a bijection satisfying
p(z) = Z (Ahp)(:c?)qﬁgl(z:), for all z € R*, for any p e P*.  (3.31)
Jjezr

We define A = A" when h = 1. We note that A satisfies (3.31) with h = 1.
We also have

(A" Iw)(z) = Z w(x?)qﬁ?, for all z € R", for any w € P*. (3.32)

JEZ™

It is also clear from the construction that A" : P — P for i < k.

2. Define the cells w; and wg-‘:
wj = {w e = Jlleo = i:nllaxn\a?i —Jil < ,0}

and

[ hy — .k
wj = {x Hlz =2l = Z:nfllaxn\auZ —xj] < ph}.

The families {w; }jez» and {W?}jeZn are open covers of R” provided p > 1/2.
Let

A;-‘:{ZEZ":mhﬁw?#@},
and define

h_ h
Q; = Ul ahwr -

It is immediate that one can select M and p such that
card A} < M (3.33)
and
N .
Qj C B/]jh. (3.34)
The constants M and p are independent of j and h, but do depend on ¢;
specifically on p.
For any [ € Z", since u € H”H(B%h), it is well known (Bramble and
Hilbert 1970, Bramble and Hilbert 1971, Ciarlet 1980) that there is a poly-

nomial ph = pf,c’h of degree < k such that
. Lh ri+1—s
|lu—p ||H~§(th) <Ch HuHHTlH(Béh), for0<s<r+1<k+1,

(3.35)
where C' is independent of u, h, and [, but does depend on k (pl’h can, in
fact, be chosen such that its degree < 7). Define the weights

wi' = (Aph") (ap). (3.36)
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Let j be fixed. We will work with the polynomial p?", which satisfies
(3.35) with [ = j, as well as the polynomial p"". Using (3.36), we find

h h
U—Z’wﬂf)z

lezn Hs(w;-‘)
< fu=Y" wpep
leAh He(w})
< fu—= D (A" (et
leAh He(wh)
+ 2 1A @) = (A ) @O s oy (3.37)
leAl

We now estimate the two terms on the right side of (3.37).

3. From (3.31) and the definition of A;L, we have

ple) =Y (A'p)()df (x) = Y (A"p)(af)ef'(z), for x € uf,

lezn ZGA?

for any p € PF. Using this formula and (3.35) with [ = j, we obtain the
estimate

u— Y (A" ()}

= flu— Pj’hHHs(wy)

leAl He(wh)
< Chrj+1—5||u||Hrj+1(B%h)a (3.38)
for the first term of (3.37).
A scaling argument shows that
H¢?HH5(w§l) < B2 s ).
Thus
> A ar) = AP ) 0 s o
leAh
< Chmst 2N | AP (aft) — Al (). (3.39)

h
leA]

It remains to estimate the right-hand side of this inequality.
For | € A;L, wlh C Q;?, and hence, using (3.34), wlh C th. Also wlh C th.
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Thus, using (3.35) with s = 0, we have
12" = 2" oy < 1P = wll oy + e = 8"l oy
,h . Lh
< 07 = wll o, + Il = 9z,
+1 ,
< Ol
+ON a1 (3.40)
ph

It is easily shown that there is a constant C such that

HwHLoo(wlh) < Ch*"/2||wHH0(wlh), for any w € P*; (3.41)

C is independent of w, h, and I. Applying (3.41) to w = Alpih — Ahphh,
we have

(AP (af) = (A af)
< AP — A
< OB A — AP o, (3.42)

h
(E—CEZ

For any p € P*, we write p(z) = ﬁ( - ), where p € P*. Using (3.31)
with h = 1 (recall that A = A" for h = 1), we see that

Blx) =Y (Ap)(§)d(x — i),

1€Z"

pla) = ﬁ(x _h:E?>

> e )

1EL™

= > (Ap)(i)] ()

YAl

and therefore

=) (Ap)(i — g} ()

SYAL
h_ . h
- Y (ol
YL

Comparing the above expression with (3.31) and using the uniqueness of the
representation (3.28), we obtain

r — l’h
() = (Ap) (S5 ) (3.49)
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We further note that [|Ap||fo(y,) is @ norm on p, and since all norms are
equivalent on a finite-dimensional space, we have

IAD[| 70 (wo) < ClIBI O i) (3.44)

Therefore, from (3.43) and (3.44), and using the transformation y = (z —
a1 /h, we have

1A oy = [ A B Pde = [ [(ABwP dy

wy wo

<C / B(y)|* dy
wo

=C [ (@ — /)P de

W

=C [ Ip()]*dz
h

]

= C||p||§{0(wlh)7 for p € Pk, (3.45)

with C independent of p, [, and h. Combining (3.42), (3.45) with p"* — pih
and (3.40) yields
(A" (a]') = (A"p") (@)
S Chin/2(hrj+1HUHHrJ+1(Béh) —+ hrl+1‘|u||Hrl+1(B,ljh)),
and hence, using (3.33), we have the estimate
D 1A () — (A" ()]
leAh

< Ch A MBT ul| 0 ()

+ > h”+1||u||Hrl+1(th)} (3.46)

h
leA]

for the right side of (3.37). Now we combine (3.37), (3.38), (3.39), and (3.46)
to obtain

h ih
U—sz¢z

lezn

< C Z hrlJrliSHuHH'"l'*'l(Béh)' (3.47)
He(wh) leAl
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4. Finally, we estimate [[u — Y cpn W'} || grs(rny. Using (3.47), which is
valid for all j € Z", and (3.33) we obtain

2
IR 21 I i P e 2

lezn Hs(Rn)  jezm lezn Hs(wh)
2 1— 2
<C ) ) pnt s)||uHH”+1(B%h)

2

JEL™ e AL
2(r;+1—s) 2 ,
<C EZZ: p2(rs+i=s Hu||Hrj+1(B%h), (3.48)
] n

where C' (which depends on M) is independent of u and h. This proves (3.25).
Suppose u € H¥ *1(R™), where 0 < &’ < k. Then taking r; = k' in (3.48),
and using the fact that the overlap in {Béh}jGZn is bounded independently

of h, we get
1/2
u = Z w;z¢;z < Chk,—H_S( Z Hu”?{’“"“(BZﬁ)) (3'49)
lezn Hs(R™) jezn i
< Chkurl_SHUHHk’Jrl(Rn)y
where C' is independent of u and h, which is (3.26). (]

Remark 14. Estimates (3.25) and (3.26) have been established provided
p is sufficiently large; specifically, provided (3.33) holds. As pointed out in
connection with (3.34), p depends on p. Note that the constants C' in (3.25)
and (3.26) depend on p.

So far in this section, we have considered functions u defined on R,
and have presented a result on the approximation of u by particle shape
functions. We now consider functions u defined on a bounded domain €2 in
R™ with Lipschitz-continuous boundary. We will show that th’q, defined in
(3.2), when restricted to 2, provides accurate approximation to u.

We first recall the well-known extension result (Stein 1970) that there
is a bounded extension operator E : Lo(2) — Lo(R™), i.e., an operator
E satisfying Fulg = u for all uw € Lo(Q2), such that if u € H™() then
Eu e H™(R") and

| Bullgrmrny < Cmllullgmy, forallue H™(2), m =0, 1,.... (3.50)

Here C,, is independent of u but depends on m.
We define the subset Zg, of Z", which will be used in the next result, by

a={jez" W' nQ 0} (3.51)

where njh = supp qﬁ?.
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Theorem 3.5. Suppose ¢ € H?(R"), with smoothness index ¢ > 0, has
compact support n C B,, and is quasi-reproducing of order k. Suppose
u € Hkurl(ﬂ), where 0 < k’ < k. Then there are weights w;? such that

hih
U—Zwl¢z

lezy

< C’hle*SHuHHk/H(Q), 0 < s <min(q, k" + 1),
H#(Q)

(3.52)
where C is independent of u and h.

Proof. Suppose u € H¥T1(Q), and let & = Eu, where E is the extension
operator mentioned above. Applying (3.26) of Theorem 3.4 to @, there are
weights wlh such that

~ h ih
U_Zwl¢l

lezn

S Chk/-‘rl—s H’H’HH]C,‘Fl(Rn) .
Hs(R™)

Therefore, from (3.50) with m = k' + 1, we have

u— Y w'e) = |a—=> wiep
lezr Hs () lezr Hs ()
<la—=> wie)
lezn Hs(R™)
k' +1-s|-
< P2 a1 gy
< CRE 1l 1 - (3.53)

From the definition of Z& in (3.51), it is clear that

u=y el u= ) '

lezn 1€Z

H(Q)

)

H*(Q2)

and therefore from (3.53) we get the desired result. 0

By examining the approximation of u, obtained in Theorem 3.5, namely
b ih
Z w'dr o
leZ3,
we see that the sum involves only those /s for which
supp ¢ N Q # 0,

that is, only those particles ﬂvf1 such that dist(:vlh,Q) < ph. So the ap-
proximation involves particle shape functions corresponding to the particles
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inside €2, as well as some particles lying outside 2. We will denote the span
of these shape functions by

Vo = span{¢]|, : supp ¢ N # 0} (3.54)

Thus the functions in V;; b are the functions in V,f 4 restricted to €.

(t, k*)-regular systems

We now introduce (¢, k*)-regular systems of functions (cf. Babuska and Aziz
(1972)). Let © C R™, and suppose Sp(2), 0 < h <1, is a one-parameter
family of linear spaces of functions on Q. For 0 < k* < ¢, S,(Q2) will be

called a (t, k*)-regular system and will be denoted by SZ’k* (Q) if

(1)

1)SEF () ¢ H¥(Q), for 0 <h <1 (3.55)

(2) For every u € H'(Q2), with 0 < I, there is a function g;, € Si’k* such that

v = gnllms @) < CR*||ull gy, for 0 <'s < min{l,k*}, (3.56)

where 1 = min{t — s, —s}. The constant C' is independent of u and h.

We now introduce two additional notions.
(LA) A (¢, k*)-regular system SZ’k* () is said to satisfy a local assumption

if, for u € H'(Q), with support S, the function g;, € SZ’k* (©) in (3.56)
can be chosen so that the support Sy of g, has the property that

Sy SM={xeQ:d(x,S) < A\h},
where d(z, S) is the distance from z to S, and A is independent of h.
(IA) We say that SZ’k* () satisfies an inverse assumption (cf. Babuska and
Aziz (1972)) if there is an 0 < e < k* such that
9]l e () < Ch™ % gl e,
for all k* — e <r < k* and all g € SP*" (),
where C' is independent of h and ¢ (it may depend on &* and ¢).

A (t, k*)-regular system is referred to as a (¢, k)-regular system in classical
literature (Babuska and Aziz 1972). We have used k* instead of k in this
paper for notational clarity.

The approximation space Vg !, defined in (3.54), is a (¢, k*)-regular sys-
tem: more precisely, we have the following result.
Theorem 3.6. Suppose 0 < ¢ < k + 1, and suppose ¢ € HI(R™) has
compact support and is quasi-reproducing of order k. Then Vé ’Z is a (k +
1, g)-regular system.
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Proof. We show that Vs’;’g is a (t, k*)-regular system with ¢ = k 4+ 1 and
k* = q. Since ¢ € HY(R™), it is clear that V;;’h C H%(Q) and thus (3.55)
is immediate with k* = ¢q. Next we show that (3.56) is satisfied. Suppose
u € HY(R") with [ > 0. If I = 0, (3.56) is trivial. So, suppose 1 < I.
Applying Theorem 3.5, specifically (3.52) with &' = min(k+1,1) — 1, we get

h . h
u— Y we;

JEZY

< Chmin(l_s’k+1_5)HuHHmi““’kH)(Q) < Ch’“”u”Hz(Rn),
Hs#(Q)

for 0 < s < min{g, min{l, k + 1}} = min{l/, ¢} (since ¢ < k + 1), where
= min{k+1—s,l—s}. Thisis (3.56), with g, = Zlezg wlhqbﬂg, t=k+1,
and k* = q. L]

We now show that VKI; , satisfies the local assumption, LA.

Theorem 3.7. Suppose ¢ € H?(R™), where 0 < ¢ < k + 1, has compact

support and is quasi-reproducing of order k. Then Vg ’Z satisfies the local
assumption, LA.

Proof. Suppose u € H'(Q) such that supp u = S C Q. Consider the
approximation of u, obtained in Theorem 3.5, namely

gn = Z w?qb;l (3.57)
jezy,
A careful study of the proofs of Theorems 3.5 and 3.4, and considering the
zero extension of u outside €, reveals that, for j € Zg,
w? =0, if and only if B%h ns =1.

Now, for j € Zg such that w}l # 0, we know that 77;? = supp qﬁ? C BZh‘
Therefore, Sj, = supp g, = {r € R" : d(z,S5) < (p + p)h}, and so we can
take A = (p+p) in the definition of LA. For small h, we have Sy, C 2. Hence
V(I; ’Z satisfies the local assumption, LA. L]

Remark 15. The particle space V,f s (k+ 1, q)-regular and satisfies the
local assumption, LA, for Q = R"™.

We note that the particle spaces Vg”g and th’q will also satisfy the inverse
assumption, IA, if additional conditions are imposed on the shape func-
tions {(b;‘} We will formulate these conditions in Section 3.3 in the context
of non-uniformly distributed particles; the corresponding conditions on the
shape functions associated with uniformly distributed particles can then be
obtained as a special case.
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3.3. Approximation by particle shape functions associated with arbitrary
(non-uniformly distributed) particles in R™: the h-version

In this section we will generalize the major part of Theorem 3.4.

Suppose {X"},en is a family of countable subsets of R™; the family is
indexed by the parameter v, which varies over the index set N. The points
in X" are called particles, and will be denoted by x, to distinguish them
from general points in R™. If it is necessary to emphasize that x € X", we
will write x = z¥. With each z¥ € X" we associate

® hyv = hy, a positive number;
o W), =wY, a bounded domain in R";

e ¢ = ¢, a function in HY(R"), with ¢ > 0 and with 7y, = 7

A
supp ¢.. assumed compact.

L
r =

The numbers k%, = hZ will be referred to as the sizes of the particles z,

and the functions v are called the particle shape functions. For a given
v E N, let

MY ={ XY {hY, Wy, i }eexv )

MY will be referred to as a particle-shape function system —and {M"},en
as a family of particle-shape function systems. This nomenclature is similar
to that used in the FEM when we speak of a triangulation and a family of
triangulations.

Regarding the particle-shape function system, we make several assump-
tions.

A1l. For each v,

U wy = R",

zeXV

i.e., for each v, {w}}zexv is an open cover of R".

A2. For x € XV, let
SZE{QEX”:wZﬂwg#VJ}.
There is a constant x < oo, which may depend on {M"}, cn, but
neither on v nor on z € X”, such that
card Sy <k, forallz € X" and all v € N.

A3. Forallz € XV, and v € N, z € 7 and 7 C wy.
A4. For x € XV, let

v __ v
Q& - U wg,
yeQy
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where
Qr={y € XV :nyNwy # 0}

There is a 0 < p < 0o, which may depend on {M"},cn but is inde-
pendent of z and v, such that

Q; C B%h,,, forallz € X¥ and v € N,
where Br%hi is the ball of radius phj centred at z, namely,

BQ

fy = o €R": o — 2 < phy).

A5. For each z € XV, there is a one-to-one mapping A% : P¥ — PF such
that -

Z (ALp)(y) ¢y (x) = p(x), forz € wy, andany p € PF(3.58)
yeQy -

and

HAQPHLQ(%) < CHPHLQ(%y for all p € PF, y€Qy, and z€ X"

A6. For any 0 < s <gq,
HQEHHS(WE) < C(h;)_s‘m/z, for all y € Q7.

The constant C' may depend on {M"},cn, but is independent of y, z,
and v.

A7. There is a constant C such that
[l oo wyy < C(h@_nmﬂwﬂm(%), for any w € P*,
where C' is independent of y and v.

Remark 16. From the definitions of @7 and Sy, and assumption A3, it is
clear that ) C S;. Hence from assumption A2, it is immediate that

card Q < K. (3.59)

We could, of course, have stated (3.59) as an assumption, but have chosen
to state card SY < k as an assumption because, generally, SY is easier to
work with than Q%. We also note that assumptions A1-A4 imply that, for
any x € R, -

card {z € X" :x €y} <k, forallveN. (3.60)

Remark 17. We note that the left-hand side of (3.58) in A5 is defined for
all z € R", but the equality is required to hold only for x € wy.
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Remark 18. Note that assumptions A1-A7 can be thought of as assump-
tions on MY, for each v € N; they are assumptions on {M"},cn in that
they are assumptions on MY for each v and that the constants in the as-
sumptions do not depend on v.

Remark 19. Assumption A5 effectively defines the notion of quasi-repro-
ducing shape functions ¢ of order k. Note that the condition is local: the
operator A% depends on z, the sum is taken only over y € QY, and the
equation holds only for € w”. The shape functions ¢” are said to be
reproducing of order k if a a

Z p(y)dy(x) = p(x), forx € R" and any p € P,
yexX” B

If the shape functions ¢; are reproducing of order k, then it is immediate
that they satisfy A5 with A7 equal to the identity mapping for each z.

Remark 20. Assumption A5 implies

U 1y = R", for each v.
reXV
Remark 21. Consider uniformly distributed particles, x?’, and associated
particle shape functions, ¢?, as defined in Section 3.2. Then with ¥ = x?,
hy = h, ¢y = d)?, and wy = w?, as defined in the proof of Theorem 3.4,
the associated particle-shape function system satisfies assumptions A1-A7.

Note that A% = Azh = A" satisfies A5.
= J

Suppose {M"},en is a family of particle-shape function systems, satisfy-
ing A1-A7. Define

V54 = span {¢y :z € X"}, foreachve N. (3.61)

The next theorem gives an approximation error estimate when a function
u, defined on R", is approximated by an appropriate function in Vllf’q, veN.

Theorem 3.8. Suppose the family {M"},cn of particle-shape function
systems satisfies A1-A7, and hy; <1 for z € X", v € N. Suppose

Z lul? ,vir ., . <oo, wherer? <k, forallze X" and ve N,

H'Z (thy) L

QGX'/ phyg

(3.62)

where p is introduced in A4. Further, suppose that operators A7, introduced
in A5, satisfy

1A = APl oy < CRD™= H pllpogy), for allp e PF, y € QF,
(3.63)
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for all z € X¥, v € N, where C is independent of z and v. Then there are
weights wy € R, for y € X* and for all v € N, such that

v UV
L Z wy Py

yeXY

Hs(R)

1/2
< C’( Z (hZ)Z(@Jrlis)HUHZTQH(BE )) , (3.64)
y

yeXV ph

for 0 < s <inf{g,ry +1:y € X",v € N}. The constant C' depends on the
constants in Assumptlons A1-A7 and on (3.63), but neither on u nor on v.

Note. If {¢%} is reproducing of order k, then (3.63) is trivially satisfied
(c¢f. Remark 19). Since shape functions that are reproducing of order k
are mainly used in practice, we have not included (3.63) in the set of basic
assumptions (A1-A7).

Proof. The proof of this result is analogous to the proof of Theorem 3.4.

1. The sets wy play the role of the sets w? in the proof of Theorem 3.4.
The sets Q7, €2, B?jhu, and the mapping A7 play the roles of the sets

Ah Qh B]_h, and the mapping .A?, respectively, in the proof of Theorem 3.4.
Assumptlons A1-AT7 state the properties of these sets and the mappings we
will need in this proof.

2. For any y € XV, since u € HTVH(Bph,,) it is well known that there is a

polynomial p¥" = pg’y of degree < k, such that

v
u—pE” < O u g

e (3.65)

Y
(Bﬁhg) (Bﬁhé

for 0 <s <ry+1<Fk+1, where C is independent of u, v and y, but does

depend on k (pl%y can, in fact, be selected so that its degree < ry ). Define
the weights -

= (Ayp*")(y), (3.66)

where AJ is the operator introduced in assumption A5.

Let z € XY be fixed. We will work with the polynomial p%¥, which
satisfies (3.65) with y = z, as well as the polynomial p%”. Using (3.66)
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we find

v VvV
u= Z wy by

yexv Hs(wy)
< lu— D wyey
YeRZ Hs(wg)
< lu= D (ALp™")(y) o)
yeRY H#(wY)
+ 3 (AP () = (Ay ) )| 4]l ) - (3.67)
yeQy

We now estimate the two terms on the right-hand side of (3.67).

3. From assumption A5, we know that

Z (A7p)(y)¢y(x) = p(x), for z € wy, and any p € Pk
yeQy -

Using this formula and (3.65) with y = 2, we obtain the estimate

u— Y (ALp™")(y) ¢y

< llu = 2"l s wy)

YEQr He (W)
< C(h;)r£+1_sHu||HT£+1(B%hu) (368)
Phz
for the first term.
Using assumption A6, we have
Iyl o (wr) < Chy)~*F"72, forall y € Q.
Thus
DAL () = (A ) )] 164l o )
yeQr
<D (hy) T TR (AL PP ) () — (AL YY) ()] (3.69)
yeQr

It remains to estimate the right-hand side of this inequality.
Fory € @7, we have w,’ C 27, and hence w; C B%hvv using assumption A4.
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Also wy C B%hw Thus, using (3.65) with s = 0, we have
¥ v

l?l/

1P = P2 || oy

<|p* - U||H0(w§) + [lu — pg’”HHO(%)

< (hg)rz+1||u|yHré+1(B§hg) + (h;)*5+1|yuyH,«§+l(thz). (3.70)
Now, using assumption A7, we have
(A2 () — (AL ) ()
< 1AL — A= )] + A" — )]
< AL = AP gy + G2 — 2
< C(RY) ™2 (A% = ADPE 0o
A2 — )| ) (3.71)
Also, using assumption A5 and (3.70), we obtain
1Ay (=" = P2 | oy
< Clp®" = p*" | rowy)
< C{(hz)r&l”uHHrgﬂ(B;hz) + (hZ)TZHHU\HTQH(B%}LZ)}. (3.72)
Moreover, from (3.63), we have
1AL = A0 oy < B 5 02 oy (379)
and from (3.65), with y = x, and recalling that b <1, we get
1P oy < 1P = ullmoqy) + lull oy
< Ol yrgon s, + il
< CHUHHTEJH(B?%)- (3.74)
Combining (3.71)—(3.74), we have
| (AL ™) (y) = (Ayp2") (1)) (3.75)
< C(hg)—n/Q{(hz)r;H||uHHr§+1(B§hV) + (hZ)TZJFIHUHHTﬁ“(B% u)}.
i phYy

Then we combine (3.69), (3.75), (3.59), and assumption A2 (see (3.59)),
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to obtain
> | AP — (A P2 W10y 1175 (2)
yeQz
Ty v 'I’ +1
S C{m(hg) £+1HUHH7‘£+1(B; + Z h‘ ||UHH y‘H B 1/)}
Q EQ" E
< C hl, ry +1 .
> lell e BY.) (3.76)
yeQY Pty

which is an estimate for the second term in (3.67). Thus, from (3.67), (3.68),
and (3.76), we have

vV VvV
L Z wy Py

yeQy

(3.77)

v T +1
<€ 30 B Ml gy
Hs(wy) yeQy phi

4. It remains to estimate ||u—3_ v, wydy | gsrn). Using (3.77), which is
valid for all € X¥, and assumptions A1, A2, A4, we obtain

2
u= Y wydy <D lu= Y wydyliey
yeX” Hs(R7) zeXV yeXy B
SO Sl
zeX” yeQy phy
v +1
<C Y 0 Nl T
QEXV Y
which is (3.64). O

It will be useful to state estimate (3.64) in Theorem 3.8 in certain alter-
native ways. Given a family of particle-shape function systems {M"},en
satisfying A1-A7, define

h" = sup hZ, for each v. (3.79)
zeXV

With this definition, from (3.64) we have
1/2

1% 1%
U= Z wy Py

yexv

n2(r¥+1—s
<O X W
He(RM) yex” Py

(3.80)
Now, if 7, = &', where 0 < k" < k, for all y € X* and v, then (3.80) leads
to the following result.
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Theorem 3.9. Suppose the family {M"},cn of particle-shape function
systems satisfies A1-A7, (3.63), and in addition, suppose h” < 1, for all v.
Suppose HuHHk/H(Rn) < oo, where 0 < k' < k. Then there are weights
w, € R such that

v vV
U= Z wy Py

yeX?

< C(h”)’f’“*sHUHHMH(Rn)a (3.81)
He(R™)

for 0 < s < min(q, k' + 1), where C is independent of u and v.

We note that if h** < h*2, v1, vy € N, then we would view M"! as a
‘refinement’ of M"2.

There is yet another way to state the estimate (3.81). Let 0 < h < 1, and
suppose {M"},cn, a family of particle-shape function systems satisfying
A1-A7, (3.63), and in addition,

h” = sup hZ, <h, for each v. (3.82)

vexv
We can now think of v = v(h) as determined by h, although, of course,
many particle-shape function systems satisfy (3.82). We can, in fact, think
of having a one-to-one correspondence between v and h. Thus we can regard
h as the parameter and write a family of particle-shape function systems as

{M"Yocn<r = {X" {hh, Wl @0} e xnbocn<a

instead of {M"},cn. With this understanding that v = v(h), the estimate
(3.81) can be written as

h . h
L Z wy Py

yeXxh

< CHE5 | s gy - (3.83)
Hs(R"™)

We are naturally interested in having A | 0, and hence in considering
v(h)s for which h” (h) | 0. More specifically, we will often consider a sequence
hm | 0, and the corresponding sequence of particle systems M**, M2, ...
where v; = v(hy).

We remark that the estimate (3.64) is stronger than (3.81) and (3.83),
in that (3.64) uses hY. instead of the larger h”, and (3.64) allows a more
general regularity assumption on the function u. The viewpoint outlined in
this paragraph is similar to the usual view of meshes in the FEM.

For a given family {M"},cn of particle-shape function systems, we de-
fined the space VE in (3.61). With h, 0 < h < 1, as the parameter, i.e., for
a given family M" 0 < h < 1, we will use the space

Vi = Vﬁﬁz) = span {¢} 1z € X"}. (3.84)
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So far, we have discussed the approximation of a function u defined on R,
by particle shape functions. We now consider u defined on 2, where 2 is a
bounded domain, with Lipschitz-continuous boundary, in R". We now show
that functions in VQ o defined by

V};i,h = span{qﬁg‘g : qﬁg € Vﬁ’q, for x € Ag}, (3.85)
where
={ze X" i} nQ+#0},

provide accurate approximation of functions u defined on €.

Theorem 3.10. Suppose M", 0 < h < 1, is a family of particle-shape
function systems satisfying A1-A7 and (3.63). Let 2 C R™ be a bounded
domain with Lipschitz-continuous boundary, and suppose u € H k/“(Q),
where 0 < k¥’ < k. Then there are weights wZ € R such that

h  h
C Z wy Py

h
YEAG

< Chk/+1_8””‘|Hk'+1(Q)7 (3.86)
Hs#(Q)

for 0 < s < min(q, ¥’ + 1), where the constant C' is independent of u and h.

The proof of this theorem is based on using (3.83) on the extension u =
Fu, and is similar to the proof of Theorem 3.5. We omit the proof of
this theorem. We note that the approximation Zye Al w;¢z, obtained in

Theorem 3.10, is such that

h
D w ¢y‘ € Vg
geAh
In Section 3.2, we reviewed the notion of (¢, k*)-regular system Sp,(€2). In

the next theorem, we show that VQ , is a (k4 1, g)-system.

Theorem 3.11. Suppose M", 0 < h < 1, is a family of particle-shape
function systems satisfying A1-A7 and (3.63). Let Q C R™ be a bounded

domain with Lipschitz-continuous boundary. Then V Oh isa (k+1, ¢)-regular
system, where k is the order of quasi-reproducing shape functions in M",

The proof of this theorem is similar to the proof of Theorem 3.6, and will
be omitted.

Remark 22. The space Vé’qh satisfies the local assumption, LA.
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Quasi-uniform particle-shape function system
We will call a family of particle-shape function systems {./\/lh}o<h§1 quasi-
uniform if there is a 8, 1 < 8 < o0, such that

hh

8

Bl< <8, forallz,ye X" and 0<h <1 (3.87)

|
<)

We note that (3.87) is equivalent to

h
FH<p <8, forallye X" and 0<h<1, (3.88)
y

where h is defined by (3.82).

Remark 23. We can also define uniform particle-shape function system
by imposing the condition

W =nl, forallz,ye X" and 0<h <1

We note that the system with uniformly distributed particles and the as-
sociated shape functions as defined in Section 3.1 is uniform. But uniform
particle-shape function systems may have particles that are not uniformly
distributed.

Consider a family of particle-shape function systems {/\/lh}o<h§1 satisfy-
ing assumptions A1-A7. Let 2 C R™ be a bounded domain, and suppose
MP" satisfies the following additional assumptions:

e M" is quasi-uniform, i.e., (3.88) holds;
o for all z € A, there is a 3 > 0 such that, for 0 < s < g,

BT <Gyl mswnne) < Bh275, forallye @y, (3.89)

where Q' = {y € X" : gl Nwh # 0} (¢f. Ad);

o forallw, € R, fory € QZ, and z € Ag, there exists C' > 0, independent
of z, such that

1/2

h=?° Z |wg|2h” <C Z wgqﬁz , for0<s<q.

h h
yeQz yeQg H(whnQ)

(3.90)

Then the particle space Vg"’z satisfies the inverse assumption IA, introduced
in Section 3.2. To see this, consider z € A}. Then, using (3.89) and (3.90),
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we have

S wydl < 3 lwyl 168l ooy

EEQZ Hq(wgmg) gng
1/2
<Ch2 9| > |,
yeQs
1/2
=Ch*Ih | ) Jwy?h”

yeQlk

SCRI| D wyeh , (3.91)
yeQs He (whnQ)
where C' depends on x (c¢f. A2). Thus

2 2

> wydy < DD wdy

h h h
yeAs zeAg || yEQR Ha(whnQ)

2
< Ch2(s—9) Z Z wg¢z

ze Al || yeQh

Ha()

Hs(whnQ)
2

cane-a] 3w
yeAs He (whnQ)

. k,q - h
Since any element g of Vo is of the form Zye An wg¢g | s We have shown

that Vg’qh satisfies the inverse assumption, IA. We summarize the above
discussion in the following theorem.

Theorem 3.12. Suppose M", 0 < h < 1, is a family of quasi-uniform
particle-shape function systems satisfying A1-A7, (3.89), and (3.90). Let
Q2 C R" be a bounded domain with Lipschitz-continuous boundary. Then
Vg’?h satisfies the inverse assumption, IA.

Remark 24. We can show that the particle space Vi’q also satisfies the
inverse assumption IA, if M", satisfying A1-A7, also satisfies (3.89) and
(3.90) with Q = R"™.
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So far we have addressed the approximation properties of the spaces Vl,?q
and V’;ﬂ, i.e., approximation by the functions of the form

Z wgqﬁz and Z wgqﬁz.

h h
yeX yeAY

We will now present the approximation properties of the space

Wi = {v}g tv= ) byl Pl € P”(ﬁﬁ)},

zeAD

where {gbg} form a partition of unity. The space ng was used in Taylor,
Zienkiewicz and Onate (1998), and is a special case of the space V¥ con-

sidered in Section 6. The approximation properties of the space Wg’g are

similar to the approximation properties of Vé’qh.

Theorem 3.13. Suppose M" 0 < h < 1, is a family of particle-shape
function system that satisfy A1-A7 with & = 0 and A = I, which implies

that the shape functions {gbg} form a partition of uni_ty. Let Q € R™ be
a bounded domain with Lipschitz-continuous boundary and suppose u €
H¥+1(Q), where 0 < k. Then there exist ¢ € P¥' (i) such that

u— Y iy

h
TEAY

< Chk/HuHHk/+1(Q)7
HY(Q)

where C' is independent of u and h.

The proof of this result can be obtained directly from Theorems 6.1-6.3,
and we will comment on the proof in Section 6.

Remark 25. In Theorem 3.13, we assumed that {¢/} are reproducing of
order k = 0 (i.e., they form a partition of unity) because, as indicated
in Section 4, such shape functions are easier to construct. The general case
where {gbg} are assumed to be quasi-reproducing of order k will be addressed
in a forthcoming paper. In this situation, for 0 < s < ¢, we expect the error
estimate to be

u— Y oy

zEAD

S Chk/+k+1is ||UHHkI+k+1(Q) .
Hs(Q)

Remark 26. Note that in the situation addressed in Theorem 3.13, we
associate with each particle z € X", multiple shape functions

d)gd}g,ja] = 1727"'3N7
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where {1/1% é\/:l is a basis for P¥ (1%).This is in contrast to the situation
discussed earlier in this section, where with each particle we associated only
the single shape function gzﬁif. In a forthcoming paper, we will address, in a
more general context, the use of multiple shape functions associated with a

single particle.

4. Construction and selection of particle shape functions

In Section 3, we presented an abstract description of particle-shape func-
tion systems with respect to uniform as well as non-uniform distribution
of particles. We showed that if these particle-shape function systems sat-
isfy certain properties (assumptions A1-A7 and (3.63)), they will have good
approximation properties. In this section we will present an example of a
particular particle-shape function system, where the shape functions are re-
producing of order k, and show that under certain conditions they satisfy
assumptions A1-A7, and hence have good approximation properties. We
note that (3.63) is trivially satisfied. This example will also show that a
wide variety of particle shape functions can be constructed. Therefore it
is important to address the issue of selecting an appropriate class of shape
functions that would yield efficient approximation of the solution of a par-
ticular problem, or a class of problems. We also present an interpolation
result that will indicate a procedure for choosing a class of shape functions,
among a given collection of such classes. Such shape functions will yield
the smallest value of the usual Sobolev norm interpolation error, when the
interpolated function is included in a higher-order Sobolev space.

4.1. An example of a class of particle shape functions

Several particle shape functions have been developed over the past decade.
SPH shape functions (Gingold and Monaghan 1977) were introduced in the
context of fluid dynamics, whereas Shepard functions (Shepard 1968) and
MLS shape functions (Lancaster and Salkauskas 1981) were introduced in
the context of data fitting with respect to irregularly distributed particles in
higher dimensions. In the 1990s, RKP (reproducing kernel particle) shape
functions were introduced (Liu, Jun and Zhang 1995) in the context of
approximation of solutions of partial differential equations. In this paper,
we describe the construction of RKP shape functions for non-uniform as well
as uniform distribution of particles, and relate them to the abstract setting
given in Section 3. Specifically, we will show that the resulting particle-shape
function system satisfies assumptions A1-A7.

Non-uniformly distributed particles
For v € N, N an index set, let X" = {2¥};cz where z¥ € R". With each
xy € X" we associate a positive number hY. We consider a fixed v and often
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suppress the superscript v, for example, we write z; and h; instead of x}
and b}, respectively. We will comment on v when appropriate.
Let w(z) > 0 be a continuous function with compact support, specifically,

n = supp w(z) = Br(0), R>0. (4.1)

The function w(x) is called a weight function (or window function).
The commonly used weight functions in one dimension are as follows.

(a) Gaussian:
WS@/R)? _ b

- <
w(z) = 1—eb 7 ol < R (4.2)
07 ‘.’L’| 2 R’
where § > 0.
(b) cubic spline:
3 —4(x/R)* +A(|z]/R)?, || < R/2
w(x) = ¢ 5 —4(lzl/R) +4(z/R)* = 3(|z|/R)®, R/2<|z| <R
0, |z| > R.
(4.3)
(¢) conical:
1 — (z/R)?, <R
oy = [T @/RPL e < w
0, |z| > R,
where [ =1,2....

We note that one may consider nonsymmetric versions of some of these
weight functions, as was done in Armentano and Duran (2001).

In R", w(z) can be constructed from a one-dimensional weight function
w(z) (symmetric) as w(z) = w(||z||), where ||z|| is the Euclidean length of
z. Further, w(x) can also be constructed via w(z) = [[j_, w(;z), where
x = (12,22, ...,p2) € R™. Consequently, n will be an n-cube. However, we
will assume 7 given by (4.1) in this section.

For each j, we define

wj(z) =w <:n ;jxj) (4.5)
Clearly,
n; = supp w;(x) = Eth (x5). (4.6)
Let
Qi = {zj s Ny # 03, (4.7)
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and assume that

Ujez 1 =R, (4.8)
card Q; <k, foralli€Z, (4.9)

where k is independent of ¢ and v.
For a given integer k, k > 0, the RKP shape function ¢;(z), associated
with the particle x;, is defined by

¢j(z) = wj(x) Y (x = 2;)"ba(x), (4.10)
la|<k
where b, (x) are chosen so that
Zp(a:j)d)j(x) = p(x), for z € R" and p € PFR"), (4.11)
JEZ

so that {¢;(x)} ez are reproducing of order k. This gives rise to a linear
system in b, (x), namely

Z Mart5(7)ba(T) = 50, for |B] < F, (4.12)

la|<k
where Jg| || is the Kronecker delta, and
Z wj(z)(x — x;)”
JET
It is clear from (4.6) and (4.10) that
supp ¢;(z) = supp w;(z) = 17;. (4.13)

We now briefly describe the derivation of (4.12). For a fixed y € R",
consider

pa(z) = (y—x)’, 0<|B| <k

Using p(z) = pg(x) in (4.11), we get

S y—u)g5(@) = (y - 2)°,
JEZ
and letting y = = in the above equality, we have
S (@ —2)’65(x) = d50, 0 < |6 <. (4.14)
JEZ

Thus (4.11) implies (4.14); one can also show that (4.14) implies (4.11).
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Now using (4.10) in (4.14), we get
Sg0 = Y _(x— ;) ¢;(x)

JEZ
= (@ —z) w(x) Y (v — ;) ba()
JEL o] <k
=3 ba(@) S wjla) (@ — ay)H
la| <k JEL
=Y Marp(@)ba(2), (4.15)
la|<k

which is (4.12).

We now consider the unique solvability of (4.11). For & = 0, the lin-
ear system (4.12) is mo(z)bo(z) = [ ez wi(z)]bo(z) = 1. Assuming
Yiczwi(z) #0, x € R, we have by(x) = 1/mo(x). Therefore from (4.10),
we have

oy wix) ez
A seE N
This expression for {¢;(x)} gives another verification that they form a par-
tition of unity. These shape functions, introduced in Shepard (1968), are
called Shepard functions.

The unique solvability of (4.12), for k& > 1, depends on the weight func-
tions and on the distribution of the particles {z;} in R™. The required
distribution of particles is in turn related to the interpolation problem in
R™. It was shown in Han and Meng (2001) that a necessary condition for
unique solvability of (4.12) is that, for x € R™,

card A(z) > dim P*, (4.16)

where
A(x) = {x; - x € i} (4.17)

For k = 1, Han and Meng (2001) showed that the linear system (4.12) is
nonsingular if the following conditions are satisfied.

(a) There are constants C1,Cy > 0, independent of v, and h > 0, such that

C) <=L <0y, forallicZ. (4.18)

=SS

(b) There are constants Cy,Cy > 0, independent of v, such that, for any
x € R", there are (n + 1) particles z;, € A(z),l =0,...,n, such that

min w(x —h$11> > (>0 (4.19)

0<i<n
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and B
Volume K (zi,, iy, ..., %i,) > Coh™, (4.20)

where K(z;,,zi,,...,x;,) is the simplex with vertices z;,, i, ..., Z;

We will now cast RKP shape functions, discussed above, in the frame-
work of a particle-shape function system, introduced in Section 3.3. We
started with a collection of particles X” = {z7};ez, where z¥¥ € R", and
positive numbers k. Corresponding to each particle 2% € X", we associ-
ated, in (4.10), the RKP shape function, ¢ = ¢; with compact support

ny =mn; = Fth (xj), where the parameter R was related to the weight func-
tion w(z). It was shown in Han and Meng (2001) that if w(x) € C4(R"™),
then ¢; € C4(R"™), and thus ¢; € HI(R"); here we assume ¢ = 1. We recall
that the conditions (4.8), (4.8), (4.16), (4.18)—(4.20) were required for the
construction of shape functions, ¢;, j € Z. We let wi =wj; = 7;j; certainly
each w¥ is a bounded domain. We now show that the family of particle-shape
function systems {M"},cn, where

MY = {va{hivagja¢;'j}}v

with these choices for ¢} and wy, satisfies assumptions A1-A7 in Section 3.3.
We will continue to use the notation introduced earlier in this section, and
suppress v; the statements of A1-A7 using this notation should be clear.

e Since w; = 1); for i € Z, assumption Al follows from (4.8). We also see
that the sets Sy = S; and Q} = @Q;, introduced in assumptions A2 and
A4 are the same. Thus A2 follows from (4.9).

e Assumption A3 is immediate from the definition w;.

e Since w; = 7);, the set 27, introduced in assumption A4, is given by

QF = Q; = Ug,eq,nj- Since each n; is a ball of radius Rhj, it is easily
seen, using (4.18), that assumption A4 is satisfied with p = 3RCo/C.

e RKP shape functions, {¢;}, considered here, are reproducing of order
k =1, i.e., they satisfy (4.11) with £ = 1. Thus A5 is satisfied with
A = A; = I (identity), for all i € Z, with k = 1.

e Han and Meng (2001) showed that, if the weight function w(x) € C4,
then

[pillws.o(y < C(hi)™°, for0<s<gq and i€Z.
Thus using a scaling argument and this estimate, we obtain
il zrs iy < C(hs) T2, for 0< s <gq and i€ Z, (4.21)

where h and h; satisfy (4.18). Recall that we assumed ¢ = 1. Now let
xj € ;. Then

5l mrs ) = 11851 ms (i) < D5l 25 i)
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and combining this with (4.21), we get, for 0 < s <1,
65llers sy < C(hi)~*t/2, for all z; € Q; and i € Z,

which is assumption A6 with ¢ = 1.
e A scaling argument shows that assumption A7 is satisfied.

We remark that (3.60), together with condition (b) (following (4.18)), es-
tablishes a lower bound of s, namely (n+ 1) < k.

We have thus shown that assumptions A1-A7, with £ = 1 and ¢ = 1,
are satisfied by RKP particle-shape function systems provided (4.8), (4.9),
(4.16), (4.18)—(4.20) are satisfied. Thus we can apply Theorem 3.8 to obtain
an approximation error estimate for RKP particle-shape function systems.
Note that the condition (3.63) in Theorem 3.8 is trivially satisfied with
AY =T for all x € X”. We remark that an interpolation error estimate,
under the assumptions (4.8), (4.9), (4.16), (4.18)—(4.20), was also obtained
in Han and Meng (2001).

We note that A1-A7 only guarantee good approximability of the shape
functions; they do not provide a recipe to construct particle shape functions
that are quasi-reproducing or reproducing of order k. In fact the availability
of such particle shape functions is assumed in A5. Further assumptions may
be needed to construct such shape functions; for example (4.16), (4.18)-
(4.20) were needed to construct RKP particle shape functions. Therefore,
there should be enough restrictions on the particle distributions and the
supports of shape functions for it to be possible to construct these shape
functions satisfying A1-A7, thereby ensuring good approximation proper-
ties.

Uniformly distributed particles

We consider the uniformly distributed particles x;‘ = jh, 7 € Z" as in
Section 3.2. This is a special case of the non-uniformly distributed particles
considered in the first part of this section. For each :c?, we define w;l(:n) =

—gh . . . . .
w(*5+), where w(z) > 0 is a continuous weight function with compact

support n = Bg(0). Clearly, 17;‘ = supp w?(:z‘) = ERh(:n?). It can be easily
shown that if R = 3y/n/2 (in fact, we need only R > \/n), then (4.8), (4.9)
with k = (4R +1)", (4.18) with C; = C = 1, and (4.20) with Cy = 1/2 are
satisfied. If w(x) = w(r), with r = ||z||, is monotonically decreasing in r,
then it can also be shown easily that (4.19) is satisfied with C; = w(y/n).
Therefore, RKP shape functions (;5?(37), associated with xlh, for all ¢+ € Z",
can be constructed using the procedure described in (4.10), (4.11) and (4.12)
for k = 1, namely

(@) = wi(x) Y (v — ) ba (), (4.22)

la|<k
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where {b%(2)}|q<y is the solution of

Z mgm(fc)bg(x) =0ig10. 6] <k, (4.23)

lo| <k
with £ = 1, and
h( )= h( )@ — }'l)a (4.24)
Mg (T wy(x)(x —x;5)". .

JEL™
The shape functions {gb;l} satisfy

Z p(:c?)qb?(x) =p(z), forallz € R" and p e P¥RM). (4.25)
JEL™
As with the non-uniformly distributed particles, we consider the family of
particle-shape function systems

Mh: {Xh7{h‘g?w£a¢g}zexh}, 0<h<1,

for RKP shape functions with respect to uniformly distributed particles, by
letting X" = {z = :c? :j € Z"} and using h? = h, WP = 77? and ¢! = qﬁ?.
Note that here we used the parameter h instead of v. We have shown
above that conditions (4.8), (4.9), (4.18)—(4.20) are satisfied, with w(z) =
w(r), a monotonically decreasing weight function in r, and R = 3/n/2.
Therefore, based on the discussion on RKP particle-shape function systems
for non-uniformly distributed particles, it clear that {Mh}o<h§1 satisfies
assumptions A1-A7 with k£ = 1, ensuring good approximation properties of
the RKP shape functions.

We recall that in Section 3.1, the particle shape function qﬁf(w) was de-
fined in (3.1) by scaling and translating the basic shape function ¢(x) for
uniformly distributed particles, i.e., they were translation-invariant. We will
show that the RKP shape functions {¢?'};czn, constructed via (4.22) and
(4.23), also satisfy (3.1) with ¢(z) = ¢{(x) (i.e., with i = 0 and h = 1). We
assume that the linear system (4.23) is invertible for k& > 1.

From (4.22) and (4.23) with i = 0 and h = 1, we have

$(x) = w(x) > b} (), (4.26)
|| <k
where bl (x) are the solutions of
> mlis@)bh(z) =50, for |B| <k, (4.27)
o<k

and

my(x) = D wlx — j)(z —§)* (4.28)
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We replace z by * ? in (4.27) and (4.28) to get

(
r—xh r —xzh
> m}mw(T)ba( A ) = djg0, for |6 <k, (4.29)

| <k
where
T —z x —ah T —x @
w () = S e ) ()
JeEZ™
h h «
B
jeZ" h h
\al Z (x — T )
JEL™
Loy
Using (4.30) in (4.29), we get
1 h T — mf
Z ha+ﬁ|ma+ﬁ(x)ba< h ) = 918,05

|| <K
and therefore

|z<:kma+ﬁ hlal “( h )th'fsw,o:mo, for all |5 < k. (4.31)

Since the {b"(z)} is the unique solution for (4.23), it is clear from (4.31)

that
1 x —ah
h 3
bal®) = 31arbe < h >

and thus from (4.26) we have

x—ah x —xzh x —azh\“ x —xzh
o) () S () (5
|| <k

https://doi.org/10.1017/50962492902000090 Published online by Cambridge University Press


https://doi.org/10.1017/S0962492902000090

SURVEY OF MESHLESS AND GENERALIZED FINITE ELEMENT METHODS 47

Thus, for uniformly distributed particles, RKP shape functions satisfy (3.1),
i.e., they are translation-invariant.

Remark 27. To approximate functions defined on a bounded domain €2,
we use the restrictions of RKP shape functions on €2, as described in Sec-
tion 3.3 (¢f. (3.85) and Theorem 3.10). We note that the RKP shape
functions corresponding to the particles near the boundary of €2, as defined
here, are different from the RKP shape functions defined in Han and Meng
(2001) and Liu et al. (1995). But they are the same for particles inside
Q, sufficiently away from the boundary 0€). They are also the same when
Q =R".

Remark 28. RKP shape functions are not available analytically in sim-
ple forms. Their values at a point z € R" are computed via (4.10), which
involves the solution of the linear system (4.12) for each x. Thus computa-
tion of RKP shape functions, which are reproducing of order k, is not easy,
especially for higher k. Moreover, as a consequence of (4.16), it is necessary
that the supports of these shape functions be large so that the linear system
(4.12) is invertible. We note that it is much easier to construct the shape

functions for the space Wé’)qh, introduced near the end of Section 3.3.

4.2. Interpolation and selection

In this section, we will address the interpolation of a function in terms of
particle shape functions, and will propose a procedure to select a shape
function that will yield efficient approximation. We consider uniformly dis-
tributed particles {w?} in R™, and the associated particle shape functions
{¢?}, defined in (3.1), where ¢ € H?(R™) with ¢ > 1 has compact sup-
port; supp ¢ C Bpr(0). We have seen that {qﬁ?} is translation-invariant,
supp (b? € BRh(ac?), and in addition

163 1 gny < 0276 a1 - (4.32)

We assume that {gzﬁ?} is reproducing of order k, i.e., (4.25) holds.

Let © be a bounded domain in R™. We will consider a smooth function
u(x) defined in Q and study the error u —Tju, where Zyu is the ‘interpolant’
of u in terms of qb?. The results in this subsection are from Babuska, Banerjee
and Osborn (200x), and we refer to this paper for some of the details that
we do not present here.

We now define the ‘interpolant’ Z,u of a function u. For any z € R”, let

A ={k ez zeql}.
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Here A" is called the influence set for the point z. Then (Z,u)(z) is defined as

(fhu)(:c) = Z u(x;’)qﬁ?(x) (4.33)

jeAl

In (4.33), we, of course, assume that u(m?) is defined for all j € AL, If
p € P*, then from (4.25) we have

> phel () =) plal)ef(z) = p(x), for all z € R", (4.34)

jeAh JEZL™

i.e., Inp = p. Now let u € H*(Q) with s > n/2. For some z € €, the
particles LIT;L for j € A" may be outside 2, and u(af?) may not be defined. To

define Zu(x) for u € H*(Q) and for all = € Q, we need an extension 7 of u in
a ball B, containing 2 such that dist(0S2, 0Bg,) > ph, and u € H*(Bpg,).
Then,

(Znu)(z) = (Tpu) () = Y a(z))¢l(x), forzeQ, (4.35)

jeAR

is well defined. For an extension u, we may use u = Ewu, where Eu was
defined in (3.50). Thus, (Zpu)(x) for z € Q will depend on few values of

u(xh), where the particle a:? is just outside 2. We remark that Zpu is not

J
an interpolant of u in the usual sense, since, generally, ¢;‘(:1:f) # 05, and

hence (fhu)(a;?) # u(m?)
We define the function

ghx)=a% = (x)*¢}(z), la| =k +1, forz € R" (4.36)

i€ Al
We will also use

fal) = () =2 = D %z —1i), [a| =k+1, forz€R", (4.37)
i€ AL

where AL is A" with h = 1. These functions will play an important role in
the analysis presented in this subsection, as well as in Section 5. We note
that &, (z) is the error between the polynomial 2%, with |a| = k + 1, and its
interpolant when h = 1. In one dimension, we will write these functions as
52‘“(3:) and &11(z) respectively.

We begin with certain results about these functions. We first present some
notation that will be used in these results. Let I Jh be the cell centred at x?,
defined by

h . h —
I'=Az:|z -2}l = Zirllaxnmz — ;] < h/2}.
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For each I ]h, we define
={kez" i NI+ 0},
and

Bl = {UkeAgBRh@Z)} Ul

We note that the cardinality of A? is finite, and is bounded independently

of j and h. Further, there exists R > 0, independent of j and h, such that
Bl ¢ B" = By, (« .) and Ujezn Bl = R™.

Lemma 4.1. &(z), with |a| = k + 1, is periodic, i.e.,

e+ :E;L) = ¢h(z), for any x? (4.38)
Proof. We first note that
(x + a:?)o‘ =z% + p(x; ac;‘), (4.39)

where p(z; h) is a polynomial in x of degree < k with coefficients that

depend on y:h Now using (4.39), with = 2!, and the fact that the {¢?} is
translation- 1nvar1ant and reproducing of order k, we get

D @)@ +al) =Y (al)*ef (x)

YAl TEL™

= > (@) ol (@)

syl

= > (e +a2))e) (x)

TEL™
:Z<wé‘) + 3 plal;ah) ol (x)

1EL™ 1EL™

= (a +p(z,2}). (4.40)

ez
From (4.36), (4.39) and (4.40), we get
i +al) =2 = (a)*}(z) = (),
1EL™
which is the desired result. ]

Lemma 4.2. Let a = «(i), i =1,..., M} be an enumeration of the multi-
indices a with |a(7)| = k + 1. Let I]h be the cell centred at the particle :c?
Then, for d, € R, we have

1
Z adofg(@

|a|=k+1

2
= YT (A 4+ h2B)VY, (4.41)

HY(Il)
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where V = [dy 1), da(2), - - - ,da(Mk)]T and A, B are M}, x M}, matrices given by

1

Ay = /I vaa(l) : vfa(m) dz, (4.42)
1

Blm_/lmfa(l)éa(m) dz, (4.43)

respectively, and I = [—1/2,1/2]™.
Note. The matrices A and B are independent of I ]h

Proof. A simple scaling argument, used with (3.1), shows that
() = 1k,

Now, using the periodicity of £"(x), a standard scaling argument, and this
identity, we have

2 2
1 1
Y —daVEh(w) = Y. SdaVei(x)
ol ol
|o|=k-+1 HO(I") |o|=k-+1 HO(Ih)
2
1 x
— p2(k+1) —d, V& =
2 Ve
|ae|=k+1 HO(1})
2
e 1
— p2(k+1) pn—2 Z adavga(:’/)
la|=k+1 HO(I)
= 2yt Ay, (4.44)
Using a similar argument, we have
) 2
> k@) =RREVTBY.
la)=k-+1 @ HO(IM)
Combining this identity with (4.44), we get
) 2
> k@) =REVIARB)Y,
la]=k-+1 @ HY(Ih)
which is the desired result. U]
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Lemma 4.3. Let I]h be the cell centred at :c?, and consider the corre-

sponding set B]h Suppose u € Hk+2+q(BJh) with ¢ > § when n > 2, and
q = 0 when n = 1. Then,

(a) for any § > 0,

| u —thH?ql([;)

<+ Y Dkl )

|ar|=k+1

HY(1l)
1 2k+2 a, 112
- <1+ §>Ch > D uHHq(B?). (4.45)
|a|=k+2
and

(b) for any ¢ > 0,

> (D))

|a|=k+1

HY (1)

< (14 6%)|ju— ihuui,l([?)

L k
+ <1 + §>C’h2 +2 %} 2 ||Dau|\§{q(3?). (4.46)
a|=k+

The proof of this result is based on Taylor’s theorem, a bound on the
remainder in Taylor’s theorem, and a bound on the interpolant of the same
remainder. We do not include the proof here, and refer to Babuska et al.
(200x).

We will now study the interpolation error u — Zu, where u is a smooth
function in 2. An interpolation error estimate for RKP shape functions,
namely |lu — fhuHWz,q(Q) ~ O(h¥1=1) for certain values of [, was proved in
Han and Meng (2001); the same estimate for ¢ = 2 was proved in Liu, Li and
Belytschko (1997). A similar order of convergence in the H*° norm was
also obtained for MLS shape functions in Armentano (2002) and Armentano
and Duran (2001). We note that the definitions of Zyu for the RKP shape
functions and MLS shape functions, presented in these papers, are slightly
different from our definition as given in (4.35). From the proof of the our
next result, we will obtain an estimate of ||u — Zyul| m1(q) where the shape
functions are reproducing of order k. Moreover, this theorem gives some
information on the size of h¥|ju — Zjul| H1(), Which facilitates the selection
of ‘good’ shape functions, which will be discussed later.

We now present the main result of this section. We define certain sets
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which will be used in this result:
At ={kez" QNI #0}, Qp=Ujcnll
AV ={kez": I} c Q}, Q, = U1},
B" ={U; B} YU, B" = U, 1Bl
It is clear that Q, C Q C Qp, and |2 —Q,| — 0, |Q, — Q] — 0 as h — 0.
Also Q c B" ¢ B", and |B" = Q| — 0, [B" —=Q| = 0 as h — 0.
Theorem 4.4. (Babuska et al. (200x)) Let A be the largest eigenvalue

n

of the matrix A given in (4.42). Suppose ¢ > § when n > 2, and ¢ = 0
when n = 1. Then we have
llu— Ihu”%{l(g)

su lim =\, 4.47
uer+21?|»q(Q) h—0 hszh (U) ( )

where

Qn(u) = ‘Uﬁ{kﬂ(g) +h Z ||D°‘u|]§{q(m. (4.48)
|ot|=k+2

Note. In (4.47), we consider u € H¥*2+49(Q) such that u ¢ P*.
Proof. We will first prove that, for v € H¥2+4(Q),

||U—i—hUH12ql(Q) g VT(2)AV (z)dx
o REQu(w)

: 4.49
B (4:49)

where
V7(2) = [D°Wu(z), D*Pu(a), ..., DM u ()],

and a(i), 1 < i < My, are the multi-indices with |a(i)] = k + 1.
Let w € H k+2+q(Q), and suppose u is an extension of wu, as discussed

before. Since, Q C €, we have
Ju = Ziwliiney < 18— Zalna,y = 3 o= Tl
jeAr

Therefore, using (4.45), (4.41), and recalling that B" = UjGAhB]h, we get

for any § > 0,
2
. 1, .
[|u —IhUH%ﬂ(Q) <(1+46% Z Z J(D u) (x})En(x)
jedrll|al=k+1 H(IM)
1 "
+ (1 + §>0h2’“+2 Z Z |D u|y§{q(éj,})

je Al |o|=k+2
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< (1+0p%* Y VI (A+ B2B)Y;
jeAR
1 _
+ (1 52>0h2k+2 > D%y (450)
|a|=k+2

where

VI = [D*Oa(ah), D*@a(al),..., D*Ma(ah).

Therefore, dividing (4.50) by h?*Qy(u), where Qp,(u) is defined in (4.48),

we get
e — Ih“”%ﬂ(ﬂ) < (14 6% 2 jeAn thjT(A +h2B)V;
h2Qp(u)  ~ Qn(u)
Z|a\:k+2 HDaﬂH?{q Bh
+ ( 52>Ch2 N BY - (4.51)

A typical term of the quadratic form VJ-T(A + h%B)V; is

DDz " (A + h 2By ) D*Wa(ah).

Since
li n (i) o Oé(’L a(l)
lim > h"D M Ay D! /D Ay D*Oy(z) dx
jeAr
and
: 2 n myol(i) -/ .h a(l)=/..h\ __
}lllir%)h Z R DDz x;)ByD ()u(xj) =0,
jEAR
we have
lim WV (A+h*B)V; = / VI(2)AV () dz. (4.52)
- Q
jeAR

Since |B" — Q| — 0 as h — 0, we have

lim > D%y = D 1Dl (4.53)
|oe|=k+2 |o|=k+2

Also limp, 0 Qn(u) = |ulgr+1(q). Thus, for any 6 > 0, using (4.52) and
(4.53) in (4.51), we get

llu — jhu”%rl( )

‘U|Hk+1(g)

<(1+

lim su
ol h*Qy(u)

)
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and, since d > 0 is arbitrary, we have

lu — Zyul? VT(2)AV (2) dw
lim sup (@ fQ (z) .

< 4.54
h—0 h2kQp(u) |U‘Hk+1(Q) ( )

Following the argument leading to (4.54), but using A", B" and (4.46)
instead of A", B" and (4.45), respectively, we can also show that

fQ VI()AV (z) do < lim inf Hu_IhUHEII(Q)

|u]Hk+1(Q) h—0 h2kQp (u)

(4.55)

Combining (4.54) and (4.55), we see that

lim llu — jhu”%{l(g)
h—0 thQh(’U,)

exists, and
lo=Znulifngg) _ fo V7 (@) AV (2)da

1m
h—0 hszh(u) |u’Hk+1(Q)

)

which is (4.49).
Since A is the largest eigenvalue of the matrix A, from the usual variational
characterization of eigenvalues we have

/VT( VAV () dx < )\/ Z|D°‘( o) dz = MulFrer -
Q

Thus, from (4.49) we get

| w _j.hu‘ﬁ—[l(ﬂ)

k+2+
Jim R o () <\, foranyue H Q).
Hence
lu = Zul? -
sup lim —— 1 <y, (4.56)
u€HPT2+4(0Q) h—0 h Qh(u)
Let © = [v1,v2,...,vp, |7 be an eigenvector of A corresponding to A. Then

it is easily seen that there is a u € P¥*! such that the vector V(z) = ©. For
this particular u, we have

Jo V@AV (@) de _ o

’U|Hk+1(9)
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Hence, from (4.56) we conclude that

Hu_i—hu”%l(g) -
su lim =\,
uer+21?|»q(Q) h—0 hszh (U)

which is the desired result. ]

Remark 29. We know from (4.35) that the interpolant of a smooth func-
tion depends on its extension to R™. But it is clear from the proof of Theo-
rem 4.4 that (4.47) is valid for any extension satisfying (3.50).

Remark 30. We note that the same result holds for the H!'-seminorm of
the interpolation error, i.e., for ¢ > 5§ when n > 2, and ¢ = 0 when n =1,
we have
sup lim u ™ Ihuﬁ{l(m =\
u€Hk+2+4(Q) h—0 h2k[|u|%{k+1(ﬂ) +h Zla\=k+2 HDO‘uH%{q(Q)]

Remark 31. From (4.51) in the proof of Theorem 4.4, we can obtain an
interpolation error estimate,

|l — Znull g ) < ChF|u| grsaraqy,

where C may depend on 2, but is independent of v and h. We note, however,
that this is not the optimal error estimate. For an outline of the proof, see
Babuska et al. (200x).

We have seen in Remark 31 that, if the particle shape functions are re-
producing of order k, then for a smooth function u,

|u — jhUHHl(Q) ~ O(hk)a

where Zyu is the interpolation of u as defined in (4.35). There are many
classes of shape functions that have these properties. We have seen in
Section 4.1 that translation-invariant RKP shape functions depend on the
weight function w(z), and different choices of w(z) will generate different
classes of such shape functions.

We will assess the approximability of a family {qb?} of shape functions by
the size of ), the largest eigenvalue of the matrix A defined in (4.42). We
note that A is computable, and depends only on the basic shape function
#(x). We emphasize that A does not depend on u or on h. From (4.47), we
know that

lu — Znull g q)

hP\/Qh(u)

Thus we see that A is a useful measure of the approximability of the family
{gb?}, determined from the basic shape function ¢(x).

<V, for small h.
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We will illustrate our selection scheme in one dimension, and will rank the
shape functions according to to their approximability. In one dimension,

. Eks1l 2 (0,1)\
EDIA

In the rest of this paper we will suppress H'(0,1) in &4 1 |F1(0,1), and instead

write ‘§k+1‘1.

We considered four different classes of RKP shape functions, reproducing
of order 1, corresponding to four different weight functions w(z). These
weight functions were given by (4.2) with 6 = 2, (4.3), and (4.4) with [ = 2, 4.
We then computed |11 for each of these four classes of shape functions
for R = 1.7; we obtained

0.237, for w(x) in (
0.203, for w(z) in (
0.095, for w(z) in (
0.029, for w(z) in (

4.4), =2,
42), 6 =2,
|Ekt1]1 = 13)
44), 1=4.

We choose the RKP shape functions corresponding to w(z) given in (4.4)
with [ = 4, since these shape functions yield the smallest value of |€x11]1.
We note that the value of |{x41]1 depends strongly on R, and the shape
function corresponding to w(x) given in (4.4) with [ = 4 may not be our
choice for other values of R. We refer to Babuska et al. (200x) for further
discussion on this issue.

To validate our criterion for selection of the shape functions, we have
considered the function u(z) = x* on the interval Q = (0,1) and computed
the error |u — jhu’Hl(Q). Tyu is the interpolant of u with respect to the
four classes of RKP shape functions described in the last paragraph, with
h=1/n,n=40,50,...,100. We note that the definition of Zj,u requires the
values of u(z) in a small neighbourhood of €, and we have extended u = x4
outside by itself.

We summarize the results in Table 4.1. We note that columns 2-5 corre-
spond to different classes of RKP shape functions constructed using different
weight functions w(z); for example, the column headed ‘Cubic spline’ refers
to the cubic spline weight function given by (4.3). It is clear that the error
|u—Zhu| g1(qy can be ranked according to the size of |§3[1 for the four choices
of w(z) considered here with R = 1.7; the error and |{2|; are both minimal
when w(x) is the conical weight function with [ = 4.

This selection scheme is based on (4.47), and we know from Remark 29
that (4.47) is valid for any extension. We refer to Babuska et al. (200x)
for an experimental illustration of this fact. We remark that this selection
scheme is also valid for the projection error, which will be indicated by our
results in the next section.
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Table 4.1. The H'-seminorm of the error, |u — fhu|H1(Q), where Zp,u

is the interpolant of u(z) = x* using RKP shape functions that are
reproducing of order 1, corresponding to different weight functions w(zx).
The radius of support of w(z) is R = 1.7.

. u— Znul g ()
Conical: [ =2 Gauss: § =2 Cubic spline  Conical: [ =4

40 1.607e-2 1.376e-2 6.435e-3 2.283e-3
50 1.281e-2 1.096e-2 5.130e-3 1.730e-3
60 1.066e-2 9.112e-3 4.267e-3 1.396e-3
70 9.126e-3 7.800e-3 3.653e-3 1.172e-3
80 7.980e-3 6.819¢-3 3.194e-3 1.012¢-3
90 7.090e-3 6.058e-3 2.838e-3 8.908e-4
100 6.379-3 5.449e-3 2.553e-3 7.962e-4

5. Superconvergence of the gradient of the solution in Lo

Superconvergence is an important feature of finite element methods, which
allows an accurate approximation of the derivatives of the solution of the
underlying BVP. In this section, we will discuss the idea of superconvergence
when particle shape functions are used to approximate the solution of a
BVP. We will consider uniformly distributed particles and the associated
particle shape functions, which were developed in Sections 3.1 and 3.2. For
uniformly distributed particles, a careful analysis in one dimension can be
easily generalized to higher dimensions. Thus, in this section, we present
the results in one dimension, thereby avoiding some technical details arising
in the higher-dimensional analysis.

We will use the notation introduced in Section 3.1, but restricted to one
dimension, i.e., for A > 0, we consider x? = jh, j € Z, and the corresponding

shape function qﬁ? defined in (3.1). We assume that the shape functions are
reproducing of order k. We use the following notation:

= (@l aly), A ={mezZ:inlnil+0}
Ii=(j,j+1), AjEA]l (with h = 1).
We assume that
card(4;) < &,

or equivalently,
card(A?) <k,
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where k is independent of j and h. We assume that the basic shape function
¢(x) is such that, for any v(z) = >, c;i¢i(x) for & € Iy, there exist positive
constants Cy, Cs, independent of v, but possibly depending on &, such that

& Z c% S/ v2dz < Oy Z C%. (5.1)
Iy

JEAp JEAp

This implies that the functions {¢;(x)}ica, are linearly independent in Ip,
that is,

5 i) =0, o < Ty imples ¢ = 0,5 < Ao
jE€AQ

Throughout this section, we use C, Cy, Cs as generic constants, which will
have different values in different places.

Consider Q = (—c,d) C R. Let up € H'(Q) be the solution of the
Neumann problem

B(ug,v) = F(v), forallve H(Q), (5.2)
where

B(u,v):/ﬂ(u’v’—i—uv) dz and ]:(v):/ﬂfvd:c

as in (2.4) and (2.5). We will often use the notation B¥ (u,v) to denote the
above bilinear form, where the €2 is replaced by another domain F'.
Let ujp, € VSI;’Z be the solution of

B(up,v) = F(v), forallve VS]{’Z, (5.3)
where Vglz’g was defined in (3.54). It is clear from (5.2) and (5.3) that

B(ug — up,v) =0, forallve Vé’g, (5.4)
and we easily have

lunll g < lluoll - (5.5)

Recall that the functions in V(I; ’g are restrictions of the functions in Sy, = th’q

on Q (¢f. (3.2) and (3.54)). Thus (5.4) is true when Vé’z is replaced by Sp,.
We assume that, for any p > 0,

1
luo — unllLy(5,(0)) < CHFHluoll e (g)p?, (5.6)

and there are positive constants Cy,Co, independent of u, h, and p, such
that

[Jup — “/h||L2(B,,(0)

Cihkps < ) < Cyhp3, (5.7)

HUOHHHl(Q)

https://doi.org/10.1017/50962492902000090 Published online by Cambridge University Press


https://doi.org/10.1017/S0962492902000090

SURVEY OF MESHLESS AND GENERALIZED FINITE ELEMENT METHODS 59

where B,(0) = {z : |z| < p} and B,(0) C Q. We will write B, = B,(0)
throughout this section.

The main goal of this section is to investigate the error v/(x) — v} () in a
neighbourhood of x = 0, i.e., for x € By CC Q and H = h7, v < 1, where
~ will be chosen later. We will prove the following result.

Theorem 5.1. Suppose ug and uy, satisfy (5.6) and (5.7), and let e}, =
ug — up. Moreover, assume that ug € WX2(Byy). Then, for sufficiently
small h, there exists ¢ > 0 such that

!/
e, = T(u0)&x 1 | a(Ba)

y < Che,
HehHLQ(BH)
where
(k+1)
_uy (0) h g k+l .
T('LLO) = W and €k+1($) =h §k+1 E N

&k+1 is defined in (4.37).

Remark 32. Theorem 5.1 is a superconvergence result. It shows that

/
leh, = T(u0)&k 1 a(ma) < lehllagmm-

This allows us, for example, to analyse the effectiveness of an error estimator,
as was done in Babuska, Strouboulis, Upadhyay and Gangaraj (1996) and
Babuska and Strouboulis (2001).

Since the all the results in this paper have been presented in terms of
La-based norms (i.e., in terms of the usual Sobolev norms), we also present
this result in terms of Ls-based norms. Superconvergence in Lo, will be
addressed in a forthcoming paper. Assuming superconvergence in L., the
superconvergence points and superconvergence recoveries in the case of par-
ticle shape functions can be obtained as in Babuska and Strouboulis (2001).
At the end of this section, we will see an example where the superconver-
gence points are distributed in a different way to that of the classical FEM.

Remark 33. The essential aspects of superconvergence analysis in the
classical FEM are interior estimates, developed in Nitsche and Schatz (1974),
Schatz and Wahlbin (1995) and Wahlbin (1995). This analysis strongly uti-
lizes the polynomial character of the shape functions. Here, in the case of
particle shape functions, we had to develop another approach to the analysis
of superconvergence, which is based on weighted Sobolev spaces. The main
idea of the proof of our superconvergence result is to show that locally the
approximation error is asymptotically the same as the error in the inter-
polation of a polynomial of degree k + 1 by particle shape functions. The
analysis is technical; we present the main idea of this analysis in this section.
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Remark 34. Assumptions (5.6) and (5.7) are directly related to the con-
trol of pollution, as in the FEM. The assumption ug € WX (B,) is analo-
gous to the assumption in the FEM (see Babuska et al. (1996) and Babuska
and Strouboulis (2001)).

To prove Theorem 5.1, we will first develop certain ideas and establish
several technical results. To that end, for given parameters H = h?, with
v < 1, and o > 1, we define the function g(x) by

1, —H <x<H,
g(a) = geele=H w >, (5.8)
eolH+) 0 _H,
where « is such that ah < 1, and will be chosen later. We note that a proper

choice of v and « is crucial for the analysis presented in this section. Often,
we will use g = g(z), g; = g(=}) and Jiy1 = g(zh + h/2).
2

Generalized interpolant and certain norm estimates

We first introduce the idea of a generalized interpolant of a function u, which
is different to the Z,u defined in Section 4.2. Let Io = I 1UloU{0} = (—1,1)
and Ag = A_1 U Ay. Then, from (5.1), it is clear that there are positive
constants C1, Cy, independent of v =}, c;¢i(x), but possibly depending

on k, such that
Cq Z c? §/~ v?dr < Cy Z ez, (5.9)
j€Ao fo j€Ao
which implies that {¢;(x)}, 5, are also linearly independent in Iy. We define
Yo(z) = D e 4, @i®i(x) with supp 9o = Io (closure of Ip), such that

- o(z)po(x)de =1,

o(x)¢j(xr)dz =0, forall j € Ay, j#0. (5.10)
Io
Using (5.9), we can show that
H¢OHL2(fo) <C. (5.11)
We also note that, since {¢;(2)},c 5, form a partition unity on Iy, from (5.10)

we have

. Yo(z) dz = /io Yo(z) GZAO di(x) dz = /jo Yo(x)po(z)dz =1.  (5.12)

Let wf‘(a:) = 9o(% —1). Then supp 1%‘ = f_l-h, where I;h = (w?fl, :E?H). Note
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that Uiezfih = R. Now, for a given v € Ly(R), we define the generalized
interpolant of v as

Tiv(x) = ()} (x), (5.13)
i€EZ
where
wh(v) = % /I U)o dr, (5.14)

We note that Zfv(x) depends on the v(y) for y € UieAh(m)ff, where A" (z) =
{l€Z:x€nl}. We also define

Al ={m e Z gt NIt £ 0},
Lemma 5.2. Suppose v(z) = Y_,.; cl¢f(z). Then

! =0t(v), and (5.15)
Tiv(z) = v(z). (5.16)

Proof. From (5.10) and the definition of W% (v) in (5.14), i € Z, we have

1
Vi) =+ | yia)o(z)de
h "
1 r o
jeAh

= | oly) Y iy dy
fo jeAh

= C?,

which is (5.15). Now using (5.15) in (5.13), we get (5.16). u

Remark 35. We note that if v is a local linear combination of the {¢?},
i.e., in a bounded open interval, then j,’;v = v only in the interior of that
open interval. More precisely, j;:v = v in an interval [ if v is a linear
combination of the {¢;} in Uzer Uic an(y) .

We will use the following result later.
Lemma 5.3. Let Q be a bounded interval, and suppose u € L2(2). Then
I Z5 Eull gy < Ch™Hull 0,

where E is the extension operator satisfying (3.50).
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Proof. We first note that the extension Eu of u satisfies ||Eullr,®) <
Cllull Ly () Now, from (5.13) and (4.32),

\ZE B3 gy < C D 195 (B 16511705,
jeAl

<Ch ' |[WH(E)P, (5.17)
jeAl

where C' depends on k; and using the Schwartz inequality on (5.14) with
v = Fu, and a scaling argument, we get

2
UH(Bu)* < hi ( /I W} () Bu(x) dx>
1 h
72 [/i]h(d)] )2 dx] /th(Eu)2 dm]
/~ (Eu)de]. (5.18)
I

Thus, from (5.17), (5.18), and the fact that [|[Eullz,®) < Cllullr,@q), we
have

IN

1 2
%H¢OHL2(]~O)

15 Bullfp gy < Ch2|lulF )
which is the desired result. O

Remark 36. We can also show that
1Z5 Bull Loy < Cllull Ly
using the same arguments as in the proof of Lemma 5.3.

Consider the function v(z) = >, 4n cl¢l(z) on I;L. Then, using scaling,
J

translation, and (5.1), we have

Cih Z < / v’ dx < Cyh Z (ch)?, (5.19)

jeAl jeAl

where C7, Cy are positive constants, independent of h and j, but possibly
depending on k. Using (5.19), we can show that if v(z) = 3, clol(z) =
in Lo, then c? =0, foralli €Z,i.e., {qﬁf} are linearly independent.

We will now prove certain lower bounds for | 7 gv?dz and I} 7 gv’ 2 dz,

where g(x) has been defined before. We first prove the following inequality.
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Lemma 5.4. Let ig, 71 be integers such that ig < 71, and suppose {cz =g
are real numbers. Then there exists a positive constant C, depending only
on i1 — ig, such that, for any k, ig < k < 71, we have

i1 i1—1
D giilei =)’ <C Y gipi(en — ) (5.20)
1=1g =10

Proof. Suppose the integers ig,i1 are such that H < igh < i1h, where
H =h", v<1. Then

i1 k—1 i1
Z gi+% (ci — Ck)2 = Z giJr% (ci — ck)2 + Z g@'+%(0i - Ck)2- (5.21)

1=1g ESN) i=k+1

We first note that

i=k+1
11 1—1
<C gi+%(cj+1 - CJ)
i=k+1 j=k
i1 i—1 _
gi—i-l gj+l
—o Y S (1 gt 62)
i=k+1 j=k Ii+3
But from the definition of g(z) in (5.8), we have
(1 + M) < e—(i=j)h < e(i1—io)h <C, (5.23)
.ngr%

and using this in (5.22), we get

i1 11 i—1
> nle-al £C Y S g slerm—ef
i=k+1 i=k+1 j=k
i1—1
<CY giilegn —¢), (5.24)
j=k

where C depends on (i1 — ip).
Using similar arguments we can show that

k—1
ZQH POk —1—i0) ) g5yl — ), (5.25)
=g Jj=to

where C' depends on (i3 — ip). Therefore, combining (5.21), (5.24), and
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(5.25), we have

’i1 'il
Do gl —a)? <CY gii(en —¢), (5.26)
=10 1=10

where C' depends on (i; —ig). Using similar arguments, we can prove (5.26)
for all integers %g, 41 such that ig < 71. ]

Lemma 5.5. Suppose v(z) = Y, cl¢f(x). Then:

(a) there are positive constants C7,C5, independent of v, h and j, but
possibly depending on , such that

Cih Z gi(ch)? < /Ih gv?da < Cyh Z gi(ch% (5.27)
ic Al J ic Al
J J
(b) there is a positive constant C, independent of v and h, such that
1 2
7 Z gi+%(clh+1 — < C’/ gv'” du. (5.28)
: R
1EL"
Proof. (a) Consider j € Z and the corresponding A;‘ such that, for i € A?,
H <zl Let gy = max;c 4n g(zh) and g,, = min, 4n g(xh). Then, it is easy
J J
to check that Z—’Z < C, where C depends k. Now, using (5.19), we have
Ry gie)? <guh Y ()
ic Al ic Al
J J
< IM

2
< gv“dx
C1gm I;f

<C | gv*dax. (5.29)

Combining the above with (5.29) gives the required result. Using similar

arguments, we can prove (5.27) for any j € Z. O
(b) Let u =} ,c7ci¢i(x). Then, from (5.14) and (5.15) with h = 1, we
have
i+1
=) = [ el de. (5.30)
i1
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and therefore

Ciyl — Ci = / Vi (x dl‘—/ Vi

:/_1 (Wl (2) — ¥} (@))u(z) dz. (5.31)

Let F(x) = [* [0}, (t) —; (t)] dt. Using translation and (5.12), it is easily

seen that
i+l i+2
[ et [ elamar=1,

and therefore F'(i — 1) = F(i +2) = 0. Also, using the Schwartz inequality
and (5.11), we can show that

1+2
/ F2dz < C.
1—1

Now, using the above bound, integrating (5.31) by parts, and using the
Schwartz inequality, we get

i+2 2 itz
(cip1—ci)? = (/ Fu dm) < C’/ u'” du. (5.32)
i—1 i—1

Let v =177 ¢ cl@l(x). Then, by a standard scaling argument, we have

JJ?+2 1+1
[ ke =g [ w2 (5:33)

h i1

where u(y) = Yo7 cM¢i(y). Therefore, from (5.32) and (5.33), we have

1 h hy2 x?_‘_z 12
ﬁ(ciﬂ —¢)*<C v dz. (5.34)
T} g
From the definition of g(z), we can show that

Git1/2 — 9(33)> o
1+ —=——2)<C, forxe (af,,x;
( g(x) ( 1 +2)

h
1 h hy2 Tk 9i+3 — 9
th_%(cZJrl ) <cC gy gu 1+ ; dz

Therefore,
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and hence
lZg. L (ch —c’?)2<C’Z/xlh+2 U/de<C/ v da
hz‘eZ R T i€Z oy ! - Rg ’
which is the required result. L]

Remark 37. We note that it is possible to show that

9 1
/ gv’ dx < CE Z gi+%<c?+1 - C?)27
R iezn

and together with (5.28) we see that + >,z Jit1 (chy — c)? is equivalent
to ]v|12ql(R). The proof of this fact is easier than the proof of (5.28), and we

do not provide the proof here.

A perturbed bilinear form Beg(u,v) and related results
For a given © > 1, we now consider the bilinear form

B&(u,v) = B®(u,v) + ©D%(u,v),
where

BR(u,v) = /(u’v’ +uv)dz and DF(u,v) = / wvdez.
R R
We will write Bo(u,v) = B (u,v), but will use B (u,v) when the domain
of integration is F' instead of R. Also, we will use D¥ (u,v), where R is
replaced by a domain F in the definition of D®(u,v).
Let H ;6 and Hgl,1 o be Hilbert spaces defined as

Hgl,(% = {U : ”U”ig,e = / QUIQ dz+ (1+0) / gu?dz < oo},
R R

Hgl,lﬁ = {u : ||u|]ig,1’® = / g e+ (1+ @)/g_1u2 dz < oo}.
R R

We will choose © later. The choice of O, along with the choices of v and
«, mentioned before, is important for the main result of this section. We
assume that a?/0 < 1 where © = 1+ 0.

We will often suppress © in |lu140 and |lull; ;-1 ¢ and instead write
|ull1,y and [Jully ;-1 respectively. We will also use the fact that |¢'/g| < a,
which is obvious from the definition of g(z).

Remark 38. The space Hglﬁ is directed towards obtaining interior esti-
mates of e}, i.e., e}, is locally characterized through the use of the space Hy g.
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. .77l 1
We now consider Bg(-,-) : Hg@ X Hg—l,@ — R.

Lemma 5.6. The bilinear form Bg(+,-) is bounded on Hg{@ X Hgl,1 o
that is,

Bo(u,v) < Cllull gllv|ly g1, forall ue Hg{@, vE H;,lﬁ.
Proof. Let u e Hgl’e and v € Hgl,l’@. Then
Be(u,v)
- /R[u’v’ + (1 4+ O)uv]dx

:/[g1/2u/g_1/2v/+(1+@)1/291/2u(1+@)1/2g—1/2v] da
R

< C[/R(QU/Z + (1 +0)gu?) dx] v [/R(Q_IU/Q +(1+0)g ?)da 1/2

= Cllullgllvll1g-1- O

Lemma 5.7. Suppose a?/6 < 1. Then there is a constant C' > 0, which
depends on a?/©, such that

B
inf  sup o(u,v)

> C > 0.
wetygveni, | Tulligloligs

Proof. Suppose u € Hg{@. We consider v = gu. Now,
Bo(u,v) = /[u'v' + Ouv] dx
R
= /[u’(gu' + g'u) + Ogu?] dx
R

—/[gu’2+®guz] dx—l—/uu'g’dx. (5.35)
R R

/
/uu’g’ dx /guu’<9—> dz
R R g

<Oé/ |gl/2ugl/2u’|dx
R

1
§a[e/gu'2dx+—/gu2dz],
R € Jr

Now, for ¢ > 0,
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and therefore, from (5.35), we get

_ 1
Bo(u,v) > /(gu’2 + Ogu?) dx — a[e/ gu* dz + —/ gu? dx}
R R € JR

= (1 — «e) / gu’* dz + (1 — i) / Ogu? dx. (5.36)
R €0/ Jr

We choose € such that ae < 1 and a/e® < 1, and therefore, from (5.36), we

have
Bo(u.v) > Cllul?,, (5.37)
where
Ci = min [(1 — «e), <1 - ﬁ)] > 0. (5.38)
€O

We next show that [[v]|; ,-1 < Calull14. First note that
/ g W dr = / g Hgu' + ¢g'u)? dx
R R

:/gu’zdx+/g_lg'2u2dx+2/g'uu’dx. (5.39)
R R R

I\ 2
/g_lg/2u2dx:/g<g—> u2dx§a2/gu2d$, (5.40)
R R \9 R

/
2/g’uu’dx:2/g<g—>uu’dx < 2/ lag"?ug'/?u| da
R R \9 R

Now,

and

< /(gu'2 + a?gu?) dz. (5.41)
R
Therefore, using (5.40) and (5.41) in (5.39), we get
2 2 208 [ -
/glv’ dr < 2/gu' dx—i-T/ Ogu* dz. (5.42)
R R © Jr

Thus, combining

@/g_IUQd:L':@/g_lg2u2d$=@/gu2dx
R R R

with (5.42), we get

202 -
HvH%gq < 2/ gudz + <1 + i) / Ogu? dz. (5.43)
’ R © /) Jr
Since a?/O < 1, from (5.43) we have
[oll§ g1 < 3llulli, (5.44)
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Thus v € H;_l o» and combining (5.37) and (5.44), we get

B
inf sup o(v,v)

= C >0,
wel} g vert,  [ullgllvllig-1
9= +,©

where
[ minf(1 - ac), (1- %)) .
V3
We now prove the inf-sup condition on S, x S,. In the proof, we will
use the function d;(z),z € I} and i € A}, to denote the following similar
functions:

gi—g(e) Gy —9@ Gy~ O

9i 9(z) 9ir19(x) It 9(2)

where [, € A?. Tt is easily seen from the definition of g(z) that
|d;(x)| < Cah. (5.45)

Lemma 5.8. Suppose a?/© < C; and ah < Oy, where Cy,Cy are suffi-
ciently small. Then there is a constant C' > 0, independent of u, v, and h,
but possibly depending on x and a?/©, such that, for sufficiently small h,

B

>C > 0. (5.46)
uESh UESh Hu

179 le,g71
Proof. Let u =Y, cl¢l in S such that |lull,y < co. Then, for z € I}!,
we have u = ZZ-GALL chol. Since ZieA;; (;5?/(1:) =0 for z € I!', we have
h . h' h hy\ h! h
u'(x) = Z oy (x) = Z(Ci —a, )9 (x), z €I,
ic Al ic Al

where [, € A7 is a fixed integer for given k.
We now choose v =} ., c?gi+;¢? in Sy, and, as before, for x € I,?,
2

V(z) =Y g0l (a)

ic AR
h h h'
= (d girt — Iy )90 ()
ic AR
h h h' h h!
= > (e = el)giy 10l @) + e D (gis1 — g 1)80 (@),
ic Al i€ A}

Now,

/u’v’dac—/gu'2 dx—l—/u’(v’—gu’)dx. (5.47)
R R R
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/gl/Qu/( I )d$
R 1/2

1 !/ N2
Se/gu’zdx—i——/ W= 9u)” 4, (5.48)
R € JR

Now, from the definition of v" and v/,

L, N2 ho oy Jit %
/Ihg(v—gu)dw:/ﬁ > (el — ) 21/2 2!
k k

For € > 0, we have

/ u' (v — gu') dx
R

i€ AR
2
9irl — 9,41
h it3 t3s n
e, D g 0|
ic AR
2
9i4 1 —9 o,
h_ _h h
<C . Z(C”L *Clk)iip | dx
I i€ AR g
2
Givl 9+t
+C [ ()] %ﬁ dz. (5.49)
I T g
€A}

The first term of the right-hand side of the above inequality, employing
(5.45) and (5.20), gives

2

1
< Ca2h2ﬁ Z (0?4—1 - C?)QQH%’ (5.50)
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where C is independent of o, h, but depends on k.
The second term of the right-hand side of (5.49), employing (5.45), gives

2

9iyl — 9 41
h\2 § : +3 lt+3 pt
(clk) /I\h 91/2 ¢l dz
k

ic Al

9ivl — 9, 41
_ 1 h\2 E: 13 lets p
= (Clk) glk"'% /]h (g 1)1/291/2 (z)z dzx
ko lieah Ylts

2 h’
Clk gzk+ Z/ di (¢;")
i€ AR
< Cth(cl};)lek, (5.51)

where C' depends on &, but is independent of «, h. Therefore, from (5.49),
(5.50), and (5.51) we have

1 1 h h h
/Ih ;(v/ —gu/)?dz < C’a2h2ﬁ Z (ci1 — ¢ )2gi+% + Coth(clk)2glk.
k i,(i+1)€AP

Now summing the above inequality over k € Z, and using (5.27) and (5.28),
we get

/;(v—gu dx—Z/ (W — gu')? dzx

kEZ

< Ca2h’2 ! Z Z 7,+1 gz+—

hies (i+1)eAl

+Ca’h Z Z (C?)2gz

keZicAh
1
< Co?h?2 ) (el —¢)) g,
€L
+ Co? Z/ gu® dz
keZ
< C’a2h2/ gu'* dz + Caz/ gu® dz. (5.52)
R R
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Then, from (5.48) and (5.52) we have

/u'(v' —gu')dx < 6/ gu'* dz
R R
+ E [C’a2h2/ gu’2 dx + C’a2/ gu? dx]
€ R R

272 2
= <e+ Ca’h >/gu'2 d:n—i—C—(}/ Ogu?dz. (5.53)
€ R €© Jr

We next consider
@/ wodr = @/ gu? dzx + @/ u(v — gu)dz. (5.54)
R R R

For €; > 0, we have

/Ru(v — gu)dzx

1/2u7) gu d'
/Rg 9172

1 _ 2
gel/gu dm—t—— wdx. (5.55)
€1 JR g

Now,
2

/NM&’E:/Il > digi—g)ef| d

g h g

k k icAh
2
12 (9i —9)
/ Z Ci 9i / 1/2 1/2¢1 dz
I i€ AR
<C / 3 (gl de
kicAh
< Ca’h’h Z (h)2g;
icAh
Therefore, using (5.27), we get
/ (v — gu)? Z/ v — gu
R keZ
< Z Ca’h?h Z (ch)2g;
keZ ic AR
< Ca2h2/ gu® dz. (5.56)
R
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Thus, from (5.55), (5.56), we have
Ca?h? -
< <61+ a )/Ggu2 dez, (5.57)
€1 R

and combining (5 47), (5.53), (5.54), and (5.57), we get
|Be (u,v)] / u'de+®/gu dz
‘/ (v — gu)dz| — ’/ (v—gu)dz
Ca?h?
2<1—6— a >/gu' dx
€ R

21,2 2
+(1—€1_Cah _Co )/@guzdw-
€1 €O R

Now we can choose € and €1, for sufficiently small A, such that

|Be (u,v)| > Cilullf 4, (5.58)

e

u(v — gu)dzx

where C7 > 0, since a?/© < 1, ah < 1 by assumption.
We now show that |[v]|; ;-1 < Cljul|1,4. From the definition of v’, we have

1 _ -1 h h h'
/Igg v da = /Ihg D (=g 1o

k ic Al
2

h/

+ ¢y, Z(gH._ glk_t,_ )¢ dz
icAl
2
gz‘—i-l /
h h h
< [ S d) el |
Ip cAn g
( e
9i+L — I+
+cl2k/h 221—/2*“¢ dz. (5.59)
ko |licAl g
Now,
2
[
h b\t
|| =Tl |
Iy icAh
2
iyl — 9
1/2 1+5 h!
:/h Z(cl ) 1/2¢Z —+ Z C _Clk glj 1/2271/2 ¢Z dx
Ii ic Al icAh gH%g
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< g| S -de dw+c/lhz AR LA O

Ih
k eAh k eAh

2 2 sh'
<C Ihgu’ d:B—I—C/Ih Z clk gz+1d (1) du. (5.60)
kieAp
Also using (5.45) and (5.20), we have
/ 1
S = oy [ B < ottty Y - oy (561

icAl k ic AR

1

2,2 h hy\2

<Ca’h 7 E (ciy1 — ) iyl
ii+1eAl

Therefore, using (5.60), (5.61) and (5.51) in (5.59), we get

2
—1 I dCC
Ih

2 h 1 h h
<C | gu"dx+ Cth(clk)lek + CaZhQﬁ Z (i1 — ¢ )QgH%

Iy u‘+1eAg

<C | gu*dz+Co’h Z )%gi + COtzhz Z (1 — g,y
Ih’ h h . h 2

i€ A} i,i+1€ Ay
1
< C/ gu’2 dx + C’ozz/ gu? dz + CthQE Z (c?+1 — c?)2gi+;.
h h 2

Iy Iy iit1eAl

Now, summing the above inequality for all k£ and using (5.20), we get

/g_lvl2 dz < C(l—i—onhQ)/gu’2 da;+Ca2/gu2 dx. (5.62)
R R R
Again,
2
_ Gi
/g 1v2d:c:/ (Zc gz¢h> dxz/( ch 1/2q§l> dz. (5.63)
R i€z R \iez "9
Now using (5.45), we get
2
J S ddnet| a
Ti ic AR g
2
Z Ch 1/2¢h+ Z h9z1/2 ¢h da
k icAl icAl
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2
2
Zchgl/2¢h d:E+C’/ Z ( " 1/2) gbh dx
I i€ Al /

ic Al

<C | gutdz+C Z(c?)Qgi/ d? ?2da:
I

h
Iy icAh

<C [ gu?dx+ Ca’h?h Z (Mg
I ic Al

<C gu2 dz + Ca?h?C gu2 dx
I I

<C(1+ a2h2)/ gu2 dz,
I
and therefore, from (5.63) and the above inequality,
2

/ g v?dx < CZ/ 2 ch ‘(1};2 b

keZ ic Al
1+a2h2 Z/ gu? dx
keZ

= C(1+a2h2)/gu2 dx.
R

Thus, combining (5.62) and the above inequality, we have
ol = [ a7 6 [ g as
7 R R

SC(1+a2h2)/gu’2dx—|—Coz2/gu2dm
R R

+C(1+a2h2)/(:)gu2dx
R

< C(1+a2h2)/gu'2 dx
R

2
+ [C’a +C(1+ a2h2)] Ogu? dz
R

©
2p2 | a’
< C<1 +a’h @ > |2 1g < CQHUng (5.64)
Finally, combining (5.58) and (5.64) we get the desired result. O
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Projection with respect to Be(u,v)
Suppose u € H;’@ and let Pou be the projection of v onto S defined by

Bo(Pou,v) = Be(u,v), forall v e Sp.

The projection Pou exists (see Babuska and Aziz (1972)), and it is clear
from Lemmas 5.8 and 5.6 that

Be(u,v
|Pouly < C sup Do)

< Cllully. (5.65)
vESH ||’UH1,g—1

We first note that, for fixed h,a, and ©, the polynomials belong to the
space H;,@. Moreover, for fixed h, a, and ©, we can also show, using (5.27)

and Remark 37 (page 66), that Zj(z*t1) € H, o, where Ty (xF*1) is the

interpolant of z¥*1 as defined in (4.35).
We now present some simple facts about polynomials and periodic func-
tions.

Lemma 5.9. Let the shape functions {gblh}ie z be reproducing of order k.

Then
(a) Pox'=a', 0<i<k, (5.66)
(b) PoTy (a1 = T, (2% 1), (5.67)

k+1

where Zj, (#F11) is the interpolant of 25! as defined in Section 4.

The proofs of these facts are immediate.

Lemma 5.10. Suppose f € H;@ is periodic, i.e., f(z + a') = f(z) for
all k. Then Pg f is also periodic.

Proof.  Let f(z) = f(z+2}). Then [Pof|(z) = [Pofl(z+z). Now f(z) =
f(x) since f is periodic, and thus, from the uniqueness of the projection Pg,
we have [Po f](z + zl') = [Po f](x), i.e., Pof is periodic. (]

Remark 39. We note that, if
h ih
o) =) et (x)
1E€EL
is a periodic function, i.e., v(z + z%) = v(z) for any k, then v is a constant.
This could be shown as follows. Since v(x + %) = v(z), we have

v(e+ap) =) A +ai) =Y cidl(@) =) déi@) =),
i€Z i€z i€z
which implies that

Z[Clh-i-k - C?] ?(37) =0, forallzeR.
i€Z.
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Using (5.19), we can show that {¢/};cz is linearly independent in R. Thus
we deduce that CZ_k = ¢! = C (constant), for all i € Z. Recalling that
{¢l}icz forms a partition of unity, we get v(z) = C' Y, ¢ (z) = C.
We now define
i (2) = 2 — Poatt, (5.68)

which, together with the next lemma, will play a central role in the final
result of this section.

Lemma 5.11. Let 5,?+1(x) be as defined in (5.68) and consider
Ehpa (o) =" = (@) e (@)
1E€EZL
as defined in (4.36). Then
/! !/
fk@Jrl () = EI?Jrl (). (5.69)
Proof. We first note, from the definition of Z,z*, that fgﬂ(x) = ghtl —
ZyzF 1. Now, using (5.67), we have
51?+1 — gF 1 pyghtl

R B I e A B S

— ¢, — Pola™! — Tzt

= &1 — Poléiil. (5.70)

But we know from Lemma 4.1 that ! 11 () is periodic, and therefore from

Lemma 5.10 and Remark 39 we infer that Pg [52 1] is a constant. Thus,
from (5.70), we get

0, (x) = &by (),

which is the desired result. ]

Proof of Theorem 5.1. The proof will be given in several steps.

1. Let E be the extension operator satisfying (3.50). Then, for x € By =
Bp(0), we have

[uo—up)(z) = [uo—Po(Euo) —{Eup—Po(Eup) }+{Pe(Euo)—Po(Eun)}|(x),

and therefore

(uhy — un')(z) = {0 — Po(Buo)Y'(2) — G4(a) + php(@),  (5.71)

where
S = Euj, — Po(Buy), (5.72)
pn = Po(Eug) — Po(Eus). (5.73)
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Since ug = Fug in By(0), from Taylor’s theorem we have

ko) (k+1)
Buo(w) = 3 “0]!(0) i+ “& - 1(5)) B4 Ry (Buo)(@),  (5.74)

where Ry11(FEug)(z) is the remainder given by

T @0 E e 6

Since Pg is a linear operator, we have

Ri11(Eug)(z) =

k ) (k+1)( )

ug U, 0
o (Eug)( ZO ' m Poa"! + Po Ry i1 (Eug)(x).
J:

(5.76)
We know from (5.66) that Pez’ = 27,0 < j < k. Therefore, by first

subtracting (5.76) from (5.74), then differentiating the identity, and finally
using (5.69), we have
{EUO - P@(E’LL())}/(QJ)
up (0 b
= m{ﬂc T — P ™Y (@) + [Ry41(Buo)) () — [Po Ry1(Buo)]' ()
up (0) o : :
ERCES] 000 (@) + [Reya (Buo)] (2) — [Po Ry (Buo)]'(w)

a0 gy : :
= k) SR (@) + [Biy1(Buo)](2) — [Po Ri41(Euo)] (2)- (5.77)
Thus from (5.71), (5.77), and using ey, (z) = [up — up)(z), we get for x € By,
k+1
er/ () — %fgﬂl(ff)
= [Ris1(Euo)] () — [PoRp41(Ewo)]'(x) — 0, + p)- (5.78)
2. From (5.75), we have

R (Bu) ) = 5 [ (o =0 (Bun)*2)0)

and since ‘|UOHW§O+2(BQH) < C, we have, for x € Bay,

| BB Pas< [ gliRen (Bu)l P
By Baog

S CH2k+2H|u0|2

2 g (579)
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Similarly, again from (5.75), we get

| iReaBuPde< [ gl B d
By

Baog

< CH** 1 H o |? (5.80)

WEF2(Byp)”

3. It can be shown from the definition of g(z) that, for 0 < j <k +1,

0 . o0 .
/ gr¥ dz = / e @M% qp < CemH, (5.81)
2H 2H

where C depends on k + 1. Now, from (5.65) we get

/ [PoRi+1(Bug)|'|* dz < || Po Riy1(Euo) |3 , < CllRis1(Euo) |13 ,-
By

(5.82)
We note that, from (5.74), we have
k u(ﬁ-l) )
[Ris1(Eug)) (z) = (Bup)'(x) = > —L—= T
7=0
Therefore, using (5.81) and the fact that
/ ol (Bug) |2 dz < e_O‘H/ (Buo)'? dz < &= | Bug 21 g,
2H 2H
we have
| sliRin (Buo)) P s
2H
' (]+1)(0) 2 (oo i
< C/ (Eup)'|*dz+C < > / x“ dx
9l(Euo)' Z (J+ 1! .
< Ce™ OAH{|EUO|[—[1 + C||U0HWk+1 H)}
< Ce™{luollip () + Clluollfyire s, )} (5.83)

where C depends on k. Similarly, we can show that

2H
| sliRin (Bl P ds < Cem {luollys @y + Clluoly s,

o

which together with (5.83) imply that

/ 9l[Riy1(Bug)l'|? dz < Ce™*{lull7 q +CHU0||Wk+2 )
R—Baog
(5.84)
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Using similar arguments, we can show that

/ 9|1 R (Bug)* do < Ce™* {lug||1,q) + Clluolfyrse - (5:85)
R—-B2g
Now, combining (5.79), (5.80), (5.82), (5.84), and (5.85) we get

/ |[Po Ryt (Buo)] | da
Bu
< C||Rp41(Eu)|3 ,
:C/g][RkH(Euo)]’\de—i—C(:)/g|Rk+1(Eu0)]2dx
< OO+ OH il
+C(1+O)e aH{HUOHHI(Q) + C\|u0HWk+2 H)}- (5.86)

4. We first note from (5.72) that
| #2ds <11}, = [1Bw, - Po(Eun)l,. (5.87)
Bu

Let Pg(Eup) = f,’:Euh + &. Then £ € S,. Now from Lemma 5.6 and the
definition of Pg, we have, for all v € Sy,
Be(€,v) = Bo(Po(Eun) — Ij Eup, v)
= B@(Euh - ZN—;;EU}L, U)
< C||Bun — T Bup 1,410/l

and hence from Lemma 5.7 we get

Bo(E,v)

[El[1,9 < C sup < C||Eup — I Eup||1q-

Thus,

|Bup, — Po(Bup)llig < | Bun — I Bup|l1g + [|1€]l19
< C||Buy, — T Eup||1 - (5.88)

We now estimate the right-hand side of the above inequality. We first note
that Eup(z) = up(x) for z € Q. Consider Q C Q such that (see Remark 35
on page 61)

Boyg C Q and j—;EuMQ = Euh|Q = uh|Q.
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Therefore, from Lemma 5.3 and using (5.5),
[ olEun - i) Pdo= [ gl(Bun - ZiEu))do
R R-0
< efaHHEuhﬁ{l(R) + |iZEUh|i11(R)]

< Ce HHEuhﬁ[l(R) + ﬁ”EuhH%Q(R)]

C
< e a7 g
C &
< 79€ o3 - (5.89)

Similarly, we can show using Remark 36 (on page 62) that
/ 9lBup, — T Bup]® dz < Ce M ug|7, o
R

and thus combining this estimate with (5.89) we get

5 co _
| Eup _IhEUh”Lg < S QHHUDH%F(Q)'

Now, from (5.87), (5.88), and the above estimate, we get

o6 _,
ot dr < = e ug|31 ). (5.90)
Bir h

5. We first note from (5.73) that
2
/ o < Il = 1Po(Bw) — Po(Fun) I, (5.91)
H

Now, using (5.4), we have, for all v € Sy,
(Ioh’ U)

o(PoEug — PoEup,v)

o(Fuy — Eup,v)

(

(

Y Bug — Eup,v) + B (Eug — Euy,v) + ©D%(Eug — Euy,,v)
Q

I
W oW

Uy — Up, V) + BR_Q(EUO — Fup,v) + @DR(EUO — Eup,v)
= BEY(Eug — Eup,v) + ©D*(Euy — Euy,,v) + ©D%(Eug — Eup, v)
= Bng(Euo — Eup,v) + ©D%(ug — up, v). (5.92)
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Also, for v € Sy,
Bg_Q(EuO — Eup,v)
= /R Q[(Euo — Eup)'v' + ©(Eug — Buy)v] dx

< C||Bup — Eup,

1,9,R—Q llv 1,9~ 1, R—Q
< Ol Eug — Eupll1,gr—allv|i g1, (5.93)
where
Jol2 1 g = / e+ 0 [ gl da:
’ ) R—O R—Q

| Buo — Eup|? yn—q = 9(Bug — Euy)? dz
797

+0 g(Fuy — Euh)2 dz.
R—

From the definition of g(z), we can show that
|1 Buo — Buplli g p—q < e *O|| Bug — E“h”%ﬂ(ﬂ%—ﬂ)
< Ce™M0|lug — un|7n (g
< Ce_O‘H(:)HuoHip(Q). (5.94)

Now, using the definition of g(z) and (5.6) with R = 2H, we get

/ g(uo — uh)2 de = / g(up — uh)2 dz + / g(up — uh)2 dx
Q BQH Q—BQH

< luo = unllZ, (g, + ¢ lluo — unllf, 0

< Oh2k+2HHu0”§{k‘+l(Q) + efaHHUOH%Il(Q),

and therefore

)

1,97t

Dﬂ(uo — Up, V)

lv

C)
-2 —up)vd
Tollhes /9“‘0 un)vde

o 1/2 1/2
< — </ g(ug — up)? dx) (/ g 1? dac)
[vll14-1 \Ja 0

< O CHF L H = ug| s ) + ©2e 2 lug | 110y (5.95)
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From the inf-sup condition (5.46) and using (5.92) and (5.93), we have

B
v < C Sup @(phav)
vesy, [Vl g1

||Ph| 1

< O||Eug — Eupll1,9r—q + sup D% (ug — up, v),

vESH HUHl,g_1

and thus, using (5.91), (5.94) and (5.95), we have

2
/ A2 de < o2,
By

< Ce™Bug || 31 () + CORM2H [[uo| Fns1 - (5.96)

6. We first note from (5.69) that 5,(?“,( )= f,gﬂl(x), where &', ; is defined

(k+1)

n (4.36). Let T(uo) = “4eo\”. Then, from (5.78), we have
en'(x) — T(uo)él, (x)

= [Rp41(Euo)]'(z) — [Po Ry 1(Euo)] (x) — 6}, + o,

and therefore, from (5.79), (5.86), (5.90), and (5.96), we have

/B (eh/ - T(u0)§2+1/)2 dx

<C |[Ris1(Fug)]'|?dz + C |[PoRy+1(Eug)]'|* dz
BH BH

+C | &Pdz+C | pidw
By By

< CH?**2H|uq|? +C(1 +OH*)H* 2 H|ug|?

WE2(Bog) WE(Bap)

o —« C® —«
+ 1+ O)e ™ {JluollF g + Clluolyare g} + 750 luolFn o)

+ Ce™ 0 ug||2 g + CON2H ug |21 g

SC[H2k+2H+(1+éH2)H2k+2H+(1+(:))eaH

O ool g2y M (ug), (5.97)

+h2

where

M(UO) = ||U0||?{k+1(g) + Hu0||12/1/§o+2(32H)'
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We will now choose «, O, and H, where H = h” and v < 1. First we
choose v such that

HF+2 = phtL (5.98)

which implies that
prE+2) — gkl o)

vk+2)=k+1, or
v = ﬂ <1
k+2
Let € > 0, which depends on v, be such that € =1 —~v — € > 0. We will
now choose a such that

efaH S h2k‘+2h2h2’y+26H — h2k+4+3’y+26' (599)

This implies that
a>Ci(Inh Y™,
where C; = 2k + 4 + 3y + 2¢. Since h=¢ > Inh~! for small h, we take
o= C1h~ 0t (5.100)

We now choose
O = (C)?h207F9 . 0y > ). (5.101)

We note from (5.100) that ah = C1h'~7"¢ = C1h¢ < 1 for small h, and
limp_,oah = 0. Thus ah can be made sufficiently small; this was one of
the assumptions in Lemma 5.8. Also, by choosing C5 sufficiently large in
(5.101), we can make %2 = (C1/C03)? < 1, i.e., sufficiently small, which was
another assumption in Lemma 5.8. Thus the conclusion of Lemma 5.8 is
true for the choices of a and © given in (5.100) and (5.101), respectively.

Now, for these choices of v, a, and ©, we have

éh2k+2 — (:)hZ('ere)thhZ(lf'ny) — 022h2k+26*' (5102)
Using (5.98) and (5.102) we have
OH’H 2 = OH " = On* 12 = C3n? 2, (5.103)
Also, from (5.99), we get
éefaH < h2k+4H(:)h2’y+2€ < 022h2k+2H, (5104)
and -
/o) _
me—aH < WPRHZHQRPIT2 = C2p2F T2, (5.105)

Thus, using (5.98) and (5.102)—(5.105) in (5.97), we obtain
. 1
len' = T(0)&k | a(myy < CHM HY2M (o), (5.106)
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and hence, using (5.7) with p = H, we have

/
llen” — T(uo)&f 1 |l

BH) < ChG*
len' | Lo By - ’

where M(UO)%/||UOHHI$+1(Q) < C, which is the desired result. O

Remark 40. The balancing of various terms in step 6 of the proof of
Theorem 5.1 is similar to the balancing used in the proof of superconvergence
of FEM solutions (see Babuska and Strouboulis (2001) and Babuska et al.
(1996)).

Remark 41. Assuming that our superconvergence result is valid in L,
i.e., assuming that for x € By there exists € > 0, such that

e%@=ﬂwmmﬂ(

X

k+-€*
1)+ o),

we see that the zeros of &1 (%) are the superconvergence points. In Fig-
ure 5.1, we have presented the plot of &1’ (y) for the RKP shape functions,

.
e
.
0.8 p 2
.
-
e
0.6~ For RKP shape function, p = 1 e
-
-
) ) .
04| Conical o(x) with1=2,R=1.8 e
7
-
e
0.2+ e
e
e
— .
x -
Y
uwp e
e
.
-0.2} -
-
e
.
e
-0.4 -
.
P
.
-06F -
.
e
p
e .
-0.8 -~ For FE ‘tent’ shape function
7
e
-
_1 1 1 1 1 1 1 1 1 1 J
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

X

Figure 5.1. The plot of &'(y), 0 <y <1 for (a) RKP shape
functions, reproducing of order k = 1, corresponding to the
conical weight function with [ =2, R=1.8, (b) standard
‘tent’ functions used in the FEM.
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reproducing of order k = 1, with respect to the weight function w(z) given
by (4.4) with [ = 2 in one dimension. We have also included the plot of
&ki1'(y), k=1 (the dashed curve) for the standard tent functions that are
used as shape functions in the FEM. We note that &'(y) for the tent function
has only one zero, whereas &' (y) has five zeros. Thus the superconvergence
points for the RKP shape function could be distributed quite differently to
the corresponding points for standard tent functions in the FEM.

6. The generalized finite element method

The idea of the generalized finite element method (GFEM) was first in-
troduced in Babuska et al. (1994) to address elliptic problems with rough
coefficients. This idea was later extended, and called the partition of unity
method (PUM), in Babuska and Melenk (1997) and Melenk and Babuska
(1996). In the current literature, the PUM is referred to as the particle-
partition of unity method (Griebel and Schweitzer 2002a, 2002b, 2002¢), the
method of finite spheres (De and Bathe 2001), the cloud method (Oden,
Duarte and Zienkiewicz 1998), the eXtended finite element method (Daux,
Moes, Dolbow, Sukumar and Belytschko 2000), and the GFEM (Strouboulis
et al. 2001a, 2001b). In this section, we will first describe the GFEM and
present the relevant approximation results. We will then discuss the selec-
tion of an optimal or near-optimal approximating space, to be used in the
GFEM, in certain situations.

6.1. Description of the GFEM and related approximation results

In this section we will discuss the GFEM in the context of general particle-
shape function systems, which were discussed in Section 3.3. Suppose ug
is the solution of our model problem (2.1), (2.2) (or (2.3)). We consider a
family {M"},en of particle-shape function systems satisfying assumptions
A1-A7 with k = 0 and AY = I; assumption A5 then reads

Z ¢y(xr) =1, forall z € R™ (6.1)
zeEXV

The partition of unity (6.1) is the starting point of the GFEM. We will need
additional assumptions on {M"},cn, namely,

162y < C .
and
Co
YU 7 oo (ony < ——o— .
IVl oo (mny < diam(ny)’ o
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for all x € X%, and all v € N. In (6.3), we implicitly assume that g >
(n/2) + 1. We also assume that there is a constant C' such that

diam(n,) < C, forallz € X” and v.

For each z € X¥, we assume that we have a finite-dimensional space V,/
of functions with good approximation properties. We refer to V,/ as local
approximating spaces. We define a set of particles AY, namely,

o=1{z e X"y NQ# 0}, (6.4)
for each v € N. From (6.1) we have
Z ¢y(x) =1, forall z €. (6.5)
€AY

For an approximating space on €2, we then consider

VY = {U‘Q:U: Z ¢y, where wZGV;}. (6.6)

z€AG

The GFEM is the Galerkin method (2.7) with B = B and S = V¥,
and we will denote the approximate solution ug, obtained from the GFEM,
by ugrem. When GFEM is used to approximate the solution wug of the
Neumann problem, V can be any finite-dimensional subspace of H(1Y).
But when the GFEM is used to approximate the solution wug of the Dirichlet
problem, with the boundary condition (2.3), the functions in V}/ are required
to satisfy v|znaq = 0, for particles z for which [7% N Q| > 0. Thus the
approximating space V C H} ().

Our next theorem states an approximation result for V¥. We will follow
the ideas presented in Babuska et al. (2002a, 1994), Babuska and Melenk
(1997), Melenk and Babuska (1996), and Strouboulis et al. (2001a, 2001b).

Theorem 6.1. Suppose v € H'(2) and suppose, for all z € AY, there
exists ¢y € V/ such that

lu = YallL, o) < @), (6.7)
IV (u = ¥2)ll L, (yne) < €2(z)- (6.8)
Then the function
Uap = Y, Py €V (6.9)
TEAY

satisfies "

o~ tapllaiey < 5201 | Alw) (6.10)
TEAY
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and
1/2

2
1V (u — tap) |y < (20)2 | S0 (%) @) +Cié@) |

ey diam(ny

(6.11)
where C and C3 are given in (6.2) and (6.3).

Proof. We will prove only (6.11), since (6.10) can be proved similarly. Since
v, for z € Ag, form a partition of unity for 2 (see (6.5)), we have

IV (= uap) 17,0
=V Y dnlu—2a)l, 0

xeA”
<2 Y (=) Vol + 21 > eV (u— )T, (6.12)
meAV xGAV

For any = € 2, the sums ZIEA?Z (u—1y)Vy and ZEGA& ¢y V (u — 1) have
at most x nonzero terms (see Remark 16 and (3.60)). Therefore,
2

Y (u—1)Veh| <k Y |(u—1h) Vel

z€AE zcAY,

and

PRCAY wx <k YUV (u— ).

€AY z€AE

Hence, from (6.12), (6.7), (6.8), recalling that supp(¢y) = 75, we have

IV (w = tap) I, (0
<26 Y [l(u—v) VoLl ) + 28 Y 105V (4 —v0) 1,0

J:EA” :UGAV
=2k Z [ (w— ¢£)V¢Z||%2(ang) + 25 Z |02V (u— ¢£)||3:2(an;)
zEAY B zEAY B
<2ﬁz(< C: >2 ()+ce()>
< ETIUINTAY 1€2
oy dlam(ng)
which is the desired result. L]

Remark 42. We note that €;(z), e2(x) in (6.7), (6.8) depend on the pa-
rameter v.
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We will now show that both terms of estimate (6.11) are of the same order
with additional assumptions on V¥. These additional assumptions depend
on the boundary conditions of the approximated function.

Theorem 6.2. Suppose uy € H(Q) is the solution of the Neumann prob-
lem (2.1), (2.2), and suppose there exists ¢, € V/, z € AQ, such that (6.7)

and (6.8) are satisfied. Moreover, assume that, for z € A}é, the space V,/
contains constant functions and that
i [Jo = Al gy < € (diam(n)) Vol iy, for all v e H' (2N ),

y (6.13)
where C' is independent of € X" and v. Then there exists ¢y € V/ so
that the corresponding function,

aap = Z Qb;d}g € VV’
z€AE

satisfies
1/2

luo = Gapllmy <C | D @] (6.14)
ze Al
where C is independent of uy and v.

Proof. Let ¥} € V), z € Ag, satisfy (6.7) and (6.8). Define 1% =y + 1y,
where ry € R satisfies

|uo — i;’\Lz(nénQ) = ig]% luo = ¥z = All Ly zney- (6.15)

Since V/ contains constant functions, it is clear that @Z@ € V. Also, from

(6.15), (6.13) with v = ug — ¥y, and (6.8), we have

[|u— lzguLz(nngQ) < Cdiam(ng) [|[V(u — ¥2) | Lo (mzne)
< C diam(n;) e2(z). (6.16)
Let g, = deAg gbgvﬁﬁ Recall that ¢y, z € AQ, is a partition of unity

for ). Then, following the arguments in the proof of Theorem 6.1 and using
(3.60), (6.2), we can show that

2

lu = aplTp0) = || D dhlu—tu)

Ly (92)
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=5 Y éh(u =) 700

xeAh

<O Y M= Y)l 7o @mmy (6.17)

ze Al

and using (6.16) in this inequality we get

lu = @apll @) < C Y (diam(ny))’e (). (6.18)

ze Al

Again, following the arguments in the proof of Theorem (6.1), and using
(6.2), (6.3), we can show that

19 (t ~ iap) I3, 0
<20 3 (1w = PV ) + 26 D0 1645 (0= DI, )

z€AE z€AE
1 TV 2
<C ) m”u Yzl La0mmy)
xEAh
+C Y V=9I, - (6.19)
ze Al

By first noting that V(u— 1&2) = V(u—1y}), and then using (6.16) and (6.8)
in the above inequality, we get

IV (u— ap)llF ) S C Y ez (6.20)

zEAY

Combining this with (6.18) we get (6.14), where we used that diam(n¥) < C

for all z € X¥ and v. |

Theorem 6.3. Suppose ug € H}(€2) is the solution of the Dirichlet prob-
lem (2.1), (2.3), and suppose V7, z € A{), satisfy the following assumptions.

(a) For all z € A% such that ny N0 = (), VY contains constant functions,
and (6.7), (6.8) and (6.13) hold.

(b) For all z € A such that |n¥ N dQ| > 0, functions v € V' satisfy
v

OO0 = 0, and there is a constant C, independent of z and v, such

that
[Vl Loy < C (diam(ng)) [[VollL,myne), (6.21)

for all v € H'(n% NQ) satisfying v = 0 on d9. Moreover (6.7) and (6.8)

nynaR 0.

hold for w satisfying u
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Then there exists 1[1; € V,/ so that the corresponding function,
ﬂap = Z ¢;¢£ € VV,
zEAY

satisfies
1/2

o — 71apHHl(Q) <C Z 6%@) ) (6.22)
ze Al

where C' is independent of uy and v.

Proof. We first divide the set A}, into two disjoint sets, namely,
Agr={z€Aq:n;NnoQ =10}, and
Agp=1{z € Aq:nyNoQ#0}.

Let vy € V), x € AQ, satisfy (6.7) and (6.8). Define 1/;; for z € AQ ;, as in

the proof of Theorem 6.2. We know from assumption (a) that, for z € Ag 1,

(6.13) holds and V' contains constant functions. Therefore, following the
argument leading to (6.16) in Theorem 6.2, we get

luo = Wall Lo eney < C diam(ny) e2(z), € A% ). (6.23)

= 0, and from assumption (b),

v TV v
Forz € Ang, we set ¢y = ¢y, Now, ug nynO0

we know that 1y e = 0 for z € Af) p. Thus, using (6.21), with v =
up — vy, and (6.8), we have

|uo — J@HLQ(%FWQ) = [lu— T/JQHLg(nger)
< Cdiam(ny) e2(z), z € A p. (6.24)

Following the same steps that lead to (6.17) in the proof of Theorem 6.2,
and using (6.23) and (6.24), we get

o — ttapl ) < € 3 Mo — D113, ey

TEAY

=C Z [[uo — %H%Q(ngm) +C Z [[uo — %H%Q(%m)
zeAY | 2€AG B

< C ) (diam(ny))’e3(x). (6.25)
z€AE

Similarly, following the steps leading to (6.20) in the proof of Theorem 6.2,
we get

IV (w = tap) || ) < C &(z), (6.26)

€A

Q%
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and combining this with (6.25), we get (6.22), where we used the assumption
that diam(ny) < C for all x € X” and v. O

Remark 43. It is clear from (6.14) and (2.8) that, if ug is the solution of
(2.1), (2.2), then

1/2

luo — ueremlm@) < C | D é(a) ;
zeXY

provided the local approximation spaces V/ contain constant functions, and
(6.13) holds. The above estimate is also true if ug is the solution of (2.1),
(2.3) provided conditions (a) and (b) of Theorem 6.3 are satisfied. We
note that, in the latter case, i.e., when wug satisfies the Dirichlet boundary
condition, uglgg = 0, the space VY, corresponding to a particle z such
that 7 intersects 052, does not need to include constant functions, but the
functions in V¥ have to satisfy the Dirichlet boundary condition on 7% N d<.

Remark 44. Conditions (a), (b) in Theorem 6.3, and (6.13) are known
as the uniform Poincaré property. These conditions put restrictions on the
shapes of the {n%}. For a detailed discussion of this property, see Babuska
and Melenk (1997).

Remark 45. The constant C in (6.3) is related to the ratio of the radius
of the largest ball contained in 7Y to the radius of the smallest ball that
contains 1%. A similar condition is also assumed in the classical FEM. If
this ratio is uniformly bounded for all z € A% and v, then (6.13) holds.

Remark 46. In practical computations, one can easily construct particle-
shape function systems (with £ = 0), such that conditions (6.2), (6.3), (6.13),
and conditions (a), (b) of Theorem 6.3 are satisfied.

Remark 47. We observed that a partition of unity is the starting point
for the construction of approximating space for the GFEM. It is important
to emphasize that the construction of partition unity for £ = 0 is simple:
for instance, it could be constructed by Shepard’s approach, as discussed in
Section 4.

Remark 48. We have assumed that our particle-shape function system
satisfies A1-A7 with & = 0 (and hence it reproduces polynomials of de-
gree 0), and we have seen that the quality of the approximation in Theorems
6.1-6.3 depends entirely on the approximability properties of the spaces V/,
as quantified by €1 (z) and ex(z). If we used a particle-shape function system
that reproduced polynomials of degree 1 (k = 1), then the space V' defined
in 6.6 would be enlarged, and its approximability would be improved, pos-
sibly only marginally, but this improvement would not be directly visible
from (6.11) (or (6.14) or (6.18)). Note that Theorems 6.1-6.3 are directed
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towards the use of nonpolynomial approximating functions, where the rate
of convergence cannot be easily defined.

To clarify this point, suppose that for ¢* we use the usual FE hat functions
of degree 1, and V/” is the space of constants. Then the GFEM is the classical
FEM, with the usual rate of convergence of O(h). However, (6.11) (or (6.14)
or (6.18)) does not establish this rate. As a second example, let V' be the
space of linear polynomials. Then the GFEM is a FE method, but not a
usual one. The method has the rate of convergence O(h?), but (6.11) (or
(6.14) or (6.18)) only establishes O(h).

Remark 49. The space Wg,‘f , introduced near the end of Section 3.3, is

a special case of the space V¥, where we take V;/ to be P+ (772) The proof
of Theorem 3.13 is obtained directly from Theorems 6.1-6.3 by considering
Ve = P+ (772) and applying a standard polynomial approximation result.

The estimates in Theorems 6.2 and 6.3 are quite general, and allow us to
employ available information on the approximated function u. Convergence
of the approximation can be obtained by considering v; € N, ¢ = 1,2,...,
such that h*i | 0, where h” is defined in (3.79). This is reminiscent of the h-
version of the FEM. Convergence of the approximation can also be attained
by keeping v fixed, and selecting a sequence of spaces V", i = 1,2,...,
so that they are complete in H'(1%) or in a space W(1%) C H'(1}%) that is
known to include the approximated function wug. This is a generalization of
the p-version of the FEM.

6.2. Selection of Vz and ‘handbook’ problems

We saw in Section 6.1 that it is important to select spaces V! with good
local approximation properties. Principles for selecting shape functions that
take advantage of available information on the approximated function were
formulated in Babuska, Banerjee and Osborn (2001, 2002b). We will use
these ideas to discuss the selection of the space V7. In this section we will
suppress v in our notation. B

Let Hi(ng) and Ha(nz) be two Hilbert spaces, and suppose Ha(ny) C
Hi(nz). Then

dn(Hy,H1) = inf sup inf |lu— x|#,

:SnCHl u€Ho XESn
dm S =0 g, <1

is called the n-width of the Hy-unit ball in H;. Let Vz(n) be an n-dimensional
subspace of Hy, and let
\I/(Vx("),Hg,Hl) = sup inf : llu — x|y,

o ue Hso XeVé”
l|lull ry <1
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which is called the sup-inf. We will write \II(VQ(n)) for \Il(Vz(n), H,, Hy) if the
spaces Hi, Hs are evident from context. It is clear that

do(Hy, H)) = inf  W(V™, Hy Hy).
vim cH, .
dim Vx(n):n

If an n-dimensional subspace OVz(n) satisfies

U (V™. Hy, Hy) < Cdy(Ha, Hy),
where C' > 1 is a constant, independent of n, then we will refer to OVQ(n) as a
nearly optimal subspace relative to Hy and Hs. An n-dimensional subspace

01_/&") that satisfies
W(OV£"),H2,H1) = dn(Hse, H1),

is referred to as an optimal subspace relative to Hy and Hs. An optimal

subspace ng(n) leads to the minimal error that can be achieved with an n-
dimensional space, namely, d,,(Hs, H1); a nearly optimal subspace leads to
essentially the same error, d,,(Hs, Hy).

Suppose we are interested in using the GFEM to approximate the solution
ug of the Dirichlet problem,

AUO = 0, in Q,
uy = ¢, on 0§,

where  is a bounded domain in R%. Then, for each z € X¥, we seek a
finite-dimensional space V, that contains a good approximation 1, to ug on
ng (cf. (6.7), (6.8)). This will be done by taking advantage of the available

information on uo‘n A namely that uo‘77 O is harmonic. We now illustrate
z il

this procedure. N

We suppose that 7, is a disk in R? and, for the sake of simplicity, sup-
pose 7, is the unit disk. Let H; = {u € H'(,) : u is harmonic in 7, }.
For the space Ha, we use W(7);), a (regularity) space known to contain wuy.
More precisely, we suppose W(7,) is a linear manifold in {u € H(%,) :
w is harmonic} and that |Ju|| is a norm on W(1,) that is rotationally invari-
ant and satisfies [lul|g1(5,) < |lull, for all w € W(3),). Moreover, we assume
W(#),) is complete with respect to || - ||, i.e., {W(z), |||} is a Hilbert space.
We note that W(1),) could be any higher-order (isotropic) Sobolev space.

It is well known that any w € Hj is characterized by its trace on the
boundary I = 0n;; these traces will be in

S ={u:R—R:uis 2r-periodic,u € H'/%(I)}.
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Any u € S can be expanded in its Fourier series

u(f) = aog + Z(ak cos kO + by sin k6). (6.27)
k=1

It is immediate that
o0
k=1

where [u|g1/2(py is a Sobolev norm of order 1/2 on I, and the series in

(6.27) converges in H'/?(I)-norm. So we have a one-to-one correspondence
between u(r,0) € Hy ((r,0) are polar coordinates) and u(f) € S, which we
express by writing u(r, ) ~ u(f). We easily find that

j=1

Thus we identify the space H; with HY/2(I).
Since ||u| is rotationally invariant, the corresponding norm on u(f) will
be translation-invariant, and we can thus show that

llull® = ag + ) _(aF + 5338, (6.29)
j=1

where, since ||ul[g1(5,) < [lull, we have 8; > 1. If we now define
HO(I) = {ue S July < oo},
where
uly = ag + ) _(af + b3) kB, (6.30)
k=1

then we see that u(r,0) € Hs if and only if u(9) € HP(I) and |Ju|| = |uls.
We thus identify the space Hy with HP(I).

We will now find an optimal subspace OVQ(TL) relative to H; and Hy. We will
exploit the correspondence u(r,#) ~ u(f), and find OVg(n) by first identifying
an optimal subspace relative to H, = H'/2(I) and Hy = H?(I).

Let M, = {m1,ma,...,m,} be a set of n positive integers, and consider

yMn — {u S Hl/Q(I) fu=ag+ Z (ay cos kO + by, sinkﬁ)}. (6.31)
keM,

Clearly, VM» is a (2n + 1)-dimensional space.
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Lemma 6.4. Let H; = HI/Q(I), Hy = HA(I), where 8 = (B1,02,...),
Br > 1, and let VMn be as defined in (6.31). Then

NI

U(VMr Hy, Hy) = (v(VM)) 72, (6.32)
where

VMny = inf 3;.
YV i&nﬁ

Proof. Consider u € Hj given by

u=ag+ Z(ak cos k@ + by sin k6).
k=1

Then, from (6.31) we get

inf Ju—xi = 3 (@R,
xevan keN— My

where N is the set of all positive integers. Therefore, from (6.30) and the
definition of v(V™n) we have

nf [u —xT, _ > ken s (a; + bRk
xevin - |ulf ag + D pen (af + 07)k B
> ken—nr, (af + bRk
= Yken-n, (0F + UR)EBy
1

< — .
= (VM)
Thus,
lu—x|% 1
sup inf L < . 6.33
A P A Ty (6:53)

Let € > 0 be arbitrary. Then there is an my ¢ M,,, my > 1, such that
Bing < (V) +e. (6.34)
Consider u,, = cosmgf. Clearly, u,, ¢ V", and therefore, from (6.27),

inf |um, — Xﬁ?ﬁ = |umO|%,1 = mg.

x€V Mn
Also, from (6.30), we have |um, |fq2 = moBm,. Therefore, using (6.34), we get
sup inf lu—x|%, o umg -xlm 1 1
we iy XEV M |u|%12 T xEVMR Um, %’2 Brmo — V(VMn) +e
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From this estimate and (6.33), we have

1 lu—x[% 1
—————— < sup inf L < .
SR e S 2 S TR, S A
Since € is arbitrary, we get (6.32). U]

Lemma 6.5. Let H; = HI/Q(I) and Hy = HP(I), where 8 = (81, B2, ...),
0Br > 1. Then

(NI

don(Ha2, H1) = (7,)" 2,
where
Yo = sup inf (3.

mi,ma,...,mp 1¢Mn
The proof of this theorem follows immediately from Lemma 6.4.

Theorem 6.6. Suppose Hy = {u € H'(};) : u is harmonic} and Hy =

W(),) with the norm [|u| g = |u|g, given in (6.30), with 3; > 1. Suppose in
addition that the sequence 3; is non-decreasing. Then the space

OVS”H) = span{r’ cos j, 17 sin jO}7_,

i.e., the span of first (2n + 1) harmonic polynomials, is optimal relative to
H, and any Hj (i.e., any of the spaces Hy we are considering).

Proof. Using the correspondence u(r, 6) ~ u(#), we can study the optimal-
ity of a finite-dimensional subspace relative to Hy and Hs, by studying the
optimality of a subspace relative to H; and Hs. The result follows directly
from Lemma 6.5. U]

Remark 50. Obviously the condition on 3 in Theorem 6.6 holds for any
(isotropic) Sobolev space.

Remark 51. Let us return to the solution of the Dirichlet problem men-
tioned above. Suppose 7, is far from the boundary of €2. Then, on 7, the
character of the solution ug is approximately the same in any direction. Thus
it is appropriate to embed ug in a space with a rotationally invariant norm
— a usual (isotropic) Sobolev space, for example. Further, we have learned
that, on 7, ug is well approximated by harmonic polynomials. The situa-
tion is, however, somewhat different when 7, is near the boundary. Then ug
would be strongly influenced by the boundary values g(z). Hence some other
shape functions, constructed, for example, by the ‘handbook’ approach (see
below), which themselves reflected these boundary values, would be ‘best’.

Thus the optimal shape functions are the solution of the Laplace equation.
This approach could also be used in other situations. Vekua (1967) defines
and studies analogues of harmonic polynomials for differential equations
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with analytic coefficients. Babuska and Melenk (1997) and Laghrouche and
Bettess (2000) construct and use special shape functions for the Helmholtz
equation, —Au — ku = 0. Special shape functions for problems in composite
materials were used in Strouboulis, Zhang and Babuska (200x).

In this section, we saw an example of choosing an optimal local approx-
imating space V3, which turned out to be the span of first (2n + 1) har-
monic polynomials. In other problems, different local approximating spaces,
consisting of optimal or near-optimal approximating functions, are recom-
mended. These optimal or near-optimal approximating functions are so-
lutions of other boundary value problems (posed on n, N ). Such locally
posed problems are called handbook problems and their solutions, which may
be available analytically or computed numerically, are called handbook func-
tions. This nomenclature is reminiscent of the solved problems and their
solutions (via formulae, tables etc.) which are used in engineering (Tada,
Paris and Irwin 1973). This idea is also used in commercial codes (Szabo,
Babuska and Actis 1998).

One of the main advantages of the GFEM is that only simple meshes
are used, which need not reflect the boundary, e.g., uniform finite element
meshes. Also, in each 7., one can use a space V, of arbitrary dimension
(depending on z). V, could be space of polynomials or any other space of
functions depending on the local properties of the approximated function.

Choosing V, to be the space of polynomials of low degree p (and using
{¢s} that are reproducing of order k), we obtain the h-version of the FEM.
All other classical versions of the FEM — the p and h-p versions — are special
cases of the GFEM.

The GFEM, with special shape functions, was effectively used to solve
differential equations with rough coefficients and, more generally, in prob-
lems with micro-structures: see Babuska et al. (1994). Babuska and Osborn
(2000) showed that, for differential equations with rough coefficients, the
classical FEM can converge arbitrarily slowly. With the GFEM, in con-
trast, with appropriately chosen shape functions, an exponential rate of
convergence can be achieved: see Matache, Babuska and Schwab (2000).
The GFEM is a very powerful approach for solving problems with micro-
structures: see Strouboulis et al. (2001b) and Section 9. The GFEM can
also be advantageously used in linear and nonlinear crack propagation prob-
lems (Moes, Dolbow and Belytschko 1999, Wells and Sluis 2001, Wells, de
Borst and Sluis 2002), and problems with boundary layers (Duarte and
Babuska 2002).

7. Solutions of elliptic boundary value problems

In this section we will discuss the approximate solution of the model prob-
lem (2.1)-(2.2) (or (2.3)), introduced in Section 2, by a meshless method.
We will address the Neumann boundary condition (2.2) and the Dirichlet
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boundary condition (2.3) separately. These problems have the variational
formulation (2.4).
For 0 < h < 1, we consider a family of particle-shape function systems

(MM Yocn<r = {X" {hl, Wl @0} e xnYo<n<i,

satisfying assumptions A1-A7 in Section 3.3 and (3.63). Recall that (3.63)
is trivially satisfied if the shape functions are reproducing of order k. The
family {M"}g<p<1 was introduced in Section 3.3; recall that

sup h < h.
zeXh T

We will be interested in assessing the approximation error as h | 0.
Let up be the solution of (2.4), where Q is a bounded domain with
Lipschitz-continuous boundary. In this section, we will sometimes assume

that the boundary of  is smooth. We will use the space VQ o defined

in (3.85), to approximate ug. It was shown in Theorem 3.11 that Vg’% is

(k + 1, q)-regular. Moreover, Vé’i satisfies the local assumption LA. Recall
that k is the order of the quasi-reproducing shape functions considered in
{M"} and q is the smoothness index of these shape functions. The param-
eters k and ¢ are in assumptions A1-A7 and we assume that ¢ < k+ 1. We
also recall that VQ’ does not involve all the particles in X"; it only involves
particles in the set

Al ={ze X" ilnQ#0}. (7.1)

Various classes of shape functions can be used for ¢/ in the system {M"}.
In Section 4, one such class of shape functions, namely RKP shape functions,
were discussed, and references related to other classes of shape functions used
in practice were provided.

We note that it is possible to construct particle-shape function systems
M, satisfying A1-A7, such that the set of particles X C © and the cor-
responding V 5, have the desired approximation properties. We do not

consider such VQ h in this section, and we will further remark on this issue
in the next subsectlon
Let us = uy € V 1. be the approximate solution defined by (2.7) with

S = V . Since VQ 1, is (k + 1, g)-regular, we note that V L CH=H(Q)
pr0v1ded qg>1. Thus uy, is the solution of

Up € Vk’q

5 (7.2)
B(ug,v) / fvdx, forallve VQh,
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where the bilinear form B is either B, given in (2.5), or a perturbation of B.
Clearly, uy, is the solution of a Galerkin method. This Galerkin method is a
meshless method since the construction of the test and the trial space, i.e.,
Vé’?h, does not require a mesh. As we remarked in Section 1, avoiding mesh
generation is one of the main features and advantages of meshless methods.
In this section, we will consider uy, as an approximation of ug and primarily
study the error ug —uy. We set some notation that will be used in this study
in the following sections. We define
ElM=ilnoQ, ze Ab, (7.3)

and
Al ={z € Aq : El # 0}. (7.4)

Thus AgQ is the set of particles {} such that 7]2 has non-empty intersection
with 0.

7.1. A meshless method for Neumann boundary conditions

In this section we will address the approximation of solution ug of (2.1) and
(2.2) by the meshless method. The analysis presented here is based on the
ideas and results in Babuska (1971) and Babuska and Aziz (1972). See also
the references listed in these articles.
The solution ug of (2.1), (2.2) can be variationally characterized by (2.4),
which is
ug € H 1(9)

B(ug,v) = /va dz, for all v e H(Q). (7:5)

We wish to approximate ug by uy, the solution of (7.2) with B = B. For an
error estimate, from (2.8) we have

luo — unllr@) < inf luo — Xl m1(e)-
XEVQ,

Suppose ug € H'(Q). Then, since V?ﬂl is (k 4+ 1, q)-regular and ¢ > 1, we
have

luo — unllmr (@) < Ch*||uoll gi(q)

where 1 = min(k,! — 1). We summarize this in the following theorem.

Theorem 7.1. Suppose uy € H'(Q), with [ > 1, is the solution of (7.5),
where 0f) is Lipschitz-continuous. Let up € Vé’qh, with ¢ > 1, be the
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approximate solution given by (7.2) with B = B. Then

lwo — unll () < B |luoll g, (7.6)
where

w=min(k,l —1). (7.7)

We note that the computation of up, in Theorem 7.1, depends on the
definition of Vg’i and involves particles that are also outside 2. In the liter-
ature, especially in the engineering literature, (¢, k*)-regular particle spaces
are constructed using particles inside €2, but the support of some of the cor-
responding particle shape functions could be partly outside 2. The apparent
reason for such construction is that the approximate solution is viewed as
an interpolant with respect to data inside {2, and hence only the particles
that are inside €2 are considered. This is certainly not necessary.

The construction of the approximation space S (in (2.7)) using particles
only inside €2 may sometimes lead to better conditioning of the underlying
linear system. On the other hand, such construction is more expensive and
the approximations could show boundary layer behaviour (Babuska et al.
200x).

7.2. Meshless methods for Dirichlet boundary conditions

In this section we consider the approximation of the solution ug of the Dirich-
let boundary value problem (2.1) and (2.3) by meshless methods. The vari-
ational characterization of ug is given by

ug € Hy(Q)

) (7.8)
B(ug,v) = /va dz, for all v € Hy(Q).

The Galerkin method (2.7) to approximate uy would require that the ap-
proximating space S be a subspace of H = H{ () and thus that the ap-
proximating functions satisfy the essential homogeneous Dirichlet boundary
condition. Unlike shape functions used in the FEM, the particle shape func-
tions ¢’£ (we consider h as the parameter), considered in Section 3.3, do
not in general satisfy the so-called ‘Kronecker delta’ property, i.e., ¢/ (y) #
O,y T,y € X h. This is also true for translation-invariant particle shape
functions discussed in Section 3.2 (see Section 4.2). Thus it is difficult to
construct a subspace S C V’é’i such that S could be used in (2.7) as the
approximation space and the functions in S satisfy the Dirichlet boundary
condition.

In the literature, several meshless methods have been proposed to approx-
imate the solutions of Dirichlet boundary value problems. They are meshless
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methods in the sense that they use Vgh as the approximating space. These
methods are:

(1) the penalty method,
(2) the Lagrange multiplier method,
(3) the Nitsche and related methods,
(4) the collocation method,
(5
(

6) the characteristic function method.

)
)
)
) combination of meshless and finite element methods,

In this section we will describe these methods. We note that the GFEM,
discussed in Section 6, uses an approximating space different from V?iqh, and
can also be used to approximate the solution of a Dirichlet boundary value
problem.

We will assume that the boundary 92 of  is sufficiently smooth. The
smoothness assumption on the boundary simplifies the arguments presented

here, but various results could be obtained when the boundary is not smooth.

The penalty method
The main idea of the penalty method is to use a perturbed variational prin-
ciple. For ¢ > 0, we consider the bilinear form

B(u,v) = By(u,v) = B(u,v) + h™?D(u,v), (7.9)

where
B(u,v) = /Q(Vu -V +uv)de, (7.10)
D(u,v) = /69 uv dx. (7.11)

We note that (7.10) is the bilinear form given in (2.5). We consider the
solution up, = u,p, € Vg’qh of (7.2), namely

By (tigp,v) = /Q fodz, for all v € VY. (7.12)
We note that u,p, is ug, where ug is defined in (2.7). For v € H(Q), let
Qs (v) = B(v,v) + h"?D(v,v) — 2 /Q fvdz. (7.13)
It is well known that
Qo (to,p) = min Qy(v). (7.14)
vevhe

We now present a convergence result for the penalty method.
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Theorem 7.2. Suppose ug € H'(Q) N HL(Q), I > 3/2, is the solution of
(7.8). Let uqp € V’;ﬂl be the solution of (7.12). Then, for any 0 < € <
min(l — 3/2, 1/2), we have

luo = ug,nll g1 () < Cle)RH|luol| gi(ay (7.15)
where
. o 1 o 1 o
,u,:mm(k,l—l,§,k+§—§—e,l—§—§—e>, (7.16)

and C'(e) depends on €, but is independent of h and wuyg.
Proof. For any v € H'(2), we define
— 8u0 8’11,0
o — B - 9 - JD —h? y T 7 . .1
R, (v) (up —v,up —v) +h <8nh +v 8nh —|—v> (7.17)

Then, from Green’s theorem,

R, (v) = B(uo,up) + B(v,v) — 2B(ugp,v)

. 8u0 8UO . 8u0
+h D<%,%)+h D(U,U)+2D<an,’l)>
OJug Ou
= B(ug, uo) + hUD(a—nO, 6—;)
+ B(v,v) + h™?D(v,v) — 2/ fodx
Q

Oug Ouo
on’ On
where Q,(v) is given by (7.13). Therefore,

= B(ugp,up) + h"D( ) + Qy(v), forallve HY(Q),

min R, (v) = B(ug, ug) +h0D<% %> + min Qs (v),

veves, on’ on vevi?
and thus from (7.14) we get
R,(ugp) = min Ry (v).

vevyd,
Hence, from (7.17) and the above relation, we have
luo — o nll31 () = Buo — tig,n, o — tep)
< Ry (ug,p)
< Ro(v), forall ve Vs, (7.18)
Since Vg’i is (k + 1, q)-regular with ¢ > 1, there is a g, € Vg’,h such that

luo = gnllas(@) < CP*[[uoll (e, (7.19)
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where = min(k+1—s,l—s) and 0 < s < 1. Now, from (7.17) with v = g,
and using the Schwartz inequality, we have

dug \ 2 _
Ro(gn) < C(H“o—th%{l(Q)Jrhg/ (6—0> ds+h U/ 9 db‘)- (7.20)
[Y) n [Y)

We will estimate the right-hand side of the above inequality. We first note
that ug = 0 on 9. Let 0 < € < min(l— %, %) Then, using a trace inequality
and (7.19) with s = (1/2) + ¢, we get

lgnll7,00) = Iluo = grllZ, (a0 < C(€)lluo — ghl!f{%%m)

< C()h* [luol|3p 0. (7.21)
where 1 = min(k + % —€ [ — % —€). Also from a trace inequality, we have
8UO
Ha—nH%Q(am < C(€)||U0H23+€(Q)~ (7.22)
Now using (7.21), (7.22), and (7.19), with s = 1, in (7.20), we get

Ry (gn) < C(e) (™D 4 17 4 1217) |Jug |31

< C(eh*[uolfp oy, (7.23)
where g = min(k,l — 1,5,k + % N % — § —¢). Finally, combining
(7.18) and (7.23) we get the desired result. (]

Remark 52. If we consider V];ih in Theorem 7.2 such that k+1 > [ > 3/2,
then with o = — 2 — € it is easy to see that (7.15) holds with

1
F=5\'727¢)

Estimate (7.15) can be improved. We present the following result, based
on the analysis in Babuska (1970, 1971, 1972, 1973b), without proof.

Theorem 7.3. Suppose uy € H!(Q) N HE(Q) is the solution of (7.8). Let
Ua,h € ngqh be the solution of (7.12). If k + 1 > 1 > 2, then, for any € > 0,

we have
o — tanllzriay < CORlluol sy (7.24)
where C/(¢€) is independent of ug and h but depends on €, and p is given by
,uzmin(a,l—l—a—2,l+%—%, M%(l—l)), (7.25)
where
K= max(l, 1_50). (7.26)
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Remark 53. If 0 > 1 in Theorem 7.3, then [ +0 —2 > 1+ § — %, and
therefore p in (7.24) is given by

. o 3 k+1-k
,u-mln(d,l+§ §’T(l1))’ (7.27)

where k is as in (7.26).

Example. Consider [ =2 and o = 1 in Theorem 7.3. Then, from (7.26),
we have k = 1, and (7.27) yields p = min(1,1,1) = 1. This is the optimal
rate of convergence. For higher values of [ and k£ + 1 > [, there is a loss in
the rate of convergence and we get a sub-optimal rate of convergence, i.e.,
< min(l —1,k).

Thus, from Theorem 7.3 we conclude the following.

e It is advantageous to use Vg’?h with higher values of k, since it leads to
higher accuracy. For example, if [ = 4 and o = 3, then k = 2 and (7.27)
yields p = 3(%) Thus higher values of k will increase accuracy. But
higher values of k reduce the sparsity of the resulting linear system.

e Too small or too large a value of 0 may decrease the accuracy signif-
icantly. For example, if 0 = 2k + 1 then kK = k + 1, and (7.27) yields
w=0.

The use of penalty methods was recently suggested in the literature, e.g.,

Atluri and Shen (2002), Liu (2002) and Zhu and Atluri (1998), without any

theoretical analysis. An empirical penalty value of o, unrelated to [ or k,
was suggested in Zhu and Atluri (1998).

The Lagrange multiplier method

The theory of Lagrange multiplier methods, in the context of finite element
methods, was developed in Babuska (1973a) (see also Babuska and Aziz
(1972)). This theory can also be extended to meshless methods.

It is known (cf. Babuska and Aziz (1972)) that the effectiveness of this
method depends on a delicate relationship between the approximating space
S}tl’k (€2) and the space of Lagrange multipliers Sfllk (02), where both SZ’k Q)
and Sfllk (0N2) satisfy an inverse assumption. In the context of meshless
methods, we let the approximating space to be the particle space Vg’qh. We

know that Vg’z is (k + 1, q)-regular, and satisfies the inverse assumption,
IA, under additional hypotheses given at the end of Section 3.3. The space
of Lagrange multipliers S’;jl’q(aﬁ) has the same (¢, k*)-regularity as the
approximating space, and the functions in S}fjl’q(aﬁ) are defined only on
02 with respect to particles on 9€2. Thus, 02 must contain enough particles.
We note that the functions in Sﬁj’l’q(aﬁ) are not restrictions of functions in
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Vg’,h on 09. Then, following the analysis in Babuska (1973a) and Babuska
and Aziz (1972), one can show that, if the size of the supports of the basis
elements of Sﬁjl’q(ﬁﬁ) is of the same order as |E!|, z € Al (Eb and

Al defined in (7.3) and (7.4), respectively), then the approximate solution
obtained from the Lagrange multiplier method converges. If the size of the
supports of the basis elements of Sﬁjl’q(aﬁ) is smaller than ng, z € Al
then the method is unstable. This relationship was further analysed in
Pitkéranta (1979, 1980).

The Lagrange multiplier technique leads to the optimal rate of conver-
gence in comparison to the penalty method, where the optimal rate of con-
vergence is usually not attained. But, as we mentioned before, the sufficient
conditions for convergence are quite delicate.

Recently, the Lagrange multiplier technique was applied in the context of
meshless methods without any theoretical analysis, in Belytschko, Lu and
Gu (1994), Liu (2002), Lu, Belytschko and Gu (1994) and Mukherjee and
Mukherjee (1997).

The Nitsche and related methods
Because of the delicate nature of Lagrange multiplier methods, there has
been some interest in looking for other methods to deal with the issue of the
imposition of Dirichlet boundary conditions, and to avoid complications that
are present in Lagrange multiplier methods. To that end, certain methods
were proposed in Barbara and Hughes (1991) and Stenberg (1995). But a
similar method was proposed much earlier by Nitsche (1970-1971). We will
discuss the Nitsche method, following the presentation in Stenberg (1995).
We will still assume that 0f2 is smooth.

To approximate the solution wuy of (7.8) by the Nitsche method, we con-
sider the particle space Vk’?h with g > 2. We also assume that:

e card (Af,) <k and
Cih < hgy < Coh,  x € Alig, (7.28)
where hgn = |E£|, for x € Al (Eg and Al are defined in (7.3) and
(7.4), respectively);
e there exists 0 < K < oo, K = K(X"), such that
v
on
where B(u,v) was defined in (7.10) and

- 5 v

< K[B(v,v)]'/?, for all v € V9, (7.29)
_l h

(7.30)

‘9” HO(EL)
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We define the bilinear form B(u,v) = B (u,v), where
ou v _
B, (u,v) = B(u,v) — D<%,v> — D((‘?_n’u) + ZA;L hn 1/Eh uv ds,
z€A5q =

with v > 0; B(u,v), D(u,v) are as defined in (7.10), (7.11), respectively.

The approximate solution uy , € V’é 5, obtained from the Nitsche method,
is given by

By (upq,v) = / fvdx, forallve Vé’qh. (7.31)
Q b

For v € H?()), we define the norm

oul|?
2 _ 2
ol = Bw+ | G2
27

where

[l = 3 byl ogep

€A,

and ||8“ ||2 is given by (7.30) with v replaced by u. We first note that,

from the Schwartz inequality, we have

1/2 1/2
~1. 2 ~1.2
Z hEh/ uvds < Z ( o hEgu ds> ( o hEgv ds)

zeAl, zeAl, z
1/2 1/2
<| X hgleliowy | | 2 Haplolio
zeAb, - zeAl, -
= [lullx plloll1 5 (7.32)
Also,
D Z / hoL2, 1/231) ds
E: By B¢ on
1/2 1/2|| Ov
Z by Nl srogenhigy || 5,
geAh n HO(ER)
ov
< 7.33
<Vl (133)
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Using the same arguments used to obtain (7.33), we get

ou ou
D — < ||= .
(o) <[5l 1ol

onl|l 1
Now, using (7.32)—(7.34), it can easily be shown that

By (u,v) < (1+9) [lull o]l

(7.34)

(7.35)

We now show that, for a proper value of v, the bilinear form B, (u,v) is

coercive.

Lemma 7.4. Suppose K2 < 7, where K satisfies (7.29). Then,

B, (v,0) > Ci[lv]]?,  for all v € V&Y

where C* = C*(X") > 0.

(7.36)

Proof. Letwv e Vg’%, and choose any € > 0. From the definition of B (u,v)

and (7.33) with v = v, we have
ov 9
B’Y(vvv) :B('U,U) —2D Ua% +’Y||UH%,]1

> B(v,0) ~ 2ol

il I
a’)’L lh fy %’h

1] dv|?
> B _ 2 T|1ZY 2
> B ol ~ ¢ 52| |+
27
1] ov]|?
o) =750, +a=l,
27

K2 9

> (1- 5By + (- Ol

Therefore, considering € = %(IC2 + ) in the above inequality, we get

B'Y(va) > Ol {B(Uv U) + ||U||2%7h]a (737)
where C] = min (z;—g, 7_2—’@) Now, from the definition of || - | and using

(7.29), we get
lol* < B(v,v) + K*B(v,v) + [[vl[3 ,
< (1+K%)[B(,v) + o)1 ).
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Thus, combining the above inequality with (7.37), we get
B, (v,v) > C*[vll%,

where C* = 1+1IC2 min(zlg, 2’C2)’ which is (7.36). ]

We now present the following result.

Theorem 7.5. Suppose uy € H'(Q), for | > 2, is the solution of (7.8). Let
Upy € Vé’?h, with ¢ > 2, be the solution of (7.31), where V];ih satisfies (7.28)
and (7.29). Then

C(l+4+~ .
o0~ un i) < Gy ol = min(hl =), (7.38)

where C*(X") is as in (7.36).
Proof. It is easy to see that
By (ug,v) = /vada;, for all v € H'(Q),
and therefore,
By (uo — upy,v) =0, forallve Vg’zl. (7.39)

Now, for any g, € Vg’%, using (7.36), (7.39) and (7.35), we have

1 4 .
lgn — unII* < EBv(gh — Uy Gh — Uhy)
1 .
< ﬁBv(gh — U0, Gh — Uhyy)
(1+79)
= lwo — grllllgn — wnq |,
and hence
(1+7)
ol < CE o — gl
Therefore,

luo = unsll < fluo = gull + lgn = uns/|
< Clluo — gnll, for all g € VE4,. (7.40)

Now, using (7.28) and a trace inequality, we have

o — gh”é,h = > h%“uo - gh||§{0(E£)

h
zE€AGq

< Ch™M|uo — gnllFo(oa)
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(1
<cp! <E!uo — gnllFro() + hlluo — gh||§,1(ﬂ))

= C(h™?|luo — gnllFro() + lluo = gnll7 (o)) (7.41)
where C depends on k. Also, using a similar argument, we have
O(uo — gn) ||’
| < (1w — Py + o — nlZey). (742)
n —%,h

where C' depends on k. Thus from (7.41) and (7.42) we get

9 2

+ [luo — gnll7 ,
_1ipn 27
27

2
<Ch™2 Z h|Jug — QhH%{j(Qy

=0
and hence, from the definition of || - | and (7.40), we have
luo = @yl 1 () < lluo — Gny | (7.43)

2
<Ccht Z W |Jug — 9nllmiq),  for all g, € Vg,qh'
§=0

Finally, we choose g € Vg’ 5, such that
luo — gllms (@) < O Plluoll i), 0<s<2,
where 11 = min(k + 1,1). Using this in (7.43) we get the desired result. [J

We now discuss situations where the assumption required to prove Theo-
rem 7.5 is valid. The major problem is to estimate IC(X") given in (7.29).
We would like to have K(X") < C, uniformly for all 0 < h < 1. If the
supports 1! of the particle function gbZ are ‘reasonable’; e.g., in R? or in R3,

then it is easy to see that the necessary condition for K(X") < C is that
hgn > a\ng | for z € ASQ. This can be enforced by properly selecting the

set of particles X®. This aspect can also affect the design of adaptive mesh-
less (Nitsche) methods. Since the estimates of these constants are difficult
to estimate accurately, we may select larger values of v in (7.31) so that
Theorem 7.5 is valid.

The Nitsche method presented here is superior to both the penalty method
and Lagrange multiplier methods. The Nitsche method, in the framework of
meshless methods, was addressed in Babuska et al. (2002a) and implemented
in Schweitzer (200x) and Griebel and Schweitzer (2002¢).
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The collocation method

The collocation method, in the framework of meshless methods, was re-
cently proposed in Atluri and Shen (2002), Zhu and Atluri (1998) and Ha-
gen (1996). The method consists of adding constraint equation, at certain
points of the boundary 9€2, to the stiffness matrix. No analysis was presented
to address the convergence of the approximate solution obtained from this
method. Collocation using radial basis functions was analysed in Franke
and Schaback (1998).

Combination of meshless methods and the finite element method

This method was proposed, e.g., in Krongauz and Belytschko (1996). The
main idea in this approach is to use classical finite elements (which could
also be interpreted as particle functions) in a neighbourhood of the boundary
012, and to select other particle functions such that their supports do not
intersect 0f2.

The characteristic function method

The method was proposed in connection to the Ritz method when the ap-
proximating functions were global polynomials (see Mikhlin (1971) and Kan-
torovich and Krylov (1958)). If a domain € has a smooth boundary 0f2,
there exists a smooth function ® such that

O(x) >0, =€,
O(x) =0, €I,
and |V@(z)| >a >0, ze€ .
Let SP = {u:u= v, ve V&h}. Then it is obvious that S C HE(f).

We approximate the solution ug of (2.1) and (2.3) by uy € SE, where uy, is
the solution ug of (2.7) with S = SP.

For ug € H'(Q) N H}(Q), | > 2, we define wy = “. Then, using Hardy’s
inequality (Theorem 329 of Hardy, Littlewood and Polya (1952)), one can
show that wg € H'~1(9). Using this result, we obtain the following theorem.

Theorem 7.6. Suppose ug € H'(Q) N H(Q), and suppose I > 2. Then
there exists wy, € Vg’ 3, such that g, = ®wy, satisfies

luo — gnllmr @) < CA*|luoll (), = min(k, 1 —2). (7.44)
Proof. Recall that Vg’qh is (k + 1, ¢)-regular with ¢ > 1. Then there exists
wy, € ngh such that

lwo — wall 1) < ChF[lwol| gi-1(qy < CR*|luol| g1 (qy, (7.45)
where p = min(k,l — 2). Now, from the definition of wy, we have

ug — Pwy, = ug — Pwo + (wo — wy) = P(wo — wy),
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and hence, using (7.45), we have
luo — P10y < Cllwo — wallgr @) < C*|luollgi(),  w=min(k,l—2),
which is the desired result. U

Remark 54. It is clear from (2.8) and (7.44) that, for [ > 2,
luo — unl 1) < Ch¥||luol gy, = min(k, 1 —2).

We further note that this order of convergence cannot, in general, be im-
proved.

The generalized finite element method

We note that all the methods described so far primarily use Vg’,h as the
approximating space. The GFEM, on the other hand, uses different approx-
imating spaces, as we have seen in Section 6. The use of these approximating
spaces makes the GFEM extremely flexible.

We recall that in the GFEM we start with a partition of unity with respect
to a simple mesh that need not conform to the boundary of the domain. This
partition unity could be the particle shape functions defined in Section 3.
Then ‘handbook’ functions are used as local approximating spaces. The
Dirichlet boundary condition can be implemented by choosing the local ap-
proximation space V, for z € AgQ, such that the functions in V, satisfy the
Dirichlet boundary conditions.

We have presented a few approaches on how to use meshless approxima-
tion to approximate solutions of PDEs. To impose Dirichlet boundary con-
ditions on meshless approximation is a challenge, and we looked into some
methods that can overcome this difficulty. While discussing these methods,
we assumed that the boundary of the domain is smooth, for simplicity. But
the results presented here can be generalized to cover nonsmooth boundaries,
especially piecewise smooth boundaries.

Some methods were implemented and reported in the literature, but
lacked rigorous theoretical analysis. All the methods reported here have
certain advantages as well as disadvantages. If the particle space Vg’?h is
used as an approximating space, then in our opinion the Nitsche method is
very promising, because it is relatively robust and easy to implement. But

we note that Vg’h is difficult to construct for higher values of k, and the
use of Vg’qh with lower values of k reduces the accuracy of the method. On
the other hand, the GFEM wuses a partition of unity (the basis functions of

Vg’qh with k& = 0), which is easy to construct, and higher accuracy can be
attained by using suitable local approximation spaces.
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8. Implementational aspects of meshless methods

In this section, we will briefly discuss the implementational aspects of mesh-
less methods and the GFEM. As for the finite element method, the imple-
mentation of meshless methods and the GFEM has four major parts:

(1) construction of particle shape functions,
2

(2) construction of the stiffness matrix,
(3) solution of the linear system of equations,
(4)

a posteriort error estimation, adaptivity, and computation of data of
interest.

We now discuss these items in turn.

Construction of particle shape functions

In the classical finite element method, we start with a mesh that is related to
the domain, and then shape functions are defined with respect to the chosen
mesh. In a meshless method, we start with particles {z}. Corresponding
to each particle z, a particle shape function with compact support 7, is
constructed, such that the {7, } form an open cover of the domain 2. The
construction of shape functions that are reproducing of order £k = 0 or 1 is
not difficult. For k& = 0, one may use Shepard’s approach (Shepard 1968)
as described in Section 4.1. For k = 1 and for an appropriate particle dis-
tribution, one may first construct a mesh using tetrahedra such that the
particles are the nodes of the mesh (i.e., the vertices of the tetrahedra).
This procedure is not difficult, as there are efficient codes available for con-
structing such a mesh. The shape function corresponding to the particle x
can be taken to be the standard hat functions, whose support is the union
of all the simplices with x as one of its vertices. We note, however, that, for
k = 1, smoother shape functions can also be constructed (see Han and Meng
(2001)). For k = 0, 1, we have to check that card(S;) < &, & is independent
of z, where Sy = {y : ny N1y # 0}. For the Nitsche method, described in
Section 7.2, we also have to check that /C, defined in (7.29), is bounded. The
construction of particle shape functions for £ > 2 is more expensive than
for kK =0, 1, and it may be more difficult to check assumptions A1-A7 and
(3.63), which ensure convergence.

In contrast, the GFEM uses only a partition of unity, and thus particle
shape functions with k£ = 0, 1, described in the last paragraph, can be used
for this purpose. Also, a simple regular distribution of particles could be
used to construct the partition of unity. The space of local shape functions,
Ve, could be created analytically or through ‘handbook’ solutions. Dirichlet
boundary conditions are also treated by appropriate selection of V,, and
hence we do not have to use special methods, e.g., the penalty method, the
Nitsche method, etc., which simplifies the implementation.
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Construction of the stiffness matrizx

The construction of the stiffness matrix for a meshless method is laborious
and delicate. In fact, this is where we pay the price for avoiding mesh gen-
eration. The elements of the resulting stiffness matrix are integrals, which
have to be numerically evaluated over various regions. These regions are
not simple tetrahedra as in the finite element method, where they naturally
come from a mesh. These regions, for a meshless method, are of the form
Nz NNy N, z,y € X¥, and can be extremely complicated. Also, the integrals
have to be evaluated accurately, as it is known that inaccurate numerical
integration leads to very poor results (see, for example, Chen, Wu, Yoon
and You (2001)). A special numerical integration scheme is given in De
and Bathe (2001), where the {7,} are balls and the region of integration is
the intersection of two balls. The problem of effective integration has also
been addressed in Dolbow and Belytschko (1999), Griebel and Schweitzer
(2002b), Schweitzer (200x) and Strouboulis et al. (2001a, 20015). The nu-
merical integration poses additional problems in the GFEM when singular
functions are included in the local approximating space V. Standard inte-
gration schemes in this situation yield poor accuracy. This problem in the
GFEM was handled in Strouboulis et al. (2001a) by using adaptive numeri-
cal integration. Because of this sensitivity to numerical integration, the use
of adaptive integration is preferred in GFEMs.

Thus we see that an accurate and effective numerical integration scheme to
approximate the elements of the stiffness matrix is essential for the success
of meshless methods. We will remark further on this issue in the next
subsection. We note that numerical integration and construction of stiffness
matrices in these methods are parallelizable.

Solution of the linear system

The exact stiffness matrix (without numerical integration) obtained from
a meshless method could be positive definite with a large condition num-
ber. This is caused by using shape functions with large overlap between
their supports, which makes the shape functions ‘almost’ linearly depen-
dent. Moreover, the exact stiffness matrix obtained from the GFEM could
be positive semi-definite, as shown in Strouboulis et al. (2001a). But the
underlying linear system obtained from the GFEM is always consistent, i.e.,
the linear system has non-unique solutions. The lack of unique solvability
of the linear system does not imply that the GFEM produces non-unique
solutions. In fact, if the vector {cz ; }1<j<n,, with dim V, = n,, is a solution
of this linear system, then the solution

Ny
= > baey Vi

z j=1

obtained from the GFEM, where @Z)é is a basis of V, is unique.
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We have already mentioned the importance of numerical integration in
evaluating the elements of the stiffness matrix obtained from a meshless
method. We further note that the elements of the load vector is also eval-
uated by numerical integration. To obtain a consistent linear system (after
the use of numerical integration), the numerical integration scheme applied
to compute an element of the load vector should be same as the scheme used
to compute the corresponding row of the stiffness matrix.

To find the solution of the linear system obtained from a meshless method
(or from the GFEM), one can use a special direct solver based on elimination
or an iterative solver. Strouboulis et al. (2001a) used direct solvers, e.g.,
subroutines MA27 and MA47 of the Harwell Subroutine Library, to solve
the sparse positive semi-definite linear system obtained from the GFEM.
The use of these solvers was successful even when the nullity of the stiffness
matrix was large. It was also shown in Strouboulis et al. (2001a) that round-
off errors did not play a significant role in solving the linear system, i.e., the
round-off error was almost the same as when the standard finite element
linear system is solved by the elimination method.

An iterative algorithm for solving such linear systems was given in Strou-
boulis et al. (2001a). The idea of this algorithm, which has been used in
many situations, is to perturb the stiffness matrix by adding a small multiple
of the identity matrix. The perturbed matrix, say P, is positive definite and
any solver could be used to solve Px = b. Using this fact and a few iterations
of a simple iterative technique, a solution of the original linear system could
be obtained. We refer to Strouboulis et al. (2001a) for a complete description
of the effectiveness of this iterative algorithm.

We have noted before that the linear system obtained from the meshless
method is consistent even if the stiffness matrix is positive semi-definite. In
this situation, a solver based on conjugate gradient methods can also be
used. The convergence in this situation is similar to the convergence of con-
jugate gradient methods when applied to solve the linear system obtained
from the standard finite element method. The multigrid method is not di-
rectly applicable to the linear system when the stiffness matrix is positive
semi-definite, since the eigenfunction corresponding to the zero eigenvalue of
the stiffness matrix is global and oscillatory. The same is also true when the
stiffness matrix is ‘almost’ singular. However, a special version of the multi-
grid method was proposed in Schweitzer (200x) and Griebel and Schweitzer
(2002¢), when the underlying partition of unity is reproducing of order k£ = 0.
For another multigrid method, see Xu and Zikatanov (2002).

A posteriori error estimation, adaptivity and programming

The rigorous theory of a posteriori error estimation originated in Babuska
and Melenk (1997) and other estimates, based on various averaging, were
also used. These estimators can be used as error indicators for adaptivity
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purposes. For adaptive approaches in meshless methods, we refer readers to
Schweitzer (200x) and Belytschko, Liu and Singer (1998b).

We finally mention that programming the meshless method is an impor-
tant issue and it requires specific concepts. For this aspect of the meshless
method, we refer to Dolbow and Belytschko (1998), Griebel and Schweitzer
(2002d), and Strouboulis et al. (2001a, 20010).

9. Examples

Meshless methods have been applied to linear and nonlinear elliptic prob-
lems, as well as to problems related to other differential equations: we refer
to Li and Liu (2002). However, it is essential to characterize the types of
problems where this method is, or could be, superior to standard methods
(Belytschko, Gerlach, Krongauz, Krysl and Dolbow 1998a).

In this paper, we address only the application of the meshless method on
a class of linear, elliptic problems. As stated in the Introduction, one of
the main advantages of meshless methods is that it avoids mesh generation.
This is essential when the domain is complex. Another advantage of this
method is that it allows the use of various ‘special’ local shape functions to
improve the accuracy.

The generalized finite element method (GFEM) was discussed in detail
by Strouboulis et al. (2001b), and it was shown that the method is effective.
Three types of meshes with successive refinements were used in that paper,
and we present one of these meshes in Figure 9.1. This is a simple finite el-
ement mesh and it does not reflect the geometry of the underlying domain.
Then, using the linear finite elements as a partition of unity, and special
functions for local approximation, an improvement in the rate of convergence
was achieved. Detailed numerical data, with comments on various aspects
of the method, for instance numerical integration, etc., were presented in
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Figure 9.1. A mesh used in Strouboulis et al. (2001b) for the
construction of a partition of unity in the context of the GFEM
to solve a problem posed on the domain.
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Strouboulis et al. (2001b). We note, however, that although the domain
considered in this example (i.e., the domain in Figure 9.1) was simple, and
classical finite element methods with mesh refinement or an adaptive proce-
dure could have been used, the analysis and data presented in Strouboulis
et al. (2001b) clearly show the scope and potential of the GFEM.

As mentioned above, the power of the GFEM lies in handling problems
where the underlying domain has complex geometry. Three types of complex
domain, shown in Figure 9.2, were analysed by the GFEM in Strouboulis
et al. (2001b). Another complex domain with fibres, analysed in the same
paper, is shown in Figure 9.3, where the fibre distribution was taken from
Babuska, Andersson, Smith and Levin (1999). To construct finite element
meshes for these domains is very complex and nearly impossible. ‘Handbook’
problems that characterize the local behaviour of the approximated solution
(e.g., in the neighbourhood of a crack, fibres, etc.) were used to construct
special shape functions for these problems.

The GFEM has an advantage in dealing with problems with singularities
(in the neighbourhood of geometric edges) in three dimensions. When the
basic finite element tetrahedral mesh is used in such problems, it is well
known that classical edge refinement is cumbersome. This problem was
handled using the GFEM in Duarte, Babuska and Oden (2000), where a
refinement by special functions, at positions indicated by an error indicator,
was performed. The GFEM was also used to handle difficulties stemming
from orthotropic problems in Duarte and Babuska (2002).

There are other types of problem where the GFEM is quite effective. They
include multisite problems, where many crack configurations are present,
and crack propagation problems, where the geometry of the domain changes.
The GFEM could be used in such problems by considering local approxi-
mating spaces consisting of functions that are discontinuous over the cracks,
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Figure 9.2. The three types of domain analysed by the GFEM
in Strouboulis et al. (20010).
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Figure 9.3. The problem of fibre composite
type analysed in Strouboulis et al. (20015).

and including a singular function with respect to the tip of the crack into the
local approximating space. Then the propagation of the crack is computed
(using stress intensity factors); the old singular function in the approximat-
ing space is replaced by a new singular function, new discontinuous functions
are added in the same space, and the process of computing the propagation
of crack and changing the local approximation spaces is repeated. In this
process, the matrix of the underlying linear system at a particular step can
be obtained by augmenting the matrix corresponding to the previous step
with new rows and columns, and it is possible to solve the new linear sys-
tem using the Schur complement, which uses the previously computed data.
This general idea was used in Li and Liu (2002) and Moes, Gravouil and
Belytschko (2002) without using the previously computed data.

The GFEM is an important tool in approximating solutions of elliptic
problems with rough coefficients as well as homogenization problems. We
mention that the usual finite element method may give extremely poor re-
sults when applied to elliptic problems with rough coefficients, as shown in
Babuska and Osborn (2000). It was shown in Babuska et al. (1994), using
a detailed analysis, that the GFEM leads to the same rate of convergence
for problems with rough coefficients as when the coefficients are smooth.
The GFEM is also related to upscaling (Arbogast 2000) and stabilization
(Hughes 1995).

We emphasize that in this paper we have considered only a small (but
important) family of problems. We have shown that the use of meshless
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methods, particularly the use of the GFEM, on these problems is advan-
tageous in comparison to the standard finite element method. Of course,
there are other types of problems, especially nonlinear problems, which we
have not addressed in this paper.

10. Future challenges

We have addressed some mathematical problems concerning meshless meth-
ods. This method is, in fact, a family of approaches that sometimes differ in
implementational details, and are referred to by a variety of names. Partic-
ular forms of meshless methods are used for solving important engineering
problems in solid and fluid mechanics — linear and nonlinear, stationary and
time-dependent problems, with fixed and changing boundary conditions, for
differential and integral equations of various types. There is a rapidly grow-
ing literature on the subject, which is mainly directed towards engineering
and focuses on particular problems, whose mathematical and theoretical as-
pects are not completely understood. For a description of the state of the
art we refer to Atluri and Shen (2002), Babuska et al. (2002a), Griebel and
Schweitzer, eds (2002a), Li and Liu (2002), G. R. Liu (2002) and Zhang,
Liu, Li, Qian and Hao (2002).

We presented basic approximation results in Lo-based spaces, and dis-
cussed their use in the approximate solution of linear elliptic boundary value
problems. The approximation theory we developed is applicable to virtu-
ally all variationally formulated problems, provided that the stability of the
variational method is guaranteed (the inf-sup condition, sometimes called
the BB condition, is satisfied). In contrast to coercive problems, proving
stability for non-coercive problems is a delicate issue.

Meshless methods, in particular the GFEM, permit the use of non-poly-
nomial and non-smooth shape functions with a certain special character.
This feature was successfully utilized in solving partial differential equa-
tions with rough coefficients and, more generally, in problems with micro-
structures. The GFEM can be directly related to upscaling and to stabi-
lization. Special shape functions related to the oscillatory behaviour of the
solutions, as in the case of the Helmholtz equation, have been successfully
used. The GFEM was used in problems in which the discontinuities prop-
agate, as in linear and nonlinear crack problems. Meshless methods and
GFEM can be used for solving higher-order differential equations because
it is possible to construct shape functions with high regularity. There are,
of course, many remaining issues to be addressed: we mention, in particu-
lar, the challenging problems of adaptive selection of shape functions and of
proving a posteriori error estimates.

Meshless methods and the GFEM are generalizations of the classical FEM,
in its h, p and hp versions. Hence all the theoretical and implementational
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problems for the h, p and hp versions of the FEM have analogues for meshless
methods; and there are additional problems, having special features, with
meshless methods.

Today, many versions of meshless methods, based on various discretization
principles, for example, variational principles, collocation, etc., are used in
an ad hoc way, with emphasis on constructive results. Thus it is important
to create an effective framework in which to study these methods, and to
assess their effectiveness.
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