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A note on divisible and

codivisible dimension

Paul E. Bland

In this paper the right global divisible dimension and the right

global codivisible dimension of a ring i? are studied relative

to a torsion theory of modi? . The main result shows that if

(A, B) is a central splitting torsion theory on modi? , then the

right global divisible dimension of B with respect to (B, A)

is equal to the right global codivisible dimension of i? with

respect to (A, B) .

Throughout this paper R will denote an associative ring with

identity and our attention will be confined to the category modi? of

unital right i?-modules. The reader is referred to [S] and [10] for the

general results and terminology on torsion theories.

If (A, 8) is a torsion theory on modi? , then an i?-module M is

said to "be divisible (codivisible), if given an exact sequence

0-*-L-*X-+ff->0 , where N is torsion (L is torsion free), the induced

map hom DU, M) -*• homn(L, M) (homD(M, X) •*• homD(M, N)) is an epimorphism.
It n n n

By taking X to be projective (injective), we see that M is divisible

(codivisible) if and only if ext (N, M) = 0 for every torsion module N
si

(ext_(M, L) = 0 for every torsion free module L ). Divisible modules are

due to Lambek [8] while codivisible modules were introduced in [3].

In [9], Rangaswamy defined divisible and codivisible dimension for

modules and a global divisible and a global codivisible dimension for
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rings. Briefly, if (A, 8) is a torsion theory on modi? and M is an

i?-module, then one can build an exact sequence

a a a
(•) 0 - M -^DQ—i* D1 - . . . -JL*0n - . . . ,

where each D. is divisible and cokera. is torsion for i > 0 , (Note

that the D.'s are all torsion for i 5 1 ,) Such a sequence is called a

divisible resolution of M . The divisible dimension of M is then

defined to be the smallest integer n such that there exists a divisible

resolution of M of the form (*) with Ima divisible. If no such

integer exists, then we say that the divisible dimension of M is °°

If div. d(M) denotes the divisible dimension of M , then standard

arguments [6], mutatis mutandis, show that div.d(Af) is independent of the

divisible resolution of M . The right global divisible dimension of R ,

written (A, 8)-r.gl.div. d(i?) , is now defined to be

sup{div.d(M) | M € modi?} . Dually, one may define a codivisible resolution

of a module M to be an exact sequence

where each C. is codivisible and ker$. is torsion free for i ; 0 .
IS Is

The codivisible dimension of a module and the right global codivisible

dimension of a ring are then defined in the obvious way.

(A, B)-r.gl.cod.d(i?) will denote the right global codivisible dimension of

i? . If (0, M) ((M, 0)) denotes the torsion theory on mod?? in which

every module is torsion free (torsion), then

(0, M)-r.gl.cod. d(i?) = right global projective dimension of R =

= right global injective dimension of i? = (M, 0 )-r .gl.div. &(R) .

It seems worth pointing out that this is true for every central splitting

torsion theory on modi? . That is, if (A, B) is a central splitting

torsion theory on modi? , then we will show that

(A, B)-r.gl.cod.d(i?) = (8, A)_r.gl.div. d(i?) .

It has been shown in [9] that {A, B)-r.gl.cod. d(i?) # (A, 8)-r .gl.div. d(i?) .

If A is a TTF class and (A, 8) and (C, A) are the associated
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torsion theories with torsion functors T and S respectively, then Jans

[7] has shown that the following are equivalent:

(1) M = T{M) @ S{M) for a l l M € modi? ;

(2) if = T(R) © £{R) (rin£ direct sum);

(3) B = C ;

(It) T[S{M)) = 0 and s[M/T{M)) = M/TiM) for all M 6 modi? .

Under the above conditions Bernhardt [2] has called (A, B) central

splitting. Hereafter, unless stated otherwise, we will assume that (A, 8)

is a central splitting torsion theory on modi? . T and S will denote

the torsion functors relative to (A, B) and (B, A) respectively. Since

(A, B) is central splitting it is not difficult to show that MTiR) - T(M)

for every module M where MTiR) ~ \l m.t. I m. € Af and t. € T(R)\ .
{ v % % ^ J

Similarly, MS[R) = S(M) .

LEMMA 1. For any torsion theory (A, B) on modR s M/TiM) is an

injeotive R/T{R)-module if and only if M/TiM) is an injeotive R-module.

Proof. Suppose that M/TiM) is an injective i?/27(R)-module and le t

I be a right ideal of i? . Consider the diagram

0 —* I - ^ T

M/TiM)

vhere i is the canonical injection. This yields a diagram

0 • I77(i?) -^—" R/TiR)

H
M/TiM)

where i' [x+T(R)) = x + TiR) and f [x+T{R)) = fix) are R/TiR )-linear.

Note that f' is well defined,for if x i I n TiR) = Til) , then

fix) € f[T(I)) c T{M/TiM)) = 0 . Thus there is a mapping

g' : R/TiR) •* M/TiM) such that f - g' ° i' . But then if

n : i? -> R/TiR) is the canonical projection and we set g - g' ° X] , then

g ° i = / . Hence M/TiM) is i?-injective by Baer's criterion [?, Theorem
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1] . The converse is obvious.

The following proposition is the key for proving the main result of

this paper.

PORPOSITION 2. M is divisible with respect to (8, A) if and only

if S(M) is an injeotive S(R)-module.

Proof. Since M = T{M) © S{M) , then for any » ( 8 we have that

ext*(B, M) ss ext^(s, T(M)) © ext^(s, S(M)) . But extj^B, T(M)) = 0 since

(A, 8) is splitting [//, Lemma 1.2]. Hence ext^(B, M) 9? extj^B, S(M)) .

Notice next that since MT{R) = T(M) , M € 8 if and only if MT(R) = 0

and so the image of the inclusion functor F : modS(R) '—• modi? is exactly

8 . Also by using Lemma 1 we can show that

extJ(B, S(M)) ̂ extXsiR){B, S(M)) .

Hence ext_,(B, M) S ext«,ff^ [B, S(M)) and so the proposition follows.

We can now prove our main result. In what is to follow

r .gl.proj .d(R) and r .gl.inj .d(i?) will stand for the right global

protective dimension and the right global injective dimension of R

respectively.

PROPOSITION 3. The following are equal:

(a) r.gl.proj.dSU?) ;

(b) (A, B)-r.gl.cod.d(tf) ;

(a) (8, A)-r.gl.div.d(i?) .

Proof. That (a) equals (b) follows from [9, Theorem lit]. Since

r .gl.proj .d[s(R)) = r.gl.inj .d [S(R)) we will show (a) equals (a) by

showing that (8, A)-r.gl.div.d(i?) = r .gl.inj .d [S(R)) . Let

a a, a
0 * M — ^ Dn —^* D1 + ... —^ D •* . ..0 1 n

"be a divisible resolution of M with respect to (8, A) . [Note that

S[D.) - D. for all i > 1 .) Since S is an exact functor [7/, Theorem

3.1] we see via Proposition 2 that

https://doi.org/10.1017/S0004972700023790 Published online by Cambridge University Press

https://doi.org/10.1017/S0004972700023790


D i v i s i b l e a n d c o d i v i s i b l e d i m e n s i o n 1 7 5

S[a)
0 _> S{M) S

is an S(i?)-injective resolution of the S(fl)-module S(M) , where

S[a.) = a.lsfD. ) for i 2 0 with D. = M . How ImSfa.) ^ sflma.)

for i > 0 . Hence i t follows that if the S(i?)-injective dimension of

S(M) is n , then S(lma ) is an injective S(/?)-module and so, "by

Proposition 2, Ima is divisible with respect to (B, A) . Therefore

(B, A)_r.gl.div.d(i?) £ r.gl.inj.d(S(fl)) .

On the other hand, let M be an 5(i?)-module and suppose that

0+M + E - + E - + . . . + E -*• . . .

is an S(i?)-injective resolution of M . Since SfB.J = E. for each

i - 0 , we see (again by Proposition 2) that E. is divisible with respect

to (8, A) for each t i 0 , Thus i t follows that

0 -*- M •+ En -*• E -*•...-+ E -»• . . .
0 1 n

is a divisible resolution of M with respect to (B, A) . It now follows

easily that r .gl.inj A{S{R)) £ (B, A)-r.gl.aiv.d(i?) .

If A is replaced by B , B by A , and S(S) by T(R) in the

proposition above, then the resulting proposition is true. Thus we have

PROPOSITION 4. The following are equal:

(a) r.gl.proj .dlff) ;

(b) sup{(A, B)-r.gl.cod.d(fl), (B, A)-r.gl.cod.d(i?)} ;

(a) sup{(A, B)-r.gl.div.d(i?)3 (B, A)-r.gl.div.d(i?)} .

Proof. Since R = T{R) © S{R) (ring direct sum), then

r.gl.proj.d(i?) = sup{r.gl.proj.d(T(i?)) , r .gl.proj.d(5(i?)) } .

Rangaswamy has shown in [9] that for any torsion theory (A, 8) on

modi? every submodule of a codivisible module is codivisible if and only if

R/T{R) is right hereditary. Under the assumption of central splitting the

following proposition should now be evident.

PROPOSITION 5. The following are equivalent:
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(a) with respect to (A, 8) every submodule of a aodivisible

module is codivisible;

(b) with respect to (B, A) every factor module of a divisible

module is divisible;

(a) S{R) is right hereditary.

Faith and Walker [5, Theorem 5.3] have shown that a ring if is QF
(quasi-Frobenius) if and only if every injective i?-module is projeccive
while Faith [4, Theorem A] obtained the dual characterization that R is
QF if and only if every protective i?-module is injective. Since M is
codivisible with respect to any torsion theory (A, B) on modfl if and
only if M/MT{R) is a projective i?-module [9, Theorem 8], these
observations along with Proposition 2 yield the following

PROPOSITION 6. The following are equivalent:

(a) every module which is divisible with respect to (8, A) is
codivisible with respect to (A, 8) ;

(b) every module which is codivisible with respect to (A, 8)
is divisible with respect to (8, A) ;

(c) S(R) is QF.
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