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On the largest Hausdorff
compactification of a Hausdorff
convergence space

Vinod=-Kumar

For a Hausdorff convergence space, necessary and sufficient
conditions for its Richardson compactification to be the largest
Hausdorff compactification are found and by modifying the
convergence structure of the Richardson compactification, it is
shown that the largest Hausdorff compactification, whenever it

exists, is given by that modified Richardson compactification.

Introduction

In [3] and [4] it is proved that a Hausdorff convergence space has the
largest Hausdorff compactification if and only if it has only finitely many
nonconvergent ultrafilters. We observe that the proof of the necessity
part is not sound and hence one can not say whether or not the same is
valid in general. However, we establish its validity in case the largest
Hausdorff compactification is given by the Richardson compactification.

For the general case, we modify the convergence structure of the Richardson
compactification and prove that the largest Hausdorff compactification,

whenever it exists, is given by that modified Richardson compactification.

Definitions

For definitions not given here, the reader is asked to refer to [I]

and [6]. Let X be a set. Let FX denote the set of all filters on X
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and PX the set of all subsets of X . For « €X , z={ACX | z € A}
is the principal ultrafilter containing {x} . A convergence structure on

X 1is a function qX from FX to PX satisfying the following
conditions:

(1) for z€X, x€qylx);
(2) if o, Y €FX and ¢ S ¥ , then q,(e) € q,(d) ;
(3) if x € qX(w) , then z € qX(¢ nz) .

is called

The pair (X, q,) is called a convergence space; (X, q,)

Hausdorff if and only if qX(w) is at most a singleton for every ¢ € FX ;
AC X is called open in (X, qX) if and only if x € 4 and zx € qX(@)

imply that A4 € ¢ . By a space we shall mean a Hausdorff convergence space
and by a compactification a Hausdorff compactification. We will treat an
embedding as an inclusion map. Call a space essentially compact if and
only if it has only finitely many nonconvergent ultrafilters. A space is
called locally compact ([3]) if and only if it is open in each of its
compactifications. Let H-Conv denote the category of spaces and
continuous maps. Let EH-Conv and CH-Conv denote the subcategories of
H-Conv consisting of essentially compact spaces and compact spaces
respectively. Let A and B be subcategories of H-Conv such that

Bc A. B is called embedding epireflective in A if and only if B is

epireflective in A and each reflection map is an embedding.

Let (X, qXJ be a space. For A< X , define A ana A* by
2 = {p € FX | A €9 and ¢ 1is a nonconvergent ultrafilter} and
A* =4 uA . Thus, in particular, X* =X uX . For ¢ € FX let ¢' be

the filter {K < X* | K nX € ¢} on X*, ¢O the filter generated by

{4 v e} | 4 €9} on X*,and ¢* the filter generated by {4* [ A € ¢}
on X* . For & € FX* , let &, be the filter {4 | 4* ¢ ®} on X and

®, the set {Knx| xesa}.

Let f : (X, qX} -+ (Y, qy) be a function. For ¢ € FX , let fo be

the filter {BC Y |f ' €9} on Y. Define a function f* : X* > ¥* as
follows; for x € X ,
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frxr = fx
and for <p€/)?,

fo if fe €Y,

e =
y if y ¢ qy(fb)

LEMMA 1. (i) If ® € FX* and X €%, then & € FX, & =, ,
and 4>=¢’é

(i2) If & € FX* 4is an ultrafilter and ¢ € X s then (po cé 1if

and only if etther @ =¢' or ®=9¢ .

(121) For ¢ € X R
0 . A
(fo) if feo ey,
fro~ =

y o (fo) if y € qylfe) .

Proof. Obvious.
LEMMA 2. 4 space (X, qX) is essentially compact i1f and only if for

every ultrafilter ¢ € FX* , either & = q) for some ¢ € X or &= o'
for some ¢ € FX .

Proof. Let (X, q,) € EW-Conv . Let & € FX* be an ultrafilter.
Then ¥ €& or X €& . If }? €d , X being finite, there exists ¢ € /}?
such that {p} € ® . This implies that ®=¢ . If X € & , then, by

Lemma 1, @O € FX and & = 4>(') . Conversely, to prove that 3\( is finite,

it suffices to prove that if o € F}? is an ultrafilter, then there exists
@ € X such that o' = ¢ , where o' = {Kc X* | Kk n X € a} . But this is
obvious because of the given condition and the fact that o' € FX* is an

ultrafilter and X f a'
We shall use the following result of [4].

PROPOSITION 3. If a space has the largest compactification, then it

is locally compact.

The above result is proved in [4]. The following is a shorter proof.
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Proof. Let {LX, qix] be the largest compactification of a space

[X, qX) . It suffices to prove that X 1is open in [LX, q%}X] . Let

(SX, be the one point compactification of (X, qX) as given in [2].

qSX]
Then there exists a continuous map g : [LX, qix] > (SX, qSX) such that g
1
(

is the identity function on X . This implies that X = LX - g (SX-X) is

open in [LX, q%,X]

Let (X, qX] be a space. Define a convergence structure q?(* on X*
as follows. Let & € FX* . TFor x € X , x € q?(*(@) if and only if
X € ¢ and xEqX(<1>O],andfor wEff,cpéqg* if and only if

o cC & .,

LEMMA 4. (%) [x*, qg*] is a space with (X, q,) as its demse and
open subspace.

(ii) [X*, q?(*] is compact if and only if (X, qX) is essentially
compact.

Proof. (%) is obvious.

(i) 1t (X, qx) € EH-Conv , then [x*, q?(*] € CH-Conv by Lemma 2.
Suppose that [X*, qg*] € CH-Conv . Let & € FX* be an ultrafilter. Then

& is convergent and therefore either & = ¢! or cpo c & for some

¢ € 3\( . In the latter case, by Lemma 1, & = ¢ or & = cf) . Hence

(X, q,) € EH-Conv .

Let £ ¢ EH-Comv((X, @), (¥, q,)) - Then s : [x*, qg*] R [y*, qg,,]

is continuous. The inclusion map iX : (X, qX) > [X*, qg,*] is a dense

embedding. If (Y, qY] € CH-Conv , then there exists a unique continucus
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map ¢ [= iy o f*] : [X*, qg*] > (v, qy) such that g o iX = f . Thus wve
have proved
PROPOSITION 5. CH-Conv is embedding epireflective in EH-Conv .

COROLLARY 6 ([31). There exists the largest compactification for
every essentially compact space.

COROLLARY 7. Every essentially compact space is locally compact.

Let (X, qX] be a space. In [5] a convergence structure q;* on X*
is defined as follows. Let & € FX* . For x € X , =x € q}?*(q)) if and
only if x € qX(CP*), and for ¢ € X , ¢ € q}’;*(@) if and only if ¢*cC & .

Then (X*, qx*) becomes the Richardson compactification of (X, q,)

The following proposition tells when q?(,t = q;* for a space
(X, qX] . First we prove a lemma.
LEMMA 8. Let X be a set and D < FX be a finite set of

ultrafilters. Given ¢ €D and A € ¢ , there exists B C A such that
for W €D, B €Y if and only if V=9 .

Proof. Given ¢ € D , there exists K € ¢ such that for ¢ €D ,
K €y if and only if ¢ =¢ . For given A € ¢ , take B=Kn 4 .

PROPOSITION 9. The following are equivalent:
<) (x, qx) is essentially compact;

# 2 0

(ii) for ¢ €X, o ¢ and X 1is open in (X*,q}’(‘*) 3

0
(iit) qys = q;* .
Proof. (i) implies (7). Let ¢ € X and 4 € ¢ . By Lemma 8, there

exists B c A such that B* = B u {p} . Hence ¢* = (po . X 1is open in
(x*, q%,) by Corollary 7.

(72) implies (4i1). Clearly q?(* = q}’;* . Let =z € q;*(@) . X being

open in (X%, q}’;*) », X€¢ ,and so x € q?ﬁ(@) . If ¢ € q;{*(@) , then
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obviously ¢ € qg*(é)

(i11) implies (Z). Since q;* is compact and qg* = q}’;* ,

(X, qX) € EH-Conv by Lemma 4.

Let (X, qX) be a space. We define another convergence structure
qx* on X* as follows. Let & € FX* . For x € X, x € qX,‘(@) if and
only if x € qX(é*) and for ¢ € X, o € qx*(@) if and only if there

exists an ultrafilter Y € FX* such that ¢*<C ¥ and o Ny <@ .

Observe that (X*, qx*] is a compactification of (X, q As Qyx is a

e
modification of q;(* , we shall refer to (X*, qX,J as the modified

Richardson compactification of (X, qX) .

LEMMA 10. If q}(* and qi* are two convergence structures on X*
such that (X, qX) 18 a subspace of both [X*, q;*] and [X*, qi*] and
for ¢ €X, ¢ € qi*(w') and ¢ € qi*(cp') s then a continuous map

g : (X*, q}(*] > [X*, qi*) such that g 1is the identity functiom on X,
18 the identity function on X* .

Proof. Obvious.

LEMMA 11. IF [LX, q:[L,X] is the largest compactification of a space

(x, qX] s then card LX = card X* .

. 1 . . .
Proof . Let 1’X : (X, qx] d [LX, qLX] be the inclusion map. Define

a function h : X* > LX as follows. For x € X , hx = x and for

cpéf{, he = t , where teqLX(in) . Let ¢t €LX - X . There exists an

ultrafilter o € FLX such that X € a and t € qLX(a) . Let ¢ =04

where ={AcX| A €a} . Since ‘qu) =a, ¢ € X. By definition of

%

h , he = t implying that % is onto. [LX, qz'x] being the largest
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compactification of (X, qX] , there exists a continuous map

g : [LX’ q%X] > (x%, C[X'*) such that g o 7:X is the identity function.
Now & is one-to-one because g o A 1is the identity function.

We shall identify 'LX(p and ¢' , and t € qLX(in)) and ¢ , for
¢ € X.

THEOREM 12. The largest compactification of a space, whenever it

exists, is given by the modified Richardson compactification.
Proof. If [LX, q%x] is the largest compactification of a space
(X, qx] , then, by Lemma 11, card LX = card X* . Thus [LX, q%lx] can be
rewritten as [X*, qi*] . There exists a continuous map
g : [X*, qj}}*] > (X*, qx*) such that g 1is the identity function on X .

By Lemma 10, g is the identity function on X* ; hence q}]é* b Ays

(X, qx) being locally compact by Proposition 3, x € qx*(é) implies that
1 51 . . R

x € qx*(é) . Now to show that yx Z Ays > it suffices to prove that if

o € qus(2) for an ultrafilter & € FX* , then o ¢ qi*(ti)) , which is

obvious, since [X*, qj}}*} is compact and g 1is the identity function on
X* .
The following theorem is a categorical version of Theorem 12.

THEOREM 12'. If A 1s a full subcategory of H-Conv such that
CH-Conv 1is embedding epireflective in A , then the epireflection is given

by the modified Richardson compactification.
Now we give relations between q?(* and Ays > and q}"(,i and Ay

PROPOSITION 13. Let (X, qX] be a space.

(1) Qg = q?(,e iff (%, qX) is essentially compact.
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(i1) Qys = q}‘}* iff cpo = ¢* for every ¢ € X.

Proof. (%) is obvious in view of Lemma 4 and Theorem 12.

(11). Let qu4=Qqhe - et ¢ €X . Since o € q%a(0*) , there
exists an ultrafilter & € FX* such that ¢* c $ and c'p n®c¢* . Hence
(po = ¢* . The converse is obvious.

THEOREM 14. The Richardson compactification of a space is the
largest compactification iff the space is essentially compact.

fas 0

Proof. Let (X, qX] € EH-Conv . By Proposition 9, Gyx = q;(* .

Hence (X*, q;(*) is the largest compactification of (X, qX) . In case

(X*, q}’;*) is the largest compactification of (X, qX] s Gys = q}*(:e by

Theorem 12. Now cpo = ¢* and X is open in [X*, q;‘(*) . Hence
(%, q,) € EH-Conv .
COROLLARY 15. EH-Conv <s the largest full subcategory of H-Conv

such that the Richardson compactification defines an epireflection from
EH-Conv to CH-Conv .

COROLLARY 16. The Richardson compactification (X*, q)‘;*) of a space

(x, qx] is the largest compactification iff
(i) (x, qX) is locally compact, and

(ii) ¢ no' = ¢* for every o €X.

The proof of the above result given in [4] is not sound.
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