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COMPACTNESS AND STRONG SEPARATION 

DAVID E. COOK 

Two point sets H and K are said to be strongly separated if there exist two 
mutually exclusive domains DH and DK containing H and K respectively 
such that either DH and DK are mutually exclusive or DH • DK is H • K. 
R. L. Moore has shown [2, Theorem 153, Chapter I] that if S is a normal 
Moore space and H and K are two mutually separated point sets then H and K 
are strongly separated. In this paper it is shown that if 5 is a Moore space, 
(1) H and K are two mutually separated point sets and (2) the closure of the 
set of all boundary points of H which do not belong to K is compact, then 
H and K are strongly separated. It is further shown that the above proposition 
does not remain true in every separable space satisfying Moore's Axioms 0-6 
if condition (2) of its hypothesis is replaced by either (a) H and K are con
ditionally compact, there exists a domain containing H whose closure does 
not intersect K, and there exists a domain containing K whose closure does 
not intersect H or (b) H is a conditionally compact domain, H does not 
intersect K, and K is conditionally compact. It is also shown that if S is con
nected, M separates H from K in 5 and the boundary of M is compact then 
some closed subset of M separates H from K. 

A Moore space is one satisfying Axiom 0 and the first three parts of Axiom 1 
of [2]. It is assumed throughout that 5 is a Moore space. The terms compact 
and conditionally compact are as in [3] and other definitions and notation 
are as in [2]. 

THEOREM 1. Suppose H and K are two mutually separated point sets such that 
H is compact. Then H and K are strongly separated. 

Proof. Suppose H and K are mutually exclusive. Then the conclusion follows 
from [2, Theorem 16, Chapter I]. 

Suppose H and K are not mutually exclusive. Then H • K is compact. 
With the aid of [2, Theorem 155, Chapter I] it can be shown that there exists 
a sequence Di, D2, DZl . . . of domains such that (1) for each n, Dn contains 
Z)w+i, (2) H • K is the common part of all of the domains of this sequence, 
(3) every domain that contains H • K contains some domain of this sequence, 
(4) S — Di contains a point of H and a point of K, and (5) there exists a 
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sequence P i , P 2 , P3 , . . . of points such t h a t for each n, Pn is a point of 
H- (Dn - Dn+1). 

Let Hi denote (H + Di) — D\ and, for each positive integer n, let Hn+i 
denote H - (Dn — Dn+i). For each n, Pn belongs to Hn+i, Hn and K are 
mutual ly exclusive and closed, Hn is compact , and Hn+2 lies in A H - I - Therefore 
there exists a sequence £ 1 , E2l £ 3 , • . • such t h a t for each n, En is a domain 
containing Hnj En does not intersect K, and Ëw + 2 is a subset of Dn. Le t £ 
denote H - K + Y, Ën. E contains no point of K. 

Suppose there is a limit point Q of E t h a t does no t belong to E. There exists 
a sequence Qi, Q2, Qz, . . . of dist inct points of E converging to Q. Since for 
each positive integer n, Q is not a limit point of Ën and since Q is not a limit 
point of H • K, there exists an increasing sequence Wi, n2, n^, . . . of integers 
and a subsequence ( V , ( V , <23', • • • of the sequence Ci, Q2, (?3, . . . such t h a t 
Wi > 2 and for each j , Q/ is a point of Enj. DW1_2, Dn2_2y Dn3_2, . . . is a sequence 
of domains such t h a t H • K is their common par t , each of them contains the 
next one and for each j , Q/ is a point of (Dnj-2) — (H • K). I t follows from 
[2, Theorem 151, Chapte r I] t h a t 0 / + ( V + Qz + . . . has a limit point 
belonging to H • K. Since Ç is the only limit point of this point set, Q belongs 
to H • K. This involves a contradict ion. Hence E is closed. Therefore S — E 
is a domain DK containing K. 

There exists a sequence F1} F2j P3, • • . such t h a t for each n, Fn is a domain 
containing Hn and Pw is a subset of £w . Le t DH denote J2 Fn- DH contains H. 

Suppose DH and DK have some point P in common. For some positive 
integer i, P is a point of Ft and for each positive integer n, P is a point of 
5 - (Ën + H - K). T h u s P is not a point of H • i ? bu t P belongs to S - Et. 
This involves a contradict ion. Therefore DH and Z}x are two mutua l ly exclu
sive domains containing H and K respectively. 

Suppose X is a point oî H - K, then X belongs neither to H nor to i£ bu t 
is a limit point of both of them. DH contains H and DK contains K, thus X 
is a limit point of both DH and DK. Therefore DH • Z)x contains H • i£. 

Suppose some point Y of / ) # • DK does no t belong to H - K. Since Z># and 
Z)^ are mutual ly exclusive domains, F is a limit point of each of them bu t 
belongs to neither of them. Suppose F is a limit point of Fn for some positive 
integer n. Fn is a subset of En and En is a domain containing F bu t containing 
no point of DK. This involves a contradict ion, thus F is not a limit point of 
Fn for any positive integer n. There exists an increasing sequence wi, n2f w3, . . . 
of positive integers and a sequence Fi , F2 , F3 , . . . of dist inct points of DH 

converging to F such t h a t n\ > 2 and for each positive integer 7, F^ is a point 
of P n i . Dnl-2, Dn2-2, Dns-2} . . . is a sequence of domains such t h a t H • K is 
their common par t , each of them contains the next one and for each positive 
in teger7, Yj is a point of (Dnj_2) — (H • K). I t follows from [2, Theorem 151, 
Chap te r I] t h a t the point set Fi + F 2 + F 3 + . . . has a limit point in H • K. 
Since F is the only limit point of this point set, F belongs to H • K. Therefore 
H • K is DH • 25*. 
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THEOREM 2. Suppose H and K are two mutually separated point sets such that 
if M denotes the set of all boundary points of H that do not belong to K, M is 
compact. Then H and K are strongly separated. 

Proof. There are two cases to be considered. 

Case 1. Suppose if is a subset of M. Since M is compact, H is compact, 
and the conclusion of this theorem follows from Theorem 1. 

Case 2. Suppose H is not a subset of M. Every boundary point of if is a 
point of M + K. Since no point of if is a point of K, there is a point of H 
which is not a boundary point of H. Let D denote the domain (H + M) — M. 
Since M and K are two mutually separated point sets and M is compact, it 
follows from Theorem 1 that there exist two mutually exclusive domains 
DM and DK' containing M and K respectively such that either DM and DK

f 

are mutually exclusive or DM • DK
f is M - K. 

Let DK denote (DK
f + H) — H. DM and DK are two domains containing 

M and K respectively such that either DM and DK are mutually exclusive or 
DM ' DK is M - K. Let DH denote the domain D + DM-

Suppose DH contains some point P of DK. P does not belong to D since D 
is a subset of H and DK = DK' — H • DK'. P does not belong to DM since 
DM and DK' are mutually exclusive. Therefore, DH does not intersect DK. 

There are two subcases to be considered. 

Case 2A. Suppose that H and K are mutually exclusive. M and K are 
mutually exclusive since M is a subset of H. Thus DM and DK' are mutually 
exclusive and therefore DM does not intersect DK. Suppose some point P 
belongs to D and DK. Since D and DK are mutually exclusive domains, P is 
a boundary point of each of them. Since D is a subset of H and no point of 
DK is a point of H, P is a boundary point of H and since H and K are mutually 
exclusive, P is not a point of K. Therefore P is a point of M. But M is a subset 
of i ) M . This involves a contradiction. Therefore 5 and DK are mutually 
exclusive and since DH = D + Z)M, it follows that DH and 5 ^ are mutually 
exclusive. 

Case 2B. Suppose H intersects K and P is a point oî H - K. Since Z) is 
(if + ikf) — M, DM contains M and D + M contains H, it follows that 
DH contains H and therefore P is in DH. K is a subset of Z)^ • (S — H)y 

therefore i ) ^ contains i? and P is in Z)^. Hence H • K is a, subset of DH • DK. 
Suppose some point Q of DH • DK does not belong to H • K. DH is D -\- DM> 

DK is the closure of (DK
r — H • DK'). DK' contains DK and Q is in DH • D x ' . 

Therefore Q belongs to either D • DK' or Z)M • DK
f. Suppose Q is a point of 

i) • DK'• 5" contains 5 , thus Q belongs to i î . D contains no point of DKl 

thus Q is a limit point of D. If Q is not a limit point of K, Q is a point of ikf 
and therefore Q is in either H - K or 5 M . Suppose <2 is in i ) M • DK. Then Ç 
belongs to DM * ZV and hence to M - K. M is a subset of ^ , therefore <2 
is in H • i t . 
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H'K contains DH • DK and is a subset of it, thus H • K is DH • Z)^. Therefore 
either DH and Z)^ are mutually exclusive or H - K \s DH • Z)x. 

THEOREM 3. If H and K are two mutually separated point sets and one of 
them has a compact boundary then H and K are strongly separated. 

Proof. Suppose H has a compact boundary p. Suppose fi is a subset of K. 
Since H and K are mutually separated, H is a domain. S — H is a domain 7) 
containing K. H contains ft and since D contains K, it contains /3. Therefore 
£ is a subset oi H - K and 5" • Z). Each point oî H - K is in /3, thus 5" • D 
contains H • X. Each point of H • D is in 0, thus H - K is H - D and the 
domains Z7 and 7) satisfy the conclusion of this theorem. Now suppose /3 is 
not a subset of K. Since /3 is closed and compact, the closure of the set of all 
points of £ that do not belong to K is compact and it follows from Theorem 2 
that H and K are strongly separated. 

THEOREM 4. 7/ 5 is connected, the point set M separates the point set H from 
the point set K in S, and the boundary of M is compact, then some closed subset 
of M separates H from K. 

Proof. S — M is the sum of two mutually separated point sets U and V 
containing H and K respectively. Since 5 is connected, U and M + V are 
not mutually separated. Since U and V are mutually separated, either U 
contains a limit point of M or M contains a limit point of U, thus the boundary 
of U exists and is a subset of the boundary of M and hence is compact. It 
follows from Theorem 3 that there exist two domains Dv and Dv containing 
U and V respectively such that either Dv and Dv are mutually exclusive or 
Djj'Dy is 0- V. Dv and Dv are mutually exclusive domains containing 
H and K respectively and S is connected, therefore S — (Dn + Dv) is a 
closed subset of M which separates H from K. 

THEOREM 5. If the hypothesis of the continuum is true, there exists a separable 
space which satisfies Moore's Axioms 0 and 1-6 [2] and contains two con
ditionally compact point sets H and K such that 

(1 )7? and K are mutually exclusive, 
(2) there exists a domain containing H whose closure does not intersect K and 

there exists a domain containing K whose closure does not intersect H, and 
(3) H and K are not strongly separated. 

Proof. Let F denote the collection of all nondecreasing infinite sequences of 
positive integers. Let M denote the set of all points in a Cartesian plane E 
whose coordinates are positive integers. Let J ^ denote the collection of subsets 
of M to which h belongs if and only if the points of h are the points of a 
sequence Pi , P2 , Pz, • . • such that P i is (1, 1) and for each positive integer n, 
Pn+i is at a distance of 1 from Pn and either above it or to the right of it. For 
each element h oi^f, let Gh denote the collection of all images of h in M under 
a translation in E throwing (0, 0) into (k, —k) for some integer k. 
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If the hypothesis of the continuum is true, it follows from [1, Theorem 1] 
that there exists an uncountable subcollection ffl ' of ffl such that 

(1) if h and h! are two elements ofJ^ ', no point set of Gh contains infinitely 
many points of any one point set of Gh> and 

(2) if M' is an infinite subset of M, there exists a point set h of ffl ' such 
that some element of Gh contains infinitely many points of M'. 

Let Ŝ  denote the collection to which g belongs if and only if g is in Gh for 
some h inJl?'. There exists a reversible transformation T from F toffl'. If 
A and B are two points of E, let AB denote the straight line interval having 
end points A and B and let L(AB) denote its length. 

Suppose P is a point (x, y) of M, k is a number between 0 and 1, and g is an 
element of ^ containing P . Let A P and A P denote two points of a line having 
slope —1 and containing P such that (1) AP is above AP, (2) P is the mid
point of APAP, and (3) the length of this interval is (x + 3>)_1. Let BP and 
BP denote the points of APAP which lie in the order APBPPBPAP such 
that BPBP is the middle third interval of APAP. For some element h of ̂ f ', 
g is an element of Gh and for some positive integer i, P is the ith point of g. 
Let v denote the ith term of the sequence / of F such that T(f) = h. Let 
Cp, DP, EP, EP, DP, and CP denote the points of BPBP in the order indi
cated from BP to BP such that each of the intervals BPCPf CPDP, DPEP, 
EP'DP', D'C, and C'B' has length [3(i> + 6)(s + y)]'1. 

Let ^4Pfc denote the point of APBP such that L(BPAPlc) = k[L(APBP)]. 
Let CPA; denote the point of BPCP such that L(BPCPJc) = k[L(BPCP)]. Let 
DPk denote the point of DPEP such that L(DPDPk) = k[L(DPEP)]. Let 
£Pfc denote the point of PEP such that L(PEP]C) = Jfe[L(P£P)]. Let APJC\ 
CPk, Dpk, and jSp/ denote the images of APk, CPJc, DP]C1 and EPk respectively 
under a rotation of APAP about P which throws AP into AP . 

Let P i , P 2 , P3, • • • denote the points of g. Let sg0 denote ]T PjPj+i. Let 
^0 denote S BPjBPj+l and let ^0

; denote X) Bp/Bp^. Let 5̂ 1 denote 

L (EpjEPj+1 + EPj'EPj+l'). 

Let Sffc, S0/, /^, and ^ / denote the point sets obtained by substituting E, D, A, 
and A' for X and E\ D', C, and C for Y respectively in the expression 

X {XPjkXPj+lk + YPjkYPj+lk). 

Suppose g is a point set of the collection ^ , k is a number between 0 and 1, 
w i s a positive integer, and z is some one of the symbols s, t, and t'. Let g P ^ 
denote the set to which w belongs if and only if either 

(1) w is zgo, 
(2) for some number kr between 0 and k> w is zgk>, or 
(3) w is a point of P which is separated from (0, 0) by the sum of the point 

sets zgk and the interval A PA P for the nth point P of g. 
Let uRçkn denote the set to which w belongs if and only if either 
(1) W iS Sgl, 
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(2) for some number k' between k and 1, w is either sgk> or sgk'
f, or 

(3) w is a point of E which is separated from (0, 0) by the sum of sgkl 

Sgk, DPkEPkl and DPkEPk for the nth point P of g. 

Suppose g is in G, k\ and k2 are numbers between 0 and 1, n is a positive 
integer, and s is some one of the symbols s, s', /, and /'. Le t zRgklk2n denote 
the set to which w belongs if and only if either 

(1) for some number k between k\ and k2j w is zgk or 
(2) w is a point of E which is separated from (0, 0) by the sum of zgkl1 zgk21 

and the intervals XPklXPk2 for the nth point P of g where X is some one of 
the symbols A, C, D, E, A', C, D', and E'. 

Let Si denote a space such t h a t 
(1) X is a point in Si if and only if either X is a point of E or X is sgkj sgk , 

tgi, or tgk for some g and k and 
(2) P is a region in Si if and only if either R is the interior of a circle in E, 

R is g-Rffcw for some z, g, &, and n, or P is zRgMin for some z, g, k\, k2y and w. 
T h e space Si satisfies Axioms 0 and 1-6 and is separable. 
Let H denote the point set to which h belongs if and only if for some point 

P of M, h is BP. Le t K denote the set of all points BP . Le t D v denote the point 
set to which the point w belongs if and only if for some point P of M, w is a 
point of the interior of a square with center BP and one ver tex P. Le t Dv 

denote a similar set bu t with BP as the center of each square . Dv and Dv are 
domains containing H and K respectively. Since H — H is the set of all points 
tgo of Si and those points of Dv — Dv which do not lie in E lie in a subset of 
the set of all points sgk, sgkl and tgk and since E • (Dv — Dv) does no t inter
sect H, H and Dv are mutua l ly exclusive. Similarly K and Dv are mutua l ly 
exclusive. 

Suppose DH is a domain containing H and DK is a domain containing K. 
For each point P of ikf, there exists a number r P such t h a t each point of the 
interval PBP nearer to BP t han rP is in DH and each point of the interval 
PBP nearer to BP t han rP is in DK. There exists a sequence ri , r2, r3, . . . 
such t h a t for each positive integer n, rn < rP for every point P = (x, y) of M 
such t h a t x -\- y < n -\- 2. There exists an increasing sequence of integers 
ku k2, &3, • . • such t h a t for each positive integer n, [(kn + 6)(w + 1 ) ] _ 1 < rw. 
This sequence is a m e m b e r / of the collection F. T{f) is a point set & of 
the collection 3rif. Le t P i , P 2 , P3 , • • • denote the points of h and for each 
positive integer n, let xn and yn denote the abscissa and ordinate respectively 
of Pn. xn + yn — n + 1 and 

L(BPnEPn) = [(^w + 6 ) ( n + l ) ] - 1 

thus £ P n is a point of Z>#. Similarly, EPJ belongs to DK. Each of the sequences 
EPl, EP2} EPzi . . . and E P / , EP2 , EP/, . . . converges to the point sh\. There 
fore DH intersects DK. 

T H E O R E M 6. If the hypothesis of the continuum is true, there exists a separable 
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space satisfying Axioms 0 and 1-6 [2] and containing two conditionally compact 
point sets H and K such that 

(1) H and K are mutually exclusive, 
(2) K is a domain, and 
(3) H and K are not strongly separated. 

Proof. Nota t ion not introduced here will be t ha t of the previous theorem. 
Suppose P is a point (x, y) of M, k is a number between 0 and 1, and g is a 
point set of the collection & containing P. Let EP" denote the midpoint of 
the interval APBP'. Let Pi, P 2 , Ps, . . . denote the points of g. 

Let sg1c denote the point set to which w belongs if and only if for some 
positive integer j , w is either (1) a point of the s traight line interval EPjkEPj+lk 

or (2) a point of the s t raight line interval whose endpoints are the point of 
PjEPj" whose distance from Pj is k[L(P'jEpj")] and the point of Pj+1EPj+1" 
whose distance from Pj+i is k[L(PHiEPj +/ ' ) ] • Let sgk denote the point set 
to which w belongs if and only if for some positive integer j , w is either (1) 
a point of the s t raight line interval DPjkDPj+lk or (2) a point of the s t ra ight 
line interval whose endpoints are the point of A P/EP/f whose distance from 
AP/ is k[L(APj'EPj")] and the point of APj+l'EPj+l" whose distance from 
APj+1' is k[L(APj+l'EPj+1")]. Let sgi denote the sum of all the s t raight line 
intervals EPjEPj+1 and EPj"EPj+1". sgo, tg0, and tg1c are as described in the 
previous theorem. 

Let sRgkn, tRgkn, uRgin, sRgkik2n, s'Rgkikzn, and J\klk2n denote the set described 
in the preceding theorem taking into account the new definitions of sgk, sgk , 
and sgi in the paragraph above. 

Let 2 2 denote a space such t h a t (1) X is a point in 2 2 if and only if either 
X is a point of E or X is sgk, sgk, or tgk for some g and k and (2) R is a region 
in 2 2 if and only if either R is the interior of a circle in E, R is zRgkn for some z, 
g, k, and n, or R is zRgklk2n for some z, g, ki, k2, and n. 

T h e space 2 2 is separable and satisfies Axioms 0 and 1-6. 
Let H denote the set of all points BP. Let K denote the point set to which 

k belongs if and only if for some point P of M, k is a point of the interior of a 
square with center B' and a vertex a t P. 

Suppose DH is a domain containing H. For each point P of M, there exists 
a number rP such t ha t each point of the interval PBP nearer to BP than rP is 
in DH. There exists, as in the preceding example, a point set h of the collection 
J ^ ' such t h a t if P\, P 2 , P3, . . . denote the points of h, then for each positive 
integer n, EPn is a point of DH. But , for each positive integer n, EPn" is a point 
of K. T h e sequences EPl, EP2, EPz, . . . and EPl", EP2

n', EPz", . . . converge 
to the point shu thus if DK is a domain containing K, DH intersects DK. 
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