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Abstract. In this work we consider a complete spacelike submanifold M”
immersed in the De Sitter space S, ”(1) with parallel mean curvature vector. We
use a Simons type inequality to obtain some rigidity results characterizing umbilical
submanifolds and hyperbolic cylinders in S, ™(1).
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1. Introduction. Let Q,"”(c) be an (n+ p)-dimensional connected semi-
Riemannian manifold of index p and of constant curvature ¢, which is called an
indefinite space form of index p. If ¢ =1, we call it the De Sitter space of index p
and denote it by S;™”(1). Let M” be an n-dimensional Riemannian manifold and
v M — S,'}+p (1) be an immersion. The immersion is said to be spacelike if the induced
metric on M" from the metric of S;er (1) is positive definite. In 1977 Goddard [7]
conjectured that the only complete constant mean curvature spacelike hypersurfaces
in the De Sitter space were the umbilical ones. In 1987 Akutagawa [1] proved the
Goddard conjecture when H? < 1 if n =2 and H? < 4(n — 1)/n?, if n > 2. He also
showed that when n = 2, for any constant H? > ¢? there exists a non-umbilical surface
of mean curvature H in the De Sitter space Sf(c) of constant curvature ¢ > 0. (This
result was generalized by Cheng in 1991 [3] to general submanifolds in the De Sitter
space.) One year later S. Montiel [12] solved Goddard’s problem in the compact case in
S’f“ without restriction over the range of H. He also gave examples of non-umbilical
complete spacelike hypersurfaces in S{’“ with constant mean curvature H satisfying
H? > 4(n — 1)/n?, including the so-called hyperbolic cylinders. In [13], Montiel proved
that the only complete spacelike hypersurface in S’f“ with constant mean curvature
H = 24/n — 1/nwith more than one topological end is a hyperbolic cylinder. This result
was extended by Li [11] in 1997. He proved that a complete spacelike submanifold
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with parallel mean curvature vector with more than one topological end is a hyperbolic
cylinder. In 1991, Ki, Kim, Nakagawa [9] obtained an upper bound for the norm of
the second fundamental form of the hypersurface in terms of the (constant) mean
curvature of the given submanifold and the ambient curvature of the space form and
showed that the upper bound is realized by the hyperbolic cylinder. X. Liu ([10])
characterized, in 2001, the complete spacelike submanifolds M” with parallel mean
curvature vector satisfying H> = 4(n — 1)c/n* (¢ > 0) in the De Sitter space S), 7(c).
He showed that M” is totally umbilical, or M” is the hyperbolic cylinder in S) 7 (c) or
M" has unbounded volume and positive Ricci curvature.

Recently, Brasil, Colares and Palmas obtained in [2] an interesting gap theorem.
More precisely, they considered an immersion v : M" — S’l’“ (1) with mean curvature
vector i, mean curvature H = |h| and the traceless tensor ® = 4 — HI, where I stands
for the identity operator. First they used a Simons type inequality for the tensor @
and applied that formula to get some results characterizing umbilical hypersurfaces
and hyperbolic cylinders in S’l“rl (1). In order to state their result let us first introduce
totally umbilical hypersurfaces and also hyperbolic cylinders in S’l’“(l).

The totally umbilical hypersurfaces are given by the intersection of S;’H and affine
hyperplanes

P'={xe S (x,a) =1} c L',

where ae L2 |a> =0 =1,0,—1 and > >0. If 0 =1 , M" is isometric to a
hyperbolic space H", with sectional curvature k = —ﬁ and mean curvature H =
= lf o =0, M" is isometric to R", with sectional curvature k = 0 and mean
curvature H = 1. If o = —1, M" is isometric to the sphere S”, with sectional curvature
k= ﬁ and mean curvature H = — T{i T

Let us denote by H' x S"~! the hyperbolic cylinders H'(sinhr) x $"~'(coshr).
For more details we refer to Ki, Kim and Nakagawa [9]. It is possible to show
that these hypersurfaces have one principal curvature equal to cothr and (n — 1)
principal curvatures equal to tanh r. Thus the mean curvature is given by nH = cothr +
(n — 1) tanhr and |®> = ““D(cothr — tanhr).

Now we are ready to state the mentioned result due to Brasil, Colares and Palmas.
See [2, Theorem 1.2, p. 849].

THEOREM 1.1. Let M", n > 3 be a complete spacelike hypersurface in S’f“ with
constant mean curvature H > 0. Then sup |®|> < oo and either

(a) |®| = 0 and M" is totally umbilical; or
(b) By < /sup|®|? < B};, where By, < B}, are the roots of the polynomial

nn —2)

vnn—1)

In this work we generalize the result above for higher codimensions and apply it
to characterize umbilical submanifolds and hyperbolic cylinders in Sy *”(1).

Take an immersion ¢ : M" — S,','+p (1) and choose a suitable pseudo-orthonormal
frame field {e1, e, ..., euq1, €442,..., €4y} adapted to the immersion ¥ and its
associated coframe {wi, w2, ..., Wpq1, Opy2, ..., Wuyp}. Now recall the symmetric

Pu(x) = x* — Hx +n(1 — H?). (1.1)
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traceless tensor introduced by Cheng and Yau in [5], given by

@:Z@fgwi@@j@ea, (1.2)

izi»a

where 7,j=1,2,...,n,a=n+1,n+2,...,n+p, @; =h; — %trH"‘], H“ =(h;)
and h; are the coeficients of the second fundamental form in the direction e,,.
Our main results can be stated as follows.

THEOREM 1.2. Let M" (n > 3) be a complete spacelike submanifold in the De Sitter
space Sy (1) with parallel mean curvature vector. Then either

(a) H? < @ and M" is totally umbilical or

(b) H?> > % and max{0, a~(n, H, p)} < sup |®| < at(n, H, p),
where a~(n, H, p) and ot (n, H, p) are the real roots of the quadratic polynomial

P (x)_x_2_ n(n —2)
" o p Jnmn—1)

Moreover if the equality holds and M" is not totally umbilical then p = 1.

Hx +n(1 — H?).

The result above lets us reduce codimension and characterize umbilical
hypersurfaces and hyperbolic cylinders in S7™'(1) c S, (1).

COROLLARY 1.3. Let M" (n > 3) be a complete spacelike submanifold in SZ” @)
with parallel mean curvature vector and H* > w. If sup |®| < max{0, «~(n, H, p)}
orsup |®| > ot (n, H, p), then either

(a) M" is totally umbilical or

(b) sup |®| =a~(n, H,p) > 0 0r sup |®| = ot (n, H, p).

Furthermore, if sup |®| = o~ (n, H, p) > 0 and this supremum is attained on M",
then M™ is isometric to a hyperbolic cylinder H' x S"~!.

COROLLARY 1.4. Let M" (n > 3) be a complete spacelike submanifold in S, (1)
with parallel mean curvature vector and H* > w. If M" has constant scalar curvature
and sup |®| < max{0, a”(n, H, p)} or sup |®| > ot (n, H, p), then either M" is totally
umbilical or M" is isometric to a hyperbolic cylinder H' x S"!.

2. Preliminaries. Throughout this section we shall introduce some basic facts
and notation that will appear in this paper. Now let M” be a complete spacelike
submanifold immersed in the De Sitter space S;er (1). Choose a pseudo-orthonormal
frame field {e, e2, . .., e,4,} in Sy 7(1) such that, at each point of M", {ey, e, ..., e,}
is an orthonormal frame that spans the tangent space of M”. We use the following
standard convention of the range of indices:

1<A,B,C,....<n+p, 1 <ijk,....,.<nn+1<apB,y,....,<n+p. 2.1)

Let {w1, @2, ... wu1,} be its dual frame field so that the semi-Riemannian metric
of SyP(1)isgiven by ds®> =Y, w? — Y, w2 =Y €40}, €= land e, = —1.
Then the structure equations of S, (1) are given by

dwy = — ZCUAB A wp, w4p+wpy =0, 22
B
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dwsp = — Z €cwac Nwcp — % Z €cepKypep we N wp,
c C.D
(2.3)
Kapcp = €4€8(84c88p — 84p8BC).
Next, we restrict those forms to M". First of all w, = 0. Then
0=doy =~ ) wai A (2.4)
i
and, from Cartan’s Lemma, we can write
wai =Y hiwp b= (2.5)
J
Wecall B=}_, . hjwiw;eq,
1 o
h=- Zhﬁea (2.6)
and
1
H=|h= 2.7

respectively, the second fundamental form, the mean curvature vector and the mean
curvature of M".
The structure equations of M”" are given by

J
1
doy == o Aoy =5 ) Ry ox Ao, 2.9)
k k,l

If Rj; and Rypy stand for the tensor of curvature and normal curvature, then the
Gauss equation can be read as follows:

Ryt = 8icdit — Subje — »_ (h3hy — Hyhsy). (2.10)

The components of the Ricci curvature tensor Ric and the scalar curvature R are
given, respectively, by

R = (n = D8 — ) (5 + i hs), 2.1
R=nn—-1)—n*H>+ S, (2.12)
where S =3, . j(h;)z is the squared norm of B.

We state also the structure equations of the normal bundle of M"

da)a = —Za)aﬂ A wg, Wup +wﬁoz =0, (213)
B

https://doi.org/10.1017/5S0017089505002818 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089505002818

RIGIDITY RESULTS FOR SUBMANIFOLDS IN S;*7(1) 5

1

dogs = =) 0oy Awyp — 3 Y Rupj 0 A, (2.14)
Y ij

Ropi=—Y _( 7,/1].'9, — W), (2.15)

/

The covariant derivatives of h;k of hj satisfy
S o = i~ Sy~ Yo~ X o
k k k B

Then, by the exterior differentiation of (2.5), we obtain the Codazzi equation
K = hey = . (2.16)

Similarly, we have the second covariant derivatives h‘;k, of 1 so that
> hien = dhig =3 b = oy = 3 Ko — Y g,
! ! ! ! B
and it is easy to get the following Ricci formula

o — M ==Y e Ruyxr — Y 1%, Ronixt — Y hf Rap. (2.17)
m B

m

The Laplacian Ay of hj is defined by Ak = Dok h‘;kk. From (2.17) we have

AR = "Iy — > Ronjie — Y W Rogic — Y . Ragik. (2.18)
k B.k

k,m k,m

We recall that M" is a submanifold with parallel mean curvature vector if V44 = 0
on M", where V! is the normal connection of M” in S, ”(1). From now on we assume
that M" is a complete spacelike submanifold in S;er (1) with parallel mean curvature
vector, which implies that the mean curvature H is constant. If # = 0, M" is maximal
and from [8] we know that M" is totally geodesic. If H # 0, we choose ¢,,.] = ;i{ Thus

rH™ ' =nH, trH*=0, oa>n+2, (2.19)

where H* denotes the matrix (/;),
> =0, Via (2.20)
k

and
Wans1 =0, HOH™' = H"'H*, R, 1,5 =0. (2.21)
By replacing (2.10), (2.15), (2.20) and (2.21) in (2.18), we get

1 1 1.8 1B 1.8 18 118 1B
AR = bt — nHSy + Y K B =2 et Rh + " el i
B.k,m B.k,m B.k,m

—nH Yy Ity ) (2.22)
m ﬂ’k’m
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and for o > n 4+ 2, we have

o _ pa a B 1B B 1B
ARG = nh + Y B HG =2y b bl

B.k,m B.k,m
> My — nH YRR 4 e B (2.23)
B.k,m m B.k.m

Since

1 1
3AS= Y ()7 = 5 X (aK) = ks + Y ()

a,ijk a,i,j a,i,j a,ijk

by using (2.21), (2.22) and (2.23) it is straightforward to verify that

%AS = Z (h?;k)z +nS —n*H? - nHZ tr(H"™ Y (HY)?)

a,ij.k
+ Y [ (HHYP + Y " N(HHP — HPH*), (2.24)
a,f a,p

where N(4) = tr(AA"), for each matrix 4 = (ay).
In the next section we shall need also the following lemma due to Omori [15] and

Yau [19].

LEMMA 2.1. Let M" be an n-dimensional complete Riemannian manifold whose
Ricci curvature is bounded from below. Let f be a C*-function bounded from below on
M?". Then for each € > 0 there exists a point p € M" such that |Vf|(pe) < €, Af(pe) >
—e and inff < f(p.) <inff +e.

We also need the following algebraic lemma, due to Santos. See [17, p. 407].

LEMMA 2.2. Let A, B: R" — R" be symmetric linear maps such that AB— BA =0
and trA = trB = 0. Then
n—2 2 241 2 n—2 2 21
———(trA°)(trB°)? < trd"B < ——(trA~)(1rB”): (2.25)

Jnn—1) - T Jnn—=1)

and the equality holds on the right hand (resp. left hand) side if and only if n — 1 of the
eigenvalues x; of A and the corresponding eigenvalues y; of B satisfy

3. Proofs of the rigidity results. In this section we are going to use a version of
Simons’ inequality for submanifolds in the De Sitter space S;,'er (1) to prove the first
rigidity result. That inequality was recently obtained by Chaves and Sousa in [4] and
the authors kindly let us present their proof here, in order to clarify our own proof.
H. Li, [11] already obtained some related formulae, estimating separately |®|? in the
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directions ¢, and the remaining ones. Chaves and Sousa’s result can be stated as
follows.

THEOREM 3.1 (A Simons type inequality). Let M" be a complete spacelike sub-
manifold in the De Sitter space S;,’H’ (1) with parallel mean curvature vector. Then the
following inequality holds:

1 |®|? n(n—2)
SAIRP = [P | —— - ———=
2 p Jnn-1)

Proof. Since V4h = 0, the mean curvature H is constant. If H = 0, M" is called
maximal. In this case ), 4% = 0 for all & which, together with (2.24) imply that

H|®| +n(1 —H2)>. (3.1

i

AP = JAS =) (W) +nS+ Y (trH*HPY

a,ijk a,B
+ Y NHPH? — HPHP) > nS+ Y N*(H%)
o,B o
2 2 pya , (1@
= n|®| +ZN(H)2|<I>| 7+n . (3.2)
o

If H # 0, we choose the adapted orthonormal frame such that ¢, = % Since
en+1 18 a parallel direction, it is easy to verify that

n+l _ pgntl N o — He
;" =H;" — Hb;, @i = Hj,
ot = g+l g, &Y = H*, «a>n+2, (3.3)

N(q)nJrl) — tr(q)nJrl)Z — tr(HnJrl)Z _ I’IHZ,

a>n+2,

where ®* and H” denote, respectively, the matrices (3) and (/). Moreover
tr(H")? = tr(@"1)? + 3Htr(®")? 4+ nH>. (3.4)
By replacing (3.3) and (3.4) in (2.24) we get

A0 = 3 (9%) +n(l — HHOPP —nH Y tr(@"(0%)?)

a,ijk
+ ) (tre*ef)? + 3 N(@"oF — o 9), (3.5)
p «p

By applying Lemma 2.2 to ®* and ®"*! we get

n o n—2 n o
|tr(@" ! (%))] < \/n(n—i—l)‘/N(q) FHN(@). (3.6)
By definition
N(@*) =3 (@)
ij

|D* = ZN(@“) = Z (@;’;)2 =S —nH>. (3.7)

a,i,j
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Now taking the summand for all & # n + 1 on the right side of inequality (3.6)
and using (3.7) we get

> (@ (@)) < J%\/N@"“)ZN(@“)

-2
<o (3.8)
Jnn—1)
Using the Cauchy-Schwarz inequality, it is easy to prove that
Ot <p) NH®Y) <p) (rd D) (3.9)
o a,p

It follows from (3.5), (3.8) and (3.9) that formula (3.1) holds. This completes the
proof of the Simons type inequality.
Now we are ready to prove our main theorem.

Proof of Theorem 1.2. If H* < *“=1 it follows from Cheng’s Theorem (see [3])
that M" is totally umbilical. Let us suppose H> > 402D In this case it is easy to see
that Py(x) has two real roots o~ (n, H, p) < oz*(n H, p) Consider the positive smooth

function F on M" defined by F = Jl—@ By a simple calculation we obtain
[VI®P? —A|®? 2
VF ——————— and FAF = ———— + 3|VF/|". 3.10
VIS i jery 2+ opp VY 10

Now, from (3.1) and (3.10) we obtain

—| o D> n(n—2) 2 2
FAF < m( \/ﬁH|®|+n(l—H )>+3|VF| . (3.11)

Assume that the second fundamental form of M”" with respect to e,,; has been
diagonalized so that the eigenvalues are A*!. From (2.11) we have

H\? n2H?
— 1) —nHI + ) i DY — - CRD)
Ric(e;) > (n — 1) — nHA: Z (n < 5 ) t=D-=; (3.12)

Hence the Ricci curvature of M" is bounded from below. Since M" is spacelike and
F > 0, we can apply Lemma 2.1 to the function F. Thus we can obtain a sequence of
points {p;} in M" such that

lim Fipy) = inf()
lim [©(p) = sup | = (sup | ®])*; (3.13)
klim IVF(p)| = 0; klim inf AF(py) > 0.

By replacing (3.13) in (3.11) we get

sup |®|? (sup|<I>|2 nn —2)

(1+sup|d>|2)2 Y4 vnm—1)

Hsup |®| + n(1 —H2)> <0. (3.14)

https://doi.org/10.1017/5S0017089505002818 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089505002818

RIGIDITY RESULTS FOR SUBMANIFOLDS IN S;*7(1) 9

Inequality (3.14) shows that sup |®| < oco. Moreover it implies that sup |®| = 0 or
max{0, a~(n, H, p)} <sup|®| < at(n, H, p).

Let us assume that sup|®|=o (n, H,p) >0 or sup|®| =a*(n, H,p). In
particular these assumptions imply that M” is not totally umbilical. Assuming further
that p > 2 we shall derive a contradiction.

Since |®|> = )", N(d%) is a smooth function bounded from above on M", we
can apply again Lemma 2.1 to the function |®|?. Therefore, taking subsequences if
necessary, we can obtain a sequence (py) in M" such that

Jim [®P(pe) = sup | @[ = (sup | PI)’,
—00

klim N@)p)=C2, a=n+1,...,n+p,
—00

3.15
lim |VI®P(pe)l =0, 19

lim sup(A|®)(pr) < 0,

where C, are constants.

Remember that in order to prove inequality (3.1) we used inequalities (3.8) and
(3.9). Then equality holds in (3.1) if and only if it holds in formulae (3.8) and (3.9).
By applying inequalities (3.1), (3.8) and (3.9) at (px), approaching the limit and using
(3.15) we get

1
0> = lim sup(A|®[*)(pc)
2 k—o0
|2 -2
> sup | sup |1 _ nn—2) Hsup |®|+n(l — HY) | (3.16)
4 vhnn—1)
Cpy1sup | @[ < sup |®]; (3.17)
(sup @ <p ) Ci. (3.18)

As we are assuming that sup |®| = a~(n, H, p) > 0 or sup |®| = a™(n, H, p), both
sides of inequality (3.16) are actually equal to zero. As before, equality holds in (3.16)
if and only if it holds in (3.17) and (3.18). More precisely, (3.17) and (3.18) can be
rewritten as the following equalities

Coi1(sup | ®])* = Cpy1 sup | @)% = sup |®|* = (sup |D|)°,

(sup [®[* =p ) Cs. (3.19)

Since M" is not totally umbilical, (3.19) implies C,;; = sup |®| > 0 and so the
second formula of (3.19) yields (p — )C*,, +p > "™, C* = 0. Hence, if p > 2, as all
the constants C, are non-negative, we infer that 0 = C,,; = sup |®| and M" is totally

umbilical. This contradiction shows that p = 1 and finishes our proof.

Proof of Corollary 1.3. From Theorem 1.2 we conclude that p = 1 and the proof
then follows from Proposition 1.1 of [2]. Observe that the hypothesis H < 1 in the
cited proposition just appeared to ensure that o~ (n, H, 1) was positive. (See formula
(12) of [2].) But we already have this assured by assumption.
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Proof of Corollary 1.4. The hypothesis and Corollary 1.3 imply that either M"
is totally umbilical or sup |®| = a (n, H, p) or sup |®| = ot (n, H, p). If sup |®| =
a™(n, H, p) from Theorem 2 of [9] we conclude that M" is isometric to a hyperbolic
cylinder. If sup |®| = o~ (n, H, p), as we are assuming constant scalar curvature, by
(2.12) we get that S is constant and then |®| is also constant. Consequently, sup |®|
is attained on M" and the last assertion of Corollary 1.3 implies again that M” is
isometric to a hyperbolic cylinder.
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