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Steady states of thin-film equations with van der
Waals force with mass constraint
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We consider steady states with mass constraint of the fourth-order thin-film equation with van der
Waals force in a bounded domain which leads to a singular elliptic equation for the thickness with
an unknown pressure term. By studying second-order nonlinear ordinary differential equation,

1 1
hrr + 7hr =—hn" —pP
r o

we prove the existence of infinitely many radially symmetric solutions. Also, we perform rigorous
asymptotic analysis to identify the blow-up limit when the steady state is close to a constant solution
and the blow-down limit when the maximum of the steady state goes to the infinity.
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1. Introduction

The equation
hy=V - (M(h)Vp) (1.D

has been used to model the dynamics of long-wave unstable thin films of viscous fluids. Here /4
is the thickness of the thin film and the nonlinear mobility is given by

M(h)=h"+ Ak

with A > 0, n > 0, and b € (0, 3) where A = 0 corresponds to the no-slip boundary condition. And
we assume the pressure

1
p=—Mht —h, (1.2)

where o > 1 is a sum of contributions from disjointing pressure due to an attractive van der
Waals force and a linearised curvature term corresponding to surface tension effects.

With different formulations of coefficient M(%) and pressure p, equation (1.1) could model
thin film under various practical physical forces and boundary conditions between fluid and the
solid surface. For M(h) =/ and o = —1, it models the thin film in a gravity-driven Hele-Shaw
cell [1,9, 10, 12]. For M(h) = h* and a = —3, it models the fluid droplet hanging from a ceiling
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Steady states of thin-film equations 281

[11]. The existence and evolution of solutions to thin-film equations have been studied by a
lot of authors [2, 3, 4, 5, 6, 7, 8, 14, 15, 24, 25, 26]. Also, extensive mathematical analysis
has been made for the steady states on the above thin-film equation in one-dimensional space
[18, 19, 20, 21].

Back to thin-film equation driven by van der Waals force, we consider viscous fluids in a
cylindrical container whose bottom is represented by €2, a bounded smooth domain in R?. Since
there is no flux across the boundary, we have the Neumann boundary condition

9
% —0onog. (1.3)
av

We also ignore the wetting or non-wetting effect and assume that the fluid surface is orthogonal
to the boundary of the container, i.e.

oh
— =0o0no2. (1.4)
av

Let

_ l 2 1 1-«
E(h)_fg<2|wz| T ) (1.5)

be the associated energy functional to (1.1). Formally, using (1.1) and the boundary conditions
(1.3) (1.4), we have

d 1
ZEh) = / VhVh + —hh,
dt Q o

1 _
=/ (—Ah+—h “) hy
Q [07

= /Q pV - (M(h)Vp)

=— / M(h) |Vp|* <0.
Q

Hence, for a thin-film fluid at rest, the pressure p has to be a constant, and % satisfies the elliptic
equation (1.2) with the Neumann boundary condition (1.4).
In physical experiments, usually the total volume of the fluid is a known parameter, i.e.

- 1
h=— h(x)d.
|sz|/9 (e

is given. Therefore for any given & > 0, we need to find a function 4 and an unknown constant p
satisfying

1
Ah=—h"—p in Q,
07
1

= Jo hx)dx = h, (1.6)
oh

— =0 on 0%2.

ov
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Obviously, & = h with p = él_r“ is always a solution. However, the solutions are not unique even
if we restrict to radially symmetric thin-film distributions.

For equation (1.6) without the volume constraint, Jiang and Ni [17] have provided a complete
description to the radial solution with /#(0) = n. The existence of radial rupture solution in our
physical dimension space R? has been extended to a larger class of equations in [16]. Guo et al.
[13] have obtained a singular solution in RV with N > 3.

Let {r,’;} be the increasing divergent sequence of all positive critical points of

=3 G )

which is known as the Bessel’s function of the first kind with order 0.

Theorem 1. Let Q = B, (0) be the unit disk in R%. Given h > 0. Let
K:min{keN:l_z>(rZ)_ﬁ}.

Then for any k > K, (1.6) admits a radially symmetric solution (hy, py) such that hy has exactly k
critical points for r € (0, 1]. In particular, there are infinitely many radially symmetric solutions
to (1.6) for any given h > 0.

We remark here that K is finite since limk_m)(rZ)*ﬁ =0.

An early version of the result is also presented in the third author’s thesis [22].

This result provides an answer to the question raised in [17] by the second author and W. Ni
on the number of solutions with given mass constraint. Our result is interesting since it seems
rare to have a mass constraint elliptic problem to have infinitely many symmetric solutions.

We also want to compare our result with an interesting uniqueness result by M. del Pino and
G. Hernandez which implies

Proposition 1. /23] There exists a constant py, such that for any 0 < p < po, constant solution
h= ((xp)’é is the only radial solution of the Neumann boundary value problem

1

Ah=—h"% —pin B1(0),
o

oh

— =00n 3B1(0).

av

Hence, any nontrivial radial solutions to (1.6) must satisfy p > py. Since

1 |

= —h~%(x)dx,

1B1(0)| Jg,0) @
naively, large p implies small #. We may ask about the existence of a critical average film
thickness 4 so that there is no nontrivial solutions to (1.6) whenever 4 > hy. Our result shows
such Ay does not exist. Physically, when the film is thick enough, we do expect that it will be
evenly distributed. Our result suggests that either the equation we are using could not accu-
rately describe the thin film which is not too thin or the nontrivial solutions we constructed are

p
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highly unstable. We will investigate the linear and nonlinear stability of the steady states in future
researches.

The paper is organised in the following manner: we will first discuss the scaling property
of global radial solutions following the framework of [17]. It was shown that all non-constant
radial solutions to (1.6) with assumption p = é and without volume constraint form a two param-
eter family #"* where 1 := h(0) € [0, 1) U (1, 00) and k € N is the number of critical points. We
remark here that the case n =1 is special since it corresponds to the constant solution. We will
prove Theorem 1 while postponing the analysis of asymptotic behaviour of 427* to later sections:
We consider the limit behaviours of A7 as n — 1 in Section 3 and as n — oo in Sections 4 and 5
to obtain the dependency of average thickness 4 = A" on initial value 7. In Section 6, we dis-
cuss some properties of blowing down limit profile of 27 as n — oo by performing the inductive
calculations of the local minimum to the limiting problem.

2. Scaling property of global radial solutions
Given & > 0 and let 4 = & (|x|) be a radial solution to (1.6) in Q = B,(0), we have

11
By + —hy = —h~* —p in B,(0),
r o

2 [ rh(r)dr = h, 2.1
H(1)=0.
From the elliptic theory, 4 is smooth whenever it is positive; hence, we also require that #/(0) =0
if (0) > 0.
We follow the construction of radial solutions in [17]. Fixing p = é, we consider the ordinary

differential equation

1 1 1

hrr + _hr == —hia - — (22)
r o o

defined on [0, 00). It has been shown in [17] that for any > 0,

1 1 1

hrr + _hr =—h"%— )
r o o

h(0)=n, (2.3)

H(0)=0

has a unique positive solution /4" defined on [0, c0). And when 1 = 0, there exists a unique rupture
solution 4° which is continuous on [0, 00) such that 4 (0) = 0 and 4 is positive and satisfies (2.2)
on (0, 00). We remark here that 4° is a weak solution to (2.2) in the sense of distribution even
though (%°), (0) = co. Please see Remark 4.3 in [17] for the definition of weak solutions which
have higher integrability.

Obviously A=1 if n=1. When n>0, n# 1, h" oscillates around 1 and there exists an
increasing sequence of positive critical radii {rZ }121 satisfying

lim r = oo,
k—o00

such that (A7) (r]) =0.
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Remark 1. The local maximum and minimum values of h" at r; form two monotone sequences
converging to 1. [17]

Given n >0, n # 1 and a positive integer k, h"(r) satisfies the Neumann boundary condition
at r =r]. We now define a scaled function

2
R () = (r}]) " e ()
and a constant

n,kzl('i)m.

P o Vk

One can easily verify that 27 (x) = h"F(|x|) satisfies the elliptic equation
1
Ah=—h"%—p"™ in B(0)
o
with Neumann boundary condition

ah
3= 0 on 90B;(0).

v

We can also calculate the average thickness for A",
70k 1 k (r Z)_%
At = — AT (xX)dx = ——— A (r)dr
[B1(0)| J3,(0) |1B,1(0)] 8,00

N~ 1252 'k
=2(r)) T rh"(r)dr.
0

So far we constructed a solution 4" to (2.1) with

h=n"*.
Actually, all non-constant radial solutions to (2.1) could be obtained in this fashion. Hence,
solving (2.1) for given / is reduced to find 1, k so that 2 = h"*. So we will analyse the dependence
of 1" on n and .

Denote /(1, k) = h"* as a function of n and k for averaging thickness. Fixing a positive integer
k, from the continuous dependence of ordinary differential equations on the initial data, A(n, k) is

continuous for 7 in (0, 1) U (1, 00). As n — 0", A" converges uniformly to the rupture solution
h° on [0, co) as proved in [16]. Hence, /(n, k) is continuous at 1 = 0. Moreover, we have

lim Vkwh(0,k)=1.
k—o0

Please refer to Theorem 1.6 of [17].
Function A(n, k) is not well defined when n = 1. We will discuss the behaviour of 4(n, k) when
n — 1 and n — oo, respectively, in the next sections. We will first show that

lim A" = ()T,
n—1
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where {r;} is the increasing divergent sequence of the positive critical points of .Jy, the Bessel’s
function of the first kind with order 0 given by (1.7). Hence, A(n, k) is a continuous posi-
- 2
tive function for n € [0, co) if we define A(1, k) = (v})” ™«. When n — oo, we will show in
Section 4 that
h(n, k) _

lim & Ak
n— 00 ;’)H—T

for some A € (0, 00). That is,
lim A(n, k) = co.
n—>0oo

Now we are ready to prove our main theorem.

Proof of Theorem 1. Given any / € (0, 00). Define
K=min{keN:/2> (r;)*%} .
Then we have
h> ()T = () T
for any k > K. Now h(n, k) is a continuous positive function of 7 on (1, co) with
nl—i>r?+ W= (’”Z)_Hi”

and

lim A(n, k) = co.

=00
Intermediate value theorem implies the existence of n* > 1, such that

h=h(n*, k).
Hence, (1.6) admits a radially symmetric solution (%, pi) where
i) = 7 (fx]) = (rz“‘”%' W 1)

and the pressure

1 20
_ ko Nk 1
Dk _pﬁk _a (rk() o

Moreover, ki has exactly k critical points for » = |x| € (0, 1]. O

3. Behaviour of (1, k) when  — 1

To understand the behaviour of A(n, k) as n — 1, we need to understand the behaviour of "(r)
as n — 1. Recall that /4" is a solution to (2.2) with 27(0) = n and (4"), (0)=0. Let e =5 — 1 and

FGESY
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Then w" is a solution to the differential equation

1 111 B 1
Wy + =Wy = — |:— (1+ew) “——:| 3.
r e la o

with initial condition
w(0)=1, w,(0)=0. (3.2)

Asn— 1, e — 0, formally, (3.1) converges to the Bessel’s differential equation with order 0,
1
wh+ —wi+w" =0
r

with the initial condition w*(0) = 1, w*(0) = 0. Such limiting initial value problem has a unique
solution Jy given by (1.7).

We remark here that Jj is oscillating around 0. Denote 7 to be the increasing sequence of the
critical points of w and 7} to be the increasing sequence of the critical points of Jy, we have

Proposition 2. As n — 1, the solution w" to (3.1) with initial data (3.2) converges uniformly to
Jo in [0, 00). Furthermore, for any positive integer k,

lim r =7}.

n—1

Proof. We first show that w” is uniformly bounded as n — 1. For simplicity, we will suppress 1
here. Since 4 is the solution to (2.3), we define energy function

e(r)= l(h/(r))2 + F(h(r)) with F(h) = b + 1,
2 ale—1) o

F(h) attains its minimum Oﬁ in (0, 00) at h = 1. We have

d 1
L] = ——(H () 0.
r r
It yields that F(h(r)) < e(r) < e(0) = F(n). Note thatas n — 1,
F(+2(1—mn)—F(n)

1 1
=[F() + 5F (201 = )1 = [F() + 5 F" (D0 = D1+ 0 = 1))

3
=0 - n)’ + O0((n — 1)),

hence for some constant § > 0, F(1 + 2(1 — n)) > F(n) holds whenever |[n — 1] <d8. If l <n <
1+ 6, then F(h(r)) < F(n) implies 1 +2(1 —n) <h(r)<nandifl —§ <n <1, thenn <h(r) <
1+ 2(1 — 7), in both cases

_2-m) A=l _n-1

= =1

& e ¢

-2

Thus, |w (r) | <2 for any » > 0 whenever |n — 1| < 4.
The uniform boundedness of w, as n — 1, implies

1 {1 1
Wy + =W +w=— [— (1+ew) ™™ — —] +w=_0(¢),
r ol %4 o
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hence w(x) and w'(x) converge uniformly to Jy(x) and Jj(x) on any bounded interval which
implies the convergence of critical points as  — 1 since both w and Jj are oscillating around
0. From Remark 1, the local maximum and minimum values of w at rZ form two monotone
sequences converging to zero; hence, the local convergence of w(x) to Jy(x) implies the uniform
convergence on [0, 00). O

Since 4" =1 + ew"” — 1 uniformly as n — 1, we have

_ -
lim h’hk = lim L h"(r)dr = (r/t)fﬁ,
n—1 n—1 |B,Z Ol Jz,0
"k

Hence, 4™ is a continuous function in 1 on [0, co) if we define

(1, k)= h'* = ().

4. Limiting profile when n — oo

In this section, we will analyse the behaviour of a(n, k) = h"* as n — oc.
Let n > 1 and 4" be the solution to (2.3). We define the blow-down solution z by z (x) = %h”(r)
with » = . /anx. Then we have

1 1
Zxx+_Zx=a(hrr+—hr):h_a—1: —1.
X r
Denoting ¢ = %, we have ¢ — 01 as  — oo. The blow-down function z is a solution to the initial
value problem

1 o
Pt -2 = 1 forxe (0,00),

Pl 4.1)
z(0)=1, and Z/(0)=0.

Formally, as ¢ — 07, (4.1) converges to the limiting equation

1
Z// 4 —Z, — _ 1’
X 4.2)
z(0)=1, and Z/(0)=0.
which has a unique global solution

Z(x)=1— -x°.

However, we cannot expect

1
li £ =1—-= 2
Jim #@=1- g

since the function 1 — %xz becomes negative when x > 2.
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Nonetheless, we can establish the following theorem:

Theorem 2. For every € > 0, let z°(x) be the unique solution of the initial value problem (4.1).
Then as € — 0%, z8(x) converges uniformly to z,(x), the solution of the limiting initial value

problem
2412 =—1, z,>0in U0 aj41).
z,(0)=1, and z (0)=0, 4.3)
Z*(aj) = 05 Z:k(aj) = _Z;(aji)y
where ay =0, 2=a; <ay <--- could be inductively computed by solving the initial value

problem (4.3).

We will prove Theorem 2 in Section 5 and perform the inductive calculations in Section 6 to
obtain the asymptotic behaviour of ;.

The above theorem implies that z°(x) converges uniformly to 1 — %x
Ul
p

\/ng converges to a; = 2 as n — 0o. More generally, we have fork=1,2,3, - - -,

2 on[0,2] as ¢ — 0 and

Ui Ui

v. v.
lim 2=L — g, and lim —22 =5,
n—>o00  /on n—>00 /0“7

where by, is the maximum point of z, in (ag, @x+1).
Given a positive integer k and given 1 > 1, we have

n
- Tk
Rk = 2T 2 / PR (r)dr
0

and

]jln,Zk e _%_2 by,
lim —— =2« ™ab, '™ / 5z4(s)ds.
0

n—0o0 i T+a

We remark here that for each positive integer k, /" — 00 as 7 — oo.

5. Convergence to the limiting profile

In this section, our goal here is to prove Theorem 2.
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Let € € (0, 1), and recall z(x), x > 0, be the unique solution to (4.1). We need to show that z

converges uniformly to z, in [0, 00) as ¢ — 0 where z, is defined by (4.3).
We define an energy function

1

() == ()’ + G)),

N |

where

8(1

G(z)= 274z

a—1

It is easy to check that G, defined for z € (0, 00), has the following properties:

G(e) = minc (o, 0) G(2) = 556,
G'(z)>0forz>¢and G'(z) < Ofor0 <z < ¢,
G"(z) > 0 for any z € (0, 00) ,

lim,_¢ G (z) =lim,_, o, G(z) = 0.

Since

(Z()°,

—e(x)=—

dx

e(x) is monotone decreasing. Hence, for any x € [0, 00),

1
X

o

e(x) < e(0) = G(1) = +1

a—1

which implies the bounds

0<z) <1, || <,/2 <a8—_a1 + 1) for any x € [0, 00) .

A direct calculation also yields the following simple but useful formulas:

Lemma 1.
% (x2 (z’)z) =-2x}(Goz) (x),
di (xz)=x— —x
x

Applying the convexity property of G, we have

Lemma 2. Suppose m < ¢, for any z € (m, €], we have

Gim) — G(e) _ G(m) — G(2)

e—m - z—m

<—G'(m)= (3)“ 1
m
Suppose M > ¢, for any z € [e, M), we have

GM) — Ge) _ GM) — G(2)
M—¢ - M-z

<GM)=1— (%)a .
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Proof. G(z) is a convex function with minimum at z = ¢. The estimates follow from the geometry
of convex functions. O
For any ¢ € (0, 1), z(x) is oscillating around ¢ and the roots to z(x) =& could be listed in
order as
O<xi<yi<xmp<ym<- <X <V <---
such that
z> ¢ forany x € (0,x,) U (UZi] (yk,xk+1)) ,
z < ¢ forany x € U2, (xk, k) -
We refer the readers to [17] for more details.
Our first step is to show the convergence of z to z, on [0, x1) as ¢ — 0%:
Proposition 3.

lim X1 =dAaj =2,
+

e—0
lim 2 =Z (a7 )=—1.
€_>0+z(x]) Z(ay)
Moreover,

lim sup |z(x) — z.(x)] =0.
e=0F xe[0.x]

Proof. Integrating (5.3) from 0 to x, we have

X a 2 2
xzZ'(x) :/ yg—ady _r > T (5.6)
0 V4 2 2

hence z'(x) > —3. Integrating again, we obtain

2
z(x)>1 _xz for any x € [0, 00) .

Plugging the lower bound for z back into (5.6), we have for any x € (0, 2),

X el X2 X P x2
/ = —d——< —d__
ww= [ 5 2_/0y(1_2>ay d

hence

(5.7)
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holds for any x € [0, a]. Hence, for any x € [0, ]

2 2 2 o0
l—zgz(x)gl—ZvL

In particular, z converges to 1 — )‘72 uniformly on [0, a] as € — 07, such fact actually follows

directly from the continuously dependence of ordinary differential equations since singularity
can be avoided on [0, a] with fixed a < 2.

Such convergence implies x; > 1 for sufficiently small . (5.3) implies xz'(x) is decreasing on
(0, x1), hence for any x € [1,x{], xz/(x) <Z/(1) < 0 and

Y] M z2(1)—e
Inx =/ —dxf/ dz= .
O R S A PTON Z(1)]

3 1
lim z(1)=>, lim Z(1)=—~
g 20 =3, Jim, #D=-3

Since

the above estimate implies that x; < C for some constant C independent of € € (0, 1).
For any x € [1, x], we have

a x| o
0<Z(X)+—= /y dy</ yg dy+/ y%dy
1 z(1) o
—(z(l))—“e“+f e
2 . ald
dy
1 z(1) y28a
Z (1)~ g A
sy G | = 0 §
<Ly e [
— Z
=2 ’(1)|
Lty en 4 — 8
==(z &t ——
2 FDl@=1 ¢

for some constant C independent of ¢ € (0, 1). Combining the estimate (5.7) with a =1, we
conclude for any x € (0, x;]

0<2(x)+ g < Ce, (5.8)

where C is some constant independent of ¢ € (0, 1). Integrating from 0 to x, we have for any
x€[0,x],

0 < z(x) (1 - %) < Cex) < Ce.

In particular, evaluating at x = x,
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we deduce
lim x; =2=ajy.
e—0t
And (5.8) implies
lim () = ~1 =Z,(ap). .

Next, we work on intervals (x, yx), k=1,2,3,---.

Proposition 4. Let | <a < b and z(x), x € [a, b] be the solution to

1 1 __ &%
z +;Z—Z—a—1,

(5.9
z(a)=z(b)=¢.
Assume that:
(1) z<ein(a,b).
(2) z attains its unique minimum m at Xy, € (a, b).
(3) Z <0in [a,xmpn) and zZ > 0 in (Xyin, b] .
Then there exists gy > 0 such that for any ¢ € (0, &), b —a < C,& and
b () 2
/ @dx < (e, (5.10)
p x

where gy, Cy, C, are positive constants only depending on A, B, o ifa < A, e(a) < A and |z/(a)| >
B> 0.

Proof. Integrating (5.2) from xp;, to x yields

X

¥ (Z,)Z = —2/ y* (G oz) (y)dy for any x € [a, b] .

Xmin
Suppose x € [a, Xpmin], we deduce

2 2

2X%.
2(6(m) = GE) = | 7| = =52 (Gm) - GG2)

dx
Evaluating at x = a, we have

a (z'(a))2 < 2x12nin

[G(m) — G(e)] .

Next, applying (5.4),

/ *min ¢ dz V2e
Xmin — @ = dx < < .
a m \/2 (G(m) - G(Z)) \/G(m) - G(S)

https://doi.org/10.1017/50956792522000134 Published online by Cambridge University Press


https://doi.org/10.1017/S0956792522000134

Steady states of thin-film equations 293

Hence,

@ (Z(@)” =242, [G(m) — G(#)]

min

2
2 <a + L) [G(m) — G(e)]

IA

VG(m) — G(e)
<2 (a,/ G(m) + \/58)2 .
So if

/
805?5@5

we have for any ¢ < gy,

|Z/(a)| V2e ? }Z/(ar)|2 B?
G(m)z(ﬁ— p >z

Hence from the structure of function G, we have m < Cea-1. Now with &o sufficiently small, we
have for any & < &9, m < 5. Hence,

L < C &
JGm —Ge) ~

Xmin —a =

since

2
G(m) > % and G(e) =

€.
a—1

And

2

IS ), _ [ 7\ vs [ o (V21600 = GE) |

X X
Xmin/ 2G(m) ((1 + C]S) «/2@(61)
= P &= 2 e.

Suppose x € [xXpin, ], we have

2. 2

2-BR (G(m) — G(2)) < |—=| <2(G(m) - G(2)).

X

Applying (5.4) again,
dz

dx

> Tnin /G = G @) = Smn (G =)y
X E—m

X
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so we have

Xmin b Xmin ¢ dz
— (b — Xmin) < dx <
b Xmin X m w /Z —m
2 —
— M S Clg‘
JGm) — G(e)

Hence for sufficient small ¢,

Cie
_1& <2Cie.

*min

b — Xpin <
1

And

b N2 e | a\/—_
/ G 4o < / < / 21Gm) ~ G,

X X

< JZG(m)g - \/2e(a)8.

Xmin a

Corollary 1. Suppose

lim x; =ay and lim Z'(x;) =Z,(ay).
e—0t

e—>0
Then
: . ’ /oot
lim y; =a; and lim Z'(y;) =z (ay).
>0t e—>0t
Moreover

lim sup |z(x) — z«(x)| = 0.
e=0% xelrp 4]

Proof. Since

lim (yk _-xk) = O’

e—0t

we have lim,_, g+ y; = a;. Now
Tk (Z/)2 .
OSe(xk)—e(yk)z/ de—)O&SS—)O S

Xk
hence
1
tim > (|70l = [Z00f) = lim ) — et =0.
Since Z'(y;) > 0, we conclude
: ’ R T / N — o (ot
lim () == lim () = —2.(a) =2}

The convergence

lim sup |z(x) — z«(x)| = 0.
e 0" el ]
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follows from the fact that both z and z, converge to 0 in the shrinking to a point
interval [xg, yi]. O

Finally, we deal with intervals (yg, xg41), k=1,2,3,-- .

Proposition 5. Let | <a < b and z(x), x € [a, b] be the solution to

o

{Z//—"-)%Z/:%—l,
(5.11)
z(a)=z(b)=e.

Assume that:

(1) z> e in(a,b).
(2) z attains its unique maximum M < 1 at xyax € (a, b).

(3) Z>0in [a,xmax) and 2’ < 0in (Xmax, b] -

Then forany 0 <e <egy, Ci <b—a<C, and

b ¥
/ —dx < Cse,
ZC{
a

where &y, C; are constants depending only on «, the upper bound of a and the positive lower
bound of Z' (a).

Proof. Integrating (5.3) from a to x, we have

xz' —az'(a) > —% (x2 - az) )

So
7 > l I:az/(a) — l (xz — az)i| >0
X 2
whenever
x <V +2az(a).
Hence,
Xmax = v @* + 2az'(a),
and

M>z (x/ a? + 2az/(a))

>

N 2424z (a) 1 1 a2 22/(a)
) Z C’

az'(a) — 3 (x> —d) |dx= Zu( ;

where u(x) = (1 +x) In(1 + x) — x is positive and increasing for x > 0 and C is some constant
independent of . We could see that M is uniformly bounded in [C, 1] and then we could assume
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for any ¢ < g by taking ¢ sufficiently small and any z € [¢, M]

G(M) =~ GE) _ GM) = G(e) _
M—z ~— M-c¢ 2'

Next, integrating (5.2) from xpax to x yields
X
x? (z/)2 =2 / V(G 0 2) (y)dy.

Suppose x € [a, Xmax], We have

dz|? 2)(‘%1&)(
2(6GM)—-G(2) = ol =2 (G(M) — G(2)) ,
X X
hence
/‘Xmax Z
Xmax — d =
V2 (GM) — G(2))
Mgz —
= fs VM =z <2VM.

Now we estimate

¥max g dz
/ —dx
g o V2 (GIM) — G(2))

. M2
< —_ = —_— 4 —_
_/g z% UM —z e z¢ JM —z M2 2% M —z
2V C28

= ot—l)./ M"‘

On the other hand, suppose x € [xmax, b], we have

2x fnax dz |*
(GWM) - G(2) = o <2(GM)—G(2)),
hence
Xmax In b = / xmax / < «/M
Xmax Xmax Vv 2 (G(M) G(Z
which yields

i
b Sxmaxe% < (a + 2\/]\_/1) e

We also have

M z M dz
b_xmaxz‘/s 2(G(M)—G(Z) 2/; m=\/2(M—8)

https://doi.org/10.1017/50956792522000134 Published online by Cambridge University Press


https://doi.org/10.1017/S0956792522000134

Steady states of thin-film equations 297

/17 ¥ < /-M x &Y dz
—dx -
Xmax z¥ N & xmax z¢ 2 (G(M) - G(Z))

Cre < Cse. O

and

b
= Yo J——z Xmax
Corollary 2. Suppose that

Elim Vi = ay and hm 2y =2 (a ).
Then
gl_i)%lJr Xpy1 = Qpy1 and 81_i)1})1+ 2 (1) =2z (ar )
Moreover,

lim  sup  |200) — z.(x)] =0
£ 0" ve [y ]

Proof. We define Z on [y, x41] as a solution to
~// + 12/ — _1

satisfying z(yx) = z(vx) and Z’(y;) = Z'(y¢). Integrating

80(

’ =~/
(XZ —XZ) =X—

from yy, we have

x o Xk+1 o
Of%—?:l/yg dyg)ﬂ/ £ dy < Cie.
x z%(y) Ve Jy o 220)

Integrating again, we obtain
0 <z(x) —z(x) < Cy (xgs1 — 1) € = Cae.
In particular, at x;, we have
(1 =G e <z(xpt1) <e.

Let z*, defined for x > min (4, a;) be the solution to

'+ -7 =-1
x
satisfying
z(ax) = 0 and Z'(ax) = Z,(a}).

Since x1 — yx > C and lim,_, o+ y; = ai, we have x;11 — a; > C. The continuously dependence
of differential equations with initial data implies

lim E*(karl) =0
e—07F
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Since

2 2_ 2

a x x*—a
. k k
¥ = (akz;(a,j) + 5 ) In i
k

4

has a unique root ay; in (a, 00), we conclude
lim xp11 = agq1.
e—01
And
lim 2'(xq1) = lm Z(gq1) = lim Z(0op1) = 27(are1) = Z(ars1)-
e—071 e—01 e—071
Since
|2(x) — 2. (0] < |2(x) — ZX)| + |2(x) — Z* )| + |2 (x) — z(0)
and all the functions are uniformly small near a; and a1, it is easy to check

lim  sup |z(x) — z.(x)] = 0.

0" ve v ]

Now we are ready to prove Theorem 2 using the asymptotic behaviour of limit solution z,

which we will prove in the next section.

Proof of Theorem 2. Note that energy function e(x) defined by (5.1) is bounded by e(0).
Combining Proposition 3, Corollary 1 and 2 hold, we conclude z(x) converges to z,(x) locally
uniformly on [0, c0) as € — 0F. From Remark 1, the local maximum and the local minimum of
z(x) form two monotone sequences converging to €. Since lim,_, o, z4(x) = 0, the local uniform

convergence of z to z, implies the global uniform convergence on [0, c0) as ¢ — 07.

6. Asymptotic behaviour of limit solution

From Theorem 2, we have as ¢ — 0T, z(x) converges uniformly on [0, 00) to the limit z,(x)
satisfying (4.3). Now we are going to apply inductive calculations to compute a; and analyse
the asymptotic behaviours in the following manner. Similarly as previous, we define the energy

function

o) = 2 (2100 +2.0)
2

and e; = e(a;). It is easy to check that e(x) is decreasing in x and e; is decreasing in j.
(1) In [0, a;], we have

2
()=1——.
z.(x) 4
Hence,
ay=2and ey = |z,(a))* =1.

(ii) In [ay, a2],

(xz,) =—xand Z,(2")=1.
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Then
x 4-x
«(x)=4In =
Z,(x) n > + 7
Note that z//(x) = — 5 — 5 < 0, z,(x) is concave down. Therefore, there exists a unique solution
a; €(2,00) to
4 — 2
41n “2—2 +1 %

That is,

4\2
a, ~3.74853 and e, = |2 ()| = (— - a—) ~0.6515.
2

(iii) In [a}, @j1], j = 2, 2, is defined by the initial value problem
(xz,) = —x, z.(aj) = 0 and z;(aj-*) = /e
For any x > a;, integrating twice from a; to x, we obtain

X X —a;

z*(x)z(aj\/_—i— >ln—_ 7 S

4j

Since

aZ
a; e4_|_i 1
z;’(x)z——“/_f2 2220
X

on (a;, 00), there is a unique root a;.| € (a;, 00) such that

G\ @ G4
Z*(ajJrl) = a]@+ 7 ln a_ — T = O (61)
7
And , /e; {7 is given by
2, —a
€ji+1 = —Z (aj+1)_ __«/_"i' 12 L. (6.2)
aj+|

Next, we consider the asymptotic behaviour of g; and e; as j — oo.

Theorem 3. There exists positive constant A such that as j — 00,

~’\*A_]4 and \/e; ~ —A]

Proof. Let b; = ‘g—?, (6.2) implies

1 14\
bjji=~—= <—> (1+2b). (6.3)
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Since ,/e; is decreasing and a; is 1ncreasmg in j, b; is decreasing. If lim;_, o, b; # 0, then a; = Jb—]?’

is bounded and hence lim;_, o E =1. If lim;_, o, b; =0, then (6.3) implies lim;_, a% =1.
7 7

Hence, in any case, lim;_, o % = 1 which also implies lim;_, », b; = 0. Denote ; = (= ”] )2 1,
J
we have lim;_, o, ; = 0. Now (6.1) could be rewritten into

=2b+ 1.
TR I
By Taylor expansion, we have
i
=2~ L +0(r)
=2 712 O
which yields
t2
h=db+L+0(5) =4b+ 567 +0 (b))
Therefore,
a; 1 1 37
—L =+ 2 =1—-zt;+-2 O(ﬁ)
aj+1(+) it O

14
=1=2b;+ =0} + O(b)).
Plug the above expansion into (6.3), we have
1

1 14 2
bjy1 = 575 (1 —2b;+ ?bjz + O(b;)) (1 +2bj)
8
=by— 35} +0())

which implies
1 1 8

— = —+4+ =+ 0(b)).
bis1 b3 !
As b; is decreasing and converges to 0, we conclude
3
lim jb; = =
/—lgloj 8
Next, since
4 4 8 2
biady _ by (a1—+1> ¢ (1S toe)
4 . . - 4/3
ol N9 [1-26,+ 00|

=140()),

4
the order of b; implies the limit y =lim;_, bjaj3 > 0 exists. Hence,

3
4 4 3
. b.a? A
lim a_; =lim | 2L | = <—y> =4
jmeo g oo ]bj 3
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and finally
e i3
tim Y9 = tim j5, % = 3 4.
Jj—00 j*z j—o00 jZ 8 O
Acknowledgments

The authors would like to thank the anonymous referees for providing insightful comments and
valuable suggestions.

References

[1] ALMGREN, R., BERTOZZI, A. & BRENNER, M. P. (1996) Stable and unstable singularities in the
unforced Hele-Shaw cell. Phys. Fluids 8(6), 1356-1370.

[2] BARENBLATT, G. 1., BERETTA, E. & BERTSCH, M. (1997) The problem of the spreading of a liquid
film along a solid surface: a new mathematical formulation. Proc. Nat. Acad. Sci. U.S.A. 94(19),
10024-10030.

[3] BERETTA, E. (1997) Selfsimilar source solutions of a fourth order degenerate parabolic equation.
Nonlinear Anal. 29(7), 741-760.

[4] BERTOZZI, A. L., GRUN, G. & WITELSKI, T. P. (2001) Dewetting films: bifurcations and concentra-
tions. Nonlinearity 14(6), 1569-1592.

[5] BERTOZZI, A. L. & PUGH, M.(1996) The lubrication approximation for thin viscous films: regularity
and long-time behavior of weak solutions. Comm. Pure Appl. Math. 49(2), 85—123.

[6] BERTOZZI, A. L. (1998) The mathematics of moving contact lines in thin liquid films. Notices Am.
Math. Soc. 45(6), 689-697.

[7] BERTSCH, M., DAL PASSO, R., GARCKE, H. & GRUN, G. (1998) The thin viscous flow equation in
higher space dimensions. Adv. Differ. Equations 3(3), 417-440.

[8] CHEN, X. & JIANG, H.(2012) Singular limit of an energy minimizer arising from dewetting thin film
model with van der Waal, Born repulsion and surface tension forces. Calc. Var. Partial Differ.
Equations 44(1-2), 221-246.

[9] CONSTANTIN, P., DUPONT, T. F., GOLDSTEIN, R. E., KADANOFF, L. P., SHELLEY, M. J. & ZHOU,
S. M. (1993) Droplet breakup in a model of the Hele-Shaw cell. Phys. Rev. E (3) 47(6), 4169—4181.

[10] DupONT, T. F., GOLDSTEIN, R. E., KADANOFF, L. P. & ZHOU, S. M. (1993) Finite-time singularity
formation in Hele-Shaw systems. Phys. Rev. E (3), 47(6), 4182-4196.

[11] EHRHARD, P. (1994) The spreading of hanging drops. J. Colloid. Interface Sci. 168(1), 242-246.

[12] GOLDSTEIN, R. E., PESCI, A. I. & SHELLEY, M. J.(1998) Instabilities and singularities in Hele-Shaw
flow. Phys. Fluids 10(11),2701-2723.

[13] Guo, Z., YE, D. & ZHou, F. (2008) Existence of singular positive solutions for some semilinear
elliptic equations. Pacific J. Math. 236(1), 57-71.

[14] JIANG, H. (2011) Energy minimizers of a thin film equation with Born repulsion force. Comm. Pure
Appl. Anal. 10(2), 803-815.

[15] JIANG, H. & LIN, F.(2004) Zero set of Sobolev functions with negative power of integrability. Chin.
Ann. Math. Ser. B 25(1),65-72.

[16] JIANG, H. & MILOUA, A. (2013) Point rupture solutions of a singular elliptic equation. Electron. J.
Differ. Equations, 70, 8.

[17] JIANG, H. & N1, W. M. (2007) On steady states of van der Waals force driven thin film equations.
Eur. J. Appl. Math. 18(2), 153-180.

[18] LAUGESEN, R. S. & PuGH, M. C. (2000) Linear stability of steady states for thin film and Cahn-
Hilliard type equations. Arch. Ration. Mech. Anal. 154(1), 3-51.

[19] LAUGESEN, R. S. & PUGH, M. C. (2000) Properties of steady states for thin film equations. Eur. J.
Appl. Math. 11(3), 293-351.

https://doi.org/10.1017/50956792522000134 Published online by Cambridge University Press


https://doi.org/10.1017/S0956792522000134

302 X Chen et al.

[20] LAUGESEN, R. S. & PUGH, M. C. (2002) Energy levels of steady states for thin-film-type equations.
J. Differ. Equations 182(2), 377-415.

[21] LAUGESEN, R. S. & PUGH, M. C. (2002) Heteroclinic orbits, mobility parameters and stability for
thin film type equations. Electron. J. Differ. Equations, No. 95, 29.

[22] Liu, G. (2015) On the Steady States of Thin Film Equations. PhD thesis, University of Pittsburgh.

[23] PINO, M. & HERNANDEZ, G. (1996) Solvability of the Neumann problem in a ball for Au + u" =
h(|x|), v > 1. J. Differ. Equations, 1, 01.

[24] Slepcev. (2009) Linear stability of selfsimilar solutions of unstable thin-film equations. Interfaces
Free Bound. 11(3), 375-398.

[25] WITELSKI, T. P. & BERNOFF, A. J. (1999) Stability of self-similar solutions for van der Waals driven
thin film rupture. Phys. Fluids 11(9), 2443-2445.

[26] WITELSKI, T. P. & BERNOFF, A. J. (2000) Dynamics of three-dimensional thin film rupture. Phys. D
147(1-2), 155-176.

https://doi.org/10.1017/50956792522000134 Published online by Cambridge University Press


https://doi.org/10.1017/S0956792522000134

	Steady states of thin-film equations with van der Waals force with mass constraint
	Introduction
	Scaling property of global radial solutions
	Behaviour of
	Limiting profile when

	Convergence to the limiting profile
	Asymptotic behaviour of limit solution
	References

