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SATURATION AND INVERSE THEOREMS FOR
COMBINATIONS OF A CLASS OF
EXPONENTIAL-TYPE OPERATORS

C. P. MAY

1. Introduction. Rates of convergence, saturation theorems and the so-
called “‘inverse problems’ for Bernstein polynomials have been intensivcly
studied (see, e.g., [1;4; 8; 14; 17]). The same problems for some other positive
operators have also been investigated by many authors. In this paper, we shall
use a uniform approach to study the saturation and inverse problems for a
class of linear combinations of operators including Bernstein polynomials,
and Szész, Post-Widder, Gauss-Weierstrass and Baskakov operators.

In the literature, most saturation and inverse theorems for operators are
on positive operators. Because of the Korovkin theorem, the optimal rate of
convergence for a positive operator cannot be faster than that of C? functions.
Therefore, the saturation classes for positive operators would generally con-
tain functions with smoothness up to having second derivatives. In order to
obtain more efficient approximation operators, one has to consider non-
positive linear operators. In one of our previous papers [9], Ditzian and the
author proved a saturation theorem for B,(f, &k, t), a linear combination of
Bernstein polynomials defined by Butzer [6]. In the present paper, we shall
study a more general combination, which includes the combination discussed
by Butzer. This new combination also answers a question of his [6] (c.f.
Remark 2.3 later).

A saturation theorem for a class of operators under this new combination
is proved in this paper. We would like to point out that for some operators
of the class, e.g., the Post-Widder operator, no saturation theorems even for the
positive case, i.e., without combinations, were known. Moreover, if we apply
the saturation theorem to some known cases, e.g., the theory of Baskakov
operators, stronger results may be achieved (c.f., Remark 9.7).

We also prove an inverse theorem for these combinations. For Bernstein
polynomials (without combinations), a global inverse theorem was proved
by Berens and Lorentz [4]. Our theorem is a local theorem for the afore-
mentioned combinations. This result may apply to some other operators of
the class for which no inverse theorems were known.
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2. The main results. We shall first define a few notations.

Definition 2.1. Let S\(f,t) = fﬁ W ¢, u)f(u)du, where W\ t,u) =20
is a kernel of distribution, be a positive operator on C(4, B) (4, B may be
+00) into C”. S\ ( -, t) is said to be an exponential-type operator if

B
(1) f W\ t,u)du = 1; and
A

A
p ()
where p (¢) is a polynomial of degree < 2, p(t) > Oon (4, B).

@) WO ) = 5o WO 4 )@ — 1),

It is said to be regular if it further satisfies

B
@ [ wonnd = o,
A
where a()\) is a rational function of A,a(A\) - las A — 0.

Note that the restrictions on p(¢) are not essential, but it is the simplest
case that covers all the operators that we would like to discuss in this paper.
On the other hand, as we shall see in Proposition 3.1, Sy maps polynomials to
polynomials with the same degree if and only if p(¢) is a polynomial of degree
less than or equal to 2.

Definition 2.2. Let do,dy,...,d; be k+ 1 arbitrary but fixed distinct
positive integers. The operator S\(f, k,t) (=S\(f, k, t;do, d1, ..., d;)) is a
linear combination of Sa(f, t), defined by

k

(21) S)\(ka:t) = Z C(j!k)sdj)\<fy t):

=0

where
k d

22) ¢G,k)=]] —=, £#0, and ¢(0,0) = 1.
i=0 dj - di
i)

Remark 2.3. (1) The operator B, ([, k, t) investigated by Butzer [6] is a
special case of the operator defined in the above definition. In fact, in this case,
B, (f, Rk t) =S, (f, k,t;1,2,22,...,2%), and S,(f,t) = B,(/f,t), the Bern-
stein polynomials.

(2) In [6] Butzer also asked if it is possible to define a linear combination
B,(f, b, t) of the Bernstein polynomials B,(f, t), such that B,(f, &, t) and
B,(f, k, t) are polynomials of the same degree but B,(f, k, t) has faster rate
of convergence than B, (f, k, t). His question can be answered by considering
the combination S,( f, k, t) with S,(f, t) = B,(f, t) for some properly chosen
do, dl, ey dk.
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For example, when d; = 7 + 1, S,(f, 2 — 1, 1) is a polynomial of degree
2kn, the same degree as B, (f, k, ¢). But we shall see in Proposition 3.6 that if
FE*D(4) exists then S,(f, 28 — 1,¢) converges to f(t) at the rate of n~%,
while B, (f, k, t) converges to f(t) at the rate n=*+V. Therefore, we give a
positive answer to Butzer’s problem.

We are indebted to the referee for bringing the reference [11] to our attention,
and for pointing out that the combination S\(f, &, t) defined by (2.1) also
covers the combination constructed by M. Frentiu in [11]. Frentiu’s combina-
tion equals S\(f, k,t) when d; = j + 1. Therefore his result also answers
Butzer’s problem.

Definition 2.4. Let wy(f, h;a,b) = sup{|A f(x)|; || £k, x,x + ki € [a, b]}
be the modulus of continuity. Then the generalized Zygmund class Liz(a, k; a, b)
is the class of functions such that we (f, k;a, b) < Mh*,

Note that, when & = 1, Liz(e, 1) reduces to the Zygmund class Lip *a.

Let ¥(x) > 0 be a continuous function on (4, B) such that S\(¥?2, {) < .
¥ is called a ‘‘growth-test function’’. In many examples, ¥ can be chosen as
NeM#lHfor any N > 0. We shall see from Proposition 3.2 that ¥ can be chosen
at least as N(1 + «x?)¥ forany N > 0. (In a later result of M. Ismail and the
author, we proved that ¥ can always be chosen as NeVl#l) Let Cy(4, B) =
{feCA, B);|fH) = MY(t) for some M > 0}, equipped with the norm
IS lleg = supicca.m | f@)]¥1(#). In the following two theorems, assume
f € Cu(4, B) for some growth-test function ¥, and 4 < a; < a2 < a3 < by <
by < by < B.

THEOREM 2.5 (Inverse theorem). Let 0 < a < 2. If S\ (f, k, 1), defined by
(2.1), is a linear combination of exponential operators Supn(f, t), then in the
following, the implications (1) = (2) = (3) = (4) hold.

(1) ”S)\n(f' kv t) - f(t)”C[lll'bI] = O()‘n—a(k+])/2)r )\n+1/)\n =c¢ fOI’ some ¢ > 0;
(2) f € Liz(a, B 4 1; aq, bs);

(B) (@) For m<ak+1)<m+1,m=20,1,2,...,2k +1:f™ exists
and f™ € Lip(a(k + 1) — m; as, bs),
(b) Forak +1) =m + 1,m =0,1,2,...,2k: [ exisls and

€ Lip*(1; aq, b2);
(4) HS)\(fv kr l) - f(t)“C[aa,bs] = O()\_a(k+1)/2)-

In the case a = 2, we have the following result.

THEOREM 2.6 (Saturation Theorem). Let S\(f, k, t) be defined by (2.1),
where S\ (f, t) are regular exponential-type operators. Denote I(f, N\, k, a,b) =
NSNS, Ry 1) — FD Il cram. Then in the following the implications (1) = (2) =
(3) and (4) = (5) = (6) hold.

(1) I(f, Ny Ry ag, 1) = O(1); Mpr/ Ny £ ¢
(2) f @D € 4. C.las, be] and [ € L as, ba);
(3) I(fy >\v as, b3) = O(l))
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(4) I(fv M, b, ay, bl) = 0(1); )\n+l/)\n =Sc

(5) f € C¥*+2ag, by] and TEFL QU R, t)f O(t) = 0,¢ € [as, by],
where Q(i, k, t) are polynomials depending on k;

(6) I(f, N &, as bs) = o(l).

We remark that the restriction \,41/)\, = ¢ on \, for the saturation theorem
is only technical while for the inverse theorem it is essential.
Moreover, we believe that the saturation theorem also holds for all expo-

nential operators.

3. Preliminaries. Let S\(-, {) be an exponential operator. We shall show that
Sy( -, t) and hence Sy( -, &, ¢) are indeed approximation processes for functions
f bounded by some growth-test function W.

ProposITION 3.1. If e1(x) = x and ex(x) = x?, then
3.1)  Si(ent) =t, and
(3.2)  Sa(ex t) =2+ p(&)/N

In general, if f is a polynomial, then S\(f, - ) s also a polynomial of the same
degree.

Il

Proof. Differentiating the identity fﬁ W\, t, u)du = 1 on both sides,
using the relation (2) of Definition 2.1, we obtain

B B
(3.3) f W, ¢, u)(w — t)du = 0, or f W\, &, u)udu = t.
A A

Similarly, differentiating (3.3), we obtain fﬁW()\, tou)(u? — ut)du =
p(t)/N\. Relation (3.2) then follows by the linearity of integration and (3.1).
To prove the last statement of the proposition, let

B
B34) A4,(\1) =2\" f Wt u)(w — ) du.
A
Then the property follows by the recursion relation

d
(3.5) AN 1) = MnpO)Ana(A 1) + p (@) 7 An(N 1),
the relations (3.1) and (3.2) and induction.

ProrosiTioN 3.2. Let A, (N, t) be defined in (3.4). We have

(1) An(\, 1) 1s a polynomial in t and \;

(2) The degree of A,,(\, t) in N is [m/2] while in t is less than or equal to m;

(8) The coefficient of N™ in the polynomial A, (N, t) is (2m — 1)!p ()™, while
in the polynomial Azpi1(N 1) 15 cup (£)™p’ (t) for some constant c,,, where
all is the semifactorial of a.

https://doi.org/10.4153/CJM-1976-123-8 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1976-123-8

1228 C. P. MAY

Proof. This proposition follows from the recursion relation (3.5), Proposition
3.1 and induction.

COROLLARY 3.3. Forany 8 > Oand m > 0, A < a < b < B, we have,

(3.6) f] [ W, t,u)du = ON™), AN— + o0,
u—t|28

uniformly on [a, b] C (4, B).

Proof. Without loss of generality, we may assume m is an integer. Then
(3.6) follows from the following estimate and the above proposition:

f WOt u)du £ 6™ f WO £ u)(u — )" du
lu—t128 lu—1128
é B‘QmA—QmA2m.

Using the above properties of S\( -, ¢) and the Cauchy-Schwarz inequality,
the following proposition can be easily proved.

ProrositioN 3.4. If | f(t)| < W (¢) for some growth-test function ¥, then the
relation

37 lm S0 =70

holds at each point of continuity of f. If f is conttnuous on [a, b}, then (3.7) holds
uniformly on every interial interval [ay, b;] C (a, b).

The following lemma concerning the properties of ¢(j, k), the coefficients
in S\(f, &, t), is in fact well-known. For completeness, a short proof will be
given.

LeMMA 3.5. If c(j, k), 7 = 0,1, ...,k are defined as in (2.2), then

= 0 m=

k 1 m=0
3.8) 2 c(j,k)d; ={ 1,2...,k

Proof. Consider the Lagrange polynomial L, (x) = 3f o x/(x) — x™,

where
k
Ly(x) = H 5 X y X = di_1~
;:(t) X; — X;
Since Ly ,(x;) = 0for<=0,1,...,k%, and L, ,(x) is a polynomial of degree

k, we have L; ,,(x) = 0. In particular,

N {Lk.mm) =0, ms0,
2GR gm =L ) 41— 1, m— o0,

Consequently, Proposition 3.4 also holds for S\(f, &, t). Moreover, we have
the following asymptotic relation.
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ProrositioN 3.6. Let |f(t)| < V() for some growth-test function V. If
@D () exists, then
2%+2

3.9) NS E D) —fO)] = Z QU k, )Y () + 0(1),

where Q(j, k, t) are polynomials in t. Moreover, Q(2k + 2, k, t) = cip ()%,
QQ@k + 1,k t) = cop(t)p'(¢).
If f € C¥*a,b], then (3.9) s wuniform 1in every interial interval

la1, b1] C (a, d).
As a special case, when & = 0, the above proposition reduces to the following:

CororLARY 3.7 (Voronovskaja-type relation). Let | f| < V. If f "/ (¢) exists,
then

(3.10) hm NS ) = fFO1 = 3p@)f(0).

Proof of Proposition 3.6. Suppose f P¥*+2)(t) exists. By Taylor’s expansion
of f, we have

NS by t) — f()] = N %1 c(j, k) fBW(de, )
(3.11) wie ‘
[Z: f( )O) — )" 4 e(u, t)(u — t)”‘”jl du,

where e(u,t) —0 as u —¢; also, it is obvious that for some M > 0,
le(u, £) (w — £)¥+2] £ M(1 4 u?)**1¥ (u) for all u.

Using Proposition 3.2 and Lemma 3.5, we obtain the dominated part

of (3.11)
i1 k+1 2k+2 f(m)(i)
NS ey k) W(d A, £ u) Z pom] (u — t)"du
— |
(3.12) ! 242

- 2:.0 QG, B, )FV () + o(1).

The remaining part can be estimated as follows: For any ¢ > 0, let § > 0
be such that [e(u, t)| < ¢, whenever |u — ¢| < é. Then

lu—e[<é lu—1i28

By the Cauchy-Schwarz inequality and Corollary 3.3,
|Io] = o(A\—¢*+D).,
On the other hand,

II!‘ = O()\—(k+1)) Sup lf(u t)‘ < €- O(X—'(k-{-l))

lu—11<

(3.13) ] fB Wt w)e(u, £) (w — ) du

Since € > 0 is arbitrary, these estimates together with (3.12) prove (3.9).
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When f € C*+2[q, b], f @+D is uniformly continuous in [a,b]. Let
las, b1] C (a, b). We observe for t € [ay, b1]: (1) the o(1) term in (3.12) is
uniform (in fact, it is equal to a polynomial in A~! and £); (2) in estimating
(3.13), we can choose 8 < min{a; — a,b — b1} independent of ¢, by the
uniform continuity of f ®*2 in [a, b], and so the uniformity of (3.9) follows.

4. The space Co(e, k;a,b). We shall prove Theorem 2.5 in this and the
two following sections. The equivalence of (2) and (3) of the theorem is well
known (c.f., [20, pp. 257, 333 and 337]). The rest of the proof will be divided
into two parts. We first prove the special case when f is of compact support
strictly contained inside the open interval (a, b), and then pass to the general
case. We shall show, under the restriction that suppf C (a,b), that the
conditions (1) and (2) in the theorem, with (a;, b;) being replaced by (a, b),
are both equivalent to the fact that f belongs to an intermediate space
Cole, k; a’, "), which will be defined in the following.

Definition 4.1. Let [a, b] be a fixed interval, and let [a’, b'] C (a, b). Denote
G ={g; g€ Co?*2 supp g C[d’, b']}. For functions f € Ce with supp f C [a’, b'],
define

K ) = inf {[If — gl + e(llel] + g™ |13

where 0 < £ £ 1, and the norms are the supremum-norms on [d¢/,0']. A
function f € Cy with supp f C [a’, b’] is said to belong to Co(a, & + 1;d’,b"),
0 <a<2if||f]|la = supoci<1 £22K (£, f) < .

For other properties and further discussion of J. Peetre’s K-functionals,
see, for example, [7].
We begin with some estimates involving the K-functions defined above.

LEMMA 4.2. Leta < o' < a” <V’ <V <b. Iff € Cowithsupp f C [a", b"],
and ”S)\n(f7 k? t) - f(t)”C[a,b] é ﬂ[)\n—a(k-i—l)/Zy where )\n+l/)‘n g ¢, [hen

(4.1)  K(& f) = My[\®F02 4 NFER (WD, ],

Proof. First note that it is enough to show (4.1) when A is replaced by \,.
That is,

(4.1) K& f) = Mo[NED2 4 NFHER (N~ ®D, f)]

This is because for each X\ we can choose \,—; and \, such that \,_; < N < N4,
and (4.1") yields

4.2)  K(&f) S M\eG+D/2 4 GrNHHIER (\= 04D f)]
< M/ NG+ 72 4 \CHOER (A=) | )],
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Next, since suppf C [a”, b""], there exists an b € & such that

|

Therefore,

K(S, f) = 3M' —+D + Hf(t) - S)\n(f k t)HC[a ]

< Ml —(]C+1)

OO - LSk

cla,b)

1 = 0and 2k 4+ 2 [Corollary 3.3].

Cla, b]]

Hence it is sufficient to show that there exists an M, such that, foreach g € ¥,

|

In fact, we have

2k+2

11520k D e + Hdt_w Sulf by 1)

2k+2
d+

e SheY| S MNTHIS = gl] + NP g2

a,b

d2k+2
S ’ kv ¢
e M(f ) Cla,0]
k 2k+2
(4.3) = 2, kG A ldt““’ f W@ bl = gboldu]
k 2L+2
+ Z C(]y k)l ”dt2k+2 f W(d1x7 ty u)g(u)du (@.5] = Il + [2'
— Cla,d

We first estimate ;. From the relation (2) of Definition 2.1, we can easily
obtain by induction that

2m m
%m WO tu) = 20 N G ) (e — £ g 0m(u, t)
i=0
a2m+1 m
(44) &?ﬁﬂ W()‘y t! '24,) = ZO )‘m+i+1 W(}\) tr 'ZL) (M - £)2i+1q1.2m+1(u7 t)

+ )\”’W(xy tv “)q2m+1(uv t)
where ¢; ;(u,t) and qony1(u, t) are polynomials in # (and 1/)\) and are
bounded with respect to ¢ for ¢ € [a, b]. Hence, we have [by Proposition 3.2],

2k+2

(4.5) ”dtmz f W, b, u)(f(u) — g(u))du} i = MNT|f — gl

(supp f \J supp g C [a, b]), where M, is independent of g.

To estimate I,, first notice that fﬁ W(N, t, w)u'du is a polynomial in ¢
with degree 7 [Proposition 3.1], it follows that d"/dl"f Wt u)udu = 0
for & > 1. Therefore, as a linear combination of these equations, we have

B k
(4.6) f [%k WL 1, u):|(u — D=0 fork>i.
A
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Now for g € C¢?*2, we first form

2k+2 B a2k+2
o [T wosnewa - [T Zwo, o s
A

Then for the Taylor expansion

2k+1 (!)( )

g™ ) 42
) = 2 B =0+ gy (= D
and using (4.6), we have
2k+2
50|,
g2+
(2k _|_ N1 g™+ - “ f ’at-k-i-" WO )|  — )" du cten’

Applying (4.4) and using Proposition 3.2, we calculate that

2k+2

PG Si(g, 5)“ = ]”Hg(zk”)ll-
C'a,b]

Substituting into (4.3), we see (4.1) is true.

LEmMmA 4.3. Under the same assumption as in Lemma 4.2, there holds
K, f) £ Mg de., f € Cola, B+ 1;a',0).

The proof of this lemma is standard and can be found in [4].
The previous two lemmas give one direction of the following theorem.

THEOREM 4.4. Let a <a’' <a'' <V’ <b' <b. If f € Co with supp f C [a’, b"'],
then

1S (F, 2 8) = F@lleten S MM, Na/h, S €
implies f € Cola, B + 1;a',0"), and the latter implies
IS\ (f, By t) — FD)|| ooy S MA—=G+D /2,

Proof. It remains to show the second implication. For this, it is enough to
show ”S)\(fy ky t) - f(t)HC[fl,b] = MK()\_(k+l)vf)'
For g € ¥, we have

”S)\(fr kr t) _f(t)HC[(l,b] é ”S)\(f — & kv t)”C[a.b]
+ “S)\(g, k’ t) _f(t)IIC[a.b]'

Clearly, the first term is bounded by M,|| f — g|| since supp(f — g) C [a, b].
To estimate the second term, expand g(x) by Taylor’'s Formula, and use
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Proposition 3.2 and Lemma 3.5; we see it is bounded by

2k+2

llg = Sl 4 227" 32 [l

m=k+
= Hg - f|| + M2i>\—~(k+1)<||g|| + ||g(2k+2)||)

where M’ is an absolute constant. In other words,

SN(f Ry ) = fDlletan = MEN®HD, f).

5. Proof of Theorem 2.5 when supp f C (a, b). In this section we shall
show that f € Cola, & + 1;a’, ") is equivalent to f € Liz(a, 2 + 1;a, b) for
functions satisfying supp f C [¢”/, "']. In combination with the result of
Section 4, this yields that [|S\(f, &, ) — f(£)]] c1a.07 = O (N"2®+1/2) is equivalent
to f € Liz(e, & + 1;a, b) whenever supp f C [a”, 0'].

THEOREM 5.1. Let a<a’ <a”’ <b" <b' <b. If f € Cy withsupp fC [a”, "],
then f € Cola, B + 1;d/,0") if and only if f € Liz(a, & + 1;a, b).

This theorem is probably well-known. For completeness, we shall give an
outline of the proof:

If fé Colay o+ 1;0',0"), in order to show weya(f, k) = O(he®+D), let
6| <k and let g € 9. It is easy to see |A2F2f(t)] < 22+2|| f — g|| +
52k+2”g(2k+2)|l. Hence |A52k+2f(t)' < 22k+2K(52k+2,f) < 22 Jfpati+l) - Con-
versely, assume f € Liz(e, k + 1;a, b). It is enough to show K (¢, f) £ Mg/?
when ¢ is sufficiently small. If we define go € ¥ by

1_.___‘

2k+2) _
E+1)"

n/2 n/2 . ok 2\
. f_m - f‘m[(-—l)m;’?f;zm flx) + ( i _:_1 )j(x):ldul o QUogpa,

where (¢ + 1)p < min(@”’ — @', 0 — b,k + 1) and A is the symmetric
difference, it is straightforward to show

golx) =

1 = &l = M@0 and ||go® 2] = My~ @ Dy (f, n).

From this, it is easy to derive K (%2 ) < My*+De,
6. Proof of Theorem 2.5—The general case. In this section, we shall
prove the Inverse Theorem 2.5 for the general case. The proof will be divided

into two parts: The implication (2) to (4) and the implication (1) to (3). The
equivalence of (2) and (3) is known.
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6.1. The implication (2) = (4). Assume f € Liz(a, & + 1; a3, b2). Choose
a,a’, b, b in such a way that a, < a' <d’ <a; <D’ <b < by Let
g € Co® be such that g(x) = 1 for x € [¢”, b"”], and supp g C [d/, b']. Then
fg has compact support strictly in (as, b2), and fg € Liz(a, & + 1; as, b2)
since f does. Hence by Theorems 4.4 and 5.1,

IS\ (2, ko 1) = f2 )l ctu,om = O(Nat+D2),
But, for ¢ € [as, bs),

k

Si(fe b 0) = f0g0) = 3 GoB) [ wonn 6 - e

+ oY = S\(f B, t) — f(t) + o(NFD),

where the remainders o(A=®+D) are uniform for ¢ € [a3, bs] (Corollary 3.3).
Consequently, [|S\(f, &, £) — f(O)|] ctag.on = O(NeE+D/2),

6.2. The itmplication (1) = (3). Now assume [[S\,(f, &, £) — f(O)|ctar,on) =
O\, ek 2y N /N, < ¢. We shall prove the implication by induction on
7 = a(k + 1). The induction progresses as follows:

First, we prove it for the case when 0 < 7 < 1. Then, for any § € (0, 1),
we prove the case when 1 — § < 7 < 2 — 4. In general, assume the proposi-
tion holds for 0 < r <m — 6, m =1,2,...,2k+ 1,0 <6 < %, and then
prove the case when m — 6 < 7 <m + 1 — 26. Since § > 0 can be chosen
arbitrarily small, the proposition holds for all 7 € (0, 2k + 2).

6.2.1. The case 0 < 7 < 1. Let o/, a’”’,0’, b”" be chosen so that a; < ¢’ <
a" < azand by <V <V < by. Also,let g € Cy® be such that supp g C [¢'/, 0]
and g(x) = 1 on [as, b,].

LeEMmMA 6.1. Let g be chosen as above. If

||S>\n(f? kv t) - f(t)l{ clai,ml = O(Aﬂ_fﬂ)v 0<~ é 1
then

15 (g. £, 1) = fe@] crn = OO,
Proof. For t € [, V'], we have

S)\n (tv €, k- t) - f(l)g(f)

; c(j,k)f ! W({d Ny £, 1) (f@)g o) — [@)g(@))di + o (X))

1

(6.1)

Il

£ 3 <G [ Wt i@ — 10l

+ JZ;C(J', k>f, W (d Ny £, 0)f () (g (1) — g(0))die + o (NP
= Li(t) + L) + o\~ *Y)

where the o-terms are uniform for ¢ € [¢/, b'] (Corollary 3.3).
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The assumption |[Sy, (f, &, ) — fD|lctar o) = O, 772) yields the estimate
(62) “Il(t)HC[(l',b’] § ||gH : ”S)\n<f’ k! t) —f(t)HC{n’,b’] =< i1’[1/\7;_7/2~

Next, by the mean value theorem, we reduce 1:(¢) to

5O = X G0 S W, L wreie© e - o,
Hence
L] et < E <G B)|
X {Hg’i . ‘ fall W@ gy ty 1) - | f0t)] | — t|du¥ C[ﬂ’.b’]}
(6.3)

< Il cw el - ( £ 166G o)

j=0

f W(d A b, 1) | — tldu

X max
0= j<k

Cla’,b’]

Using the Cauchy-Schwarz inequality, we obtain

2@ otar o)

< 11wl 3 16600

1/2

(6.4) X max f W(d Ny £, 1) (6 — t)°du

0< <k Cla’,b’]

< Sl ol 35 16601 1O e

=00 =00,
Combining (6.1), (6.2) and (6.4) we conclude that
1Sn(f2, &y £) — fe Ol et 1 = ONT2).

LeMMA 6.2, Let a; < ar, < by < by. If |!S)\n(f, k, lf) — f(t‘)HC[m,ln] =
ONT™), Nwt/N, S ¢, 0< 7 =1, then f € Lip(r;as,be) if 7<1 and
f € Lip*(1; as, b2) of 7 = 1.

Proof. Leta’,a”, b, 0" and g be chosen as above. Since supp fg C [¢”, "] C
(a’,b"), it follows from Theorems 4.4 and 5.1 and Lemma 6.1 that
fe € Lip(r;a’,0") if 7 <landfg ¢ Lip*(1;a’,0") if r = 1. Noticing g(¢) = 1
for ¢t € [az, bs], this reduces to the required result.

6.2.2. The induction process. Assume that the proposition holds for
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0<trE=m—96(m=1,2...,26+1;,0<86< %) and suppose that

HS)\n(fy kr t) _f(t)HC[(Ll,bll é Mf)\n—r/Z

where m — 86 =7 <m+1— 26 \y1/M S c. We must deduce (3) of
Theorem 2.5 for that 7.

Let x;, ;7 =1,2,3 be chosen such that a; < x; < x;41 < a2 < by <
Vi < ¥ < by Let g € C¢® with supp g C (x3, ¥3) and g(x) = 1 on [ag, ba].

LEMMA 6.3. Let g be chosen as above. If ||S\,(f, k, 8) — (Ol ctar.on1 = OONTT2),
then

S (f2, By 8) — fa(O)]| ctaagm = OONTT2),
wherem — 8 <1t <m+1— 2.

Proof. First notice that, by the induction hypothesis, the condition of the
lemma with 7 = m — § implies that f ™~ exists and

f =0 ¢ Lip(1 — 8; x5, y1)-
Next, for t € [x2, ¥2], we form

S (fe, k, 1) — f(D)g(®)

2 ¢ k) fW(d]')\m t,u)f (u)g(w)du — f()g (1)

=

[

k

S k) W0 (70 — 50 () — g0

J=

I

+ ; c(j, k) fW(dj)‘m t,u)(g(u) — g(£))du - f(£)

+ 3 <) [ Wt () = 10 g0 + 005

=L+ L+ Iy + o(X*7)

where the o-term is uniform for ¢ € [xs, y2] (Corollary 3.3).
The estimates for I, and I; can be made immediately:

(66) l[IfiHCIn,wl = HgH ) [[S)\,,(f, k, t) - f(t)HC[n.w] = O()\nkfm)
by the assumption of the lemma (and [xs, y2] C (ay, b,)); and
(6.7) o]l ctes e = I 1 ctes 1S (g, Ry ) — g0l clzsm =
O()\n—(kq—l)m) — O()\n—r/Z)

as g € Co” C 42,
In the estimating of ||I1]|crzy.401, We see that by the induction hypothesis,
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f "= exists on [x1, y1]. So that, for t € [x,, y.], by Taylor’s expansion,
Z ¢, k) f S Wt 0 (F) — 1) (e(w) — g(0)du
Z fm.() 2 e k)
X le W@ t, 1) (= 1) (g() — g(t))du

k

(6.8)

+

X f:l W@ £, 1) (= " (F"7 @) = 7770 0)

g () —t)du = I+ Is
where £ and 5 are between « and ¢.

Clearlyv H[“HC’[IZ,M] = O(>\n_(k+l) 2) = O(An_f/z)'
Also, since

J =0 € Lip(l = b, 3,32, | F 0 (6) = £ @0 0)
< M|E— =0 £ Mlu — ¢
for some M > 0. Therefore

HI5|| Clz2,y2]

]MH | - Z ]_0|C(i7;|k)[

6.9 15
(6.9) X max W(dj)\,” £y |u — ™ du
0= i<k z1 Clz2,y2]
V1 ) L (m+1=68) /2(m+1)
< M’ max W(d A, t, 1) — t]* " Pdu
0= <k z1 Clz2.y2]

by Jensen's inequality. Thus ||Is||ctrs.pe = O\, ~+1=9/2) = O(N,~7/2) by
Proposition 3.2.
Combining the above estimates, we obtain the lemma.

LEMMA 6.4. Let ay < as < by < b1 If ||Sy,(fy Ry t) — F(O)]| ctar,on1 = ONTT72),
m—06 <7< m-+1— 26, then

(1) f ™=V exists, f ™=V € Lip(r — m + 1; a9, b2),if m — 6 < 7 < my

(2) f =V exists, f ™D € Lip*(1; as, be), tf 7 = m;

() f ™ exists, f ™ € Lip(r — mjas, be),tf m <7 <m+1— 26

Proof. Let x4, y4, 72 = 1,2, 3 and g be defined as in Lemma 6.3. As an inter-
mediate result, Lemma 6.3 yields ||Sy,(fg, &, £) — fe()]| ctrzper = ONTT/2).
Furthermore, since fg has compact support in [x3, y3] C (x2, y2), Theorems 4.4
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and 5.1 imply (by virtue of the equivalence (2) < (3) of Theorem 2.5) that
the conclusions of the lemma hold for the function (fg). However, g(x) = 1
on [az, bs], so by restricting ourselves to this interval, we can replace fg by f
in the results, which gives the desired relations of the lemma.

7. Outline of the proof of the saturation theorem. From now on,
assume S\ ( -, ) is regular.

Using the properties proved in the previous sections, the proof of the
saturation theorem is considerably simple. First, by Theorem 2.5, the con-
dition ||Sx, (f, &, £) — F)]] ctar.n1 = O\~ D) implies f ¥ € Clas, bs]. More-
over it is easy to see that the conditions ||Sa, (f, %, t) — S\ (f, &, Ol ctar,on =
ONT1) and ||Sn(f, &y 8) — FO)l ctar.on = ONTF1) are equivalent. How-
ever, dealing with {So(f, k, ) — S\([f, k, £)} instead of {S\(f, &k, ¢) — f(¢)}
will simplify much of the proof of one later step, Lemma 7.1.

Thus we may assume that {NJ1(S\, (f, B, t) — S\, (f, k, ¢))} is bounded in
Clay, b1] and hence in L_[ai, b;]. Because L.[a;, b;] is the dual space of
Li[ay, b1], by weak*-compactness, there is an k € L_[ay, b;] and a subnet
(Mg} of IN such that N, 1Sy, (f, &, t) — Si,,(f, k, 1)) converges to % in
the weak* topology. In particular, for any g € Co™ with supp g C (ay, by), we
have

@1 NS S (f k1) = S (k0 0, £0) = B, 80)),
where
(hyg) = fA h(t)g(t)dt.

In the case when f € C%**%[a,, by], by Proposition 3.6, we have

(72) )\li'm >\nik+1 [52)\n‘<(f) kv t) - S)\ni (fy k: t)]

_ (1 _ (1)) Z G, b, 1), (1) = Parya(D)f ().

Therefore, for functions f € C*+*2 and g € C,”, we have

(73) lim )\nik+1 <S2)‘"i (fy k) t) - S)‘"i (fy kr t)r g(t)>

Ano00

= (Puy2(D)f (1), g(t)) = (f(t), P*ay2(D)g(t)),

where P*5,,0(D) is the dual operator of Py o(D). (In this case, in fact, it is
a result of integration by parts.)

Since Cy (4, B) M C¥+2[ay, 0,] is dense in Cy(4.B) with respect to || - || ¢y,
there exists a sequence { f,} in Cy(4, B) M C**[a,, b,], converging to [ in
the || - || ¢g-norm.
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In considering the expression of

lim lim N (Son, (for By £) — Si,, (for 1), g(6))

7300 Ani->oo

for such a sequence f,, we need the following lemma.

LEmMMA 7.1. Let f € Cy(4, B), g € Co™ with supp g C (a, b). Then
(7.4) [N < Son(f, Ry t) — S\(fy k1), g(8) > [ S M f]e
where M depends on g (and its derivatives).

We reserve the proof for the next section.
Thus, for f, € Cy(4, B) N C*+ay, by], converging to [ in the || - ||¢y
norm, we have

fim Tim N San, (for by £) — S, (o by £), 2(0))

000 An 300

= lim N\, " (Sor,, (f, ks 1) — S (f B, ), 8(0)).
Combining (7.1), (7.3) and (7.5), we get (h(t), g(t)) = (f(t), P*o12(D)g(t))
for all g € ™ with supp g C (ay, b1).

This implies Po2(D)f(t) = h(t) since they are equal as generalized func-
tions. However, as a first order linear differential equation for f ¥+ with
the non-homogeneous term, which can be represented in terms of f (¥, ¢ £ 2k
(in Clag, b2]), and h (in L_[ay, b1]), we deduce that f ?*+D ¢ 4.C.[aq, b2] and
hence f ¥ ¢ [_las, bs].

The “little o part is similar with only one difference: instead of
(1), Prsea(D)2(D)) = (h(1), £(2)), we have (f(1), P*ya(D)g(t)) = 0.

The implications (2) = (3) and (5) = (6) in the theorem are slightly
stronger than Proposition 3.6. Butas f®+V € 4.C.[as, bo] and f**+2 € L _[as, b.],
we have f @¥1D € Lip(1;as, bs). The rest of the proofs are computational
and will be omitted.

8. Proof of Lemma 7.1. To complete the proof of Theorem 2.6, it remains
to prove Lemma 7.1.
The proof of the lemma is divided into three parts.

8.1. Let f € Cy(A4, B), g € Cy” with supp ¢ C (a, b). Denote
242
S.1)  Sa(fi k) — S\(f, k1) = Z; a(j, k) S, a(f, 1),
=
where ¢; € {dy, dy, . .., d;, 2dy, 2d,, . . ., 2d;}. By Lemma 3.5 we have
212

82) > a(j, ke, " =0, m=0,1,2,...,k.

=1
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We first get some integration in the representations of (7.4) over finite
intervals, then use Taylor's expansion on g, and break the integration into
several parts which are easier to estimate. That is, we have

)\k+1<SZ)\(fy k: t) - S?\(fv kv t)v g<t)>
A fB fB { gza(j, EYW (e, ¢, u)f(u)g(t)} dudt

(8.3) =\ f f }dudt

supp ¢

N fsup”j; L dudt + 0(1) HfHC\v
_ k+1f f S dudt 4+ 0(1) || f]] ¢y

By Fubini’s theorem, this expression can be rewritten as

)\k+1f f cddtdu 4 o(1) [[fll ey
= Hlf f 722 72; ——a(],k)W(e)\ £, u)f (1)
X ¢ ()t — u)dtdu
4 AF f fB %32 a(f, YW (e £, u)f w)e(t, u) (¢ — w) ™ dtdu
+ o) [[fll ey

242 B 242
(8.4) - Hlf f a(]»k)W(e Aty u)f ()

X ¢ )¢ — u)“’dtdu

A f f b i a (G, YW (e, 1, u)f (n)e(t, 1) (¢ — u)™**dudt
+o(1) |If]] ¢y

%42 B 2+2
= Zo A f f > ald, YW (esn, t, 1)y (u)dtdu
y= A j=1
A b 2k+2
+ At f f > a(G,R)YW e, t,u)f Go)et, u) (t — )™ *dudt
A a j=1
+ o(1) Hf”c\l,
2%+3

ll

7;) I, 4+ o(1) Hf“c\y‘,
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where

2%+2 1 o
nw) = —1 m=y ___ - u m u Mm~7.
Bi(0) = 2 (D g e W)
8.2. In order to estimate I, v £ 2k + 2, we need the following lemma:

LEMMA 8.1. For every non-negative integer m, there holds

(85) fA W()\, t, ’l[,)tmdt — P(u’ )\) + O()\_k_2),

where P (i, \) 1s a polynomial in u and N~ the degree of P in u is m, and the
remainder O(N"F=2) is uniform for u € [a, b].

Proof. When m = 0, the lemma follows from condition (2) of Definition 2.1.
For the induction step, use integration by parts and (2) of Definition 2.1 to
derive

B
f W, ¢, u)™de

A

B B
=u f W, t, u)t"dt — f W & u)t™ (u — t)dt
A A
(8.6) B 1 (%] o .
=u W\t u)t™dt — < — WO\, t,u) ["p(t)dt
A )\ A dt
B 1 B
=1 f WA, t, u)t"dt + X f WN £ ) (™p () "de.
A A

Since degree p(t) =< 2, degree ("p(t)) < m + 1, (8.6) is indeed a recursion
relation. Hence (8.5) holds for all m.

Now the estimates of I,, vy < 2k 4+ 2 are easy: applying Lemma 8.1 ,we get

k+1 b
(8.7) I, =\ ;0 a(j, k) f oy (1) P (1, e N)du + o(1).

Since P(u, \) is a polynomial in # and 1/\, by relation (8.2), we have
88) I, =0Q1), v=2k+2

8.3. It remains to estimate Iy, 3. First notice that

2 : 2 K
le(t, u)| = @ F o g ()] = L) He™ | eram < 0

and | f(u)| £ [|¥||cranll f || eg- It follows that
b 242

(8.9)  |Inus| < Ml|f||cw>\"+lf8f S el B Wien t, 1) (t — u) ™ dudt.

j=1
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In order to show Iy = O(1), it is sufficient to show

(8.10) F(k) = \* fB fb W, tw)(w — O dudt = 0(1).

Let ¢, d be two finite numbers such that [, b] \J {0} C (¢,d) C (4, B).
F\(k) can be rewritten as

d b b
(8.11) F)\(k) = f f + f f = Ji+4+ Jo
c a (4,B)\(c,ad) a

The fact that J, = O(1) follows from Lemma 3.2, as the integration in ¢
is only over a finite interval. Since J, = (fA -I-f )f,l, we shall only estimate
[7 b Notice that t = d, 0 <t — b < ¢ — u. Hence

J, = j:le’ f f W\ ¢, u) ( t)z;HN) dudt
12y =N fa =) {f Wk &) = ”Wd”} /2
{fn WO, ¢, u) @ — t)4N“2dzL}1/2.

Recall that (Lemma 3.2) \™" flf W\, £, 1) (u — t)™dt is a polynomial in ¢
with degree less than or equal to m; moreover, N4, (\, t) = QA1+,
Therefore,

[ ) 1/2
(8.13) [ f W\t ) — t)"”‘2d1¢:| < MNP L
where Pyy—s(t) is a polynomial in ¢ of degree 4N — 2. Hence

1/2 1/9
(8.14)  Jy < M\ f |P(j”—2§‘)lzk f f W t, u)(u—t)““du} dt.
d a

By the Cauchy-Schwarz inequality, we can further estimate

Js < Mx"““-N{fBLPM;Z@l dt}m
d -

B [*b 172
X {f f Wt u)(w — t)““dudt}
a a

k+1/2—N 1/2 1/2
= MNTVEN LML

It is sufficient to show I; and L, are finite integrals, for then by choosing
Nzk+1,7;=0().

The estimate L, is trivial, since the integrand [Piy—»(¢t)|/ (¢ — b)*Y is domi-
nated by Mt=? for some M > 0 and [, (~%dt is convergent. To estimate Lo,
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following Lemma 8.1,

1) B
Ly, = f f W, & u) (e — ) *dt du
a A

A

b
= f Puirs Gy Nydu + O,

where Pyy4(2t, N) is a polynomial in # and N1 Fence L, = O(1). This proves
Ty = 0(1)-

Combining this with the estimates (8.8), the proof of Lemma 7.1 (and hence
the proof of the saturation theorem) is completed.

9. Applications. The theorems proved in the previous sections can be
applied to a number of operators, for example, Bernstein polynomials, Sz4sz
operators, Post-Widder operators etc. For certain operators, some modifi-
cations may be necessary.

9.1. Post-Widder operators and Gauss-Weierstrass operators. The Post-Widder
operator S,! and the Gauss-Weierstrass operator S\* are defined as follows:

©.1) S = —(n*ﬁlﬁw ( % )n f:o e () du

and
A ® —Au—1)2/2
/‘/ﬁQTF fAmc T(u)du.

(In the literature, the Gauss-Weierstrass operator is often defined for X = 1/27
and 7 — 0%.) It is easy to see that S,' and S)? satisfy Definition 1.1: for con-
dition (2), p1(t) = t* and p»(¢t) = 1; for condition (3), a;(\) = n/(n — 1)

® i+l ) .
(in particular, fo Wiln, t, u)t’dt = " ((Z : 'i)‘_ Dt uj)
and as(\) = 1. Also, for the underlining space, 4 = 0, B = 4o for S,! and
A4 = — 00, B = “+ o0 fOI‘S)\E.

Moreover, in the application, S,! generally apply on functions in C[0, o)
instead of C(0, o). Therefore, for both operators, their growth-test functions
W, (t) and ¥y(¢) can be chosen as V!l for any N > 0.

Note that in both inverse and saturation theorems which we have just
proved, the theorems are applicable to the case when X runs through integers
only, for in particular, \,y1/N\, = (B + 1)/n £ 2.

Il

9.2) S

THEOREM 9.1. The saturation and inverse theorems corresponding to Theorems
2.5 and 2.6 hold for the Post-Widder operators and the Gauss-Weierstrass operators
(where the growth-test functions V(t) = ¥y(t) = MY, for any N > 0).

9.2. Bernstein polynomials and the Szdsz operators. The two theorems proved
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in the previous sections hold for Bernstein polymonials

S0 = B0 = % (Z)t"ﬂ - f>"”“f(‘§)

and the Sz4sz operators
S =YD ~1()\t)"f( -’?) :
= k! A

It is straightforward to verify conditions (1) and (2) of Definition 2.1 for
both operators (for .S,3,

Win, t,u) = D, ( " )tk(l — t)"_k6(u — k) ,
k=0 k n

8(x) being the delta function, 4 = 0, B = 1, p3(t) = t(1 — t); similarly, for
S, A =0,B =00, p,(t) =1). We only remark that now the relation (2) of
the definition is in the sense of distribution.

Hence they are operators of exponential type. As for condition (3), they
satisfy a modified version:

3*) If h € Cy¥ 1, supp b C (a, b), then

b B b
9.3) f h(it) f W\, t, 1)dtdu = a(\) f hGodu + O ||A]] e
a A a
where «(N\) — 1 is a rational function of X\, and ||&]|c2s1 = [|k]| + [[AFD]].
This would be enough for proving Lemma 7.1, which is the only place that
condition (3) has been used. The reason is as follows: If |[S\,(f, &, t) —
SOl cta.r = ONTF1), by Theorem 2.5, we get f € C*¥1(q, b). Therefore the
functions

242
L 1

¢7(U)( = ;:7< DA ylm — y)!

defined in (8.4) are in Cy**'(q, b). Now by (3*) and following similar pro-
cedures as in Section 8.2, Lemma 7.1 can be proved.

~ f (1)g™ () 1¢7""7)

The fact that the Bernstein polynomials satisfy (3*) is not difficult to see.
First we calculate

(9.4) f Ws(n, t, u)dt = Z ~———a(u — %) .

Therefore, for & € Co**1, with supp & C (a, D),

(9.5) f h(u) f Wi(n, t, u)dtdu = Z ~—vh(%)
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By the Euler-Maclaurin formula ([5, pp. 268-275]), we obtain

9.6) J = " + 1 (f h(u)du + R)

where

(b_a)2 '
——2—h(£), a=2t=b, fork=0, and

=
I

R = -% Z f Py ()™ (@ + n7 (¢ + m))dt, no— ko <mn — 1,

for & # 0.
For k& # 0, using the fact that

|Paxll ooy = (—1)*Pyu(3) = (—1) {—_@%_;

where By, (%) is the value of the Bernoulli polynomial at 3 and B, is the

Bernoulli number, R is estimated as

on ks LaBL "y g

The condition (3*) for the Sz4sz operators can be verified similarly.

Since the Bernstein polynomials are usually defined on ([0, 1] functions
while the Szdsz operators are defined on C[0, ) functions, the growth test
function for the Bernstein polynomials is not necessary and for the Szész
operators can be chosen as eV for any N > 0.

THEOREM 9.2. The corresponding saturation and inverse theorems hold for
Bernstein polynomials and Szdsz operators (where W,(t) = eN', N > 0).

9.3. Baskakov operators. The Baskakov operator S\°( f, t) is a generalization
of the Bernstein polynomial and the Sz4sz operator. [owever, our result is
only applicable to functions with growth not faster than some ¥;(t) =
14N N>0.

Definition 9.3. The Baskakov operator S\® is defined as

5 < NMOPTR:
09 500 - & ol t),

where {¢)} is a family of real-valued functions such that (1) ¢x(x) can be
expanded in Taylor’s series in [0, 3) (8 may be equal to 0 ); (2) $(0) =
B) (=D'¢®x) =20 (k=0,1,2,...) for x € [0,8); (4) —anP(x) =
Mo KD (x) (B=1,2,...), x €[0,8), for some constant ¢; (5) For any
fixed constant M, lim,, ¢ (x)x* = 0for k =0,1,2,..., M.

The kernel for the Baskakov operator is

o ®)
Ws(\, ¢, u) = ;; (—1)k%#tk6(u _ 'fi) .
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It is trivial that S\ satisfies condition (1) of Definition 2.1. However, to see
that it also satisfies the other two conditions is not so easy. We show it satisfies
condition (2) in the following lemma.

Leywva 9.4, The kernel Wi satisfies the following differential equation:

9.9) ﬁmem) WaOh b, ) (u — 1),

ps (t)
where p;(t) = t(1 + ct).

Proof. Recall that ¢ (x) can be expanded in a Taylor’s series. Hence we have

(k) (%)
(x) - Z d))\ (O)xl; and ¢)\+c(x) _ z:o ¢)\+c (0)70 d

From (4) and (2) of Definition 9.3, we have

Or o (0) = (DN o) (N4 2¢) ... (N + ko)
= @ 0) (N + ke)/N.

Hence,

brael) = 3 620 (1+§)x

= fa(x) —ex ;::1 N T = ) — cx o).
Or,
rpc(x) = 13 +cx ¢ (x).
Now
e @) = (=1 N F ) ..o (A + Ee) rrrno(x)
= DA O = D) 7 (AT
: MR T ¢ oex A
1) ke 1
o (x)<1 + x) 1+
Thus,

% Ws(\, t,u) = Z (— 1)’” 57 ¢>x(’") (lf)B(u - -f:)
- Z (— 1)k )\ ¢>>\+c(k)(l)6<u — —f:)
= _t_ Ws(\ t, u)u — ITI—? Z (— 1)’v (1 + _f’zc)
X ¢x(k)(t)6(u — -f:)

A
=7 Ws(\, &, w)u — —+ Ws(\ £, u) — 1+ t”/ (N 8, u)u
A
= m W;(}\, t, u)(u - t)
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To show S\3 satisfies (3*), we can proceed similarly as in Section 9.2. There-
fore, it is sufficient to show the following lemma. (The stronger form we prove
in the lemma is useful in practice.)

Lemma 9.5. If f € Cola,b), and M > 0 1s « fixed integer, then for v =

0,1,2,..., M, the following equation holds
b B m
f WO\ ¢, w)f()fdtdu = Y j'( — )
(9.10) a 0 m /€ (a,b) "
' > (m + v)! 1

m! AN=c)A=2¢)... (N — (v + D)
Proof. First, we prove the following assertion:

9.11 1”‘fﬂ ™ () = 1
©.11)  (=1) , & ) T A=A =20)...(A = (E—m + 1))

for non-negative integers k and m such that 2 — m = M.
The proof is by induction. First, from

._ 1 ,
a0 = — T a0,

we have

B8 B8
fo NG O N

4

Hence, (9.11) holds for m = 0, & = 0. For m = 0 fixed, we proceed by induc-
tion on k. Suppose & + 1 = M, using conditions (4), (2) and (5) in Definition
9.3 and integration by parts, we have

B B 1
f o ()t f - e O
0

_k+1 ; (b + 1)!
= fdn_c(t)tdf A=¢)... (M= (B +2))’

by the induction hypothesis. Therefore, (9.11) is valid for m = 0 and
k=0,1,..., M.

Now, assume (9.11) holds for (m — 1) and all positive integers k < M.
We first show by induction that (9.11) holds for m and & — m < M — 1.
By using a technique similar to the above, we have

B B
f ™ ()dt = — f N (YA
0 0

It

,,, k!
= (=D N - G—m+ Do)

Next, for m and & — m = M, by using conditions (4), (2) and (5) of Defini-
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tion 9.3, integration by parts, and the induction hypothesis, we obtain
B B
f MO M = — f NS (VA
0 0

B
= \m + M) fo Srp ™ ()M

(m + M — 1)!
AMAN=—¢)... (N — (WM — 1))’

Hence the proof of equation (9.11) is completed.
Using relation (9.11) fork =m + vy =0,1,..., M, we have

8 o \m (B
f Ws(\, ¢, w)f'dt = Z (——1'2— f d))\("U (t)tm-HB(lL _ m)dt
0 m=0 m. 0 A

= (=1)"\(m + M)

w1 (m 4+ 7)! m
_,nz::om!()\—c)()\—Qc)...()\—('y—l—l)c)a(u x)'

b B
f f Ws(, ¢, w)f(w)tdt du
a 0

-3 f(ﬁ)_l_ (m 4+ v)!
iy VNS mE(N—c)(N—2¢) ... (N — (v + 1))’
Therefore, following the same proof as in Section 9.2, using the Euler-

Maclaurin formula, we prove the saturation and inverse theorems for
Baskakov operators.

Hence,

THEOREM 9.6. The corresponding saturation and inverse theorems hold for
Baskakov operators.

Remark 9.7. (1). The conditions in Definition 9.3 are slightly different from
those in the original definitions (c.f. [2] and [17]). The differences are, the
corresponding intervals in conditions (1), (3) and (4) have been changed to
[0, B), where B satisfies condition (5). These modifications are based on the
concrecated examples (e.g., if S,°(f,¢) = B,(f,t), then ¢,(t) = (1 — )",
B = 1. In this case, ¢,(x) does not satisfy the conditions in the original
definition).

(2) The condition (5) in Definition 9.3 is in fact equivalent to the condition

E(c) (@]
e ) 1
(9.12) fo (—1) 7 xdx—)\_c, 1=0,1,2,...
used by Suzuki in his saturation theorem for Baskakov operator ([17, p. 441]).
(The technique of the proof for the equivalence is similar to that used in this
section. We shall omit the proof here.)
The condition (9.12), as being equivalent to condition (5) of Definition 9.3,
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is enough for proving the saturation theorem, while the other conditions, i.e.,
conditions (20), part of (21), and (22) of [17], are redundant for this purpose.

We would like to point out that the notation E(c¢) used by Suzuki is equal
to the 8 in our definition. The value of E(c) is equal to o0 when ¢ = 0 and is
equal to 1/|c| when ¢ < 0. The formula that

2
5 —c¢c—2 .
E(c) % — 1) ifec#0,1
given by Suzuki is valid only if ¢ = —1.

(3) Let us recall some of the known results for this operator. Baskakcv's
original work (2] investigated the convergence theorems of bounded con-
tinuous functions; Suzuki [17] studied saturation classes for continuous
functions with compact supports; a result of Berens [3] is also for bounded
continuous functions. Such restrictions on f limit the applications. Our results
are for functions with growth less than some (1 4 x)V for some N > 0.
(From the remark on ¥(¢) in Section 2, we see that the results are actually
true for functions with growth less than e“* for some N > 0.) This class is
considerably wider.
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