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A SLIP-VELOCITY HYPOTHESIS APPLIED TO
HYDRAULICALLY SMOOTH WIND FLOW OVER A
SNOW COVER

By James D. BERGEN

(Pacific Southwest Forest and Range Experiment Station, U.S. Department of Agriculture
Forest Service, P.O. Box 245, Berkeley, California g4701, U.S.A.)

ApsTRACT. An hypothesis relating the slip velocity for laminar flow over a porous surface to the specific
permeability of the surface proposed by Beavers and Joseph (1967) is applied to the problem of estimating
the surface shear stress on an extensive snow surface at low wind speeds, Vertical profiles of wind speed and
the air permeability of the surface snow layer were recorded for five periods of neutrally stable, hydraulically
smooth flow. The variation of the ratio of the slip velocity to the surface shear stress with the specific perma-
bility was examined. The data are compatible with the hypothesis, although they are too sparse to allow
valid estimates of the coefficients in the hypothesis.

Résumt. Une hypothése sur la vitesse de glissement appliquée & un écoulement de vent hydrauliquement lisse sur un
manteau neigenx. Une hypothése reliant 4 la vitesse de glissement pour les écoulements laminaires sur une
surface poreuse a la perméabilité spécifique de la surface, proposée par Beavers et Joseph (1967) est appliquée
au probléme de 'estimation de la contrainte de cisaillement de surface sur une grande étendue enneigée pour
de faibles vitesses de vent. Les profils verticaux de vitesse de vent et de perméabilité i I'air de la couche
superficiclle de la neige ont été enregistrés pendant cing périodes d’écoulement hydrauliquement lisse de
stabilité neutre. La variation du rapport de la vitesse de glissement 4 la contrainte de cisaillement de surface
avec la perméabilité spécifique a été examinée. Les données sont compatibles avec I'hypothése bien qu’elles
soient trop dispersées pour permettre une estimation valable des coefficients 4 mettre en jeu dans I"hypothése.

ZusAMMENFASSUNG. Fine Hypothese zur Gleitgeschwindigkeit, angewandt auf hydraulisch glatte Windstromung diber
einer Schneedecke. Eine Hypothese, welche die Gleitgeschwindigkeit einer laminaren Strémung iiber einer
pordsen Oberfliche mit der spezifischen Durchlissigkeit jener Oberfliche, die Beavers und Joseph (1967)
vorschlagen, in Beziehung setzt, wird auf das Problem der Abschitzung der oberflichlichen Scherspannung
auf einer ausgedehnten Schneefliche bei niedrigen Windgeschwindigkeiten angewandt. Vertikale Profile
der Windgeschwindigkeit und die Luftdurchlassigkeit der oberfliichennahen Schneeschicht wurden wihrend
finf Perioden mit stabilen, hydraulisch glatten Stromungsverhiltnissen aufgezeichnet. Die Anderung des
Verhiltnisses zwischen der Gleitgeschwindigkeit und der oberflichlichen Scherspannung mit der spezifischen
Durchlissigkeit wurde untersucht. Die Ergebnisse stimmen mit der Hypothese iiberein, obwohl sie noch zu
wenig zahlreich sind, um eine sichere Abschitzung der Koeffizienten in der Hypothese zu gestatten.

INTRODUCTION

Extensive snow covers are among the few natural surfaces where ‘‘hydraulically smooth”
boundary-layer wind flows are frequent even in relatively exposed sites (Bergen and Swanson,
1964). This type of boundary-layer flow is probably typical for snow covers under forest
canopy where wind movement is greatly attenuated. Such flows differ from the more familiar
“hydraulically rough” flow in that the actual surface elements are not exposed to turbulence;
instead they are submerged in a layer of non-turbulent air in which the movement of
momentum or other atmospheric properties, such as sensible heat or water vapor, is due to
molecular diffusion alone, i.e. the “laminar sublayer”. This paper compares some field
observations of wind speed and snow surface properties with relations predicted by Beavers
and Joseph (1967), who hypothesized that the rate of change of wind speed with height in the
laminar sub-layer is inversely proportional to the square root of the specific permeability.

Nikuradse experimentally established (Schlicting, 1968) that the vertical profile of wind
speed for “smooth” flows may be written in the same form as that for a “rough” flow for
heights above the laminar sub-layer:

UlUy = 2.5 1In (Z[R1)+4(Z), >R (1)

where U is the wind speed at a height £ above the surface, U, is the “friction velocity”
defined in terms of the air density p and the surface shear stress = by

Uy = (7/p)}, (2)
and J7, is a scaling height,
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The factor ¢ (Lumley and Panofsky, [1964]) varies with the ratio of the sensible heat flux
to the surface to = and vanishes when that ratio approaches zero, i.e. for “neutral” stabilities.
For neutral stability the apparent level of zero velocity occurs at {1, while the friction velocity
is equal to about 0.4 times the speed at a height of 2.303ZL.

In “rough flow”, 27, is a characteristic of the surface—the “‘roughness length’, but for
“smooth” flow laboratory measurements over impermeable surfaces (Schlicting, 1968)
indicate that

KL =v[9Us, (3)
where » is the kinematic viscosity of the air. The same measurements establish a criterion for
smooth flow in terms of the roughness length g,:

UyZs < 0.13v. (®)
Since 27, for smooth flow must be larger than Z, for the same surface, a smooth flow is assured
if:

UxlL < 0.13v. (5)

For “smooth” flow, Equation (1) contains only one free parameter, Uy. The value of Uy
obtained from Equation (3) and that estimated from the wind speed at 2.303<7, should agree.

Equation (1) not only defines an effective drag coefficient for the surface, but is the basis
for estimates of the local heat-transfer coefficient (Schlicting, 1968).

For “smooth” flow, Equation (1) is valid only above the laminar sub-layer, a height which
experiments indicate is about 11v/Uy. Below this height, turbulent mixing becomes negligible
and the velocity profile is linear, with a slope specified by the condition that r is constant with

height:
dU
T i = UEA (6)
For a solid wall, an additional condition is that
U=o at z =105 (7)

which is sometimes called the “‘non-slip condition”. For a permeable surface Equation (7)
does not hold because a non-zero horizontal velocity Us may be present in the pores of the
material, often called the “slip velocity™.

Under this condition, Equation (6) will require an adjustment to Equation (1) such that

UlUy = 2.5 In (2130 +UelUs, %> R (8)

Equation (8) implies that the local drag coefficients and heat-transfer coefficients will be a
function of Us as well as Uy ; and that the coefficients calculated on the basis of Equation (7)
will be in error to the extent that Us is an appreciable fraction of U,.

An estimate of Us in terms of U, measured at some practical reference level, and some
reasonably accessible property of the snow surface thus becomes of particular interest in
applied studies of snow-cover thermal regimes.

Ruff and Gelhar (1972) have investigated the more general problems of estimating slip
velocities for any type of boundary-layer flow over a porous surface. They did not place any
explicit restriction on the magnitude of the flow velocities induced in the porous material by
the surface shear, i.e. the flow may be outside the Darcy range (Bender, 1957), and the transfer
of momentum between levels in the porous material may include that due to a velocity-
dependent “apparent viscosity’’ representing the joint effects of turbulence and dispersion.

The results are relatively indefinite and involve at least one constant of the material, the
“Forchheimer” or quadratic flow resistance constant, that is known to depend upon grain-size
and geometry (Bender, 1957) but which has never been explicitly determined for snow.
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The problem of estimating Ug becomes considerably simpler if we can assume that flow
velocities in the medium are within the Darcy range, less than about 5 cm s~ for fine grained
snow (Bender, 1957), and that the momentum transfer is due entirely to a constant fluid
viscosity operating in the pore spaces. These two assumptions seem plausible for “smooth”
flow, and lead to an expression first published by Beavers and Joseph (1967%) in a study of
laminar flow in a flume with a porous floor. They were able to correlate the flume friction
factor with the specific permeability x of the porous material by assuming that

(&), -5 0

where @ was the volume flow per unit area in the material corresponding to Darcy flow
through the flume pressure gradient and to «, and where the velocity gradient is evaluated on
the fluid side of the porous surface. The coefficient B is independent of viscosity and,
apparently, a function of pore geometry and porosity. For two beds of packed granules of
unspecified, but apparently differing, porosities B was about 10.

An elementary analysis with the assumption of laminar, Darcy flow indicates that B
should be less than or equal to unity, as does the result of a physical simulation of flow over a
porous medium (Taylor, 1g71).

Equation (6) implies vanishing horizontal pressure gradients in the boundary layer and
hence that @ may be neglected in Equation (9). When Equation (6) is evaluated at the
surface and used to eliminate the derivative in Equation (g), then

Us/Uy? = rifr. (10)

MEASUREMENTS

The data used in this study were obtained during an experiment with a different objective
than to test Equation (10). In this experiment surface air permeability and the vertical profile
of wind speed were measured simultaneously. These data, although very limited, offered the
first opportunity to assess the plausibility of Equation (10) for a snow surface.

The experimental site was a helicopter pad of 300 m diameter at about g ooo m altitude
and bounded by trees about 20 m tall.

Vertical profiles of wind speed were measured over the snow cover near the center of the
clearing with a Thornthwaite sensitive-cup anemometer array. The array was mounted on a
plywood base and equipped with a millimeter scale on the staff to record the local snow surface
level. The cups were locaed tat 20, 40, 80, and 160 m above the base. Starting speed for the
cups is about 10 cm s,

Density and air permeability of the top 19 cm of the snow surface were measured from
samples taken from a trench located about midway between the wind-profile equipment and
the forest edge. Samples were recorded in pairs by using standard SIPRE tubes inserted
vertically into the snow surface. The trench was extended about 1 m between samplings.

Air permeability was measured by using the same equipment and procedures described
earlier (Bergen, 1968), except that the permeameter was calibrated between sample measure-
ments with fiber-filled sample tubes.

The choice of the sample volume and depth was unfortunate from the viewpoint of a test
of Equation (10). Sub-surface air flow would be concentrated in the top centimeter or so of
the snow surface where porosities and air permeabilities could often be expected to exceed
those typical of an average of the top 19 cm of the snow cover when the snow surface has
settled.

At the beginning of the observations the snow surface was a thin, smooth melt crust. The
anemometer array base was placed on the crust to be covered by subsequent snow-fall through
the week. No surface ripple or drifting was evident until the last day.
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About four, 15 min, wind-speed profiles were recorded each day. These data were
plotted on log-linear graph paper with speeds assigned to the nominal anemometer heights
less the snow surface height indicated by the scale on the staff.

Linearity of the plots was taken as evidence of neutral stability, i.e. the absence of profile
curvature due to the last term in Equation (1). Profiles with only slight deviation were
available for six days of observations. The parameter {1, was estimated by extrapolation to
zero speed and Uy calculated from {1, and the plot as noted above. The profiles where
U, <1 fell below the threshold of condition (5) were used for subsequent analysis.

The largest deviation from Equation (1) occurred with the wind-speed profile for the
second day (11 March) and amounted to about 109, of the highest anemometer speed (Fig. 1).
The anemometer output at the second highest level was unavailable on the fourth day due to a
recorder malfunction.
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Fig. 1. Vertical profiles of wind speed used for analysis.

The estimated {1, and U, values were used to calculate Us/U,? from the relation obtained
by setting U equal to zero in Equation (8) and £ equal to y, with division by Uy:

—Bif [QU:ZL] _

UslUs* = 7 (11)

The calculation of {1, from the various wind-speed profiles collected during the experi-
ment suggests a maximum error of about 109, in the estimate of In {1, and U,. The error in «
with the same general procedure and equipment was about 20%,.

The resulting estimates together with the measured values of 4/« are shown in Table I
together with the porosity 7 of the surface sample.

The values of Us/U,? and 4/« are plotted in Figure 2. The extreme deviation of the data
for 8 March is probably due to the initial melt crust still lying within the layer of snow sampled
by the tubes. This crust extending across the sample tube would result in erroneously low
permeability estimates.
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TaABLE I. ESTIMATES OF WIND-PROFILE PARAMETERS AND SNOW PROPERTIES

Date LI U Us|Uy? VKX 103 7
cm cm s~! s cm™! cm
8 March 1.g0X 1075 3.5 4.10 5.8 0.65
11 March 3.23 X 1075 6.4 1.83 4.8 0.64
12 March Q.20 X 1074 11.0 0.18 2.5 0.72
13 March 5.30)( 1074 8.7 0.43 2.7 0.66
14 March 8.80x 1075 9.9 0.82 3.6 0.70
15 March 1.35%X 10—+ 6.7 1.28 4.6 0.64
A T
= (3/08)
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Fig. 2. Variation of the ratio of slip velocity to shear stress with the square root of the specific permeability.

While the data are too sparse for any rigorous test of Equation (8), the increase of Us/Uy?
with 4/« is statistically significant at the 109, level if a normal distribution may be assumed for
these variables. All the estimated Us/U,? values are however an order of magnitude greater
than those calculated from Equation (8) using a value of unity for 8, and are larger than those
computed with § = 10—the maximum reported by Beavers and Joseph. Perhaps significantly,
the lowest value is found on the third day of the observations, just after the heaviest new-snow
accumulation of the week. This condition suggests that « averaged over the 19 cm below the
snow surface is considerably less than that relevant sub-surface flow. This difference would
increase with snow settlement and metamorphosis. However, considering the variation of «
with grain-size and porosity reported by Bender (1957) and by others, it seems doubtful that
the discrepancy in 8 due to this effect could amount to as much as an order of magnitude for
the uncrusted snow layer.

An alternative explanation for the high values of 8 found in Beavers and Joseph’s (1967)
results and in this experiment is that the effective momentum transfer in snow is much less
than that which would be predicted by using a kinematic viscosity formed by the product of
the porosity and the kinematic viscosity of the fluid. Such a situation might arise if local,
laminar separation of the flow within the porous medium was extensive.

Tests of the applicability of Equation (1) and eventually the more general results of Ruff
and Gelhar (1972) will probably require measurements with a much finer resolution for «,
e.g. for layers 1 cm thick. Thisis a task which will require modifications of the procedure and
equipment heretofore used, but which should be well worthwhile because of the many
implications of substantial sub-surface air flow in the surface snow layers.
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