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INEQUALITIES IN DISCRETE SUBGROUPS 
OF PSL(2, R) 

JANE GILMAN 

1. Introduction. Conditions for a subgroup, i7, of PSL(2, R) to be 
discrete have been investigated by a number of authors. J0rgensen's 
inequality [5] gives an elegant necessary condition for discreteness for 
subgroups of PSL(2, C). Purzitsky, Rosenberger, Matelski, Knapp, and 
Van Vleck, among others [12, 13, 14, 9, 16, 17, 18, 19, 20, 7, 21] studied 
two generator discrete subgroups of PSL(2, R) in a long series of papers. 
The complete classification of two generator subgroups was surprisingly 
complicated and elusive. The most complete result appears in [20]. 

In this paper we use the results of [20] to prove that a non-
elementary subgroup F of PSL(2, R) is discrete if and only if every 
non-elementary subgroup, G, generated by two hyperbolics is discrete 
(Theorem 5.2) and that F contains no elliptics if and only if each such G is 
free (Theorem 5.1). Thus, we produce necessary and sufficient conditions 
for a non-elementary subgroup F of PSL(2, R) to be a discrete group 
without elliptic elements (Theorem 6.1) or a discrete group containing 
only hyperbolic elements (Theorem 7.1). The conditions are that for each 
pair of hyperbolic elements one of three inequalities in their multipliers 
and their cross ratio are satisfied. Unlike many results in this area, the 
inequalities are independent of any normalization, and thus may be more 
useful. For example, these results show us how to construct three 
hyperbolic transformations A, B and D for which B and D have the same 
multiplier where A and B could never lie in a compact surface group, but 
A and D could. 

If F is a discrete group and A e F is a hyperbolic transformation, we 
are interested in understanding when the group generated by F and an 
n-Xh. root of A is discrete because of its connection with conformai 
automorphisms of Riemann surfaces. (See [4].) Our main results enable us 
to obtain answers for some special cases. 

Notation and normalization, which we eventually eliminate, are 
established in Sections 2 and 3. Preliminary lemmas appear in Section 3. 
Section 4 summarizes Rosenberger's most recent results. General results 
about discreteness appear in Section 5; the main results appear in Sections 
6 and 7 and adjoining roots is discussed in Section 8. 
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116 JANE OILMAN 

In addition to providing inequalities which give necessary and sufficient 
conditions for discreteness, this work provides a conceptual basis for 
constructing examples. In a subsequent paper we show that the in
equalities imply J0rgensen's inequality in the hyperbolic case and use the 
conceptual framework to construct counterexamples to results claimed 
in [9]. 

I want to thank Professor G. Rosenberger, I. Kra, B. Maskit, and 
J. Lehner for helpful conversations during the preparation of this 
and other related work. 

2. Preliminaries. If A and B are matrices in SL(2, R), the group of 
2 X 2 real matrices with determinant equal to 1, and / is the identity 
matrix, then 

PSL(2, R) = SL(2, R)/</, - / > . 

Here (x l5 . . . , xn) denotes the group generated by xx, . . . , xn. An element 
Q e PSL(2, R) is a pair Q = {A, -A } where A e SL(2, R), and we also 
write A for the element of PSL(2, R) when no confusion is apt to arise. 

A subgroup G of PSL(2, R) is elementary if the commutator of any two 
elements of infinite order has trace equal to 2 and is non-elementary 
otherwise. A Fuchsian group is a non-elementary discrete subgroup of 
PSL(2, R). 

We let [A, B] = ABA~lB~] denote the group commutator of A and B 
and tr A the trace of A. 

3. Notation, normalization and definitions. While our final results are 
independent of any normalization, we begin with some normalizations. If 
g and h are hyperbolic transformations then, after a conjugation, we may 
assume that g fixes 0 and oo with oo the attracting fixed point. We let £j 
and £2 be the fixed points of h and assume that £j < £2- ̂

t n e a x e s °f S a n d 
h intersect, but are not parallel, then £j < 0 and £2 > 0. If the axes are 
disjoint, then either 

(1) €i < fe < 0 or 

(2) 0 < É! < f2. 

We further make the normalization that £2 is the attracting fixed point of 
h. Thus, there are real numbers R and K with R > 1 and K > 1 such 
that 

g = [ o v^H 
and 
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1 

* « l " €2) 

j«2 £MK-\) 
K A5, - {2 

Further, if a 

A " = -

{1, 2, . . . ,} U {1/2, 1/3, 1/4, . . . }, we have 

É! - * % èMKa - i) 

*"«i - fe) I 1 " *" K% - è: 2 J 

and 

0 VR~a 

Note that under our normalization a transformation has a multiplier 
greater than one and its inverse has one less than one. 

Let the cross ratio of any four points, z1? z2, z3, z4, be denoted by 
C[zj, z2, z3, z4]. Then 

(zj - z2)(z3 - z4) 
Q z l > z2» z3> z4>~\ = 

Zl) Ol - Zd(z3 

If .4 and B are any transformation with VA and Ĵ j their attracting fixed 
points and WA and WB their repelling fixed points, then one can form 

C[VA, VB9 WA, WB] and C[VB, VA, WB, WA\ 

and these are equal. We therefore write C(A, B) for these numbers and call 
it the cross ratio of A and B. Then axes of A and B which we denote 
AxA and AxB intersect but are not parallel if and only if C(A, B) < 0; 
C(A, B) = 1 if A or B is parabolic (i.e., VA = WA or VB = WB)\ if 
A and B have a common fixed point, then C(A, B) = 0 or 00; in all other 
cases, C(A, B) > 0. When C(A, B) > 0, we set 

C°(A, B) 

(C(A,B) if 0 < C(A, B) < 1 

if 00 > C(A, B) > 1. 
\C(A,B) 

Note that for g and h as above, C(g, /z) 
then 

U2/£i «1 < £2 < 0. 

If R, K and a are as above, let 

VÏ? + VÂ:\2 

£, / | 2 and if C(g, h) > 0, 

e«(*, ^) V#"A: + l 
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and 

2 IVB* - VK\2 

\ V¥K - 1 / 
Note that since R > 1, K > 1, S2

a(R, K) is finite. When R and K and a 
are determined by the matrices of ga and h as above, we sometimes write 
Qi(g> n) a n d S^(g, h)or Q2

a and S^ when g and h or K and i? are clear from 
the context. We sometimes write Q and S respectively for Qx and Sx 

respectively. Finally, define the function 

fw = < x ^ 2 and r « ^ A> = T«(R>K^= f(Ra)f(Ry 
(x - 1) 

Remark. We note that 5^(g, /Î) , ô«fe n) and C(g, /z) are conjugation 
invariant since R and K are. Thus, these quantities are independent of 
any normalization. 

We have the following lemmas: 

LEMMA 3.1. For fixed g and h and for any 0, 8 e (1, 2, . . . , } U 
{1/2, 1/3, . . .} if 0 ^ 8, assume R > K with N0 an integer satisfying 
KN°~] g R ^ ^ ° . TTiew 

and 

Also, 

S\(K, R) ^ S2
e(K, R)V6 

S2
e(K, R) lï S&K, R) if6^8^N0 

S2
e(K, R) ^ S2

S(K, R) ifN0 ^d^S 

where N0 = N0 or N0 — 1 is chosen so that 

S\(K, R) = min{4o, S^_,}. 

Proof Using the fact that K ^ 1 and R ^ 1, it is straightforward to 
verify that S2 is an increasing function of R for fixed Ky etc. Here N0 is 
chosen so that 

S\(K, R) =i S2
No(K, R) and S\(K, R) ^ ^ , (*, * ) • 
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LEMMA 3.2. For g and h as above, the tables below give necessary and 
sufficient condition for the various trace inequalities. {E.g., the table is 
to be read as saying that if £j < £2 < 0, then tr gah ^ — 2 if and only if 

É,/É2 § I/O'*-) 
TABLE 1 

tr gah ^ 2 tr g% ^ - 2 

0 < ix < £2 *'**?. 
ii < ii < 0 *'*•'?. 

TABLE 2 

0 < £, < i2 tr g~a/î ^ 2 tr g_ a / i a - 2 

ii <fc «i/fe ^ S« Vfe â e« 
ii < i2 < o ii/ii ^ s2

a «./fe ^ e* 

Proof Again, these come from tedious but straightforward calcula
tions. 

Let [A, B] denote the commutator of A and B. We have 

LEMMA 3.3. 

E,£2 ( # - l)2 (R - l)2 

TfIft *1 = 2 + „ _ , ,2 

= 2 + 

«! - i2y K R 
C(K - l)2 (R - l)2 

(C - l ) 2 ^ R 

Proof This is a calculation. 

COROLLARY 3.4. If Ax n ^xA ^ 0, f/ten tr[g, /z] ^ 2. 

Tr[g, A] ^ - 2 « / ( C ) Si -4f(R)f(K). 

Proof. We have £j < 0 and £2
 > 0. Thus ixi2 is negative. All other terms 

are positive. Since 

«, - £2)
2 «,/fe - i)2 (c - i)2' 

the corollary follows. 

4. A summary of Rosenberger's results. Because we refer frequently 
to results of Rosenberger [20], we summarize some notation and state 
the results here. 

Recall that an elementary Nielsen transformation sends {A, B} to 
{A B, A} for some integer TV ¥= 0 and a free-Nielsen transformation of the 
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120 JANE GILMAN 

pair {A, B} is any finite combination of elementary Nielsen transforma
tion and their conjugates over the group (A, B). (See [14] ). 

Following Rosenberger [20], we write 

{A, B) ~ {U, V) 

if there is a free-(Nielsen) transformation from {A, B) to {U7 V} and call 
the two pairs Nielsen equivalent. If A is of finite order n ^ 2, the 
transformation which sends {A, B} to the pair {An\ B} with 1 ^ m ^ n 
where m and n are relatively prime is called an E-transformation. If { U, V} 
is obtained from {A, B} by a finite sequence of E-transformations and 
free-(Nielsen) transformations, we write 

eN 
{A,B}~{U,V}. 

Rosenberger obtains the following results [20]. 

THEOREM 4.1R (Rosenberger). A two-generator Fuchsian group G has 
one and only one of the following description in terms of generators and 
relations'. 

(1.1) G = (A, B), that means G is a free group of rank two. 
(1.2) G = (A, B\AP = 1> for 2 ^ p. 
(1.3) G = (A, B\AP = Bq = 1> fori S p â q and p + q ^ 5. 
(1.4) G = (A, B\AP = Bq = (AB)r = 1) for 

2 ^ p ^ q ^ r and- + - + - < 1. 
p q r 

(1.5) G = (A, B\ [A, B]p = 1> for 2 ^ p. 
(1.6) G = <4, B, C\A2 = B2 = C2 = (ABC)P = 1> for 

p = 2k + 1, k â 1. 

Remark. In (1.6) is G - <^5, G4> and [AB, CA] = (ABC)2. 

THEOREM 4.2R (Rosenberger). Let G = (U, V) be a two-generator 
Fuchsian group. 

(2.1) If G is of type (1.1) or (1.5), then 

{£/, K } ~ { . 4 , 5 } . 

(2.2) 7/* G is of type (1.6), /tew 

TV 
{£/, F} - {yl£, C4} . 

(2.3) If G is of type (1.2) or (1.3), f/œw 
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(2.4) If G is of type (1.4), then one {and only one) of the following cases 
holds'. 

eN 
a) {U, V) ~ {A, B). 

b) G is a (2, 3, r)-triangle group with (r, 6) = 1 tfAid 

TV 9 9 

c) G is a (2, 4, r)-triangle group with (r, 2) = 1 and 

[U, V) ~ {,4£2, #k# 3 } . 
d) G is a (3, 3, r)-triangle group with (r, 3) = 1 and 

e) G w <z (2, 3, 7)-triangle group and 

{£/, F } — {AB2ABAB2AB2AB, B2ABAB2ABABA}. 

5. Discreteness and two generator subgroups. It is well known that a 
group F is discrete if and only if every two generator subgroup is discrete. 
We will establish the slightly stronger result that it suffices to consider 
those non-elementary subgroups generated by two hyperbolics (Theo
rem 5.2). 

We are interested in two generator subgroups of F when F contains no 
elliptic elements. In that case if F is Fuchsian, it is a one relator group and 
from the Freiheitsàtz (see [10, p . 252] ) one would expect most, but not all, 
two generator subgroups of F to be free. However, it turns out that the 
stronger result, that all two generator subgroups are free, holds (Theo
rem 5.3). 

The aim of this section is to prove 

T H E O R E M 5.1. Let F be a non-elementary subgroup of PSL(2y R). F is 
discrete and contains no elliptic elements if and only if for every hyperbolic 
g, h e F, (g, h) is discrete and free when it is non-elementary. 

This will follow from Theorems 5.2, 5.3 and 5.4. 

T H E O R E M 5.2. Let F be a non-elementary subgroup of PSL(2, R). F is 
discrete if and only if every non-elementary subgroup generated by two 
hyperbolics is discrete. 

T H E O R E M 5.3. If F is a non-elementary Fuchsian group without elliptic 
elements, then for any two g and h in F, G — (g, h) is a free group. 

T H E O R E M 5.4. If F is non-elementary and discrete and every non-
elementary subgroup generated by two hyperbolics is free, then F contains no 
elliptic elements. 
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We begin with 

LEMMA 5.5. If F is a non-elementary subgroup of PSL(2, R), then 
given any g e F, there exists a hyperbolic h e F such that (g, h) is 
non-elementary. 

Proof If F is non-elementary, then F contains at least two hyperbolics 
hx and h2 without a common fixed point since F is generated by 
hyperbolics. (See [19] or [2] for the latter fact.) We may assume that the 
axes of hx and h2 are disjoint by replacing hx by h2hxh2

x if necessary for 
Axh2hxh^ = hi(Axh) 

and is disjoint from Axh . Let g be any element of F. Look at G = (g, hx). 
If this group is elementary, then by Beardon's work (see Sections 5.1 and 
5.2 of [1] ), we know that either G contains only empties, is conjugate to a 
group all of whose elements fix oo, or is conjugate to a group all of whose 
elements are either elliptic fixing / or hyperbolic fixing the imaginary axis. 
Since hx is hyperbolic, case 1 is ruled out. In the second case, since hx and 
h2 have different fixed points, if (g, hx) is elementary then g and hx have a 
common fixed point. If g is parabolic, then g and h2 have no common fixed 
point and (g, h2) is a non-elementary. If g is elliptic, (g, hx) is not case 2. 
If g is hyperbolic and (g, hx) and (g, h2) are elementary, then if h3 = hxh2, 
tr[/zj, h3] ^ 2 and tr[/z2, h3] ¥= 2. Then h3 and g have no common fixed 
points, so (g, h3) is non-elementary. If (g, hx) is the third case and g is 
elliptic, then the fixed point of g lies on the axis of hx and this property 
is preserved under conjugation. Since 

Axh[ n Axhi = 0, 

(g, h2) is non-elementary. If g is hyperbolic, then if (g, h) is always 
elementary, tr[g, h] = 2 V/z in F and every hyperbolic h fixes either £j or 
£2 where fj and £2

 a r e t n e fixed points of g. Since /zj and /z2 have no 
common fixed points, hxh2 moves both £j and £2. Thus (g, hxh2) is 
non-elementary. 

We next prove Theorem 5.2. 

Proof of Theorem 5.2. If F is discrete then clearly every two generator 
subgroup is discrete. Conversely, assume that every two generator non-
elementary subgroup generated by hyperbolics is discrete. If suffices 
by Jdrgensen's work [6] or by Rosenberger's work [20] (which does not use 
J0rgensen's inequality) to show that every cyclic subgroup is discrete. Let 
g be any element of F. Then by Lemma 5.5 3/z e F such that G = (g, h) is 
a non-elementary group. As such it is generated by hyperbolics. G is either 
cyclic hyperbolic so that (g) = (g, h) is discrete or G has rank 2. (See [19] 
for a definition of rank.) Further, if G has rank 2, by [19] again, it is 
generated by two hyperbolics. Thus, (g) c G = (g, h). Since G is discrete 
by hypothesis, (g) is discrete. 
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Proof of Theorem 5.3. Let G = (g, h). Either G is cyclic and, therefore, 
free or G is a discrete two generator group. If G is elementary and discrete 
by [11, p. 563], it is either cyclic (and thus free) or dihedral. Since F 
contains no elliptics, G cannot be dihedral. If G is non-elementary then it 
must be one of the groups in the Rosenberger list in Theorem 4.1R or 
Theorem 4.2R. Every group in cases 1.2-1.6 contains non-identity 
elements of finite order. Since F contains no elements of finite order, we 
must be in case 1.1, where G is a free group. 

Proof of Theorem 5.4. Suppose to the contrary that t is an elliptic 
element of G. Then by Lemma 5.5 there is a hyperbolic element h in F such 
that G = (t, h) is non-elementary. The argument in the proof of Theorem 
5.3 shows that G = (t, h) = (h, f) for some other hyperbolic / . By 
hypothesis then G is free. Thus / e G cannot be of finite order. 

Proof of Theorem 5.1. The forward implication follows from Theorem 
5.3. For the reverse implication observe first that by Theorem 5.2 if V 
hyperbolic g, h e F, (g, h) is discrete when it is not elementary, then F 
is discrete. Then apply Theorem 5.4 to conclude that F contains no 
elliptics. 

6. The main theorem. The purpose of this section is to prove the 
following. 

THEOREM 6.1. Let F be a non-elementary subgroup ofPSL(2, R). Then F 
is a discrete group and contains no elliptic elements if and only if for each 
pair of hyperbolic elements g and h in F which generate a non-elementary 
subgroup of F one of the following conditions hold: 

(i) - o o < C(g, h) < 0 andf(C) ^ -4f(R)f(K), 
(ii) 0 < C\g, h) < 1 and Cô(g, h) ^ g 2 , 

(iii) 0 < C\g, h) < 1 and C8(g, h) ^ S2. 
Here, C = C(g, h) denotes the cross ratio of the fixed points of g and h, 

C\g, h) = C when 0 < C < 1 and \/C if C> 1, 

R and K are the multipliers of g and h respectively, R > 1 and K > 1, 

and 

s> = s\g, h) = S\R, K) = (^L: ^f)2. 
V yRK — 1 / 

We begin with 
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LEMMA 6.2. If F contains an elliptic e, e can always be written as the 
product of two hyperbolics that generate a non-elementary subgroup. 

Proof By Lemma 5.5, given e 3h such that (e, h) is non-elementary. We 
claim that 3n such that hne is hyperbolic. To see this, conjugate e and h 
so that h is a matrix of the form [̂  ^-i] and 

e = 
a b 
c d 

Then 

tr he = Ta + - and tr hne = Tna + —. 

We may assume T > 1. If a and d are both zero, then be = — 1 and 
e2 = — I with e interchanging 0 and oo. Then (e, h) would be elementary, 
contrary to assumption. We analyze each case: a and d are both positive; a 
is negative and d is positive; or a is positive and d is zero; etc. In all cases 
as a function of T, tr he is either appropriately decreasing or increasing so 
that 3/i with tr hne ^ 2 or i - 2 . Finally, note that if (hne, h) is 
non-elementary, so is (hne, h~n) and e is thus the product of two 
hyperbolics which generate a non-elementary group. 

LEMMA 6.3. If g and h are hyperbolic with disjoint axes, then (glhJ) is not 
elliptic for i = ± 1 , 7 = ±: 1 if and only if either 

CS(g, h)^Q2 or C8(g, h)^S\ 

Proof. It is necessary and sufficient to show that 

Itr gV'| â 2. 

We use the table of Lemma 3.2. If 0 < ^ < £2>
 n o t e t n a t since ^ / ^ = 

C8 < 1 and \/S2 ^ 1, tr gh ^ 2 always and tr g~]h ^ 2 or ^ - 2 
depending upon whether C8 ^ S2 or C8 ^ g 2 . If è\ < è2 < °> 

Cô = fe/fj < 1. 

Thus since ^ / ^ > 1 a n d S < 1, we have tr g~ h ^ 2 always and 
tr g/z ^ 2 or ^ —2 depending upon whether f j / ^ = 1/S2 o r £i/fe — 
1/g2. Since ^ / { 2 - 1/CÔ, this reduces to C8 ^ S2 or C8 ë g 2 . Similarly, 
tr /zg and tr /z~ lg are both greater than two in absolute value if and only if 
these inequalities hold. Use the fact that for a two by two matrix with 
determinant one, tr A = tr A ~ to conclude that 

|tr h±]g\ â 2 if and only if |tr gh±l\ è 2. 

Note that the proof of Lemma 6.3 also shows the following. 
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COROLLARY 6.4. If g and h are hyperbolic with disjoint axes, then 
tr £hJ ^ —2 for some i e {±1} and j e { ± 1 } / / and only if 
C\g, h)^Q2. 

We are now able to prove Theorem 6.1. 

Proof. Assume that (i), (ii) or (iii) holds for all non-elementary two 
generator groups. If suffices for discreteness to prove that F contains no 
elliptics and by Lemma 6.2 it thus suffices to show that whenever (g, h) is 
non-elementary, g± h± is never elliptic. By Lemma 6.3, (ii) and (iii) 
imply this. If (i) holds, then by Corollary 3.4, tr[g, h] ^ — 2 and thus by 
Theorem 8 of [12], (g, h) is a discrete free group and contains no 
elliptics. 

To prove the converse, note that if F is discrete and C < 0, then by 
Corollary 3.4 tr[g, h] ^ —2, implies (i). By Lemma 3.3, 

tr[g, h] = 2 ^ C = 0. 

This means that g and h have a common fixed point which cannot happen 
if (g, h) is non-elementary. Finally, if .Fis discrete, when C > 0, Lemma 
6.3 implies that (ii) or (iii) hold. 

Note that since g and h have no common fixed point (since (g, h) is 
non-elementary), C is never 0 or oo. 

Remark 6.5. Note that Theorem 1 of [12] taken together with Corollary 
6.4 shows that (ii) actually implies that (g, h) is a discrete free group. (To 
see this, either apply Theorem 1 directly to (g, h) or to (g~\ h) as 
appropriate.) 

Example. Let 

(Here we have chosen so that R = 9, K == 4, B fixes 1 and 2, and D fixes 
3/2 and 2.) Then C(A, B) = 1/2, C(A, D) = 3/4, Q(A, B) = Q(A, D) = 
25/49, S(A, B) = S(A, D) = 1/25. Then since S(A, B) < C(A, B) < 
Q(A, B), A and B can never lie inside a discrete group containing no 
elliptics but A and D might. 

Note that for this example {A, B2) and (A2, B) are both discrete free 
groups. To see this compute that 

C(A, B) = 1/2 > Q2(A2, B) = 121/361, and 

C(Ay B) = 1/2 > Q2(A, B2) = 49/169. 

Then use Remark 6.5 that in this case, (ii) implies discreteness. 

A = 
3 0 
0 1/3 

B 
7/2 
3/2 
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7. Purely hyperbolic groups. In this section we want to improve 
Theorem 6.1 to tell us when F contains no parabolics. We will show 

THEOREM 7.1. Let F be a non-elementary subgroup of PSL(2, R). Then F 
is a discrete group containing only hyperbolics if and only if for all pairs of 
hyperbolic elements g and h in F which generate a non-elementary subgroup 
of F one of the following hold. 

(i) - o o < C(g, h)<0 andf(C) < -4f(R)f(K) 

(ii) 0 < C8(g, h)<\ and.C8(g, h)> Q1 or C8(g, h) < S2. 

The notation is explained in Theorem 6.1. 

We begin with 

LEMMA 7.2. Let A and B be hyperbolics with no common fixed points. Let 
€ = zbl and p = zbl. Then APB€ and [Ap

y B
€] are parabolic if and only if 

either 

C8(A, B) = Q2 and 0 < C8(A, B) < 1 

C8(A, B) = S2 and 0 < C8(A, B) < 1 or 

f(C(A, B) ) = -4f(R)f(K) and - o o < C(A, B) < 0. 

Proof Let A and B be normalized. In the case C(A, B) > 0, compute 
tr AB = ±2 if and only if 

(**) èx(VR + VK)1 = iiiVRK + i)2. 

If y ^ = V^> m e n èi = 0 contrary to the assumption that A and B 
have no common fixed points. Also -\/RK — 1 ^ 0 since R > 1, 
K > 1. Thus, 

_ L = o r  

£2 Q2 k 
2 ° r , ~ C2-

If we want to compute tr A lB, we replace R by \/R in (**). We 
obtain 

which simplifies to 

, 1 1 yi + VRK\2 , (VK + VR\2 

/Rl\ VR I 'V V * 

Thus 

Il = 0 2 or Ii = S2. 
èi èi 
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Since tr A lB = tr AB ] and tr AB = tr BA, the first part of the lemma 
follows for APB\ 

Note that tr[^, B] = tr[Ap, Be]. Since A fixes 0 and oo, compute that 

(«, - i2f K R 
Thus [A, B] is parabolic if and only if 

fife , (K ~ I)2 (* ~ I)2 

«i - fe)2 * * 
C K R 

= —4-

= 0 or 

( c - i)2
 (A: - i)2 (R - i ) 2 ' 

Since K ^ 1 and /? ¥= 1, the former happens if and only if 

fife 
(fe - fe)2 0. 

Since fe ^ fe, either fe = 0 or fe = 0 or fe = oo or fe = oo. But A and B 
have no common fixed points. 

COROLLARY 7.3. 7/̂ vv̂  replace the inequalities in Theorem 6.1 part (i), (ii) 
<2/iJ (iii) by strict inequalities, then we obtain necessary and sufficient 
condition for F to be a discrete group containing only hyperbolics. 

Proof If P were a parabolic element of F, then we can write P = 
hv . . . , hr where the hi are hyperbolic since F is generated by hyperbolics. 
By induction we may assume that hl9 . . . , hr_x = t is hyperbolic and that 
if h = hr, <7z, t) is non-elementary since it contains (P, t). The lemma 
shows that ht can be parabolic if and only if either we have equality in 
6.1(i), (ii) or (iii) or h and t have a common fixed point. If (/z, /) is 
non-elementary, our assumption that — oo < C(h, t) < 0 implies h and / 
cannot have a common fixed point. 

To prove Theorem 7.1 we note that Corollary 7.3 is just another 
formulation of Theorem 7.1. 

8. Adjoining roots. For any hyperbolic transformation, by its n-ih root 
we mean that transformation with the same fixed points that moves points 
along the fixed axis \/n times the translation length of A. (See Figure 
8.1.) 

*i iz £i ^ 

(Note that the translation length is measured in the hyperbolic metric.) 

Figure 8.1 
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Thus if A is hyperbolic with multiplier K > 1, attracting fixed point £2 

and repelling fixed point £1? by A /n we mean the hyperbolic transforma
tion with multiplier K /n, attracting fixed point £2

 a n d repelling fixed 
point £j. 

If A were parabolic, it would be conjugate to [l
0 x] and Axin would be 

conjugate by the same transformation to []
0

 l/
x
n]. 

If F is a discrete group, hh . . . , hr hyperbolic or parabolic elements of 
F, and rab . . . , mr integers, one would like to understand necessary and 
sufficient conditions for 

(1) E = (F9h
 Xlm\ . . . , hVm') to be discrete, 

(2) for F to be a normal subgroup of E and 
(3) for E to be a finite extension of F. 

Why this is of interest and the relationship between some answers to (1), 
(2) and (3) is discussed in the last section of [4], 

Because there is a relationship between E being discrete and a normal 
extension and the surface U/F having conformai automorphisms, one 
expects answers to (1), (2) and (3) to say that there exists a deformation of 
F for which the sufficient conditions are satisfied. 

The best result occurs in the case of a torus group. 

PROPOSITION 8.2. If F is a torus group so that 

F = (z —> z 4- \, z —> z + T) 

where T is not real, then for any r and any h x, . . . , hr G F and any positive 
integers mh . . . , mn the group 

E = (F, h\/m\ . . . , h)'™') 

is discrete and is a finite normal extension of F. 

Proof. Since all parabolic transformations that fix oo commute, E is a 
finite normal extension of F and it is enough to see that Ex = (F, hx "') is 
discrete. Let 

then 

hx = (ArBs)Wfl] for some integers r and s. 

Any word Ci in Ex can be written as 

C, = Ax'+r'r/n]Bti+s's/fl] for some integers xi9 r,-, th and sf. 

If {C,} is a sequence converging to the identity, then (C'7'} is a sequence 
in F converging to the identity. Thus if Ex were not discrete, F would not 
be discrete. 

The situation becomes already more complex when one considers 
Schottky groups. 

and B = 
1 T 

0 1 
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PROPOSITION 8.3. If F = (C1? . . . , Cg) is a Schottky group of genus g, 
and n any integer, then either 

E = (C l s . . . , Cz-_j, C, , C/ + 1, . . . , Cg) 

/s discrete or 3F' = (Cj, . . . , C^) swc/z //m/ 

< q , . . . , q _ 1 , ( q ) 1 / " , q + 1 , . . . , Q 
is discrete. 

Proof If necessary we replace F by a classical Schottky group where 
each Cj maps the exterior of its isometric circle onto the interior of the 
isometric circle of its inverse. Since F is discrete and gives a surface of 
genus g, by [3] and [8] we may assume that these 2g isometric circles (those 
of each generator and its inverses) are disjoint. By [3] we see that the 
isometric circle of Cz is contained in that of Ct

 ln and the same holds for 
that of C~x and C~x/n. If the isometric circles of c)ln and C~Un are 
still disjoint from the other isometric circles, E is discrete. If not, replace 
Cj by C\ such that 
and we are done. 
Cj by Cj such that the isometric circle of (C-)17" is contained in that of Ct 

Note that in Proposition 8.3 we have only adjoined a root of a generator 
and not of an arbitrary element, but we can still adjoin arbitrary roots of 
any number of generators. 

Finally, we obtain 

PROPOSITION 8.4. If A and B are hyperbolic elements whose axes intersect 
but are not parallel and {A, B) is a discrete free group so that 

(/w) - i > _„/<*> 
f(C) 

then (AUn, B) is a discrete free group if and only if 

f(Rx"Yx == - 4 ^ . 
AC) 

Proof This follows from Theorem 8 of [14], Corollary 3.4. Note also that 
since 

1 _ 1 

f(R) f(R"»y 
(A h\ B) may not be discrete even if (A, B) is. 

PROPOSITION 8.5. If A and B are hyperbolic matrices whose axes do not 
intersect and (A, B) is a discrete free group, so that either C (A, B) > Q^ or 
C (A, B) < S , then a necessary condition for (A h\ B) to be discrete is that 
either 

C\A, B) > Q\ln or CS(A, B) < S2
Un. 

lfCS(A, B) > Q2
V then (Au'\ B) is a discrete free group. 
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Proof. This follows immediately from Proposition 6.1 and Remark 6.5. 
9 9 9 9 

Note that since Q\/n > Q and in most cases Sl/n > S neither of the 
needed inequalities will automatically be true. 

Remark. Using the results of [9] and [20], one could improve 
Propositions 8.4 and 8.5 to give necessary and sufficient conditions for 
(A ln, B) to be discrete and not discrete free. It is not clear whether these 
conditions would be clean and useful enough. This will be discussed in a 
forthcoming paper which will also include a counterexample to case (6) 
of results claimed in [9]. 

R E F E R E N C E S 

1. A F. Beardon, The geometry of discrete groups, Gradua te Texts in Math. 91 (Springer, 

1983). 

2. C. Doyle and D. James, Discreteness criteria and high order generators for subgroups of 

SL{2, R), 111. J. 25 (1981), 191-200. 
3. Ford, A utomorphic functions (McGraw-Hil l , 1929). 

4. J. Gi lman, On characterizing finite subgroups of the mapping-class group, Proc. Alta 

Conference, Annals of Math . Studies (1987), 433-442. 

5. T. J0rgensen, On discrete groups of Mobi us transformation, Amer. J. Math. 98 (1976), 

739-749. 

6. A note on subgroups of SL(2, C), Quart J. Math . Oxford Ser. II, 28 (1977), 

209-212. 

7. A W . K n a p p , Doubly generated Fuchsian groups, Mich. Math . J. 75 (1968), 289-304. 

8. J. Lehner, Discontinuous groups and automorphic functions, A. M. S. Surveys 8 (Provi

dence, R. I., 1964). 

9. J. P. Matelski, The classification of discrete 2-generator subgroups of PSL(2, R), Israel J. 

Math . 42 (1982), 309-317. 

10. Magnus , Karass and Solitar, Combinatorial group theory (Wiley and Sons, N . Y., 1966). 

11. Ch. Pommerenke and N . Purzitsky, On some universal bounds for Fuchsian groups, Studies 

in Pure Mathematics , 561-575. 
12. N. Purzitski, Two generator discrete free products, Math. Z. 126 (1972), 209-223. 

13. Real two-dimensional representation of two-generator free groups, Math. Z. 127 

(1972), 95-104. 

14. All two-generator Fuchsian groups, Math . Z. 147 (1976), 87-92. 

15. N. Purzitsky and G. Rosenberger, Two generator Fuchsian groups of genus one, Math . Z. 

128 (1972), 245-251. Correction: Math. Z. 132 (1973), 261-262. 

16. G. Rosenberger, Fuchssche Gruppen, diefreies Produkt zweier zyklischer Gruppen sind, und 

die Gleichungx2 + y2 + z2 = xyz, Math . Ann. 199 (1972), 213-228. 

17. Von Untergruppen der Triangel Gruppen, 111. J. Math. 22 (1978), 404-413. 

18. Fine Bemerkung zu einer Arbeit von T. J0rgensen, Math . Z. 165 (1979), 261-265. 

19. Some remarks on a paper of C. Doyle and D. James on subgroups of SL(2, R), 111. J. 

2^ (1984) , 348-351. 

20. All generating pairs of all two-generator Fuchsian groups, Arch. Ma th 46 (1986), 

198-204. 

21 . E. Van Vleck, On the combination of non-loxodromic subsituations, Trans . A. M. S. 21 

(1919), 299-312. 

Rutgers University, 
Newark, New Jersey 

https://doi.org/10.4153/CJM-1988-005-x Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1988-005-x

